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Complex Eigenvalues

In this Lecture, we study systems of linear homogeneous ODEs
x' = Ax, (1)

where the coefficient matrix A has a complete set of n linearly independent
eigenvectors and one or more pairs of complex conjugate eigenvalues.

Since A is real, the coefficients of the characteristic equation are real.
det(A—Al,) =0

Therefore, complex eigenvalues must occur in conjugate pairs:
o If \=a +if is an eigenvalue, then so is A = o — if3.
o If v is an eigenvector corresponding to A, then v is an eigenvalue
corresponding to .

Thus, the following complex conjugate vector functions are solutions of (1):
u(t) = eMv, () = M ()
We obtain real solutions of (1) by taking the real and imaginary parts of u(t):

x1(t) = Re(u(t)),  xa(t) = Im(u(t)) ®3)
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Complex Eigenvalues

Real solutions can be written in the following form:

x1(t) = Re(u(t)) = e**(acos 3t — bsin 8t)
x2(t) = Im(u(t)) = e**(asin Bt + b cos t)

where
a=Re(v), b=Im(v), v=a+ib

@ It can be shown that x;(t) and x,(t) are linearly independent.

If all eigenvectors of A (real and complex) are linearly independent, then a
fundamental set of real solutions of x’ = Ax consists of

@ solutions of form (4) associated with complex eigenvalues

At

@ solutions of form e*'v associated with real eigenvalues
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Example

Find the general solution of the following system of ODEs in terms of real-valued

functions:

Answer:
1

x(t)=ce | 1
-1
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0o -2 -1
xXx=11 -1 1 |x
1 -2 -2
cos 2t sin 2t
+ et sin2t | + et | —cos2t
cos 2t sin 2t
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Summary

o If all eigenvectors of A (real and complex) are linearly independent, then a
fundamental set of real solutions of X’ = Ax consists of

> solutions associated with complex eigenvalues A = a £ if:
x1(t) = Re(u(t)) = e**(acos St — bsin 8t)
x2(t) = Im(u(t)) = e**(asin Bt + b cos 5t)

A

» solutions of form e'v associated with real eigenvalues A

Homework:
@ Section 6.4
» 1,57

Konstantin Zuev (USC) Math 245, Lecture 33 April 9, 2012 5/5



