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Complex Eigenvalues
We study homogeneous autonomous system:

dx
— =A 1
7 = Ax (1)

In Lecture 10, we obtained the following result: if eigenvalues A\; and A, of matrix
A are real and different, then the general solution of (1) is given by
x = cieMivy + ety (2)

@ v; and v, are eigenvectors of A that correspond to A; and \p, respectively

@ ¢y and ¢ are arbitrary constants.

The other two possibilities for A\; and A:
@ )1 and X, are complex conjugate

@ )1 and \; are real and equal
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Complex Eigenvalues
Suppose that the eigenvalues of A are
M=a+if, =h=a-if (8 #0)

Suppose also that vy is an eigenvector corresponding to A1, then
(A=XMv; =0

By taking the conjugate of Eq. (4), we obtain
(A—=X\l)y; =0

Therefore, ¥y is an eigenvector corresponding to A = A;. Thus,

Proposition

3)

(4)

(5)

For a pair of complex conjugate eigenvalues, we can always choose the eigenvalues

so that they are also complex conjugate.
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Complex Eigenvalues

Using these eigenvalues and eigenvectors, we obtain two solutions of the system:
X1 = e(o‘+i5)tv1, Xo = e(a_iﬂ)t\_ll (6)

Question: Are we happy with solutions (6)?

Answer: No. Because we would like to have real-valued solutions. The coefficient
matrix A is real-valued, so it is natural to look for real-valued solutions.

Our goal: to find a fundamental set of real-valued solutions
Recall that, by Euler's formula,
Pt = cos (Bt) + isin (Bt) (7)

and let vy = a + /b, where a and b are real-valued vectors. Then from (6) and
(6), we obtain
X]=u+iw, Xp=u-—iw (8)

where
u=e*(acosft —bsinBt), w =e*(asinjt+ bcospjt) (9)
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Complex Eigenvalues

Theorem

@ Both u = e“*(acos 8t — bsin ft) and w = e**(asin St + b cos St)
are solutions of homogeneous autonomous system

dx
Z_A
a

@ The Wronskian of u and w is not nonzero.

Wiu, w](t) # 0

Therefore, u and w form a fundamental set of solutions.
@ The general solution of the system is can be written as

X = iU + XowW
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Example

@ Find a fundamental set of solutions of the following system

, (-1 2
X = _9 _1X
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Summary

o If the eigenvalues of A are
M=a+if, d=M=a-if, (8#0)
with corresponding eigenvectors
vi=a+ib, wvy=vi;=a-ib
then a fundamental set of real-valued solutions of the system

dx
Z_A
a

is given by

= Re(eMfv;) = e*(acos St — bsin At)
xo = Im(eMtv;) = e“f(asin St + b cos ft)

and the general solution is
X = C1X1 + G Xo
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Homework

Homework:
@ Section 3.4

» Find the general solution: 3, 5
» Find the solution of the initial value problem: 7, 9
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