
BASIC EXAMPLES OF FACTORIZATION ALGEBRAS

TAMIR HEMO

1. Some functional analysis and symmetric algebras

Many of the examples of vector spaces that come up in quantum field theory and geometry have
a topology involved. However, it is well known that point-set topology and homological algebra
don’t play well together. We will present one solution to this situation following the work [3] of
Kriegl and Michor.

1.1. Differentiable vector spaces.

1.1.1. Basics and definition. Let Mfld denote the site whose underlying category is the category
of smooth manifolds and smooth maps with covers are given by are given by surjective local
diffeomorphisms.

Definition 1.1.1. A smooth vector space is a sheaf of vector spaces over Mfld.

An obvious example is the sheaf C∞ defined by M 7→ C∞(M). More generally, for any manifold
X we can define a sheaf C∞(X) on Mfld by M 7→ C∞(M ×X).

Definition 1.1.2. A C∞-module is a sheaf of C∞-modules on the site Mfld. That is, for any
manifold M , the corresponding vector space V (M) is equipped with a C∞(M)-module structure, and
for any map f : M → N of manifolds, the pullback map f∗ : V (N)→ V (M) is a map of C∞(N)-
modules where V (M) is seen as a C∞(N)-module by restriction along the map C∞(N)→ C∞(M).
We denote the category of C∞-modules on Mfld by ModC∞ .

We can relate this to topological vector spaces as follows.

Definition 1.1.3. We denote by LCTVS the category whose objects are locally convex Hausdorff
topological vector spaces and whose morphisms are continuous linear maps.

Definition 1.1.4. Let V ∈ LCTVS. A curve γ : R→ V is called differentiable if for all t ∈ R the
limit

γ′(t) = lim
s→0

γ(t+ s)− γ(t)

s
exists in V . γ is called smooth if all iterated derivatives exist.

Let M be a manifold. We say that a map f : M → V is smooth if for any smooth curve γ : R→M
the composition f ◦ γ is smooth.

1



2 TAMIR HEMO

We can then define a functor LCTVS→ ModC∞ by taking

V (M) = {f : M → V |f is smooth}.
The C∞-module structure is given by pointwise multiplication.

Sheaves of C∞-modules that come from topological vector spaces are endowed with an extra
structure, namely, differentiation.

Definition 1.1.5. Let V be a C∞-module. For each k ∈ N we define a C∞-module Ωk(V ) by
setting for each M ∈Mfld,

Ωk(V )(M) = Ωk(M)⊗C∞(M) V (M).

where Ωk(M) is the space of k-forms on M .

Remark 1.1.6. This definition makes sense as Ωk(M) is a projective C∞(M) module of finite
rank.

Definition 1.1.7. Let V be a C∞-module. A connection on V is a map

∇ : V → Ω1(V )

of C∞-modules that satisfies the Leibniz rule pointwise. That is, for each M ∈Mfld and v ∈ V (M),
f ∈ C∞(M) we have

∇M (fv) = f∇M (v) + df ⊗ v.
A connection ∆ on V is called flat if the curvature

F (∇) : V → Ω2(V )

vanishes.

Definition 1.1.8. A differentiable vector space is a C∞-module equipped with a flat connection.
A map V →W of C∞-modules is a morphism of differential vector spaces if it intertwines the flat
connections. We denote the category of differential vector spaces by DVS.

We can then upgrade the functor LCTVS→ ModC∞ to a functor LCTVS→ DVS via differentia-
tion. Explicitly, for any M ∈Mfld we define a map

∇M : V (M)→ Ω1(V )

by sending a smooth function f ∈ V (M) to the section df ∈ Ω1(V ) defined by sending a vector
field X on M to the function df(X) : M → V given by

df(X)(p) = lim
t→0

f(γ(t))− f(p)

t

where γ is a curve representing the vector X(p) ∈ Tp(M).

Proposition 1.1.9. The functor LCTVS→ DVS preserves limits.

Recall that a subset S of a locally convex topological vector space V is called bounded if for every
open set U ⊆ V containing the origin there is a real number λ > 0 such that S ⊆ λU . A map
V →W of locally convex topological vector spaces is called bounded if the image of every bounded
set is bounded. Every bounded map is necessarily continuous but not vice versa. Consider the
subcategory BVS of LCTVS with the same objects but morphisms given by bounded linear maps.
Then we have the following result.

Proposition 1.1.10. (Kriegl and Michor) The functor BVS→ DVS is fully faithful and preserves
limits.
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Let E →M be a vector bundle. For each open U ⊆M We define differentiable vector spaces E (U)
of sections and Ec(U) of compactly supported sections as follows. For a test object N ∈ Mfld we
define

(E (U))(N) = Γ(N × U, π∗U (E))

where πU : N × U → U is the projection. There is a natural connection

∇N : Γ(N × U, π∗U (E))→ Γ(N × U, T ∗N � E)

given by dN � id, where dN : C∞(N) → Ω1(N) is the exterior derivative and we identify π∗U (E)
with the exterior product of E and the trivial bundle R × N → N . One easily sees that this
connection is flat. Similarly, we define

(Ec(U))(N) = {s ∈ Γ(M × U, π∗U (E))|the composition supp(s) ↪→ N × U → N is proper}.
The connection ∇N sends (Ec(U))(N) to Ω1((Ec(U))(N)) for every N ∈ Mfld so we define a
connection on Ec(U) by restriction of the connection on E . We will also denote

E (U) := C∞(U,E)

Ec(U) := C∞c (U,E)

Remark 1.1.11. (Kriegl and Michor) Recall that Γ(U,E) and Γc(U,E) are equipped with a natural
Fréchet topology given by a collection seminorms indexed by pairs (n,K) consisting of an integer
n ∈ N and compact subset K of M . In this case, the corresponding images under the functor
LCTVS→ DVS described above are exactly the spaces of sections we have just defined.

The assignment U 7→ E (U) defines a DVS-valued presheaf E on M and the assignment U 7→ Ec(U)
defines a DVS-valued pre-cosheaf Ec on M .

Theorem 1.1.12. The presheaf E on M is a sheaf and the pre-cosheaf Ec is a cosheaf on M .

For a proof, see [1, B. 7.2.]. The gluing condition is proved by using partitions of unity on M to
create splittings in the corresponding sequences.

Theorem 1.1.13. (Kriegl and Michor) DVS is a Grothendieck abelian category, i.e. it is pre-
sentable and the collection of monomorphisms is closed under filtered colimits.

We can then consider the unbounded derived category Ch(DVS) of DVS. The discussion on sections
of vector bundles can be promoted to the homotopical set-up.

Definition 1.1.14. Let M be a manifold. A local chain complex is a graded vector bundle E →M
whose sheaf of sections E is equipped with a differential d : E → E of degree 1 that squares to zero.

Given a local chain complex, we can define a Ch(DVS)-valued presheaf E of section. Then E
is a homotopy sheaf with values in Ch(DVS). Similarly, the Ch(DVS)-valued pre-cosheaf Ec of
compactly supported sections is a cosheaf.

Another important structure on DVS to consider is of a category tensored over Mfld. For X ∈Mfld
and V ∈ DVS we define an object C∞(M,V ) ∈ DVS by

C∞(M,V )(N) = V (N ×M)

with the flat connection given by the composition of

V (N ×M)→ Ω1(V )(N ×M) ∼= Ω1(C∞(N,V ))(M)⊕ Ω1(C∞(M,V ))(N)

with the projection into Ω1(C∞(M,V ))(N).
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1.1.2. Operad structure. The category of differentiable vector spaces is a setting in which we can do
homological algebra that takes into account the topology of vector spaces arising from differential
geometry. This suggests that the factorization algebras we consider should take values in differential
vector spaces. In particular, we would like to have a coloured operad whose underlying category
is DVS.

Definition 1.1.15. We define a coloured operad DVS whose set of colors is the set of objects of
DVS. For a collection V1, . . . , Vn,W of colours we define the set of operations MulDVS(V1, . . . , Vn|W )
to be the set of multilinear maps of C∞-modules

Φ : V1 × · · · × Vn →W

such that for every M ∈Mfld and sections vi ∈ Vi(M) we have

∇Φ(v1, . . . , vn) =

n∑
i=1

Φ (V1, . . .∇Vi, . . . , Vn) ,

together with the expected compositions and identities.

Remark 1.1.16. This coloured operad does not come from a symmetric monoidal structure on
DVS. Note that one can define a symmetric monoidal structure on DVS by taking the ”algebraic”
tensor product but this monoidal structure will not be sufficient for our needs.

Remark 1.1.17. We can upgrade each of the operation sets MulDVS(V1, . . . , Vn|W ) into a differ-
ential vector space as follows. For each M , we define

MulDVS(V1, . . . , Vn|W )(M) = MulDVS(V1, . . . , Vn|C∞(M,W ))

with the flat connection coming from the projection to the M -direction of the flat connection
∇N×M,W .

The operad structure on DVS induces an ∞-operad structure on Ch(DVS). For a manifold M
we can now define a factorization algebra (resp. homotopy factorization algebra) with values in
differentiable vector spaces to be a map of coloured operads

Fact(M)→ DVS

resp., of ∞-operads
Fact(M)→ Ch(DVS).

1.1.3. Convenient vector spaces. The topological vector spaces arising as sections of vector bundles
satisfy a certain completeness property we will now discuss.

Definition 1.1.18. A lovally compact vector space V is called c∞-complete (or convenient) if
every smooth map R→ V has an anti-derivative.

We denote by CVS ⊆ BVS the full subcategory consisting of convenient vector spaces.

Proposition 1.1.19. A locally convex topological vector space V is convenient if and only if it
satifies the following condition: a curve γ : R→ V is smooth if and only if for every bounded linear
functional Λ : V → R the composition Λ ◦ γ : R→ R is smooth.

Proposition 1.1.20. The inclusion CVS ⊆ BVS preserves limits.

Consequently, we can think of CVS as a full subcategory of DVS closed under limits. In fact, for
convenient vector spaces the situation is better:
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Proposition 1.1.21. The functor CVS → DVS preserves countable coproducts and sequential
colimits of closed embeddings.

Via the inclusion CVS → DVS we can consider a coloured operad CVS whose colours are the
objects of BVS and whose operations are given by those of the coloured operad DVS. The key
property of convenient vector spaces is the following.

Theorem 1.1.22. The operad CVS is represented by a symmetric monoidal structure on the
category of convenient vector spaces. Moreover, this structure is given by

V ⊗̂W := c∞(V ⊗β W )

where ⊗β is the bornological tensor product (see appendix B of [1]) and c∞ is a left adjoint to the
inclusion CVS→ BVS.

Proposition 1.1.23. Let E → N and F → N are vector bundles. We have canonical isomor-
phisms

C∞(M,E)⊗̂C∞(N,F ) ' C∞(M ×N,E � F )

C∞c (M,E)⊗̂C∞c (N,F ) ' C∞c (M ×N,E � F ).

of convenient vector spaces.

For a convenient vector spac V we can define the algebraic symmetric algebra

Sym(V ) =
⊕
n

Symn(V ) =
⊕
n

(
V ⊗̂n

)
Sn

.

We can also define the completed symmetric algebra with underlying vector space

Ŝym(V ) =
∏
n

(
V ⊗̂n

)
Sn

.

Explicitly, for a E a vector bundle (or complex of vector bundles) we have

Symn(E (U)) ' C∞(Un, E�n)Sn(1.1)

Symn(Ec(U)) ' C∞c (Un, E�n)Sn(1.2)

2. Factorization algebras from cosheaves

Let M be a manifold and let E be a local chain complex on M . Then to E we have related a
sheaf E of sections and a cosheaf Ec of compactly supported sections, both valued in differentiable
cochain complexes.

Theorem 2.0.1. Let M be a manifold.

(1) If E →M is a vector bundle, the prefactorization algebra U 7→ Sym(Ec(U)) is a factoriza-
tion algebra.

(2) If E is a local chain complex on M , then the (homotopy) prefactorization algebra U 7→
Sym(Ec(U)) is a (homotopy) factorization algebra.
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Proof. We will prove (1), the argument for (2) is essentially the same. Let U ⊆ M be an open
subset and let {Ui}i∈I be a Weiss cover of U . We need to show that the diagram⊕

i,j∈I
Sym(Ec(Ui ∩ Uj))→

⊕
i∈I

Sym(Ec(Ui))→ Sym(Ec(U))

is a cokernel in DVS. The pre-cosheaf Sym(Ec) is graded by Symn(Ec). All the maps above preserve
the grading. Since direct sums are exact in DVS it is enough to show that for each n ∈ N the
following sequence is a cokernel⊕

i,j∈I
Symn(Ec(Ui ∩ Uj))→

⊕
i∈I

Symn(Ec(Ui))→ Symn(Ec(U)).

Using 1.1 and (Ui ∩ Uj)n = Uni × Unj this is equivalent to⊕
i,j∈I

E �n
c (Uni × Unj )→

⊕
i∈I

E �n
c (Uni )→ E �n

c (Un).

being a cokernel, where E �n
c is the cosheaf on Mn of compactly supported sections of E�n. As

{Ui} is a Weiss cover, {Uni } is a cover of Un. The result then follows from the fact that E �n
c is a

cosheaf on Mn. �

3. Factorization envelopes

3.1. dg Lie algebras and the Chevalley-Eilenberg complex. Let k be a field of characteristic
zero, fixed throughout this section.

Definition 3.1.1. A differential graded (or dg) Lie-algebra is an algebra over the Lie operad valued
in Ch(k). Explicitly, it consists of a chain complex (g∗, d) of k vector spaces together with a map

[·, ·] : g∗ ⊗k g∗ → g∗

such that for x ∈ gp, y ∈ gq, and z ∈ gr we have

• (graded antisymmetry) [x, y] + (−1)pq[y, x] = 0
• (graded Liebniz rule) d[x, y] = [dx, y] + (−1)p[x, dy]
• (graded Jacobi identity) (−1)pr[x, [y, z]] + (−1)pq[y, [z, x]] + (−1)qr[z, [x, y]] = 0.

Example 3.1.2. Let (V, dV ) be a chain complex of vector spaces over k. We let End(V ) denote
the internal mapping object in cochain complexes from V to itself. Explicitly,

End(V )n =
∏
i∈Z

Homk (Vi, Vi+n)

with differential given by
dEnd(V )f = dV ◦ f − (−1)nf ◦ dV

for f ∈ End(V )n. Composition defines a map

End(V )⊗ End(V )→ End(V ).

The corresponding commutator bracket endows (End(V ), dEnd(V )) with a structure of a dg Lie
algebra over k.

Example 3.1.3. Let g be a Lie algebra and let M be a manifold. Let Ω∗M denote the sheaf whose
values on U is given by de Rham complex Ω∗(U). Then for each U , Ω∗(U)⊗ g is a dg Lie algebra,
where for elements a, b ∈ g and differential forms ω, η we define

[a⊗ ω, b⊗ η] = [a, b]⊗ (ω ∧ η).
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Remark 3.1.4. There is a homotopical version of this construction called L∞-algebras. We will
discuss these more in future talks.

For a dg Lie algebra g∗ we can associate the (homological) Chevalley-Eilenberg complex, denoted
by C∗(g∗), whose underlying graded vector space is given by Sym∗ (g∗[1]) with differential ∂ :
Sym∗ (g∗[1])→ Sym∗ (g∗[1]) given by

∂(x1 · · ·xn) =
∑

1≤i≤n

(−1)p1+···+pi−1x1 · · ·xi−1dxixi+1 · · ·xn∑
1≤i<j≤n

(−1)pi(pi+1+...pj−1)x1 · · ·xi−1xi+1 · · ·xj−1[xi, xj ]xj+1 · · ·xn.

Note that the differential ∂ preserves the filtration

Sym≤n (g∗[1]) ∼=
⊕
i≤n

Symi (g∗[1]) ,

which makes C∗(g∗) into a filtered complex. Moreover, the associated graded complex is given by

Sym≤n (g∗[1]) /Sym≤n−1 (g∗[1]) ∼= Symn (g∗[1]) .

The construction g∗ 7→ C∗(g∗) determines a functor from differential graded graded Lie algebras
to chain complexes over k which preserves quasi-isomorphisms. Moreover, for dg Lie algebras g∗,
h∗ there is a natural equivalence

C∗(g∗ ⊕ h∗) ' C∗(g∗)⊗k C∗(h∗).

Remark 3.1.5. Let g be a Lie algebra. We can consider g as a dg Lie algebra concentrated in
degree zero. Then C∗(g) is the usual Chevalley-Eilenberg complex

· · · → ∧ng · · · ∧ g→ g→ k

which computes the Lie algebra homology of the trivial module k.

3.2. The factrization envelope. Let M be a manifold and L be a sheaf of dg Lie algebras
(assume to be fine). Let Lc denote the cosheaf of compactly supported sections of L.

Remark 3.2.1. Note that Lc is a cosheaf of chain complexes but not a cosheaf of Lie algebras, as
colimits in Lie algebras are different.

We can view Lc as a pre-factorization algebra valued in the category of dg Lie algebras with the
symmetric monoidal structure given by the direct sum. Indeed, if {Ui} is a finite collection of
disjoint opens in M contained in an open V , there is a natural map⊕

i

Lc(Ui)→ Lc (tiUi)→ Lc(V ).

Definition 3.2.2. Let M be a manifold. A local dg Lie algebra on M is a graded vector bundle
L → M , together with a differential d : L → L of degree 1 on the sheaf of sections L of L, and a
map L⊗ L→ L that endows L with the structure of a (homotopy) sheaf of dg Lie algebras.

Example 3.2.3. Let M be a manifold and a g∗ a dg Lie algebra. Then the sheaf U 7→ Ω∗(U)⊗g∗
of dg Lie algebras is a local Lie algebra.
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Definition 3.2.4. Let L be a sheaf of dg Lie algebras on M . We define a pre-factorization algebra
UL by applying the Chevalley-Eilenberg functor to the pre-cosheaf Lc. That is, for U ⊆ M open
we define

UL(U) = C∗(Lc(U))

and the structure maps are given by the maps on Lc and the fact that C∗ takes direct sums to
tensor products of chain complexes.

In practice, we will consider the following variant of the constructions above. In cases where our
Lie algebras are endowed with some topological structure, for example, convenient vector spaces,
we use the completed tensor product to define the Chevalley-Eilenberg complex. For example, if
L→M is a graded vector bundle such that the sheaf of sections L is a local dg algebra, then

(Lc(U))
�n ' C∞c (Un, L�n).

Theorem 3.2.5. Let L be a local dg Lie algebra on M and denote the corresponding sheaf of
sections by L. Then the prefactorization algebra

UL : U 7→ C∗ (Lc(U))

is a factorization algebra.

Proof. Let U ⊆M be an open and let U = {Ui} be a Weiss cover of U . We wish to show that the
map

Č(U ,UL)→ UL(U)(3.1)

is a quasi-isomorphism, where for any cosheaf E, we denote by Č(U ,E) the Čech complex corre-
sponding to the cover U . As we have seen, UL is filtered by

UL(U)≤n = Sym≤n(Lc(U)[1]).

Consider the spectral sequences corresponding to both sides of 3.1 associated with this filtration.
The functoriality of the Čech complex induces a map of spectral sequences. At the E1-page the
corresponding map of spectral sequences is given by the map on cohomology groups associated
with the map

Č(U ,Sym∗(Lc[1]))→ Sym∗(Lc(U)).

We have already seen in 2.0.1 that this map is a quasi-isomorphism. Hence, the map 3.1 is a
quasi-isomorphism as well. �

3.3. The universal enveloping En-algebra. Let M be a manifold. Given a dg Lie algebra g∗
over R, we can define the factorization envelope UM (g∗) of g∗ to be the factorization envelope (in
the sense of the previous section) of the sheaf of Lie algebras Ω∗M ⊗ g. That is, for U ⊆ M the
sections of UM (g∗) are given by

UM (g∗)(U) = C∗ (Ω∗c(U)⊗ g∗) .

In particular, if U ⊆ V are disks in M then the map Ω∗c(U) ⊗ g∗ → Ω∗c(V ) ⊗ g∗ is a quasi-
isomorphism and therefore also the map UM (g∗)(U) → UM (g∗)(V ). That is, the factorization
algebra UM (g∗) is locally constant. By the equivalence proved in [4, thm. 5.5.4.10.] between locally
constant factorization algebras on M and EM -algebras, we get a functor from dg Lie algebras to
EM -algebras. In particular, for M = Rn we get a functor

Un : dgLieR → AlgEn
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which we call the universal enveloping En algebra. The functor Un is universal in the following
sense. There is a forgetful functor F : AlgEn

→ dgLie given by the composition

AlgEn
→ AlgPn

→ dgLie

The first map arises from the fact that the homology operad of the topological operad En is
isomorphic to Pn. In fact, any field of characteristic zero the map Algk,En

→ Algk,Pn
is an

equivalence (this is known as the formality theorem). We then get a map AlgPn
→ dgLie by

sending a Pn-algebra A to the Lie algebra whose underlying chain complex is A[k − 1]. The
universal property is then expressed in the form of an adjunction

Un : dgLie � AlgEn
: F.

Moreover, for a chain complex V , we have FreeEn
(V ) ∼= UnFreeLie(V [n− 1]). For a general result

for arbitrary symmetric monoidal ∞-categories, see [2]. Of course, in mixed characteristic one has
to replace dg Lie algebras by an appropriate homotopy coherent definition.

For n = 1, an E1 algebra is just an associative algebra. In this case the universal property of the
universal enveloping algerba implies the following corollary.

Corollary 3.3.1. Let g be a (ordinary) Lie algebra over k. Under the equivalence between E1-
algebras and associative algebras, the universal enveloping E1-algebra U1(g) is the universal en-
veloping algebra of g.

One can also give a direct proof by an explicit computation with Chevalley-Eilenberg chains, see
[1, proposition 4.0.1]

4. Equivariant factorization algebras

Let M be a topological space with an action of a group G by homeomorphisms.

4.1. Discrete group actions. First, we consider the case with G discrete. Then we would like
to define a G-equivariant prefactorization algebra F as a prefactorization algebra F equipped with
equivalences

σUg : F(U)
∼−→ F(gU)

that are compatible with the multiplication of G, i.e., we have equivalences σg ◦ σh ' σgh, and
compatible with the factorization product. i.e., the following diagram

F(U1)⊗ · · · ⊗ F(U2) F(gU1)⊗ · · · ⊗ F(gU2)

F(V ) F(gV ).
σV
g

commutes. If our target operad is not an ordinary operad but an ∞-operad, we will need to
specify higher compatibility conditions. One way to specify these higher conditions is to rephrase
the notion of an equivariant factorization algebra in an operadic way.

Definition 4.1.1. Let M be a manifold with an action of a discrete group G by diffeomorphisms.
We define an operad FactG(M) as follows:

• The set of colours is the open subsets of M .



10 TAMIR HEMO

• The set of operations FactG(M)(U0, . . . , Un;V ) is given by

{(g0, . . . , gn−1) ∈ Gn|giUi ⊂ V and ∀i 6= j, giUi ∩ gjUj = ∅}.

There is an evident map of colours operads from Fact(M) to FactG(M) sending an operation to
(e, e, . . . , e). One can check that for an ordinary monoidal category (or any operad) the forgetful
functor [DETAILS] induces an equivalence between G-equivariant prefactorization algebras and

FactG(M) algebras. We can then define, for any ∞-operad C,

Definition 4.1.2. A G-equivariant prefactorization algebra on M with values in C is a FactG(M)-
algebra object in C.

Remark 4.1.3. If (g1, . . . , gn) is an operation we can think about the map

m(g1,...,gn) : F(U1)⊗ · · · ⊗ F(Un)→ F(V )

as coming from the composition

⊗iF(Ui)
⊗σgi−−−→ ⊗iF(giUi)→ F(V ).

4.2. Lie group actions. We now consider the case where G is a Lie group acting smoothly on
M . Ideally, we would have defined an analog of the operad defined above taking into account the
smooth structure of G and a G-equivariant prefactorization algebra as an algebra over this operad.
In such cases, one expects to be able to differentiate the action to get an action of the Lie algebra
g of G. However, it seems that this formalism has not been worked out yet and in [1] the definition
involves inserting an action of the Lie algebra together with a compatibility condition.

Definition 4.2.1. A degree k derivation of a cochain complex valued prefactorization algebra F

is a collection of maps DU : F(U)→ F(U) of cohomological degree k for each open subset U ⊆M
such that for any collection of disjoint opens U1, . . . , Un all contained in an open V , and elements
αi ∈ F(Ui)pi we have

DUm
U1,...,Un

V (α1, . . . , αn) =
∑
i

(−1)k(p1+...pi−1)mU1,...,Un

V (α1, . . . , DUi
αi, . . . , αn).

Consider the graded space Der∗(F) of graded derivations with the grading given by the degree. We
define a map d : Der∗(F)→ Der∗(F) of degree 1 by (dD)U = [dU , DU ] where dU is the differential
of F(U). We define a commutator by [D,D′]U = [DU , D

′
U ]. Then (Der∗(F), d, [·, ·]) is a differential

graded algebra.

Definition 4.2.2. Let g be a Lie algebra. An action of g on a prefactorization algebra F is a map
of dg Lie algebras g→ Der∗(F).

We now consider the operad describing the topological structure on G actions.

Definition 4.2.3. We define a coloured operad F̃act
G

(M) enriched over the topos Shv(Mfld) whose
set of colours is given by the open subsets of M and for opens U1, . . . , Un, V the associated action

F̃act
G

(M)(U0, . . . , Un;V ) is given by the sheaf whose value on a test object N ∈Mfld is the set of

all smooth maps f : N → Gn which factor through the subset FactG(M)(U0, . . . , Un;V ).

We are now ready to make the definition of equivariant algebra for a smooth action.
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Definition 4.2.4. A smoothly G-equivariant prefactorization algebra on M is an algebra F over

F̃act
G

(M) and an action of the Lie algebra g of G on the underlying prefactorization algebra F

such that for every X ∈ g, every operation (g1, . . . , gn) ∈ F̃act
G

(M) and for every 1 ≤ i ≤ n we
have

∂

∂Xi
mg1,...,gn(α1, . . . , αn) = mg1,...,gn(α1, . . . , Xi(αi), αn).

Where ∂
∂Xi

indicates the action of the left-invariant vector field on Gn associated to X in the ith
factor of Gn and zero in the remaining factors.
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