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The natural frequencies of vibration of large, flexible spacecraft structures play an important
role in the design of these structures, and yet computing them is a far from trivial exercise for
the latest generation of structures that are under development. This paper presents a range of
results for the scalable deployable structures for the Caltech Space Solar Power Project. These
structures consist of bending-stiff trapezoids forming concentric squares, attached to prestressed
tapes supported by deployable diagonal booms. The paper introduces a fully-connected version
of these structures, from which upper bounds on the natural frequencies can be computed
rather easily. These bounds are useful to determine the geometry and material properties for
the structural components, before moving to the more complex and time-consuming analysis of
the actual, prestressed structures. Results from both sets of analyses are presented in the paper.

I. Introduction
There is increasing interest in large flexible deployable space structures for various space applications ranging

from solar sails [1] to large solar arrays [2]. Estimation of natural frequency of vibration and their deformed shapes is
essential for the design of such large space structures as dynamic maneuvers are challenging. This paper stduies the
dynamic properties of these structures in their operational, i.e. fully deployed configuration, and the Caltech Space Solar
Power Project (SSPP) structural architecture is selected as an example [3, 4]. The structure consists of bending-stiff
trapezoids forming concentric squares, attached to prestressed tapes supported by deployable diagonal booms, as shown
in Fig. 1. The natural frequency bounds of structures with this general architecture are established by analyzing the
frequencies of centrally fixed undamped structures under free vibration conditions. A specific focus of the present study
is the method of connecting the strips to the supporting booms and the scaling of the size of the structure. Two different
methods of connection are investigated, and the influence of the prestress magnitude on the vibration frequencies for the
method that is also feasible for deployment is studied.

Strip

Diagonal tapes

Diagonal boom

Fig. 1 Concept of Caltech SSPP structure.

Following this introduction, Section II describes the structural architecture. Section III presents the details of overall
geometry of the array and the material and section properties used for structural components. Section IV presents
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the finite element model and Section V analyzes the vibration modes and the influence of the prestress magnitude.
Section VI concludes the paper.

II. Structural Architecture
The structural architecture considered in this study consists of composite ladder-like strips supporting pre-tensioned

membranes with functional elements. These trapezoidal strips are arranged into four symmetric quadrants, to form
concentric squares with a void at the center, where the deployment mechanism is located, Fig. 2. For each strip, the
edges consist of two composite triangular rollable and collapsible (TRAC) longerons. These longerons have a flat web
connecting two circular arc flanges in a geometry that provides high stiffness to weight ratio while being foldable and
coilable when the flanges are flattened. The length of each longeron depends on its position in the array. The webs of the
two longerons are connected by rectangular cross-section battens that provide structural stiffness and create the ladder
rungs. Each set of two consecutive battens forms an enclosed square bay, called a frame, which supports a functional
membrane (e.g. photovoltaic and RF elements in the case of the Caltech SSPP structure). Each strip is connected to two
tapes running parallel to the diagonals on either side, forming a single quadrant. A strip consists of an odd number of
repeating square units for easy construction and avoiding any battens in the middle to facilitate coiling. The array is
supported by four diagonal booms deployed from a central mechanism.

Strip 4

Strip 3

Strip 2

Strip 1

Batterns

Longerons

Tapes 

Repeating square unit

Membrane

Fig. 2 4-strip array architecture.

An architecture consisting of strip pairs was chosen to minimize the separation between the boom tip and the tape
ends, to facilitate deployment. Fig. 3 shows a schematic diagram of the motion of the hill and valley folds of the tapes
between the connecting strips, together with a boom during deployment for a 4-strip architecture. It is envisioned
to drive the deployment of the array by extending the booms from the central mechanism which will enable smooth
quasi-static deployment. Note that having an even number of strips allows maintaining the root and tip connections of
the array at a similar height and hence minimizes the bending moment acting on the boom tip due to eccentricity of the
connection.

As shown in Fig. 3, the valley folds move alonge a stright line parallel to the boom while the hill folds follow curved
trajectories from folded to deployed state. Furthermore, the distance between the projection points of two adjacent folds
of the boom changes during deployment leading to a relative motion between a fold and its potential attachment point
on the boom. This makes it challenging to connect them to each other except at the root and the tip. Therefore, it is
envisioned to connect the array only to the central mechanism at the root and to the tip of the boom. This is achieved by
connecting far end of the tapes to the boom tip while connecting the root to the central mechanism through axial springs.
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Hill folds

Valley folds

Boom

Tape attached to strip

Fig. 3 Schematic view of deployment sequence of a 4-strip array.

This allows the array to be prestressed by controlling the boom extension. This study focuses only on the fully deployed
structure, the deployment process of the array is studied separately [5].

While the prestressed configuration with tapes connected to the central mechanism and the boom tip is practically
feasible, connecting all fold locations to booms in the fully deployed configuration achieves a more stable structure.
Therefore, this paper assess two connection scenarios, namely:

• Fully-connected - connects the strips to the booms at all fold locations, Fig. 4 (a),
• Prestressed - connects them only at the root and the tip, in which case the tapes can be to prestressed to any desired

level, Fig. 4 (b).

(a) (b)

Connection location

Prestress force 

on tapes

Fig. 4 Two connection arrangements used for a 4-strip array: (a) Fully-connected (b) Prestressed.

For the present study the mass of the membrane, including the mass of the photovoltaic and RF elements, was
considered to be 100 g/m2 while the mass of the longerons and battens was set equal to 10 g/m2 and 5 g/m2, respectively.
The influence of the stiffness and prestress of the membrane on the strips is ignored in this study.
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III. Geometry and Material Properties
Figure 5 shows the overall geometry of the structure that is considered. The 𝐿 × 𝐿 square array consists of four

symmetric quadrants, each having a number, 𝑛 of strips made of 𝑎 × 𝑎 size repeating square units. 𝑎 is measured
between the center lines of adjoining battens and the webs of the two longerons in a frame. This arrangement requires
the side length of central opening, 𝑙, to be slightly larger than 𝑎 to maintain the square unit architecture.
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Fig. 5 Overview of structural geometry of an 𝑛-strip array.

Two continuous tapes on either end of a strip are connected to the center of the web edge of the longerons which
forms a fully connected quadrant. The center to center distance between two tapes running parallel to a diagonal, 𝑞, is
chosen considering the width of the tape. The clear distance between two strips, 𝑠 is selected based on the distance
required to flatten the flanges during folding.

This paper considers two unit sizes by setting 𝑎 = 1 m and 2 m. The number of strips is set to 4, 8 and 14 for
exploring structures of approximate size 10 m, 20 m and 60 m, Fig. 6. Table 1 shows a summary of the parameters
selected for each configuration.

Table 1 Summary of overall geometric parameters of considered configurations.

Model 𝑎 (m) 𝑛 (nos.) 𝐿 (m)
M10-S4 1 4 9.47
M20-S4 2 4 18.47
M20-S8 1 8 17.95
M60-S14 2 14 59.68

The following subsections describe the details of two laminates considered for constructing the individual structural
elements and their section properties.
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M60-S14M20-S8M20-S4M10-S4

Fig. 6 Comparison of models considered.

A. Composite Layup 1: Carbon/Glass Fiber Epoxy Laminate
Following [6] a composite layup, made of 30 gsm thin ply with unidirectional Pyrofil MR7012P carbon fibers

made by Mitsubishi Chemical (𝐶𝐹) and 25 gsm plain weave scrim glass (𝐺𝐹𝑃𝑊) impregnated with North Thin Ply
Technology’s ThinPreg 415 resin, was considered as the first choice for the material. The ABD stiffness matrix for the
0.09 mm thick [±45𝐺𝐹𝑃𝑊 /0𝐶𝐹 /±45𝐺𝐹𝑃𝑊 ] laminate is

𝐴𝐵𝐷1, 𝑓 =

©­­­­­­­­­­­­«

6, 218 637 0 | 0 0 0
637 1, 078 0 | 0 0 0
0 0 736 | 0 0 0
−− −− −− −− −− −− −−
0 0 0 | 0.76 0.48 0
0 0 0 | 0.48 0.60 0
0 0 0 | 0 0 0.46

ª®®®®®®®®®®®®¬
(1)

units: N-mm
For the 0.2 mm thick [±45𝐺𝐹𝑃𝑊 /0𝐶𝐹 /±453,𝐺𝐹𝑃𝑊 /0𝐶𝐹 /±45𝐺𝐹𝑃𝑊 ] laminate the ABD matrix is:

𝐴𝐵𝐷1,𝑤 =

©­­­­­­­­­­­­«

11, 476 1, 112 0 | 0 0 0
1, 112 2, 292 0 | 0 0 0

0 0 1, 727 | 0 0 0
−− −− −− −− −− −− −−
0 0 0 | 39.6 4.3 0
0 0 0 | 4.3 10.4 0
0 0 0 | 0 0 4.9

ª®®®®®®®®®®®®¬
(2)

units: N-mm

B. Composite Layup 2: Carbon Fiber - PEEK Laminate
Manufacturing large structures requires stiffer structural components. Therefore, 50 𝜇m thick unidirectional carbon

fiber impregnated with PEEK thermoplastic laminates were considered as the second choice for the material [7].
0.15 mm thick 3-ply layup and 0.3 mm thick 6-ply layup were considered in this case. The ABD stiffness matrices for
3-ply and 6-ply laminates are given respectively, by:
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𝐴𝐵𝐷2, 𝑓 =

©­­­­­­­­­­­­«

15, 296 226 0 | 0 0 0
226 8, 024 0 | 0 0 0
0 0 750 | 0 0 0
−− −− −− −− −− −− −−
0 0 0 | 40.8 0.423 0
0 0 0 | 0.423 2.93 0
0 0 0 | 0 0 1.41

ª®®®®®®®®®®®®¬
(3)

units: N-mm

𝐴𝐵𝐷2,𝑤 =

©­­­­­­­­­­­­«

30, 592 451 0 | 0 0 0
451 16, 048 0 | 0 0 0
0 0 1, 500 | 0 0 0
−− −− −− −− −− −− −−
0 0 0 | 254 3.39 0
0 0 0 | 3.39 96.1 0
0 0 0 | 0 0 11.3

ª®®®®®®®®®®®®¬
(4)

units: N-mm

C. Longeron
The cross section of the longeron consists of two circular flanges with a radius, 𝑟 , and subtended angle, 𝜃, connected

to a web with width 𝑤, Fig. 7. The initial values of the flange parameters were set to 𝑟 = 13.6 mm, 𝜃 = 105◦ and
𝑤 = 8 mm following [8] [6]. Reference [9] shows that increasing 𝜃 provide better torsional stability. However, having a
larger 𝜃 leads to challenges in flattening the flanges during folding. Therefore, 𝜃 = 120◦ with 𝑟 = 14 mm and 𝑤 = 8 mm
profile was considered for the 60 m configuration.

Note that the two flanges merge together to form the web, hence making the section thicker. 𝐴𝐵𝐷1, 𝑓 and 𝐴𝐵𝐷2, 𝑓
were used for the flanges while 𝐴𝐵𝐷1,𝑤 and 𝐴𝐵𝐷2,𝑤 used for the web based on the choice of material.

r

q

w

Web

Flange

Fig. 7 Longeron profile.

D. Boom
Double omega shaped closed cross-section booms presented in [10] were considered for the deployable booms,

Fig. 8. For the initial part of the study the two radii of the cross-section 𝑟1 and 𝑟2 were set to 25 mm and 11 mm,
respectively. The angle, 𝛼 was set to 15◦ and length of the straight segment, 𝑤𝑏 to 8 mm. The orientation of the straight
edge segments of the boom cross-section was kept perpendicular to the plane of the array, as shown in Fig. 9. The
cross-section parameters were doubled to stiffen the boom for 60 m model while maintaining 𝛼 constant to prevent any
stress concentrations during coiling.
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𝐴𝐵𝐷1,𝑤 and 𝐴𝐵𝐷2,𝑤 were used as the section properties of the boom shell based on the choice of material.
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Fig. 8 Double omega boom profile.

E. Tape and Batten
Both tapes and battens have a rectangular cross-section and they are assumed to be made of unidirectional carbon

fiber, giving an effective elastic modulus 139 GPa and a Poisson’s ratio of 0.3. The initial cross-section of tapes and
battens were set to 10 mm × 0.6 mm and 3 mm × 0.6 mm rectangular cross-sections, respectively. In the case of the
60 m model the tape cross-section was increased to 20 mm × 1 mm with an effective elastic modulus of 150 GPa
utilizing lamina used in Section III.B to achieve a higher stiffness and strength.

Table 2 summarizes the details of structural components used in this study.

Table 2 Summary of details of structural component.

Element Option 1 Option 2
Longeron 𝑟 = 13.6 mm 𝑟 = 14 mm

𝜃 = 105◦ 𝜃 = 120◦

𝑤 = 8 mm 𝑤 = 8 mm
Layup-1 Layup-2

Boom 𝑟1 = 25 mm 𝑟1 = 50 mm
𝑟2 = 11 mm 𝑟2 = 22 mm
𝑤𝑏 = 8 mm 𝑤𝑏 = 16 mm
𝛼 = 15◦ 𝛼 = 15◦

Layup-1 Layup-2
Tape 10 mm × 0.6 mm 20 mm × 1 mm

Layup-1 Layup-2
Batten 3 mm × 0.6 mm 3 mm × 0.6 mm

Layup-1 Layup-2

IV. Finite Element Model
Fig. 9 shows the finite element model of a 4-strip array simulated using the Abaqus commercial finite element

package. Four-node general purpose reduced integrated linear shell elements, S4R, were used to model all shells
including the longerons, the booms and mechanism. Two node linear elastic beam elements, B31, were used to model
the tapes and the battens. The element size to model the longerons was approximately 4 mm, to accurately capture the
stiffness of curved flanges, and 100 mm long beam elements were used to model the tapes and the battens. The battens
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were connected to corresponding locations of the longerons using kinematic coupling constraints. The membrane was
not included in the analysis but its the mass was distributed along the web of the longerons.

Tape pairs

Tape

Boom - tape offset

Boom

  RP

Coupling constraints

Fixed boundary conditions

  RP

Coupling constraints

Tie constraints

Fig. 9 Finite element model of 4-strip structure.

A patch of selected nodes on either end of each longeron web was connected to corresponding node on the tapes
using kinematic coupling constraints. The node on the tape was selected as the control point of the coupling constraint.
Each pair of nodes on two parallel tapes corresponding to a fold location is coupled to a reference node on the diagonal,
through another kinematic coupling constraint at locations that requires a boom-strip connection depending on the
connectivity arrangement considered. Furthermost nodes of the tapes were coupled to the boom tip with a similar
kinematic coupling constraint. The root nodes of the tapes were tied to the corresponding surface of the mechanism and
boom roots were tied to the lower part of the mechanism, as indicated in Fig. 9. A linear perturbation frequency analysis
using the Lanczos eignesolver was used to find the vibration modes of the fully connected structure.

In the case of the prestressed structure, where the array is connected to the boom tip and the mechanism at the root,
the tape segments within the central opening of the array were modeled with B31 element with a thermal expansion
coefficient of 1.0 × 10−5 /◦. The beam was subjected to a negative thermal gradient to prestress the array. Fig. 10 shows
the idealized boundary condition and applied loading on the structure. It was noted that firmly connecting all six degrees
of freedom of the outermost longerons to corresponding tape compresses the longeron. This action diverts a significant
portion of the prestress to self-stressing the array. The longest longerons end up carrying compressive forces and are
prone to buckling. However allowing the outermost longerons to freely move along their longitidunal axis by releasing
the corresponding translational degree of freedom facilitates the uniform tensioning of the tapes and compression of
the booms. This was modeled by introducing a sliding *Slot connector between node on the tape and reference node
connected to the coupling constraint applied on the web of the longeron as shown in Fig. 10. An additional prestress
analysis step was performed using the Static General solver in Abaqus prior to the linear perturbation analysis for
prestressing the array.
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Fig. 10 Finite element model of a prestress 4-strip array.

V. Analysis of Natural Frequencies

A. Fully-connected structure
Figure 11 shows the first six vibration modes of a fully connected 10 m array. Note that the first four modes involve

the bending of the outermost strip. Mode 1 and Mode 4 are the symmetric bending modes of all four outer strips, in
phase and out of phase, respectively. Mode 2 and Mode 3 correspond to in phase and out of phase bending modes of
the opposite outermost strips, respectively. Note that the vibration frequencies of all four modes vary between 0.30 to
0.34 Hz. Mode 5 is a twisting mode of the complete array. The vibration frequency of the twisting mode is around
0.38 Hz and this value can be increased by stiffening the booms. Mode 6 has a vibration frequency of 0.47 Hz and
involves the bending together pairs of last two strips. All higher modes involve of combination of bending of strip pairs
and higher torsional modes. Both 20 m and 60 m models show a similar behavior to the 10 m model with the exception
that the natural frequency of the torsional mode becomes lower than the anti-symmetric mode of four outermost strips
for 20 m model with 8 strips and the 60 m model. The first mode of vibration of all four models with option 1 properties
shows the symmetric bending mode of four outer most strips, as shown in Fig. 12. The 60 m model with option 2
properties pushes the torsional behavior back to Mode 5 as the booms are significantly stiffer than in option 1.

This result implies that the largest frequency of the fully-connected structure is dominated by the stiffness of the
outermost strip and one has to carefully select the stiffness of the longerons and booms to achieve the desired values.
On the other hand, a lower bound to the natural frequency of the selected structural architecture can be obtained by
performing a frequency analysis of the model connected only at the ends without applying any prestress. This leads to
a near rigid body mode if the strips were hinged to each other. However, the continuous tapes have a small bending
stiffness, which leads to a small, low non-zero frequency, dominated by the stiffness of the tapes. Table 3 tabulates the
frequencies of vibration Mode 1 for all five models with two different connection architecture. Note that the fourth
column "Ends connected" model refers to the prestress configuration but with zero prestress. This provides a useful
design guide on selecting structural elements for achieving a desired natural frequency when designing large structures.

Table 3 Comparison of Mode 1 frequencies of fully-connected and prestressed structures without prestress

Model Property Mode I Frequency (Hz)
Fully-connected Ends-connected

M10-S4 Option 1 0.302 0.039
M20-S4 Option 1 0.057 0.007
M20-S8 Option 1 0.082 0.009
M60-S14 Option 1 0.005 0.000
M60-S14 Option 2 0.013 0.000
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Fig. 11 Vibration modes of 10 m × 10m fully-connected structure (model: M10-S4)

Fig. 12 First vibration mode of fully-connected arrays (not to scale): (a) M10-S4 (b) M20-S4 (c) M20-S8
(d) M60-S14

Note that typical maneuver time for a 60 m array is expected to be around 10 min, corresponding to a frequency of
0.0016 Hz. Hence, the value 0.005 Hz frequency of 60 m model with option 1 properties is significantly lower than the
required natural frequency as the maneuver period should be at least five times greater that the period of vibration of the
structure [11]. Use of Option 2 properties increases the frequency to 0.013 Hz which satisfies this requirement.

B. Prestressed structure
Figure 13 shows the variation of the first natural frequency for the 10 m structure with different amounts of prestress,

obtained by thermally contracting the initial part of the tapes. The mode shape transition from a sail-like mode to
bending of the outermost strips, as observed in the fully-connected structure. However, excessive prestress leads to
bending the booms and buckling inner longeron of the outermost strip due to compression, beyond a 30 N prestress.
This can be avoided by introducing stiffer booms. Figure 14 shows a pot of frequency vs. prestress of the same model
with a boom made of laminate five times stiffer. Note that the frequency of the fully-connected structure increases from
0.301 Hz to 0.328 Hz due to the higher boom stiffness and the modified structure can be prestressed to almost achieve
the fully connected frequency by avoiding buckling of the longerons.

Figures 15 and 16 show the variation of the frequency with increasing prestress for 20 m arrays with 4 strips and
8 strips, respectively. Overall, both arrays shows a similar behavior to the 10 m array as the mode shape transitions
from sail-like to bending of the outermost strips. Note that the frequency of the fully connected structure is higher for
the 8-strip array as it has higher stiffness due to the larger number of longerons and the slightly smaller overall length.
However, it is interesting to note that the maximum frequency achieved by the 8-strip model is around 0.56 Hz which is
close to the fully connected 4-strip model. This is because this frequency value is mostly related to the stiffness of the
booms which is same for both structures. Fig. 15 shows a reduction of frequency of Mode 2 with increasing prestress
while the effect is less for Mode 1. Careful analysis of the mode shapes revealed that the deformation of Mode 2 swaps
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Fig. 13 Variation of vibration frequency of 10 m model with 4 strips.

Fig. 14 Variation of vibration frequency of 10 m model with 4 strips with five time stiffer laminate for booms.

from bending of the outermost strips to twisting of the structure beyond a prestress force of 5 N. Therefore, the boom
can be stiffened to increase the natural frequency of the prestressed array similarly to the 10 m case, if required.
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Fig. 15 Variation of vibration frequencies of 20 m model with 4 strips

Fig. 16 Variation of vibration frequency of 20 m model with 8 strips.

VI. Conclusion
This paper has presented a dynamic analysis of large flat-foldable structures ranging from 10 m to 60 m. It has

shown that fully connected model gives an upper bound on the natural frequency of the structure which can be used as a
guide in designing structural components to achieve a desired stiffness. However, it would be very difficult to deploy a
fully connected architecture. It has been shown that prestressing scheme with diagonal tapes connected at two ends can
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achieve a feasible structure with desirable frequency.
Natural frequency bounds of four different models with array size of 10 m, 20 m and 60 m made with the existing

logneron design were presented and it has been shown that they can be increased by stiffening the structural components
by curing a stronger laminate or increasing cross-section size. The influence of prestress on the natural frequencies was
presented for array sizes of 10 m and 20 m, and it is intended to extend the study to 60 m array in future.
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