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This study analytically calculates the critical prestress of torsionally soft square frames
supporting an internal thin film. The study highlights the role of the attachment scheme, which
has a very significant impact on the critical prestress. The analytical calculation is verified via
numerical finite element analyses and an experiment. It is concluded that distributed edge
attachments significantly increase the stability of space structures against torsional buckling.

I. Introduction
Ultralight space structures for applications such as space based solar power require very large planar surfaces to

be deployed in orbit. Current deployable space structures technologies [1–3] do not meet the mass, precision, and
volume launch constraints to make these applications economically and physically viable. Hence, recent missions such
as the Caltech Space Solar Power Project (SSPP) [4] envisage prestressed thin films mounted onto flexible deployable
structures.

To achieve high surface accuracy and stability, thin films require sufficient biaxial prestress levels and attachment
to supporting deployable structures. This prestress must be maintained across the range of temperatures and thermal
gradients that occur in orbit. This is difficult to implement since the films and structures are made from materials with
dissimilar coefficients of thermal expansion (CTE). A fundamental limitation is that the prestressing loads applied by the
film to the deployable structure have the effect of reducing its stability, and torsional buckling occurs at relatively low
prestress levels, even if the structural members are designed with a sufficient margin against the Euler buckling load.

Fig. 1 Unit Cell Outline [5].

Thus, it is crucial to investigate the stability of thin films attached to compliant deployable space structures. Currently,
membranes are either directly attached to frames or integrated via soft corner springs. Directly attaching membranes to
non-stiff frames results in overall buckling [6]. This is advantageous for creating multi-stable periodic structures, but it is
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unacceptable when flat surfaces are required [7]. Corner springs provide a limited number of connection points, which
increases the design and integration complexity, and hinders deployment [8]. Hence, it is advantageous to consider
mounting thin films using a series of distributed edge springs as opposed to corner springs.

Fig. 1 shows the deployable SSPP prototype concept, from which a representative single square unit cell frame has
been extracted [9]. It is critical to develop a conceptual understanding of the fundamental implications of different
attachment schemes. As this unit cell is loaded by internal forces, its critical buckling load and post-buckling behavior
depend on how the loading condition “follows” the deformation of the structure.

The unit cell of the SSPP will be modeled as a square frame of four rigid rods connected by frictionless hinges with
linear-elastic torsional springs at the corners, attached to an internal, prestressed film that applies either concentrated
corner forces or uniformly distributed loads on the frame. Both fixed-direction forces and “follower” forces will be
considered.

The specific four cases that are studied in the paper are shown in Fig. 2, where in cases A and B the prestress acts in
fixed directions, and in cases C and D the prestress follows the deformation of the frame.
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Fig. 2 Four loading cases that are studied. A: Fixed direction corner forces. B: Fixed direction distributed load.
C: Corner prestress applied by internal rods. D: Distributed prestress applied by biaxially-stressed membrane.

II. Analytic Derivation of Buckling Loads
The first step in the study is the derivation of the critical buckling load for the four different loading cases in Fig. 2.
The structure consists of four rods of equal length !, connected by cylindrical joints and torsional springs of stiffness

: at the corners, as shown in Fig. 3. Note that this structure has a single degree of freedom which, for infinitesimally
small deformation, allows it to be deformed in the twisted shape shown in Fig. 4.

Note that in cases A and C, % is the value of the corner prestressing forces and the corresponding axial compression,
�, in the rods can be calculated as:

� =
%
p

2
(1)

In cases B and D the axial compression in the rods that corresponds to the distributed prestress ? can be calculated as:

� =
?!

2
(2)

The simplest way of deriving the critical buckling value of the prestress for the four cases is to use the (adjacent)
equilibrium method [10, 11], which considers the equilibrium of the prestressed structure in an infinitesimally buckled
configuration and then imposes the condition that the structure should be in equilibrium without additional loads.

The following preliminary results will enable the derivations for the four cases to proceed more quickly.
First, the square frame admits the aforementioned torsional buckling mode shown in Fig. 3. Here the corner rotations,

\, can be obtained from Fig. 4. The analysis is quite subtle and is based on noticing that the hinge axes through the
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center point of the frame, O, when the frame is buckled. From the �gure, it can be shown that:

U =
X

! •2
(3)

V =
p

2U =
2
p

2X
!

(4)

and, most importantly:

\ =
p

2U =
2
p

2X
!

(5)

Fig. 3 Torsional buckling mode.

Fig. 4 Angles needed to calculate hinge rotation.

Second, the vertical forces,� 1, required to hold the square frame in the deformed con�guration shown in Fig. 5,
which are related to the hinge rotations and the spring sti�ness, can be calculated using the equation of virtual work.
They have magnitude:

� 1 = 8:
X
! 2

(6)

Third, the vertical forces,� 2, required to hold a rod of the square frame, carrying an axial prestress� , in the buckled
con�guration shown in Fig. 6 are given by

� 2 = 2�
X
!

(7)

A. Fixed Direction Corner Force Case
In this case, the prestressing forces%on the frame do not change direction when the frame buckles and hence do

not apply a vertical force component to the joint. Hence, the vertical equilibrium equation for a joint in the buckled
con�guration is:

� 1 � 2� 2 = 0 (8)
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Fig. 5 Vertical forces required to hold the frame in the buckled con�guration.

Fig. 6 Vertical forces required to hold a prestressed rod of the square frame in the buckled con�guration.

Substituting Eq. 6 and Eq. 7 into Eq. 8 gives:

8:
X
! 2

� 4�
X
!

= 0 (9)

and substituting Eq. 1 gives

8:
X
! 2

� 2
p

2%
X
!

= 0 (10)

which can be solved for%to �nd the critical value of%:

%2A8C= 2
p

2
:
!

(11)

The corresponding critical compression in the rods of the square frame is

� 2A8C= 2
:
!

(12)

B. Fixed Direction Distributed Load Case
In this case, the prestressing distributed along each edge also does not change direction when the frame buckles.

Hence, the derivation in the previous section is still valid with the only di�erence that Eq. 2 is used instead of Eq. 1.
Accounting for this di�erence, the critical distributed prestress is

?2A8C= 8
:
! 2

(13)

and the corresponding critical compression in the rods of the square frame matches and is

� 2A8C= 2
:
!

(14)
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C. Corner Prestress Applied by Diagonal Rods (Follower)
In this case, the diagonal rods connected via spherical joints apply follower forces on the frame, which have non-zero

vertical components that contribute to the equation of equilibrium in the buckled con�guration. This case serves to
approximate a corner spring attachment scheme. The vertical force component,� 3, has been analyzed in Fig. 7 and the
following expression was obtained:

� 3 =
p

2%
X
!

(15)

Fig. 7 Vertical forces required to hold a prestressed diagonal rod in the buckled con�guration.

In this case the vertical equilibrium equation for a joint in the buckled con�guration is:

� 1 � 2� 2 ¸ � 3 = 0 (16)

which, proceeding as above, leads to the critical prestress:

%2A8C= 4
p

2
:
!

(17)

and the corresponding critical compression in the rods of the square frame is

� 2A8C= 4
:
!

(18)

D. Distributed Prestress Applied by Membrane (Follower)
In this case, the internal membrane applies follower distributed forces on the frame, which have non-zero vertical

components that contribute to the equation of equilibrium in the buckled con�guration. The vertical force component,
� 3, shown in Fig. 8 is given by:

� 3 = ?
X
2

(19)

Fig. 8 Vertical forces required to hold a prestressed membrane in the buckled con�guration.

The vertical equilibrium equation for a joint in the buckled con�guration is:

� 1 � 2� 2 ¸ � 3 = 0 (20)

which leads to the critical prestress:

?2A8C= 8
:
! 2

(21)

and the corresponding critical compression in the rods of the square frame is

� 2A8C= 4
:
!

(22)
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III. Buckling Load Numerical Simulations
In order to verify the analytic results, the �nite element software Abaqus 2024 was used to conduct a series of

numerical buckling analyses to match the four cases considered in the previous section. A 0.343 m by 0.343 m square
frame was modeled with 2, 0.1715 m long elements per side (8 elements in total). Four diagonal wires modelled with
B32 beam elements were connected to the corners to de�ne multi-point hinge constraints (MPC hinge). CSYS datums
were then used to orientate the wires such that the axis of the hinge points to the opposite corner. The beams were
assigned the properties of aluminum 6061 and a tubular cross section with the properties listed in Table 1 was assumed.

Property Value

Edge Length (L) 0.343 m

Cross Section (OD/Thickness)0.00635 m / 0.0015 m

Young's Modulus 68 GPa

Poisson Ratio 0.33

Density 2,700 kg/m3

Hinge Spring Constant 0.303 Nm
Table 1 Properties for Abaqus analysis.

The dimensions and sti�nesses were chosen to match the experiment in section IV, as well as to aid numerical
convergence.

A. Fixed-Direction Forces
This �rst pair of analyses was conducted using the �Buckle� solver in Abaqus. The midpoints of the edge beams

were each �xed in the out of plane and tangential directions, such that rotations of the edges and sliding towards the
center of the structure was unconstrained. Then, external forces as described in the analytic analysis were assigned,
relative to a global coordinate system. Both corner forces (case A) and forces distributed along the edges (case B) were
considered. The �rst buckling mode of the structure showed the expected twist and was examined to determine the
eigenvalue of interest.

The resulting buckling eigenvalues closely matched their analytic predictions. For the corner loaded "case A" the
Abaqus eigenvalue is 2.495 N (analytical prediction 2.499 N), while the edge loading "case B" is 10.29 N/m (analytical
prediction 10.30 N/m), or equal to the corner force case as predicted for the comparison case of� 2A8Cwhere the loads
in the rods are equal. Using a sti�er material, such as steel or a solid rod, brings these eigenvalues even closer to
the analytical solutions, whereas using a softer material or lower cross section for the edge beams lowers their Euler
buckling load and switches the dominant mode, leading to a lower buckling eigenvalue.

A mesh convergence analysis revealed no di�erence in the eigenvalue when increasing the number of elements for
this pair of simulations, thus the minimal amount as described above was used. Similarly, increasing the interpolation in
the beam formulation or enabling hybridization did not a�ect the eigenvalue obtained.

B. Internal Prestress
The buckling prestress limit for Case C is not as simple to calculate. Two analyses were conducted where four

additional elements were de�ned inside the frame and connected via spherical joints at their intersections with each
other and the frame in the undeformed con�guration. Initially, the additional elements were modelled with T3D2 truss
elements to allow for the "Buckle" solver to be used to determine a critical temperature eigenvalue via the *Buckle
command propagating a *Temperature load only in the internal strips, inducing a strain. Initially the internal rods were
assigned Kapton strip material properties (E=2.76 GPa, w=0.01 m, t=0.0001 m) to match a typical space application and
then 1095 steel parameters (E=200 GPa, w=0.01 m, t=0.0001 m) to match the experiment. The �rst buckling mode was
once again the expected deformation mode. Thus, the resulting critical buckling eigenvalue in Abaqus is a temperature,
which can then be used to calculate the critical buckling force%2A8Cby solving the resulting statically indeterminate
problem. The result for the Kapton and the steel is the same, with a%2A8Cof 4.990 N, once again closely matching the
analytical prediction of 4.997 N, and approaches this number even closer if sti�er rods are de�ned.

Then, this result was veri�ed by examining the post-buckling solution using T3D2T elements for the internal
rods, which were controlled using a temperature �eld during a �Coupled Temperature-Displacement� solver step

6



Fig. 9 Case C post-buckling analysis.

with geometric nonlinearity enabled. This is also a good model for low CTE composite structures in general, since
the integrated membrane typically has a much higher CTE, so Kapton was used as the strip material. Since the
frame geometry and deformation mode remain constant, the *IMPERFECTION command can be used to seed the
desired buckling mode from the previous analysis. Several di�erent imperfections were considered in predicting the
post-buckling response, ranging from 50% of the strip thickness down to 1%. As the magnitude of the imperfection is
decreased and prestress is applied by lowering the temperature, the bifurcation point in the force displacement graph
becomes sharper, and both the critical buckling load and post-buckling behaviors can be observed and calculated from
the temperature change and internal tension of the truss elements. Both the force and temperature change are plotted in
Fig. 9 as a function of the out of plane post-buckling response.

Once again, a mesh and element type convergence was performed for case C and no signi�cant change in the
eigenvalues or post buckling displacement was observed.

The membrane (case D) can be modeled similarly in both bifurcation and post-buckling analyses by implementing a
temperature dependent membrane inside of the frame, �nding the deformation mode, seeding the expected mode shape,
and then lowering the temperature to apply a prestress on the frame. A Kapton membrane made of S4 shell elements
was used for the eigenvalue analysis and S4T elements were used for the post-buckling analysis. The membrane edge
was pinned to the beam elements at each node except for the corners via a tie constraint. An MPC pin constraint was
used in addition to the existing MPC hinge constraint at the corner nodes in order to avoid joining the beams to each
other. A mesh convergence study determined that increasing the total number of elements per edge from 2 to 20 for both
the beams and the �lm was su�cient to achieve mesh convergence for this study. In this loading case, it was observed
that the buckling load is sensitive to the thickness of the membrane as well, since it provides a torsional sti�ness, as
seen in Fig. 10, where the e�ective sti�ness of the frame increases for thicker �lms, leading to a higher buckling load
than predicted analytically. A 10 um imperfection was used to calculate the post-buckling response for all membrane
thicknesses. Thinner �lms were observed to have more uniform prestress distributions. Due to the fact that the stress is
not uniform along the edge, the edge load was calculated by integrating the total stress along the edge. For �lms thinner
than 1 um, the added sti�ness is negligible, and the theoretical critical value of 20.6 N/m calculated analytically is
matched to an accuracy better than 0.05%, similar to the previous cases.
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Fig. 10 Case D post-buckling analysis.

IV. Experimental Con�rmation of Case C
In order to further verify the analytic and numerical predictions of Case C, a frame was constructed with the

dimensions listed in Table 1. The corners of the frame include machined hinges made from aluminum 6061, �tted with
thermoplastic �anged bearings designed for low friction radial and thrust applications. These bearings were in turn
�tted onto opposite ends of a short, hollow aluminum shaft, and a 180 degree steel torsional spring was mounted around
the center of this shaft at each corner. Grooves were cut into the machined hinges for the legs of the spring, which were
then �xed using epoxy and a set screw, allowing for an angle adjustment in each corner if necessary to set to zero the
moments in the unbuckled state. The adjacent corners of the frame were then connected using an aluminum tube, whose
length and rotation were locked using a pair of set screws at each end. An OptiTrack marker was placed on each corner
as well to be able to accurately measure the out of plane deformation during the experiment. A corner of the frame
along with the overall experimental setup are shown in Fig. 12 and Fig. 11, respectively.

Fig. 11 Case C experimental setup.
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The internal rods were constructed by laser cutting a 100` m thick 1095 tempered steel into a 0.01 m thick strips.
These strips were then joined using a brass rivet, and epoxied into M4 screws that were slotted and placed into each
corner through the hollow shaft. A nut on each screw can be turned in order to apply a prestrain at each of the four
corners. Four 125BZ Micro Measurements general purpose strain gauges were then mounted (one on each strip) to
calculate the strain in each strip during the experiment. This strain was read using Micro Measurements's P3 Strain
Indicator and Recorder.

Fig. 12 Case C experiemnt frame corner.

The strain to force relationship of the internal steel strips was determined by vertically suspending a strip and loading
it with masses up to 1 kg in 25 g increments. This relation was found to be 5.51` e/N.

Fig. 13 Frame in buckled state after being lifted.

Four PrimeX 22 motion capture cameras were utilized to track the corner displacements during the experiment. The
experiment consisted of adjusting the prestrain so that each of the internal rods has the same strain in increments of
10 ue, and then lifting one edge of the frame by its center of moment, and measuring the out of plane displacement
of one corner relative to the plane of the other three corners.The frame was slowly lifted using a spooled string to
minimize disturbances during this process, as it was necessary to o�oad the self-weight quasistatically to allow for the
post-buckling displacements to be observed. The lifted frame is shown in Fig. 13, where a larger prestrain was applied
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