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ABSTRACT
This paper presents structures with multiple equilibrium

configurations arising from the combination of a state of pre-
stress and unilateral contacts. A design problem is posed where
preloaded elastic springs and unilateral constraints are embed-
ded throughout a mechanism. The spring parameters are de-
signed such that multiple target configurations are immobilized
due to contact. In each of these configurations, the spring forces
maintain compressive reaction forces, immobilizing the struc-
ture. Each immobilized configuration can rigidly resist pertur-
bation forces up to some finite magnitude where contact is lost.
Hence, this case of multiple configurations in equilibrium due to
the combination of prestress and contact is referred to as multi-
configuration rigidity. Two examples of structures exhibiting
multi-configuration rigidity are presented. First, a four bar link-
age with a single kinematic degree of freedom is used to introduce
the concept. In the context of the linkage, multi-configuration
rigidity is compared to multi-stability, exhibiting the key differ-
ences between the two concepts. Then, a 24-degree-of-freedom
kirigami surface is presented that can morph between flat and
spherical configurations, motivated by RF antenna applications.
By embedding torsional springs and fold angle stops throughout
the structure, flat and spherical configurations are made rigid.
Actuation between the configurations can easily be achieved by
snapping the structure between the rigid configurations.

1 INTRODUCTION
This study defines and explores the concept of multi-

configuration structural rigidity, based on embedding unilateral
stops and springs in a structure with one or more internal mecha-
nisms that allow the structure to take up multiple specified target
configurations. In each of these configurations, the structure is
held rigidly by the springs maintaining contact with the unilat-
eral stops. Multi-configuration rigidity is shown to be a useful
concept in the design of reconfigurable structures.

Multi-configuration rigidity is particularly useful in the con-
text of origami structures with many internal mechanisms, de-
fined as the degrees of freedom (DOFs) of the structure. Practi-
cal application of origami is often limited to patterns with single
or low-DOF since they can be easily actuated. However, the ge-
ometry of low-DOF structures is inherently limited by their low
dimensional configuration space. In contrast, many-DOF pat-
terns such as Resch’s pattern [1] have more geometric freedom
and can exhibit remarkable geometric changes [2].

Many-DOF structures are alluring for engineering applica-
tions due to their geometric versatility, but actuation can be pro-
hibitively complex [3]. The “brute force” actuation strategy of
simultaneously controlling a number of actuators equal to the
DOFs of the structure [4] is impractical to physically imple-
ment. Active materials show promise for actuating many-DOF
patterns, which might utilize thermal or electrical stimuli to lo-
cally activate folding [5–8], but are suited for smaller scale appli-
cations without significant load-bearing capabilities. Another ap-
proach for reconfiguring many-DOF structures is through multi-
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stability, as proposed in [9]. Springs are embedded throughout
a structural mechanism, and the spring parameters are designed
such that each target configuration corresponds to a stable equi-
librium configuration. The actuation of a multi-stable structure is
straightforward since transferring between stable configurations
can easily be achieved.

Multi-configuration rigidity is different from multi-stability.
Whereas multi-stable structures have analytical (smooth) energy
minima at each stable configuration, in multi-configuration rigid-
ity the kinematic boundary introduced by the unilateral con-
straints introduces a sharp local energy minimum for each rigid
configuration. Multi-configuration rigidity offers key advantages
compared to multi-stability, such as the ability to resist finite per-
turbation loads without significant deflection (theoretically, zero
deflection).

The idea of utilizing unilateral constraints to aid in struc-
tural reconfigurations has been previously considered to control
shape changes in many-DOF metamaterials [10]. Contact has
been used to simplify reconfiguration of a linkage [11] and also
rigidity of structures due to contact is found in bio-inspired struc-
tures such as scales [12]. Furthermore, insightful parallels can
be drawn to concepts in the robotic grasping literature [13] [14],
which shows examples of immobilizing objects using unilateral
contacts.

This paper provides examples of the design of structures that
have multiple rigid configurations. Two structures are studied: a
single-DOF linkage and a 24-DOF kirigami surface. The con-
ditions for rigidity are derived for each structure and a set of
springs is designed to achieve rigidity in specified configurations.
A prototype of the 24-DOF kirigami surface is constructed using
lamina emergent torsional hinges [15] to act as torsional springs.
The applicability of multi-configuration rigidity to practical en-
gineering structures is demonstrated by fitting a prototype of the
kirigami surface with RF antennas to create a morphing phased
array [16].

2 Interpretations of multi-configuration rigidity
Two interpretations of multi-configuration rigidity are pro-

vided by a robotic grasping analogy and by considering a ball
moving on a hill, in two dimensions. These interpretations are
generalized to higher dimension in Section 4 in the context of a
24-DOF structure.

The first interpretation considers a robotic grasping prob-
lem, which is useful in understanding how a single configuration
is immobilized by contact. Figure 1a shows an object grasped
by three frictionless unilateral constraints. Since the force F
is present and pushes into the constraints, contact with the con-
straints is maintained and the object is immobilized. This is re-
ferred to as force closure in the grasping literature [13]. Force
closure occurs when an external force acts to maintain contact
with unilateral constraints to immobilize an object (note that the
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FIGURE 1: Interpretations of rigidity due to unilateral con-
straints. (a) Object grasping analogy. The square is in force
closure, immobilized due to contact with unilateral constraints,
which is maintained due to the force F . (b) Ball on a hill anal-
ogy. Points A and C are held rigidly due to contact with the wall,
while Point B is a stable equilibrium position.

precise definition of force closure varies in the literature [14]
[17]). When subjected to a perturbing force, the object will not
move unless the perturbing force has an upward vertical com-
ponent larger than F , and is thus rigid up to some finite pertur-
bation. This grasping analogy offers a useful interpretation of
structural rigidity from unilateral constraints, where F is analo-
gous to the force in the springs, which pushes against the unilat-
eral constraints to block any possible motion.

A second interpretation is the classical “ball on a hill” anal-
ogy, shown in Figure 1b, where the walls represent the unilat-
eral constraints. Points A and C are local minima with respect
to kinematically admissible positions that respect the unilateral
constraints, corresponding to the hill sloping into the wall. If a
perturbation force is applied to the ball, it will not move unless
the weight of the ball is overcome by the force. Thus, points A
and C identify two rigid configurations. In contrast, point B is
a smooth local energy minimum, which corresponds to a stable
equilibrium configuration.
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3 Single-DOF example
This section presents a simple single-DOF linkage that is

designed to achieve rigidity in two target configurations. Con-
sider the four-bar linkage shown in Figure 2 with bar lengths
AB = 0.8, BC = 1.16, CD = 1.3, and AD = 0.95. This linkage
itself represents the skeleton structure, which is kinematically in-
determinate with one degree of freedom. The kinematics can be
described in terms of a single variable, which will be taken as θA.
An analytical relation between θD and θA is given by [18]

θD = π− arctan
(

A2

A1

)
± arccos

 −A3√
A2

1 +A2
2

 , (1)

where

A1 = 2AB ·CDcosθA−2AD ·CD (2)
A2 = 2AB ·CDsinθA (3)

A3 = AD2 +CD2 +AB2−BC2−2AB ·ADcosθA. (4)

The kinematic path in the space of θA and θD is plotted in
Figures 3a and 4a. The two configurations shown in Figure 2
are taken as target configurations. The first target configuration
has angles θA =−191◦ and θD = 90◦ while the second has θA =
83◦ and θD = 90◦. Linear torsional springs of stiffness k are
introduced on joints A and D. The energy stored in the springs is

E =
1
2

k
(
θA−θ

0
A
)2

+
1
2

k
(
θD−θ

0
D
)2
, (5)

where θ 0
A and θ 0

D are the rest angles of the two springs. The rest
angles of the springs constitute the two design variables in the
problem, which can be designed to make the structure have two
rigid (Section 3.1) or stable (Section 3.2) configurations. Since
the stiffnesses of the springs are equal, the actual value does not
affect the shape of the energy landscape and only acts as a scaling
factor.

3.1 Multi-configuration rigidity
To achieve multi-configuration rigidity, we introduce a uni-

lateral constraint to restrict the angle θD to

θD ≥ 90◦. (6)

Note that this constraint is active (θD = 90◦) in both target
configurations. That is, both configurations lie on the boundary
of the kinematically admissible configurations. Associated with
this unilateral constraint is a reaction moment µ .

(a)
A

B

C

D

(b)

FIGURE 2: Four bar linkage geometry with torsion springs on
A and D (red). (a) Target configuration 1 with θA = −191◦ and
θD = 90◦. (b) Target configuration 2 with θA = 83◦ and θD = 90◦.

The problem at hand is to design the rest angles of the tor-
sional springs such that both target configurations are rigid due
to contact with the 90◦ stop. Specifically, the rest angles should
be designed such that the reaction moment µ in the angle stop on
θD is positive in both configurations.

The equilibrium conditions in the presence of constraints
can be written by introducing a Lagrange multiplier. The La-
grangian function is defined as

L = E +µ (90◦−θD) , (7)

where the Lagrange multiplier µ represents the reaction moment
of the unilateral constraint. The equilibrium conditions are

∂L

∂θA
=

dE
dθA
−µ

dθD

dθA
= 0 (8)

µ ≥ 0 (9)
µ(θD−90◦) = 0, (10)

which are known as the Karush-Kuhn-Tucker conditions [19].
Equation (8) represents a generalized force balance and (9) en-
forces the condition that the contact moment in the unilateral
constraint must be non-negative. Finally, Eq. (10) requires that µ

can only be nonzero if there is contact with the constraint, known
as the complementarity condition.

Examining Eq. (10), if µ > 0 then θD must remain equal
to 90◦ and the structure is rigid. To achieve multi-configuration
rigidity, we seek values of θ 0

A and θ 0
D that correspond to positive

µ’s in both target configurations.
Solving for µ in Eq. (8) and requiring its positivity yields
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µ =
dE
dθA

(
dθD

dθA

)−1

(11)

=k
(

θA−θ
0
A +

(
θD−θ

0
D
) dθD

dθA

)(
dθD

dθA

)−1

> 0. (12)

Enforcing µ > 0 in both target configurations leads to a sys-
tem of two inequalities restricting θ 0

A and θ 0
D. The solution to

this system is the blue shaded region in Figure 3a. Designing the
rest angles in this region leads to rigidity in both target configu-
rations.

The energy profile along the kinematic path corresponding
to θ 0

A = 0 and θ 0
D = −180◦, a design in the blue shaded region

of Fig. 3a, is plotted in Figure 3b. Each target configuration is a
sharp energy minimum, lying on the boundary of the kinemati-
cally admissible domain.

An alternative approach to the rigidity of this linkage is ob-
tained by considering a perturbing moment acting on the struc-
ture. A rigid configuration can resist perturbing moments with-
out any displacement, up to some finite value of the perturbation
when contact is lost. Consider, for example, a counterclockwise
perturbation moment M̃A applied at point A in target configura-
tion 1. The generalized force balance accounting for the perturb-
ing moment becomes:

dE
dθA
− µ̃

dθD

dθA
− M̃A = 0, (13)

where µ̃ is the reaction moment after the perturbing moment is
applied. Solving for µ̃ gives

µ̃ =

(
dE
dθA
− M̃A

)(
dθD

dθA

)−1

= µ− M̃A

(
dθD

dθA

)−1

. (14)

Here, µ is the reaction force in the absence of the perturbation
from Eq. (11).

Assuming that the rest angles fall within the blue region of
Figure 3a, µ is positive. Therefore, since dθD

dθA
is positive in con-

figuration 1, as long as M̃A < µ
dθD
dθA

, then µ̃ is positive and θD
must remain at 90◦. In other words, the structure can rigidly re-
sist perturbation moments up to a finite magnitude.

3.2 Distinction from multi-stability
It is important to distinguish between multi-configuration

rigidity and multi-stability. While they are similar in some
regards, multi-configuration rigidity has key advantages when
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FIGURE 3: Four bar linkage solution for rigidity at both target
configurations. (a) Plot of the kinematic path and rest angles that
lead to multi-configuration rigidity, in θAθD-space. (b) Energy
profile along the kinematic path corresponding to θ 0

A = 0 and
θ 0

D = −180◦, which is a design in the blue region of (a). The
dark shaded regions violate θD ≥ 90◦.

compared to multi-stability, which can be exemplified by study-
ing the 4-bar linkage.

We aim to compute the rest angles that lead to bi-stability in
target configurations 1 and 2. At each target configuration, with
respect to θA the first derivative of the energy must be zero (equi-
librium) and the second derivative must be positive (stability):

dE
dθA

= k
(
θA−θ

0
A
)
+ k
(
θD−θ

0
D
) dθD

dθA
= 0 (15)

d2E
dθ 2

A
= k
(

1+
dθD

dθA

2)
+ k
(
θD−θ

0
D
) d2θD

dθ 2
A

> 0. (16)

Enforcing equations Eqs. (15) and (16) at both target con-
figurations, there is a unique solution for the rest angles of
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θ 0
A = 45.9◦ and θ 0

D = 32.2◦. Figure 4a shows the rest angle so-
lution that leads to bi-stability. The energy along the kinematic
path is shown in Figure 4b, where it is clear that both target con-
figurations are smooth energy minima, in contrast to the bound-
ary minima in the previous section.
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FIGURE 4: Four bar linkage solution for bi-stablity. (a) Plot
of the kinematic path and rest angles that lead to bi-stability, in
θAθD-space. (b) Energy profile along the kinematic path for the
bi-stable design θ 0

A = 45.9◦ and θ 0
D = 32.2◦.

By comparing the rigid and stable examples, two advantages
of multi-configuration rigidity are observed. First, a large set of
allowable rest angles leads to rigidity compared to a unique solu-
tion in the bi-stability case. This is because bi-stability requires
an equation (Eq. (15)) and an inequality (Eq. (16)) to be sat-
isfied at each target configuration. However, the rigidity condi-
tions are less strict, only requiring a single inequality (Eq. (12))
to hold in each configuration. In practice, it is useful to have a
set of allowable designs, since a precise value of stiffness and
rest angle cannot be exactly achieved. The second advantage of

multi-configuration rigidity is the ability to resist loads (below
some critical value when contact is lost) without any displace-
ment. Thus, at least theoretically, there is an infinite initial stiff-
ness with respect to perturbation forces. In contrast, for multi-
stability the structure will deform elastically in response to any
perturbation and, often, the energy minima have low stiffness.

4 A 24-DOF surface with two rigid configurations
To demonstrate multi-configuration rigidity in a complex

structure, an example is presented of a 24-DOF kirigami pattern
that can morph between a spherical configuration and a flat con-
figuration. A set of angle stops are added throughout the struc-
ture to restrict the fold angles. Torsional springs are embedded
along every fold of the structure, and the stiffness and rest angles
of these springs are designed such that both the flat and spherical
configurations satisfy the conditions for rigidity. The usefulness
of multi-configuration rigidity for practical engineering applica-
tions is demonstrated by constructing a prototype of the morph-
ing surface that is outfitted with antennas to create a functional
morphing phased-array antenna.

4.1 Geometry
Figure 5 shows the geometry of the morphing surface. The

geometry consists of a set of square tiles, shown in green, that
are connected by trapezoidal folds, shown in gray. The pattern
can morph between flat and spherical surfaces, where the tiles lie
on a sphere in the spherical configuration and are co-planar in
the flat configuration. The pattern itself is non-developable, so
it cannot be entirely flattened such that all faces (both green and
gray) become co-planar.

Synthesis of this fold pattern follows a two-step process.
First, the tiles are arranged on the surface of a sphere, shown in
Figure 5a. The tile arrangement problem is formulated as a con-
strained optimization problem and is presented in detail in [20].
In this study a sphere with a radius of 2.9 times the tile edge
length is considered. The second step in the geometry synthesis
process connects the adjacent tiles with valley folds, shown in
gray in Figure 5b. The gray faces are added perpendicular to the
tiles so all mountain folds are at 90◦ in the spherical configura-
tion. Finally, upon closing the valley folds a flat configuration is
achieved where the tiles come together to make a planar square
grid, shown in Figure 5c.

The fold angles are defined such that an angle is zero when
the plates on either side of the fold are coplanar; at ±180◦ there
is contact. In the flat configuration, the mountain folds are at 90◦

and the valley folds are at 180◦. In the spherical configuration,
the mountain folds are at 90◦, while the valley folds take on a
range of angles between 150◦ and 160◦.
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FIGURE 5: Geometry of the morphing surface kirigami pattern.
(a) Arrangement of tiles on a sphere. (b) Valley folds are inserted
perpendicular to the tiles to connect adjacent tiles, resulting in the
spherical configuration. (c) Upon closing the valley folds, the flat
configuration is achieved.

4.2 Kinematics
This section defines a set of bilateral and unilateral con-

straints that capture the kinematics of the structure.
The geometry of the structure is defined by vertex coordi-

nates xxx ∈ R3n where n is the number of vertices in the structure.
Denote θθθ M ∈RnM and θθθV ∈RnV as vectors containing the angles
of the nM mountain folds and nV valley folds, respectively.

A network of rigid bars and fixed hinges can be used to cap-
ture the plate-hinge kinematics [21]. Each edge in the pattern is
replaced with a rigid bar of fixed length. Then, each quadrilateral
face in the pattern is triangulated by adding a rigid bar across a
diagonal. Planarity of the quadrilateral faces is enforced by con-
straining the angle ϕ about the added bar on the diagonal to be
zero. Overall, the bilateral constraints hhh(xxx) corresponding to the
nb rigid bars and nh fixed hinges takes the form:

hhh(xxx) = 000, (17)

where

hi(xxx) =

{
li(xxx)−Li i = 1, ...,nb

ϕi(xxx) i = nb +1, ...,nb +nh.
(18)

Here, li(xxx) is the length of bar i in configuration xxx, which is fixed
at length Li, and ϕi(xxx) is the angle of a triangulating hinge, which
is fixed at 0. For a more in-depth discussion of this kinematic
model, see [9].

The bilateral constraint gradients CCCb ∈ R(nb+nh)×3n, which

form the compatibility matrix of the bilateral constraints, are de-
fined as

CCCb =
∂hhh
∂xxx

=


∂ lll
∂xxx
∂ϕϕϕ

∂xxx

 . (19)

The gradients of bar lengths and hinge rotations with respect to
xxx, which make up CCCb, are derived in [9].

The linearized bilateral constraints take the form

CCCbddd = 000, (20)

where ddd ∈ R3n is a displacement of the vertices.
A first-order compatible displacement dddm must lie within the

m-dimensional null space of CCCb, where m is the number of kine-
matic degrees of freedom of the structure, and was previously
denoted as DOF. For the kirigami surface m= 24. Note that alter-
native but equivalent formulations for computing the kinematic
freedom exist, for example see [9].

Along with the bilateral constraints, unilateral constraints
are considered in the form of restrictions on the fold angles,
which are introduced to achieve multi-configuration rigidity. Ob-
serving that both the flat and spherical configurations have 90◦

mountain fold angles, we choose to restrict the mountain fold
angles to be greater than 90◦. The unilateral constraints take the
form

90◦−θM j(xxx)≤ 0, j = 1, ...,nM. (21)

The gradients of the unilateral constraint functions are defined as
CCCu ∈ RnM×3n, where

CCCu =−∂θθθ M

∂xxx
. (22)

More details about the angle gradients are provided in [9].

4.3 Equilibrium
Linear torsional springs are introduced on each fold of the

structure. To simplify the problem, it is assumed that all springs
on the mountain folds are identical and all springs on the valley
folds are identical. Hence, the energy stored in the springs takes
the form

E =
nM

∑
i=1

1
2

kM(θMi−θ
0
M)2 +

nV

∑
i=1

1
2

kV (θVi−θ
0
V )

2, (23)

6 Copyright c© 2021 by ASME



where kM and θ 0
M are the stiffness and rest angle of the moun-

tain folds and kV and θ 0
V are the stiffness and rest angle of the

valley folds. The spring parameters are design variables, which
will be chosen to achieve rigidity in both the spherical and flat
configurations. Since scaling of the energy does not affect the
shape of the energy landscape, only three design variables must
be considered: kV/kM , θ 0

M , and θ 0
V .

Now that a set of springs has been introduced, the equilib-
rium conditions can be derived from the Lagrangian function

L = E +µµµ
T (90◦−θθθ M)+λλλ

T hhh(xxx), (24)

where µµµ ∈ RnM are the reactions of the unilateral constraints on
the mountain folds and λλλ ∈ Rnb+nh are the reactions of the bilat-
eral constraints. The constraint reactions are generalized forces,
which for angle constraints correspond to reaction moments and
for rigid bar constraints correspond to bar forces.

The equilibrium conditions, which take the form of the
Karush-Kuhn-Tucker conditions, are

∂L

∂xxx
=

dE
dxxx

+µµµ
TCCCu +λλλ

TCCCb = 0 (25)

µi ≥ 0, i = 1, ...,nM (26)
µi(θMi−90◦) = 0, i = 1, ...,nM. (27)

Equation (25) represents a generalized force balance, while
Eq. (26) requires the unilateral constraint reactions to be non-
negative. Equation (27) states that a unilateral reaction can only
be nonzero if there is contact with the constraint.

Given a set of spring parameters, which determines ∂E
∂xxx , the

constraint reaction forces can be computed. Equation (25) is a
linear system with respect to µµµ and λλλ , which can be written as

[CCCuT CCCbT ]

[
µµµ

λλλ

]
=−∂E

∂xxx
. (28)

If Eq. (28) has no solution where all components of µµµ are
non-negative, then equilibrium is violated. If a solution exists,
the reactions will not be unique if the structure is statically inde-
terminate, which is the case for the kirigami surface. Although
the equilibrium solution is non-unique, for a given perturbation
load configuration the magnitude at which the structure loses
rigidity is uniquely defined.

4.4 Designing for rigidity
A design problem is posed to select spring parameters

kV/kM , θ 0
M , and θ 0

V such that both the flat and spherical config-
urations are both rigid. Rigidity occurs when positive unilateral
reactions µµµ satisfy equilibrium, since there are nu = 80 unilateral

constraints (stops on the 80 mountain folds), which are enough
to block motion along the m = 24 mechanisms. The design space
is limited to only three variables, allowing for a direct search of
the design space to evaluate which designs lead to rigidity.

A search was performed in the region −360◦ ≤ θ 0
M ≤ 360◦,

−360◦ ≤ θ 0
V ≤ 360◦, 0.1 ≤ kV/kM ≤ 10. At any given point in

this region, the solution to Eq. (28) can be evaluated in both
configurations to check for positive unilateral reactions. By eval-
uating many designs, the design space can be partitioned into
regions where the rigidity condition is satisfied for each configu-
ration.

Figure 6 shows the regions of the design space where rigidity
is achieved in the spherical and flat configurations. The axes
of these plots correspond to the rest angles of the mountain and
valley folds. In the black regions, equilibrium is violated for all
values of the valley to mountain stiffness ratio, kV/kM . In the
white regions, the rigidity conditions are satisfied for some or all
values of kV/kM .

The design chosen for building the prototype in the next sec-
tion has θ 0

V = 180◦ and θ 0
M = 0◦, and corresponds to the red dot

in Figure 6. For these rest angles, as long as kV/kM < 1.33, the
structure satisfies the rigidity conditions in both the spherical and
flat configurations. These rest angles are desirable since they not
only satisfy the rigidity conditions, but they are straightforward
to fabricate.

4.5 Prototype
This section presents a prototype of the 24-DOF kirigami

surface that is rigid in the flat and spherical configurations. Fol-
lowing Section 4.4, both the flat and spherical configurations are
rigid if θ 0

V = 180◦, θ 0
M = 0, kV/kM < 1.33, and stops restrict all

mountain folds to θθθ M ≥ 90◦.
To fabricate compliant folds with these properties, lamina

emergent torsional (LET) joints [15] were designed. LET joints
connect two plates with a series of slender cutout beams. The
beams twist as the plates rotate with respect to each other, which
imparts stiffness to the fold. A specific stiffness value can be
obtained from the dimensions of the beams, and several values of
the rest angles can be achieved by cutting the plates as separate
components and attaching them at an angle.

To achieve a compliant valley fold with a rest angle of 180◦,
a LET joint was created using two separate plates, as shown in
Figure 7a. The plates were connected with screws to form a com-
pliant fold with a fully closed rest angle, as shown in Figure 7b.
To achieve a compliant mountain fold with a rest angle of 0◦,
the LET joint was cut from a single flat sheet. Figure 8a shows
a component consisting of a square tile attached to four plates
with a zero rest angle LET joint. A clip was added to the moun-
tain folds to restrict the angle to greater than 90◦. The clip was
cut from a 0.51 mm thick stainless steel sheet and bent to an an-
gle that, when attached to the mountain fold, restricted its angle
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FIGURE 6: Design space of the 24-DOF morphing surface. (a)
Spherical configuration. Region I satisfies rigidity for any stiff-
ness ratio, while region IV violates equilibrium for all stiffness
ratios. In region II, rigidity is maintained above some value of
kV/kM and in region III, rigidity is maintained below some value
of kV/kM . (b) Flat configuration. The partition holds for all
kV/kM . The red dot marks the design used for the prototype,
(θ 0

V ,θ
0
M) = (180◦,0◦).

to greater than 90◦. A photo of one mountain fold with the clip
applied is shown in Figure 8b. Both the mountain and valley
folds were cut from 0.635 mm thick spring steel by waterjet.

There is no specifically required valley to mountain fold
stiffness ratio. For any value less than 1.33, both configurations
satisfy the rigidity conditions. An approximation of the torsional
stiffness of a LET joint can be made using a simple beam tor-
sion model [15]. Using this approximation, the stiffness of the
valley and mountain folds are estimated to be 59.9 and 72.9 N
mm/rad, respectively. The corresponding stiffness ratio of 0.82
falls within the required range for rigidity in both configurations

(a)

(b)

FIGURE 7: Photos of the compliant valley fold design. (a) Ini-
tially cut as two separate plates. (b) The plates were attached
with screws and held partially open. This creates a compliant
fold with rest angle 180◦.

(a)
(b)

FIGURE 8: Photos of compliant mountain fold design. (a) Ini-
tially cut from a flat sheet. (b) Partially assembled with 90◦ clip
attached to one mountain fold. The mountain fold has rest angle
0 and is restricted to greater than 90◦ by the clip.

with margin for error.
Using the LET mountain and valley folds as the primary

building blocks, a full prototype of the surface was assembled.
The scale of the structure was set by the tile side length of 6.75
cm. The radius of the corresponding target spherical surface is
19.6 cm. Since the pattern is non-developable it must be fabri-
cated as an assembly of separate components. Fabrication and
assembly of the prototype was a two step process. The inner 3-
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by-3 grid of tiles and the outer tiles were assembled separately,
then joined to complete the structure. Cut patterns for the inner
and outer tiles are shown in Figure 9.

The inner 3-by-3 grid of tiles was cut as 9 individual com-
ponents. Each component consists of a square tile and the sur-
rounding four facets. The edges of the square tile are compliant
mountain folds. The first step in the assembly process was to at-
tach the clip to each mountain fold, as shown in Figure 8b where
the clip has been attached to one mountain fold. Once the moun-
tain folds were held to 90◦ by the clips, adjacent tiles were con-
nected. Connections between adjacent tiles are compliant valley
folds following the design of Figure 7.

The outer loop of 16 tiles was cut from a single sheet. In the
fold pattern, the corners of adjacent squares lying on the outer
perimeter are joined. To emulate the kinematics of a pin-joint
connection, a beam attaches the corners of the outer squares as
shown in Figure 10.

The folds connecting the outer tiles are too small to use LET
joints. Thickness of the plate and kerf of the waterjet are limiting
factors on the minimum size of the LET joints. Instead, miniature
hinges (8 by 10 mm when flat) were used for the outer folds, as
shown in Figure 10. While these are not compliant hinges, the
compliance of the folds on the inner tiles is sufficient to achieve
rigidity.

Finally, the assembled inner tiles were attached to the outer
tiles. Miniature hinges are also used for the valley folds connect-
ing the inner tiles to the outer tiles due the small size of the fold.
A photo of the complete prototype is shown in Figure 11. The
structure was mounted by clamping the center tile to an external
support underneath the structure.

As expected, the structure is immobilized in the spherical
and flat configurations. No intermediate stable configurations
were observed. Actuation between the two configurations is
straightforward and does not require 24 actuators, despite the 24-
DOF kinematics. For example, upward forces on the four corners
transforms the structure from spherical to flat while downward
forces on the corners transforms flat to spherical.

It was observed that the physical prototype does not exactly
achieve the desired flat and spherical shapes. In particular, the
flat configuration is not perfectly planar. This is due to elastic
compliance of the physical components that were modeled with
perfect plate-hinge kinematics. LET joints are known to have
unwanted kinematics beyond those of a perfect rotational hinge,
such as relative torsion and tension between the plates connected
by the joint [22]. Furthermore, the 90◦ degree clips have some
flexibility and do not restrict the mountain folds exactly to the
desired range. Despite these undesired sources of compliance,
the prototype qualitatively produced the desired behavior.

To demonstrate a practical application of this work, the pro-
totype was outfitted with antenna elements above each tile to
create a phased-array antenna. The prototype with antennas
mounted is shown in Figure 12. Details regarding the architec-

Inner tilesMountain fold

Valley fold

(a)
Outer tiles

Place miniature hinges Elastic “pin-joint” connection

34 cm

(b)

FIGURE 9: Prototype cut pattern, consisting of (a) inner tiles
and (b) outer tiles. To assemble, 90◦ clips were attached to each
mountain fold. Then, valley folds of the inner tiles were attached
with screws. The inner tiles were placed inside the outer tiles and
the connecting valley folds were fastened.

9 Copyright c© 2021 by ASME



Elastic “pin-joint”

Miniature hinges

FIGURE 10: Design of the folds connecting the outer tiles.
Miniature hinges were used instead of LET hinges due to the
small geometric features. An elastic beam connects the outer
corners of adjacent squares to imitate pin-joint kinematics.

(a)

(b)

FIGURE 11: Prototype of the 24-DOF morphing surface. (a)
Spherical configuration. (b) Flat configuration.

ture and performance of the antenna from the electrical engineer-
ing perspective are presented in [16].

5 Conclusion
This work has presented the concept of multi-configuration

rigidity, where multiple configurations are made rigid by unilat-
eral contact. Two example structures have been studied: a single-
DOF four bar linkage and a 24-DOF kirigami surface. The ad-

(a)

(b)

FIGURE 12: Prototype structure with phased array antenna tiles.
(a) Spherical configuration. (b) Flat configuration.

vantages of multi-configuration rigidity have been highlighted,
when compared to multi-stability. First, multi-configuration
rigidity is advantageous because each configuration can rigidly
resist perturbation forces up to a finite magnitude. Second, the
design space of spring parameters leading to rigidity is larger,
which is especially useful for physical implementation. A proto-
type of the 24-DOF surface was built, with the flat and spherical
configurations designed to be rigid using angle stops. The proto-
type was outfitted with antenna tiles to create a functional phased
array antenna, demonstrating a practical application of this struc-
tural design concept.

This study serves as an introduction to the concept of multi-
configuration rigidity, opening the door to several directions of
further research. More general studies could optimize unilat-
eral constraint placement and explore other types of unilateral
constraints, such as cables and no-tension struts. Additionally,
springs could be designed to maximize the perturbation forces
that can be rigidly resisted in each configuration. Ultimately,
multi-configuration rigidity could enable practical applications
of many-DOF structures and advance applications of reconfig-
urable structures that require load-bearing capabilities.
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