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(Free) Convolution

Convolution *

o (ao,al,...,an,...)*(bo,bl,...,b,,,...) =
(aobo, agbi+aibo,...,a0bp+aib,_1+...+ap_1b1+anbg,.. )
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(Free) Convolution

Convolution *

4 (ao,al,...,a,,,...)*(bo,bl,...,b,,,...) =
(aobo, agbi+aibg,...,agbp+aibp_1+...+an_1b1+anby, .. )

o (fxg)(x)=[f(y)alx —y)dy
o If laws of X and Y are y and v, and X and Y are
independent, then X + Y has law p * v

Otte Heindvaara Convolution comparison measures



(Free) Convolution

Convolution *

] (ao,al,...,a,,,...)*(bo,bl,...,b,,,...) =
(aobo, agbi+aibg,...,agbp+aibp_1+...+an_1b1+anbo,.. )
o (fxg)(x)=[f(y)g(x—y)dy
o If laws of X and Y are i and v, and X and Y are
independent, then X 4+ Y has law p * v

e If X and Y are independent dice rolls with laws d6, then
X + Y has law d6 * d6.
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(Free) Convolution

Free convolution H

If laws of X and Y are p and v, and X and Y are freely
independent, then X + Y has law p Bv
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(Free) Convolution

Free independence

@ X and Y are noncommutative random variables
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(Free) Convolution

Free independence

@ X and Y are noncommutative random variables
o E[XY]=?
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(Free) Convolution

Free independence

@ X and Y are noncommutative random variables
o E[XY] =E[X]E[Y]
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(Free) Convolution

Free independence

@ X and Y are noncommutative random variables
e E[XY] =E[X]E[Y]
e E[XYXY] ="
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(Free) Convolution

Free independence

@ X and Y are noncommutative random variables
e E[XY] = E[X]E[Y]
o EXYXY]=E [X?| E[Y]? + E[X]’E [Y?] — E[X]?E[Y]?
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(Free) Convolution

Free independence

@ X and Y are noncommutative random variables

o E[XY]=E[X]E[Y]

o E[XYXY]=E[X?] E[Y]? + E[X]’E [Y?] — E[X]?E[Y]?
o #E[X2Y?] =E [X?]E[Y?]
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(Free) Convolution

Free independence

@ X and Y are noncommutative random variables

o E[XY] = E[X]E[Y]

o EXYXY]=E [X? E[Y]? + E[X]’E [Y?] — E[X]?E[Y]?

o #E[X2Y?] =E [X?]E[Y?]
Free independence gives a general rule for evaluating E[p(X, Y)]
for any non-commutative polynomial p.
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(Free) Convolution

Free independence

@ X and Y are noncommutative random variables

e E[XY] = E[X]E[Y]

o E[XYXY] = E [X?| E[Y]? + E[X]’E [Y?] — E[X]?E[Y]?

o ZE[X?Y?] =E [X?| E[Y?]
Free independence gives a general rule for evaluating E[p(X, Y)]
for any non-commutative polynomial p.

If laws of X and Y are i and v, and X and Y are freely
independent, then X + Y has law yHv
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(Free) Convolution

Rademachers

1 and v are both 3(J_1 + 1)
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Rademachers
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(Free) Convolution

Rademachers

1 and v are both 3(J_1 + 1)
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(Free) Convolution

Semicirculars

1 and v both have density 5-v/4 — x2 on [—2,2].
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(Free) Convolution

Support inclusion

Always

Conv(supp(p B r)) C Conv(supp(u * v/))

025\
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(Free) Convolution

Moment comparison

What about

/thkd(uEy)(t)S/Rt2kd(,u*1/)(t)?
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Main results

Functional comparison of classical and free convolutions

Theorem (H, 2026)

Let f € C*(R) be such that f(*) > 0. Then for compactly
supported p and v,

L OB < [ Fde (o) @)

Conversely, if (1) is true for any p and v, then f*) > 0.
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Main results

Functional comparison of classical and free convolutions

Theorem (H, 2026)

Let f € C*(R) be such that f*) > 0. Then for compactly
supported p and v,

L AOduBr)© < [ F)des (o) (1)

Conversely, if (1) is true for any i and v, then f(*) > 0.

Since f(*) > 0 for f(t) = t2*, we have

/tde(,uEEV)(t)g/ 25 d( % 1)(8).
R R
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Main results

Special cases

0 = | [ 0B < [ A1) dun)(o)

o Ifk=0,1,2,3,

/Rtkd(,u*y)(t):/Rtkd(uEBV)(t).
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Main results

Special cases

F4 > g @jtéanau5muygéfQNW*mu)

o If k=0,1,2,3,
/tkd(,u*u)(t):/ £k d(u B v)(t).
R R

o If f(t) =t*

/t4aﬂ*yxn-/t4«u5hqu):2vmgovm@¢
R R
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Main results

Special cases

F >0 e /Rf(t)d(uaay)(t)g/Rf(t)d(My)(t)
o Ifk=0,1,2,3

/tkd(,u*v)(t):/ £k d(u B v)(1).

R R
o If f(t) =t*

/ t*d(p o v)(t) — / t*d(u B v)(t) = 2 Var(u) Var(v).
R R
o (Arizmendi—Johnston 2023) If z > sup(supp(u * v/))

/ log(z — t)d(u B v)(t) > / log(z — £) d(u  v)(t).
R R




Main results

Convolution comparison measure

Theorem (H, 2026)
For compactly supported (1, v there exists a positive measure m,, ,
on R? such that for any a,b # 0 and f € C*(R) one has

/ f®) (ax + by) dm,, ., (x, y)

azbz (/ F(t aﬂ*bV)(f)—/Rf(t)d(a,uEEby)(t)).

m,,, is the convolution comparison measure of ;. and v.
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Main results

Convolution comparison measure

Theorem (H, 2026)

For compactly supported 1, v there exists a positive measure m,, ,
on R? such that for any a,b # 0 and f € C*(R) one has

/2 f(4)(ax + by)dm, ., (x,y)
R

:ﬁ (/R F(£) d(ap » bv)(t) —/Rf(t)d(auﬁﬂ by)(t)).

m,, ., is the convolution comparison measure of 1 and v.
Setting a = b = 1 gives the comparison between * and H.
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Main results

Rademachers

Density of m,, ,,, when p and v are both %(6_1 + 01)
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Main results

Semicirculars

Density of m,, ,,, when 1 and v both have density %\/4 —x2 on [-2,2]
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Main results

Properties of convolution comparison measures

@ my,, is supported on Conv(supp(z)) x Conv(supp(v)).
@ my, has total measure Var(u) Var(v)/12.

© my, is absolutely continuous w.r.t. Lebesgue measure on R2.
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Proof elements

Proof elements

The main idea is to find an evidently positive expression for

dm,.,
dm2 .

This is done in three steps.
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Proof elements

The three steps

@ Use free cumulants to manipulate the mixed moments

Xy dm(xy) = > (2t 3D (e )

for some linear functionals [}, I} with explicit expressions.
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Proof elements

The three steps

@ Use free cumulants to manipulate the mixed moments

Xy 4 y) = SO(@k+ 3D (e > ) (e > £7)
k=0

for some linear functionals I,’f, I} with explicit expressions.
@ Show that

(e s t7) = /RX(_1 , £7C¥2(s)wu(t, 5) dt ds,

where w,, is some density.
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Proof elements

The three steps

@ Use free cumulants to manipulate the mixed moments

o0

Lxmym diey) = S22k 3)(DH (e (e £7)
R k=0
for some linear functionals /), I/ with explicit expressions.

@ Show that

It t") = /Rx(l ) t”C,f/2(s)wﬂ(t, s)dtds,

where w,, is some density.

© Evaluate a series involving Gegenbauer polynomials C,f/z(s).
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Proof elements

Step 1: Free cumulants

@ Moments of u H v are hard to express directly in terms of the
moments of x and v.
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Proof elements

Step 1: Free cumulants

@ Moments of u H v are hard to express directly in terms of the
moments of x and v.

@ For free cumulants however

ki(ap B bv) = ki () + b¥ki(v).
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Proof elements

Step 1: Free cumulants

@ Moments of B v are hard to express directly in terms of the
moments of x and v.

@ For free cumulants however
kik(ap B bv) = a"ky(p) + b¥kk(v).

@ Free cumulants can be expressed in terms of moments, and
vice versa. For instance

K4 = Mg — 4dmzmq — 2m§ + 10m2m% — 5m‘11

myg = Kg + 4rk3k1 + 25% + 6/{25% + /{‘{.
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Proof elements

Step 3: Gegenbauer polynomials

@ One ends up evaluating for —1 < x,y < 1 the series

o)

S (2K +3)(-1)F G2 () G (y)
k=0
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Proof elements

Step 3: Gegenbauer polynomials

@ One ends up evaluating for —1 < x, y < 1 the series

o0}

S (26 +3)(-DF ()G (y)
k=0

. 1
= dmin <(1+x)(1 +y) (1—x)<1—y)) =0
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Proof elements

Step 3: Gegenbauer polynomials

@ One ends up evaluating for —1 < x,y < 1 the series

o0

S (2k +3)(-1)KCP ()G (y)

k=0

. 1 1
= 4min <(1+x)(1+y)’ (1—x)(1—y)) =0

@ This identity can be checked using the defining properties of
Gegenbauer polynomials:

o (L—2xt+t2)32=3"7, %C:/Z(X)tk
S GRG0 = x) dx = bt e
® Jo1 X7)OX = Okl GkT3) (kD) (k+2) -
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Proof elements

Step 2: Some density

What is wy, in

1(t s t7) = /Rx(_l , t7CH2(s)w,(t, 5) dt ds?,
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Proof elements

Step 2: Some density

What is w,,?

Lemma

For Hermitian A, B € M,(C),

% /R (Z [Im Ai ((A—al)(B - b/))|> dadb
i=1
= tr(A2B?) — tr(ABAB)
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Proof elements

Step 2: Some density

What is w,,?

Lemma

For Hermitian A, B € M,(C),

% /2 kb (Z lm Ar (A — al)(B — bl))|> el

min(k,/)+

? (-t e
v S tr(ATB ... ARBi)

k+1+1
n=1 ( n—1 ) M yeeesingflyeeijn>1
it tin—k42

Otte Heindvaara Convolution comparison measures



Proof elements

Step 2: Some density

What is w,,?

For Hermitian A, B € M,(C),

% /2 b/ (Z lim A (A — al)(B — b/))\) dadb

min(k,/)+

( 1)n ! i1 R in Rjn
> Gl > tr(AL Bt . .. AinBin)

n=1

n—1 1yeeeyinglye-fn>1
... +in=k+2
| n .
wu(a, b) = 52 3271 [Im A; ((A

— al)(B — bl))|, where A and B are
such that B = w* and (A*v,v) = [ thdu(t) for any k € N.

Otte Heindvaara Convolution comparison measures



Proof elements

Tracial joint spectral measures

Proof of the previous Lemma is based on:

Theorem (H, 2023)

For Hermitian A, B € M,(C), there exists a unique measure jia g
on R?\ {0} such that for any x,y € R? and any f : R — R,

tr H(F)(xA + yB) = /Rz F(ax + by) dua 5(a, b),

where
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Proof elements

Formula for tracial joint spectral measure

Theorem (H, 2023)

Decompose pia g = jic + pis w.r.t. the Lebesgue measure
(e < my, us L my). Then

o 3 (- 52) a9

n

d,uC(a’b) = %Z

dm i=1
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Proof elements

Recap/Thank you!

F >0 e /Rf(t)d(uﬁﬂu)(t)§/Rf(t)d(u*z/)(t)

Thm 2: There exists m,,,, > 0 such that

/R2f(4)(x+y)dﬁqu,y(x,y):/Rf(t) (1 v)(t) /f 4 B (1)

Identity: For Hermitian A and B

1/ (Z Im X ((A— al)(B - bI))]) dadb = tr(A’B%) — tr(ABAB)
T JR2 Pt
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Definition of free independence

Bounded self-adjoint elements X and Y of a tracial von Neumann
algebra (M, 1) are freely independent if for any
fiyeoosfn 81, .., 8 with 7(fi(X)) = 0= 7(gi(Y)) one has

T (A(X)g1(Y) - fa(X)gn(Y)) = 0.

The law of X + Y is the free convolution of the laws of X and Y.

Otte Heindvaara Convolution comparison measures



	(Free) Convolution
	Main results
	Proof elements
	

