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General Views

Cases when player’s belief is not in the equilibrium

@ Competition in oligopoly industries: Firm managers have
incentives to misrepresent their own strategies and face
significant uncertainty about the strategies of their
competitors.

@ Policy change in a strategic environment: Firms need to
take time to learn about strategies of competitors after the
policy change.

@ In laboratory experiments, there exists significant
heterogeneity in agents’ elicited beliefs, and that this
heterogeneity is often one of the most important factors in
explaining heterogeneity in observed behavior.

Weilong Zhang Identification and Estimation of Dynamic Games when Players’ B



General Views

Main Problem we want to deal with

@ Relax the assumption of equilibrium beliefs. When players
beliefs are not in equilibrium they are different from the
actual distribution of players actions.

@ This paper concentrates on the identification of players
payoff functions and beliefs and does not want to make
any arbitrary assumption on beliefs.

@ However, without other restrictions, beliefs cannot be
identified and estimated by simply using a nonparametric
estimator of the distribution of players’ actions. (Order
condition for identification is not satisfied, the number of
restrictions is less than the number of parameters).
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General Views

Main Steps

@ First, a standard exclusion restriction can provide testable
nonparametric restrictions of the null hypothesis of
equilibrium beliefs.

@ Second, new results on the nonparametric
point-identification of payoff functions and beliefs. (no
strategic uncertainty at two extreme points should be
imposed).

@ Third, a simple two-step estimation method of structural
parameters and beliefs is proposed.

@ Fourth, an empirical application of a dynamic game of
store location by retail chains is illustrated. (Omitted
because of time limitation)
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The Model Basic assumption

DP problem given belief B

@ Two player,i,j. Finite period, T. Y; € 0,1 represents the
choice of player i in period t.

@ Optimal expected utility £:(3°0_o 8 IT; 11s)-

@ One period payoff function
[Ti¢=mit(Yje, Xt) —eie if Ye=1,1[;;=0 if Y;y=0.

@ Yj; represents the current action of the other player. X; is a
vector of state variables which are common knowledge for
both players.
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The Model Basic assumption

DP problem given belief B

@ Common knowledge X has three parts: X; € (W;, S, Si).
W; is a vector of state variables that evolve exogenously
according to a Markov process with transition probability
function. (“Market Size”)

@ S;, S;; are endogenous state variables. They evolve over
time according to a transition probability function
fst(St+11Yit, Yir, Xt). (“the number of consecutive years of
player i in market”).

@ Yj; represents the current action of the other player. X; is a
vector of state variables which are common knowledge for
both players.
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The Model Basic assumption
DP problem given belief B

An example

@ Deterministic transition rule: Si1 = Yi(Sit + Yir)-
@ Current payoff function
[1i = 7(Yit, Sit)yWe — i if Yy =1,and []; =0 ifYy = 0.
@ we got (Y, Sit) =
(1= Y)0M + Y30P) — 05C — 0FCexp(~Sy) — 1(Sy = 0)05°
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The Model Basic assumption
DP problem given belief B

Markov Perfect Equilibrium (MPE)

ASSUMPTION 1 (Payoff relevant state variables): Players’ strategy functions depend only on

payoff relevant state variables: X; and €.

ASSUMPTION 2 (Rational beliefs on own future behavior): Players are forward looking, mazimize
expected intertemporal payoffs, and have rational expectations on their own behavior in the future.
ASSUMPTION ’EQUIL’: (Rational or equilibrium beliefs on other players’ actions): Strategy func-
tions are common knowledge, and players’ have rational expectations on the current and future

behavior of other players. That is, players beliefs about other players’ behavior are consistent with

the actual behavior of other players.
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The Model Basic assumption

DP problem given belief B

@ Given the strategy function oj;, we have the Conditional
Choice Probability function
Pi(Xt) = [ H{oi(Xt,eir) = 1}dNi(ei).

@ When assumption 'Equil’ not holds, the belief of choice
probability Bi;(X:) = [ 1{bjy(Xt,cir) = 1}dAi(eir) will be not
equal to the actual choice probability P.
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The Model Basic assumption

DP problem given belief Bj,

Given the expected one-period payoff function
TR(X) = (1 = Bi(X)mir(0, Xp) + Bir(Xe)mie(1, Xt)

Using backwards induction in the following Bellman equation:

Ve Xy en) = e Ya(rBi(Xs) —ear) +ﬂa/‘/§+1(xt+1;%+1) Ahilen) dif (Ko | Vi, Xo)
We denote Vi (X,) a threshold value function because it
represents the threshold value that makes player i indifferent
between the choice of alternatives 0 and 1.
v (Xe) = (Xo) + 6 3 [FEKeqall, Xe) — FF (K

g1

0,%s)] Vi (Xer1)
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The Model Basic assumption

DP problem given belief Bj,

@ Given the threshold, the optimal response function is
Yi=1 iff {ex <VvQ(Xp)}.

@ Under assumption 1 and 2 the actual behavior of player i,
satisfying Pi(X;) = Ni(VE(Xt)).

@ When player’ belief are in equilibrium, we have that
Bit(Xt) = Pi(Xt).
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Testable null hypothesis of equilibrium beliefs
Identification identify payoff and belief functions

Basic Assumption

@ We concentrate on the identification of the payoff functions
it and belief function B;; and assume that
{fst, fwe, i, Bi - 1 = 1,2} are known.

@ The transition probability base on belief is the combination
between belief function and actual transition function
f;?(StH | Yit,Xt) =
(1 = Bit( X)) fit(St411Yit, 0, Xp) + Bi(Xe) fit(Sg1| Yies 1, Xt)

ASSUMPTION J (Ezclusion Restriction): The one-period payoff function of player i depends on
the actions of both players, Yi; and Yy, the common state variables Wy, and the own stock variable,

Sit, but it does not depend on the stock variable of the other player, Sj;.

mit(Yje, Xe) = mir(Yje, Wi, Sit)
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Testable null hypothesis of equilibrium beliefs

Identification identify payoff and belief functions

@ Under the assumption, the null hypothesis of equilibrium
belief is testable.

@ Best response condition:
Pi(X) = Ni((1 = Bi(Xt))mie(0, Xt) + Bi(Xe)mi(1, Xt))
@ define
qi(X) = AT (Pi(X)) = mi(0, X) + [mi(1, X) — mi(0, X)]1B;(X)
@ given four values of vector X, say X2, X2, X¢, X9 with
same (S;, W) but different S;, then they will have same
ot o -85 S5
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Testable null hypothesis of equilibrium beliefs

Identification identify payoff and belief functions

A nonparametric test for the null hypothesis of equilibrium
beliefs.

qi(X?) — qi(XP)  P(X?) — P(XP)

XXX = G0y —ax®) R~ RX9)
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Testable null hypothesis of equilibrium beliefs
Identification identify payoff and belief functions

Additional Assumption We Need

ASSUMPTION 5a {Monotonic beliefs and large support). (i) The beliefs funciion B%(Xg) is strictly
monotonically decreasing (or mcoreasing) w the stock varable Sy, 1e, 85%(){3)/85}3 < 0. (w)
Conditional on (Wy, Sit) the probability distribution of Sy has unbounded support over the whole

real line

ASSUMPTION &b (No strategic uncertainty at two ‘extreme’ points): There are two volues in the
support of the distribution of Sp, say Sg“w and S_?igh, such that for every value of (S5, W) we have
that belicfs are in eguilibrium, ie., B?t(Sé-"w,S\;,W) PO (S o8, W), and B%(Smgh 8, W) =
PY(ST 5, W)

PROPOSITION 2: Under Assumptions 1-4 and either Sa or &b the payoff functions {"r?x for any
1,4} and the belicfs functions {BY for any i,£} are nonparametrically identified.
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Testable null hypothesis of equilibrium beliefs
Identification identify payoff and belief functions

Given we have known the belief in two extreme points, we have that for any value of (Sj, W):
@(8Fv, 8, W) = x{(0,8, W)+ [#1(1, 5, W) —x{0, 5, W)] PJ(SFY, 5 W)
) ) (14)
g, S W) = r(0,8, W+ [nl(1, 85, W) —ad(0, 85, W)] PISER 5, W)
Combining these two equations, we obtain [x0(1,8;, W) — x2(0, .85, W)] = [qE(S’?ﬁgh,S.;,W) -
q?(SJE—"”‘, S5, W / [Pj,Q (S?égh, S5, W) — Pj,Q (5’;—"“‘, S5, W)]. And substituting this expression into the
equations in (14), we identify the payoff function as

m3(0, 5;, W) gf (X)) — PR

QX))
pjt) (Xhégh) _ pjl) (Xiuw)

m(LS, W) = gf(X) + [1 - B

9! (XM — g(X) }
O/ s highy _ po0 I
PY(XRian) — PO(Xiow)

where Xio¥ = (S;—W,SB, W) and XP9h = (S’?égh,Sg, ‘W) Again, given the identification of the
payoff function, we can obtain belists as BI(X) = [¢7(X) — #P(0,X)] / [«7(1, X) —=7(0,X)].
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Testable null hypothesis of equilibrium beliefs
Identification identify payoff and belief functions

Proof continuing

Given beliefs and payoffs at period T, we can use backwards induction to prove the identification

of the payoff function and beliefs at any period £ < T Suppose that the functions m and BY,

Gits
are known for every s > 1. Given this information, we want to identify functions 7% and B?t, Player

0
@+s

’s best response implies that P§(X,) = A.;(UED(XQ), where UED(XQ =(1- Bjot(Xt)) n%(0,Xs) +

0 0 — R0 — =l -
BL(Xa) m(LXa)+ B8 Vx,, [FF Kenn[1,X) = FF (Xeyn[0,30)] VB (Xeyn), and V) s the
integrated values function [ Tﬂf:ﬂwa ei+1)dMi(ei+). It is straightforward to show that given

{P£+s, WEHS, B?HS 1s=1,2,.,T —t} the integrated value function V;gul 15 known. Then, define

the function:

AX) = ATYPYUX) - 4 ¥ B (Kol LX) — 7B (X a0, X)) VB (Kepn)  (16)

Kip1

This function 1s identified everywhere in the support of X Furthermore, by the best response

condition and the definition of q?t, we have that
7a(X) = 40, X) + [n}(1,X) —n3(0,X)] BLX) (17

This equation has the same structure as the best response condition at last period T. Therefore,

we can use exactly the same arguments as above to show the identification of functions 'rrgt and Bjot
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Estimation with nonparametric payoff function
Estimation with parametric payoff function

Estimation

Estimation with nonparametric payoff function

Step 11 Nonparametric estimation of COPs, Py, for every player, time period, and state X, and (1f

needed) of the transition probabilities fg; and fyys

Step 2: Estimation of preferences and beliefs At the last period T, we construct q'ST(X) =
Afl(ls‘%,(x)) for any value of X In the support A'. The estimated payoff function at point (S;, W)

J

18

e (0, 5i, W) G (XIY) — B (304

Pj%(xhigh) _ PJOT(XZD’UJ)
(29)

(LS W) = (o) + [1 - Pg (x|

B X) — iy (X)
P (XP0) — P (X°%)

where X% = (S;W, S5, W) and X9 = (S;“.gh, i, W). The estimated beliefs function is

35 (X) —i9(0,X)
X 10.X) (25)

B?’I’(X) =




Estimation with nonparametric payoff function
Estimation with parametric payoff function

Estimation

Estimation with parametric payoff function

To estimate 9? we propose a simple three steps method The first two-steps are the same as for

the nonparametric modesl

Step 8 Given the estimates from step 2, we can apply a pseudo maximum likelihood method in
the spirit of Aguirregabiria and Mira (2002, 2007) to estimate the structural parameters 8" Define
the pseudo likelihood function

M T 2
Q6,B,P) = ZZZYM log A (558 0+ €55 ) +(1 = Yims) 1og (1 - A (257 05+ 55}
t=

i=1

i‘sﬁf is the sum of expected and discounted stream of {zi (Yj, Xer) - ¢ =¢,2+1, ., T} given that
player ¢ behaves according to the choice probabilities Py () in P, and player j behaves according
to the probabilities Bjt/( ) in B. Similarly, 557;? is the sum of expected and discounted stream of
{e(Pw(Xy)) # =%,¢+1, ., T}, and for the logit model e( Py (X¢)) =7 — In Py (Xy) where

15 Euler’s constant. From steps 1 and 2, we have consistent estimates of CCPs, 13‘0, and beliefs,
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Estimation with nonparametric payoff function
Estimation with parametric payoff function

Estimation

lteration to Converge

‘We can apply step 3 and the updating of CCPs and beliefs recursively to obtain a sequence of
estimators {é(x), B(K), PE) K > 1} At each tteration K of this iterative procedure we perform
tasks (1) to (v)

(1) Update of preference parameters Q(K) = arg maxg (6, BE-1 ]:‘(Kil))

(11) Update of CCP functions PI (X) NB(K 2B 1)( X) 95 ) NE(K S
(i) Updateofvalua functions: VF(X) = —In (1 - pl (X)) andfor ¢ < T, ViF(X) =
—1In (1 - (X)) =+ 5; Ex,“ fuz(Xsz X) ut.+1(X)

(iv) Update of ¢ functions q’ﬂ. X) = ( £y ( N -5 Zxé+l[fiz(xt+1|1yx) -

o (K
Fa(Xeqa0,X)] V) (Xepa)
(v) Update of beliefs functions:

#)(x) = BF (Xlaw)+[ P _ p (Xluw)] [(qn (X)*q‘ (X“’”)

)(thgh) (me)
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