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The Riemann —Hilbert problem
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Introduction

1. For each linear differential equation of order p
) Yo+ @ yED + ..+ () y=0

with rational coefficients ¢;(z) defined on the complex plane C, there is an
associated group called the monodromy group of equation (1). We denote by
D the set {a,, ..., a,} of singular points of (1) on the Riemann spheres CcP.

D consists of the poles of ¢1(z), ..., ¢,(z) that belong to the finite complex
plane and perhaps of the point o (in the case when some of the coefficients.
of the reduced equation obtained from (1) by the substitution { = 1/z have a
pole at { = 0). We fix a point zo in CP'\D and a basis ()1, ..., y) in the
space of solutions of (1) in a neighbourhood O(zg) C CP\D. The functions
Y1, ..., ¥p admit analytic continuations along any path that does not intersect D.
Let ¥ be a loop contained in CP'\D with the initial and final point z,. By
performing the analytic continuation of #,,. . ., ¥, along v, we obtain functions
J1s - - +» Tp, which again form a basis of the space of solutions to (1), and so
they are connected with the original functions by a relation of the form

s oo 2 TG = (¥, - - -, Ya)-
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The correspondence ¥ ~— G depends only on the homotopy class [y] of the
loop v and it defines the homomorphism

(2) ¥ M (CPYN D, z)~ GL (p; €)

of the fundamental group of CP\D into the group of non-singular complex-
valued matrices of order p.’" The homomorphism (2) is called the monodromy
representation or simply the monodromy of equation (1), and the group Im 7 is
called the monodromy group of this equation. If zy is replaced by z, or the
basis (1, ..., ya) is changed, then the monodromy matrices G turn into
ST'GS, where S is a non-singular constant matrix. Thus, the monodromy of
equation (1) is defined to within this equivalence. '

Analogously, we can define the monodromy representation for a system of
linear differential equations

(3) af = of,

where @ = |[loy|l with 1 < i j < p is the matrix of a differential 1-form that
is holomorphic on CP\D. (For more details, see [30].)

Among systems (3) there is the class of systems of Fuchsian type. The
latter systems are those whose matrix differential forms o have simple poles at
the points in D. We denote by B’ = res,w the residues of ® at the points g;.
If oc is not among the singular points of a Fuchsian system (3), then the
system is of the form

(%) af= (3B )1,

T=1
where
5 B =0.
® 3

All singular points of a Fuchsian system (4) are regular. This means that
any solution f increases no faster than a power of the distance |z—a; as z
tends to the singular point a; over any sectorial neighbourhood distinct from C
with vertex at «;. _

The class of systems (3) with regular singular points contains the class of
Fuchsian systems as a proper subset (see [1]). In contrast to the systems for
equation (1), in this case the notion of a Fuchsian system is equivalent to that
of a system with regular singular points. If a; € D is a regular singular point
for (1), then one can show that

ri(z) )
(6) g(e) = —i1 | j=1,...,p,

{z— “i)j ’

WStrictly speaking, it is a question of a homorphism of the sliding group of the universal
covering § of the space CP'\D into GL(p; C). However, as a rule it is more convenient
to deal with an object defined in a more concrete form such as the fundamental group,
which can, in the well-known way, be identified by the sliding group.
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where r;(z) are holomorphic functions in a neighbourhood of a;. Equations
(1) and (6) are said to be Fuchsian at a;.

2. Riemann was the first to mention the problem of the reconstruction of a
Fuchsian equation from its monodromy representation (2) in a note at the end
of the 1850’s. In 1900 Hilbert included it as Problem XXI on his list of
‘Mathematical problems’. It was formulated as follows [2]:

‘Prove that there always exists a linear differential equation of Fuchsian type
with given singular points and with a given monodromy group.

A tradition has been established in the literature that the problem for
Fuchsian systems is called the Riemann — Hilbert problem.’ By applying a
conformal transformation of CP!, we can always make sure that oo is not
among the singular points of (3). Thus, the Riemann —Hilbert problem can
be formulated as follows:

‘Let the representation (2) be given. Prove that there is always a system (4),
(5) with the given monodromy (2).

The Riemann—Hilbert problem has been investigated by many
mathematicians. There are several affirmative results on the solubility of the
problem. (In the class of systems with regular singular points the analogous
problem is always soluble.) A short review of these results is given in §1 of
the present article. In §2 we present results due to Levelt [3] on the
construction of spaces of solutions for Fuchsian systems and for systems with
regular singular points. §3 has a preparatory character. In this section some
facts of the theory of reducible systems are stated and basic technical results
are described, which will be used in the following sections. In §5 the notion
of the Fuchsian weight of the representation (2) is introduced and its properties
are studied.

The following theorems represent the basic results of this article (see [4]):

Theorem 1. For any irreducible representation (2) of dimension p = 3, the
Riemann— Hilbert problem is soluble.

Theorem 2. For any points ay, az, a; and any representation (2) of dimension
p = 3, the Riemann— Hilbert problem is soluble.

Theovem 3. For any n > 3, any sequence of points ay, ..., 8, and any p = 3,
there is a representation (2) for which there are no Fuchsian systems that realize
the representation.

Theorem 3 means that the Riemann — Hilbert problem has a negative
solution.

(MThere is another problem with the same name, but it is not considered here (see, for
example, [11]).
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Theorem 1 is proved in §4. Theorems 2 and 3 are proved in §6 on the basis
of the results of §5. In §6 we also describe all representations of dimension
p = 3 that cannot be realized by Fuchsian systems (Corollary 6.1) and we
give a concrete example of such a representation for n = 4 (Example 6.1). In
§7 Grothendieck indices [5] for a two-dimensional holomorphic vector bundle
on CP' with an irreducible connection are interpreted in terms of the Fuchsian
weight of the monodromy of the connection. In the Conclusion we show the
relations between the solubility of the Riemann—Hilbert problem in various
settings, including the problem in the class of systems with regular singular
points and equations with dummy singularities. We also give a short review
of the literature on the multidimensional Riemann—Hilbert problem.

I wish to express my deep gratitude to V.A. Golubeva and V.P. Leksin,
who let me know of the article {6], and also to D.V. Anosov and
A.V. Chernavskii, who niade a number of valuable remarks on improvements
to the proofs.

§1. A short review of results

1.1. For a long time it was believed that the Riemann —Hilbert problem had
been completely solved by Plemelj [7] in 1508. However, at the beginning of
the 1980’s some gaps were discovered in his proof (see [8] and [9]). The
method of solution proposed by Plemelj consisted in reducing the Riemann—
Hilbert problem to the so-called homogeneous Hilbert boundary-value problem
of the theory of singular integral equations. A detailed study of the latter
problem is contained in the books by Muskhelishvili [10] and Vekua [11]. The
reduction is carried out in the following way.

Let all the points ay, ..., a, lie on the finite complex plane. We join the
points by a simple closed contour L (Fig. 1),

Fig. 1

and we define a piecewise constant non-singular matrix-valued function g(f) on
L by

g()=Gi-... -Gy, t&lag; aiy),
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- where G; is the matrix of the monodromy (2) corresponding to a “small” loop
around ;. We denote by C* the domain of the finite complex plane bounded
L by L, and by C~ the complement of C* in CP.

We consider the following problem: find all pairs of vector-valued functions
= ((p(l)’ sy (p(P)) and ¢ = ({p(—l)’ oo (P(;)) such that:

1) ¢+ (2) is holomorphic in C+ and @~ (2) is holomorphic in C~ with a
¢t finite order at co;

: 2) ¢ (z) and ¢ ~(z) are continuous right up to the contour L with the
E exception of the points gy, ..., a4, and on (@;; @:+1) the functions are connected

9t (8 £ (1) = o~ ()

3) o*(2)(z—a;)® tends to zero for some 0 < e < 1 as z approaches g; over
C™ and C~, respectively.

This problem can be reduced to the problem with a continuous function
g(9) (Plemelj and Vekua realize the reduction in different ways), which can be
solved by the methods of the theory of singular integral equations. In this
connection it turns out that there is always a system of solutions of, ..., (pj,‘:
such that the following conditions are satisfied:

a) the determinant of the matrix T with rows composed of the vector-
valued functions ¢£(z), ..., 9F(z) is non-zero at any point of the complex
plane C, except at the points belonging to D;

b) the matrix z°.7(z), where § is an integral diagonal matrix, is
holomorphically invertible at co.

Each function ¢; (z) of the system of solutions admits an analytic
continuation to any point in C\D along any path that does not intersect the
set D of singular points. It follows from condition 2) that ¢; turns into
@7 (G;~") under the analytic continuation along a small loop around g; (in Fig. 1,
i = 2), and so the same is true for the matrix T(z). Therefore, under the
analytic continuation along a loop with the initial and final point zg, the
matrix T turns into T, where

T¢ =17, G=y{l¥]).
The same property holds for the matrix
= (z — a,)T,

which, accordmg to property b) of the system of solutions in question, is now
holomorphically invertible at oo
Thus it follows from propcrty a) that the matrix form

_(1.1), - e =dT" (T')1
is single-valued on CP' and holomorphic everywhere, except at the singular
points gy, ..., a, belonging to D. The system (3) with matrix form (1.1) has

the given monodromy (2), and @y, ..., Gy arc regular singular points for the
system.
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Next, Plemelj applies a procedure that enables him to proceed from the
constructed system to another system with the same monodromy and the same
singular points, which is now a Fuchsian system for all except perhaps one of
the points. This part of Plemelj’s proof does not give rise to any objections.
However, as regards the assertion that for the remaining point the system can
also be reduced to a Fuchsian one, there is no rigorous proof for the general
case in Plemelj’s work. Nevertheless, Plemelj’s argument is valid if one of the
monodromy matrices G; can be diagonalized (see [9]).

Thus, the solubility of the Riemann — Hilbert problem is proved in Plemelj’s
work in the case when one of the matrices G;, namely that corresponding to a
“small” loop around g;, can be diagonalized. _

Plemelj was also the first to solve the analogue of the Riemann — Hilbert
problem in the class of systems with regular singular points,

1.2. After the publication of Plemelj’s result [7], the subject matter of articles
connected with the Riemann—Hilbert problem moved, basically, towards the
effective construction of a Fuchsian system with given monodromy matrices
Gy, ..., Ga. At the end of the 1920’s Lappo-Danilevskii used his own method
of analytic functions of matrices to express the solutions of a Fuchsian system
and the monodromy matrices Gy, ..., G, in the form of convergent series of
the matrix coefficients of the system (see [12]). In this case the effective
solution of the Riemann — Hilbert problem was reduced to the reversion of the
resulting series and to the study of the question of convergence. An affirmative
solution to this question was found in [12] for matrices Gy, ..., G, close to the
identity matrix. Thereby, Lappo-Danilevskii proved the solubility of the
Riemann —Hilbert problem for representations (2) such that the
monodromy matrices corresponding to “small” loops around the points g; are
close to the identity matrix.

In 1956 Krylov [13] proved by constructing an effective solution that the
Riemann — Hilbert problem for a representation (2) of dimension p = 2 is
soluble in the case of three singular points. Erugin {14] considered the
analogous problem with four singular points. In particular, he established a
connection between this problem and the Painlevé equation,

The problem concerning the effective construction of an equation of
Fuchsian type is closely related to the problem of evaluation of accessory
coefficients, which is extremely important for applications, but it is not
considered in the present article. Information about this problem can be
found in [15], [16], and [14].

1.3. In 1957 a new stage in the study of the Riemann— Hilbert problem was
opened by the article [17) by Réhrl, who was the first to apply the methods of
the theory of fibre bundies to the solution of the problem.’V From the

®In fact considerations of this kind 80 back to Birkhoff, who proved Plemelj’s result in
[21]. However, at that time an adequate geometric language was not available to describe
the problem in an appropriate way.
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representation (2) Rohrl constructs a principal bundle on CPN\D with the
structure group GL(p; C). Later, we shall need the description of this bundle
in coordinates. '

Let us consider a finite covering {U,} of CP'\D by simply-connecied open
sets U, with simply-connected intersections. Let us fix paths ¥, from zp to
some fixed points z, € U,. For z € Uy M Up, we denote by £,(z) a path from
z, to z contained in U,. We define the transition function

1.2) gop () = % ([Veta (2) 55" (2) V6'D)

on U, N Up. Itis obvious that the functions gup(z) are constant on Uy M Up.
It is not difficult to check that go = ga:' and the cocycle condition

Bop  Bpy = EBoy

holds. We denote by F’ the holomorphic bundle on CP'\D constructed above.

The base CP\D of F’ is contractible to its one-dimensional skeleton, hence
the complex bundle F’ is topologically equivalent to the trivial bundle (see [18]).
Since CP\D is a Stein manifold, F’ is holomorphically trivial (see [19]). Let
{T.(z)} be a holomorphic trivialization of the bundle F’. We shall consider
the family {o,} of matrix differential 1-forms, where

(1.3) ' g = —T2dT,.

Since Ty '(2)gap(z) = T }(z) on U, N Up and g,p(z) is constant, it follows that
@, = wp on U, M Up. Thus, (1.3) defines a global matrix differential form o
that is holomorphic everywhere on CP'\D. It follows for the construction
that the system (3) with the form @ has the given monodromy (2). Next,
Rohrl extends F’ onto the entire Riemann sphere CP! using the section {Ty)}.
The extended bundle always has a meromorphic section that is holomorphically
invertible everywhere except for the points in D. The system (3) constructed
from this section has the given monodromy and aj, ..., a, are regular singular
points for the system. . _

In this way, Rhrl proved Plemelj’s results as well as the solubility of the
Riemann — Hilbert problem on a non-compact Riemann surfrace. Moreover,
in [17) Réhrl proved also that the analogue of the Riemann—Hilbert problem
for an arbitrary Riemann surface is soluble in the class of systems with regular
singular points. (In fact, generally speaking, additional “dummy” singularities,
which do not contribute to the monodromy representation, appear for the
constructed system.)

The “topological” approach enables one to evaluate the set of
representations for which a slightly modified Riemann—Hilbert problem is
soluble (II'yashenko [9]): “There is a countable union of proper analytic
submanifolds of (GL(p; CO))*~! such that any sequence Gy, ..., G,—1 contained
in the complement of the union has the following property: for any sequence
(z—a)®, ..., (z—an)* of Fuchsian principal parts with exp 2niE; = G; for
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j=1, .---, n, G, = (Gy ... - G,1)™, and ) Sp E; =0, there is a Fuchsian
¥=1
system whose fundamental matrix of solutions has the given Fuchsian principal

parts.”

1.4. In 1979 the paper [6] by Dekkers appeared. It follows from the results
of this paper that the Riemann—Hilbert problem is soluble for any sequence
of points ay, ..., g, and any representation (2) of dimension p = 2. The
method of solution consists in modifying the system (3) with regular singular
points and with a given monodromy representation so that it becomes a
Fuchsian system. This is done with the aid of the scale transformations

(1.4) g=r@f,
under which (3) turns into the system dg = w’g with the form
(1.5) @ = dI'-T™! - Tl

If the matrix-valued function I'(z) is meromorphic on CP! and holomorphically
invertible outside D, then (3) with (1.5) is also a system with regular singular
points ay, ..., a, and with the same monodromy representation. Using Deligne’s
result [20] on the form of the matrix of coefficients of a system with regular
singular points, Dekkers proved that there is a matrix I'(z) that reduces © to

the matrix @’ in (1.5), which has singularities of the type of simple poles at the
points belonging to D.

§2. Criteria for Fuchsian systems with regular singular points

2.1. Let us consider an arbitrary system (3) whose form ® is holomorphic on
CPM\D. The set of solutions X of such a system is a p-dimensional vector
space of vector-valued holomorphic functions on the universal covering

(8, yo) = (CPT\ D, 3,).
In what follows we shall write y to denote points in S and we shall write z to
denote the corresponding points n(y) in CP.

Once the points zo € CP\D and yp € n~(zo) are fixed, the fundamental
group 7;(CP\D, zo) can be identified with the sliding group of the covering.
Thus, we can define the action g* of an element g € n;(CP\D, z,) on a
function f(y) € X in the following way:

(2.1) (&*h @ = f(g).

The action defines the monodromy representation (2) for the system (3).
For if (¢) = (e1(), ..., e,(¥)) is a basis in X, then according to (2.1} we have

ENW=TEW="T(zx@®,
where T(y) is the fundamental matrix of X" constructed from (¢). (This means,
in particular, that the space of solutions X is invariant under the action of the
fundamental group m,(CP\D, z;) given by (2.1).)
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Let O; be simply-connected pairwise disjoint neighbourhoods of the points
a; in CP', and let

T,
(55 ¥ — (O \ @, 20)
be the corresponding universal coverings. Let §; be a loop in O;\a; passmg

once around g; in the clockmse direction with the initial and final point z.
We fix paths ¥; from z, to 2? contained in CP\D in such a way that the loop
n

IT (v;-8,-vY will be homotopic with the constant path (the revolution
i=1

relation). We denote the class of loops ;- 8:-v: by g;. Hence, embeddings
8: C. 5 are defined (under such an embedding 39 turns into ygy;, the final
point of the lifted path v;) and

2.2) ¥ w00\ @ R) > 7y (€PN D, 7).
We shall call the homomorphism
(2.3) g My (05 \ &, 28) — GL (p; C),

where i = 7§ © ?f, the i-th local representation constructed from the
representation (2).

The embcddmg (2.2) enables us to define the action of the element
g € m(CP\D, z;) described above on any function defined on S, in particular
on the function In{y—a;) defined as follows:

' d(z—a;)
In(y —a;) = S—z:“r '
1’ I

where v is a path in O;\a; connecting z{ and () such that y{y = y. It
follows from (2.1) and (2.2) that

(2.4) gy —a)=In(y —a)+ 2mi.
From now on, ( y—rai)E‘ will be understood to be the function
(y — a)"i = exp (Eiln (y — @)

defined on g;. _

The fundamental group m;{(CP"\D, zo) can be regarded as a group with n
generators gy, ..., g, satisfying the identity relation g+ . .. <&~ = e. We
denote by G; and E; the matrices

(2.5) G=x(g) Ei=—rlnG, 0<BRepl <1,

where p{f are the cigenvalues of E;.
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2.2. We proceed to the description due to Levelt [3] of the construction of the
space X of solutions of (3) in a neighbourhood of a singular point a;.

Any component f;(¥) of a vector-valued function f(y¥) € X |3, can be
represented as the so-called logarithmic sum (see {1]):

(2.6) BO = 3 = () I (y —a),

where the sum is finite, 0 < Re pr < 1, b, e Z, b, > 0, and each hidz) is a
Laurent series with a finite principal part, and where similar terms (with
respect to the pairs (pg, b)) are collected.

Definition 2.1. The order of the zero (the order of the pole With a “minuns”
sign) of hg;(2) at a; is called the normalization ¢;(hi;(2)) ar a; or the i-th
normalization of the Laurent series hy(z) with a finite principal part.

Definition 2.2. The number
9; (f;) = wming; (fy)
k,lso

is called the i-th rormalization @:(f}) of the finite logarithmic sum (2.6). The
number

=1,...,

o; (f (v)) =, min ¢;(f;)

is called the i-th normalization of the vector-valued function f(y) € X |
By definition, we set co as the normalization of f(3) = 0.

In? y, and f3(y) =

gi'
Example 2.1. For f,(s) = 22 — -, f,(z) = y¥s :3
= (z, z In y, 7%, the normalizations (/) at 0 are

e(f)=—L o) =—=3, o(fs)=1

By Definition 2.2 and the form of (2.6), it is easy to establish that the
normalizations have the following properties:

1) @:i(gff) = e:(f) fori =1, .., n

2) ¢:(cf) = @:(f) for all c € C\0, @;(f+g) > min(e;(f), v:(g), and if
©:(f) # 0:(g), then @;(f+g) = min(o;(f), 9:(g));

D F(y—a)™ = 0 for all A < ©:(f) as z tends to g; over any sectorial
neighbourhood O distinct from the complex plane C with vertex at a;. (Here
we assume that y € m;'(2) remains inside one sheet of n; 1(0).) Moreover,
@;(f) is the greatest of all integers k satisfying the above condition for all
A< k.

The space X |§i can be decomposed into a direct sum of subspaces ™X of

dimension p,, invariant under the action of gf and corresponding to the
eigenvalues x,, of gF. The normalization @; takes k,, distinct finite values
"o} > ... > ™ot on "X (k,, < p,) and defines a filtration of "X by subspaces

oC™X'C ... "Y' = "X,
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where "X’ = {f¢ ”’X%cpi(f) > ™o}, Moreover, according to property 1), the
monodromy operator g¥ 'prcscrvcs the filtration. We choose a basis ey, ..., "¢,
in ™X' in which the operator gi'|m y, has the upper triangular form, and we
complement the basis so that it becomes a basis in ”X? in which g} jm g has the
upper triangular form again, and so on. In this way, we obtain a basis ("e)
of "X. From ("e) we form a basis (¢) of X. This basis, which is called the
associated basis in [3], has the following properties:

a) o, takes all of its values on the elements of (¢}, with all multiple values
accounted for;

b) 0:("e) = ¢i(Mejr 1) for all m, j;

¢) the matrix G; of gF has the upper triangular form in the basis (e).

We denote by A; the diagonal matrix of normalizations 4; = diag(p:{e1), ...,
.» Pi(e,)) for the associated basis (e) of the space X |z. From properties b)
and c) we immediately obtain the following result. ’

Proposition 2.1. The matrix-valued function
2.7 (z — @) E; (z — a)™
where E; is given by (2.5), is holomorphic in a neighbourhood O; of a;. For any
€ > 0 the matrix
(2 —a)i (y —a)® ¢ —a) ™ (y ~ @’
tends to zero as z tends to a; over any sectorial neighbourhood O distinct from

the entire plane C with vertex at a;. (Here we assume that y € T; 1) remains
in one sheet of T 1(0).) :

We denote by T;(y) the fundamental matrix of X 'l-?’i constructed from the
associated basis (e).

Proposition 2.2. T;(y) can be expressed in the form
(2.8) Ti{y) = Ui (2) (z — ai)Ai (y — ai)Ei,

where E; is given by (2.5) and U;(z) is single-valued and holomorphic in a-
neighbourhood of a;.

Proof. U;(z) is single-valued, since by (2.1) and (2.4)
@T) () = G = gF (v — )™t
To show that U;(z) is holomorphic, it is sufficient to prove that

U(z2)(y—a)* — 0 for any € > O as z tends to 4; over any sectorial
neighbourhood distinct from C. But

Ui@ (g —a =T @) (y —af iz —a) % (y —a)® = 8, (1) S: (),

where

(y) = T; (y) ( a)"Ai+(3/2)I
S2 ) = (& — ) (y — @) B (5 — @) (g — a)er
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Since the j-th column of Sy(y) is equal to e;(y)(y—a) =+, it follows
from property 3) of the normalizations that S;(¥) — 0 as z = m;(») tends to
a; over any sectorial neighbourhood. From Proposition 2.1 we obtain the
same property for S»(y).

Remark 2.1. 1t follows from the properties of the associated basis and from
Definition 2.2 of the normalizations that the first column of U; in (2.8) does
not vanish at g;.

Definition 2.3. The eigenvalues B} = ¢j+p] of 4+ E; are called the i-th
exponents of X at a;.

Proposition 2.3. The system (3) with a regular singular point a; is Fuchsian at
a; if and only if

(2.9) det U; (a;) % 0
in the factorization (2.8) for the space X of solutions of the system.

Proof. Sufficiency. According to (2.8), the matrix form © in (3) can be
expressed as

(210) @=dT;-Ti'=
v, U, 1
= (G U + 52 (it — a) B, 6 — a9 T ) &

in a neighbourhood of ;. If det U;(a) # 0, then w has a pole of the first
order at a;, that is, (3) is a Fuchsian system at a;.

Necessity. Suppose that the form o in (3) can be written as

Bt
— dz + ¢

=
z .
i

in a neighbourhood of a;, where ¥ is a holomorphic form. From (2.10) we
find that

(2.14) - B'U; (a;) = Ui (a3) L,
L= A; + lim (z — gy E; (z — a;) ™.

Suppose that det U;(a;) = 0. We denote by Y the kernel of U;(a;):
Y = {ves CP1U; (@) v = 0).

It follows from (2.11) that L; transforms Y into itself. Let v be an eigenvector
of L; belonging to ¥. Then

(2.12) Ly = Bl

for some j, where B} is one of the exponents of X at g;. It follows from (2.12)
and the form of L; that the vector-valued function w = T;-v, represented in (e)
by the column vector v, belongs to one of the subspaces "X’ and is a linear
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combination of the base vectors (¢) with zero coefficients corresponding to the
part of the basis (¢) that is contained in ”X*~'. Therefore, ¢;(w) = ¢} = "o
and

(2.13) (z— a) w=0v(E — g )‘%
We denote by 4 ; the matrix 4, = diag(B!, ..., B¥) and by E ; the nilpotent
matrix E;— R, where R = diag(p}, ..., pf). From (2.13) we obtain

w{y)(y — ai)'ﬁ‘"E T (v (y — a) ™ =T, @)y — a)) ™y — ai)Ei(y — ai)hi‘v=

p—1i

Z)[Z 7 —Inlly —a;}{L;— 2; -}~o(z——az))]
=0
p—L
=Ui@v+ 3 A iy —a)[(Ls— A + oz = a)v =
=1 e |
=T +o—a)| S iy —a) v

=1

Since 0 < Re pi < 1 and U;(a;)v = 0, it follows that w(y)(y—a;)~* — 0 for
all A < ¢j+1 as z tends to a; over any sectorial neighbourhood of g;. Thus,
property 3) of normalizations implies that ¢;(w) > ¢}{+1, which contradicts
the equality @;(w) = ¢}. The contradiction means that det Ufa;) # 0.

Corollary 2.1. The eigenvalues of each matrix B of a Fuchsian system (4)
coincide with the i-th exponents of the space X of solutions of the system.

The proof follows from (2.10), since
i . al; -1
(2.14) B' =lim(z —a;) 5~ T7 =U;(a) LU;™ (a;).

Proposition 2.4. The sum I of all exponents of the space X of solutions of the
system (3) with regular singular points ay, ..., a, is @ non-positive integer:

(2.15) 5= 3 N pi<o

t=x1 f=k

The system (3) wzth regular singular points is a system of Fuchsian type on CP'
if and only if

(2.16) 2 =0.

Proof. Let us consider the form Sp ® on CP'. If T(y) is the fundamental
matrix of the space of solutions X, then

Spw=dlndet 7T,
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hence we find from (2.8) that

p -
I'GSSP(O == bz‘ + Z ﬂzs
a; =3
where b; is the order of the zero of det U;(z) at a;. By the theorem on the

sum of residucs,

S S8+ Sh=o.

=1 =1 =}
Proposition 2.4 follows now from Proposition 2.3 and the fact that 5; € Z and
by =z 0fori=1,..,n

§3. Preliminary information. The method of solution

3.1. The method used to prove Theorems ! and 2 stated in the Introduction
consists in modifying the system (3) with regular singular points a;, ..., a, and
with given monodromy representation (2), the existence of which was proved

in [7}, by meromorphic transformations (1.4) on CP' that are holomorphically
invertible outside the set of points 4y, ..., @, in such a way that it becomes a

Fuchsian system. In so doing we use the criteria for Fuchsian systems stated
in Propositions 2.3 and 2.4 and a technical procedure called the “A(a;, /, j, k)
procedure” and described in the following lemma.

Lemma 3.1. Let the I-th row u;(2) of a matrix U(z) that is holomorphic in a
neighbourhood O; of a; be of the form

($.1) u (2) = (z — a))* v; (2),

where the j-th component vy(2) of the row vector v(z) is holomerphic in Q; and
vy(a;) # 0. There is a meromorphic matrix-valued function I'(z) on cP!
holomorphically invertible at any point except a; such that the j-th row x;(z) of
the matrix U’ = T'U has the form

(3.2) zj (3} = (z — )" 7} (2),

where x£z) is holomorphic in O;, x;(a;) # 0, and x;,;(a;) = 0 for m # I, Xp
being the m-th component of the row vector Xxj.

If the row vector v;(z) in (3.1) is holomorphic in O;, then all of the elements
of U’ are also holomorphic in O;.

Proof. Let us consider an element up,;(z) of the matrix U(z) with m # [ If
Un;(z) £ 0, then the element can be written as (z—a;)’#(z), where #(z) is a
holomorphic function in Q; and #(g;) # 0. Let 0 < s €< k. Thereis a

polynomial Q,, ( ! — ) of degree k—s such that

(3.3) On () s () + s @) = (2 = @ £ ),

where f(z) is a holomorphic function in O;.

1

.
)
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Z-—4d,
H

The coefficients of the polynomial ¢,, (-—i—) are defined as follows. As

K=
the leading coefficient ¢, corresponding to ( ) " we take

z-—a,
. t(2;)
L v”(ai) )

1t is obvious that

CI. = 11 (2) + Ui (2) = (2 — @i} £ (2),

(z—-—a

)

where s < r and 7(z) is a holomorphic function in O; such that f(a;) # 0. If
t' (a;)

— G for the coefficient ¢, corresponding to the
77\

r < k, then we set ¢, =

next term , and so on. But if the order s of the zero of u,,;(z) at

(z— _ai)k—r

a; exceeds k, then we set 0, = 0. We consider the matrix

[10...0 0, 0...0
0 . .
Qi
(3.4) I{z) = 1 .
Ql+1
- 0
0 ...0 @ 0...4)

From the construction of I'(z) and (3.3) we obtain assertion (3.2) of the
lernma.

If the row ;(z) in (3.1) is holomorphic in O;, it follows that U’ = I'U is
holomorphic, since U(z) is holomorphic and deg Qm <k for m = 1, .., [, ..., p.

The passage from U to U’ = I'U and from X to X' = T'X, where I'(z) is
given by (3.4), will from now onwards be called the “A(a;, /, j, k) procedure”.

Let us consider the space X of solutions of a system (3) that is Fuchsian at
a1, .. i, ..., a, and has a regular singularity at a;. We consider factorizations
(2.8) for X at a,, ..., a,.

Lemma 3.2, Let the I-th row u; of the matrix U; in the factorization (2.8) for X
at a; be of the form
(3.9) u (2) = (2 — a)v; (3),

where k > 0 and v;(z) is a row vector holomorphic in O; with vy(a;) # 0. If
the normalizations @} for X satisfy the inequality ¢i~' = ©i+k, then the space
X' = T(z)X obtained from X by applying the A(a;, I, t, k) procedure is the
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-

‘space of solutions of a system (3) that is Fuchsian at the points ay, ..., i, ..., G,
and the normalizations '¢’, and @), for X' and X are connected by the following
relations:

’(Pznchgnsj_'irw-sp! m?&i

3.6 , = ]
(8.6) =itk ‘oizel i=1...4..,p

Proof The system (3) with the space of solutions X’ is Fuchsian at
aiy .oe) , a, and the first equality in (3.6) holds by virtue of Propositions 2.2
and 2.3 and the fact that the factorizations (2.8) for X’ have the form

T'm =T xU,5(z— am)Am (y — am)Em

with det I'(a,,) # 0 for m # i, where I'(z) is given by (3.4).
We set C = diag(0, ..., 0, k;, 0, ..., 0). It follows from Lemma 3.1 that
I'(z)U;(z) can be written in the form

T (2) Ui (2) = Ui () (z — a)°,
where U{z) is holomorphic in O; and u}, (a;) # 0. Thus, T/ can be
represented in the form
Ti(y) = Ui (3) (z — )% (y — ap™.

1

From the condition @i~" > ¢i+k and Definition 2.2 of the normalizations we

obtain

ol =@ Rk, Pl ek AL

Remark 3.1. If in the assumption of Lemma 3.2 we drop the condition that
the components v7,+1(2), ..., v, (z) of the row vector v;(z) in (3.5) are
holomorphic, then (3.6) will take the form

(3.6) ‘gizol i<t =g+ k e — ke s=1,..,p— 1,
with
kt'l'l = Imax (0, k —_— lt"”l)’ kt"'ﬁ = Imax (0, k —_— lt.].l, k —_— lt‘l’ﬂ)’ . s ey
by, =max (0, & — Ly, .. ., K — 1),

where /; is the order of the zero of vy(z) at g;if vy(z) £ 0, and J; = k if
vy(z) = 0

The inequalities (3.6") follow from the fact that in this case the matrix
I'(z)U;(z) can be written in the form

T' (@) Ui(z) = U: () (z — &),
where C' = diag(©, ..., 0, k, —k;+1, ..., —kp), U{(2) is holomorphic in Oy,
and k = ‘-k;+1 2 e = —kp.
In addition, we shall describe another procedure that will be applied in the
proofs of Theorems 1—3 stated in the Introduction. This procedure consists




The Riemann— Hilbert problem 17

fin passing from the space X to X’ = [(z)X, where

(3.7) I'(z) = ( % )c,

Z—4a,
I

C = diag (¢, - - - Coph €11 E Z,l=1,...,p.
‘e call it the “B(a;, a;, c11, ..., Cpp) procedure”.

? 2. In what follows we shall need some properties of the system (3) connected
pwith the reducibility of its monodromy representation (2).

Lemma 3.3. If for some component f;(y) of any function f(y) in the space X of
_,solutions of a system (3) with monodromy (2) the identity

: Ii(y) =

;.ho[ds, then the representation (2) is reducible.

Proof. We consider a basis (e;(), ..., ep())) of X such that

: aW=FfW,ep@=...=¢€@y =0

and the functions e+ 1(3), ..., ¢ () are linearly independent. It is obvious
¢ that / must satisfy the inequality I <! < p. Letm < ! and g € n;(CP'\D, z().

3 r
i Let us consider g*e,, = > he;. Since, by construction, ey, (y) = 0 for
E i==]

L] < m < I, it follows from (2.1) that
P

%eim) (1) = eim (79) =0 = 2 Aty (y)-
b Since €1+ 1(¥), ..., €, () are linearly independent, we have Ary1 = ... = X, = 0.

This means that the subspace X; C X generated by ei(y), ..., e/(p) is a
i common invariant subspace for the monodromy operators, and so the
 monodromy representation (2) for the system (3) is reducible.

Lemma 3.4. If the matrix differential form w for the system (3) satisfies the
condition

(3.8) 0 ;=0 i=1+4+14,...pi=1..,51p
then the monodromy representation (2) for the system (3) is reducible.

Proof. Let us consider the system df = @' f, where @ = ||o | with 1 < i </
and 1 < j < I. Iff is a solution of the system, then the vector-valued
function f = (f*, 0, ..., 0) is a solution of the original system (3). Lemma 3.4
follows now from Lemma 3.3.

Once again, let us consider a system (3) that is Fuchsian at 4, ..., £ . Gy
and has a regular singularity at ;. We shall consider factorizations (2.8) for
the space X of solutions of the system.
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Lemma 3.5. Let the matrix U;(z) in the factorization (2.8) for X at a; be of the
form

(3.9) Ui () = (2 — a)°V (2)
with C = diag(0, ..., 0, ¢ry 17141, .oy Cpp), Where ¢;;€ 7 and ¢y = 0 for
j=1+1, .., p, and V(z) = |{vpml| is a matrix that is holomorphically invertible

in a neighbourhood O; of a;. If the elements ul,, of the matrices vuG=1.,n
in the factorizations (2.8) at ay, ..., a, and the elements vy, of V satisfy the
equalities

(3.10) ubw (a) = 0, gm (@) = 0, I+ 1 < E< py 4 < < 1y
j= 1-: .. ey 2,

then the monodromy representation (2) for the system (3) is reducible.

Proof. It follows from the form of U,(z) that the elements uj, of Ui (2) for
1 < k< pand! < m < [are holomorphic in a neighbourhood O; of «; and
satisfy (3.10). Of course, (3.10) holds for the elements of the matrices

Url@), ..., i, ..., Uy }(z), which, by virtue of Proposition 2.3, are holomorphic
in some neighbourhoods of aj, ..., i, ..., @, respectively. We find from (2.10)
that for /+1 < k < pand 1 € m < I the elements wg, of the matrix
differential form © are holomorphic at each of the points ay, ..., a,. Since @
is holomorphic on CP'\D, it follows that the forms g, in question are
holomorphic everywhere on CP!, hence oy, = 0 for the indices k and m
defined above. Now Lemma 3.5 follows from Lemma 3.4.

Lemma 3.6, Let the monodromy representation (2) for the system (3) with
regular singular points ay, ..., a, be reducible and let X; be a common invariant
subspace for the monodromy operators in the space X of solutions of the system.
Then the sum s; of the exponents of X; over all the points ay, ..., a, is an infeger
and satisfies the inequality

-

iz

(3.11) si= D) D pi<Co.

iSi 4

1
=3
f
fork

Proof. Let us choose a basis (ey, ..., ¢) in X; and let us consider the
fundamental matrix T(y) constructed from this basis. We denote by T'(y) the
matrix consisting of the elements of the principal minor of T(y) at yo € S.
Then det T(yo) # 0. The space X' generated by the columns of T'(y) is the
space of solutions of the system df = o' f of ] linear differential equations
with o = d7’-(T')™. The set of singular points of the system consists of

ay, ..., 4, and of additional “dummy” singularities 4,4 1, ..., a,. The latter set
of singularities contains points such that det T'(y) = 0 for y e n~'(a}). We
remark that if det 7/(y) = Oforsome yen ™ '{d}), thenby (2.1)det T(3) =0

for all y € =~ ().
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It follows from this remark that the number of additional singular points is
finite, because otherwise the set {4, .;} has a pomt of accumulation y € S, or
the set {n(a,+;)} has one of the points ¢; (f = 1, ..., n) as a point of
accomulation. The uniqueness theorem for analytic functions applied to
det T'(y) in the former case and to det U;(2) in the latter, U;(z) being the
matrix in (2.8), yields det T'(y) = 0, which contradicts the condition
det T'(yo) # 0.

_ The exponents ‘B}+; of the space X' at the points @j+; coincide with the
- normalizations '@} ; which in turn are non-negative, since 77(y) is analytic at
the points =~ (a4 ):

(‘312) ! 31.—}1 = q)n+t/>0

The normalizations ‘¢} for X’ are connected with the normalizations ¢/ for

X; at the points ay, ..., a, by the inequalities
(3.13) ‘¢l = @i o) > 9 (es) = o,

which follow from Definition 2.2 of the normalizations and the fact that the
column vector &;{ y) of the matrix T'(y) can be obtained from the vector-
valued function e;(y} by crossing out some of its components.

From Proposition 2.4 and inequalities (3.12) and (3.13) we obtain

I

T zzawf 3 35 o — s <0,

=1 3:1 =1 j=1 =fe~}-1 j==1
where 57 s the sum of exponents of X,

Lemma 3.7. Let a representation (2) of dimension p = 3 be reducible and let
all the monodromy operators have a common invariant subspace of dimension

t | = 1 orl = 2. Then there is a system of equations (3) with regular singular
L points ay, ..., 4., Fuchsian at a,, ..., a,, whose monodromy representation
 coincides with (2), and there is a fundamental matrix T(y) for the space X of
solutions of the system whose elements ey, satisfy the identities

(3.14) b =0, L +1CELS 1<KmKL

Proof. We consider a system (3) with regular singularities at ay, ..., a, that is
Fuchsian at a, ..., a, and whose monodromy coincides with (2). (The existence
of such a system is proved in {7].) Let us choose an associated basis (¢) in the
space Xlz for the system in such a way that the first / elements of (e) constitute
a basis of a subspace X; (C X invariant with respect to the monodromy
operators. We can assume that for the clements w4y, of the matrix Uy(z) in
the factorization (2.8) of the fundamental matrix 7(y) constructed from (e),
the equalities

(3.15) Un (@) = ug (4) = ug (6) =0

hold. We can make sure that conditions (3.15) are saatisfied by applying
linear transformations of the rows of U;(z), which corresponds to the passage
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from the system (3) with the space of solutions X to a system with the space
of solutions X’ = SX, where S is a constant non-singular matrix.

1. To start with, we consider the case / = 1. Suppose that
(3.16) up(a)==0,j=2 or j=3.

We denote by r the order of the zero of u;(z) at a1 It follows from (3.15)
that r > 0.

Applying the A(ay, j, 1, r) procedure to the space X, we obtain X’ = I';(2)X.
According to Lemma 3.1, the sum s° of the exponents of X] = I'yj(2)X] is
related to the sum s of the exponents of X; by the inequality

(3.17) §f =s5s+r >

We shall bring the space X’ back to the form (3.15). If (3.16) holds for an
element u};(z) of the matrix Uj(z), we apply the A(ay, j, 1, ¥') procedure again,
and so on. It follows from Lemma 3.6 and (3.17) that after a finite number
of steps we shall obtain the space X of solutions of a system (3) with regular
singularities at 4y ..., a, that is Fuchsian at a,, ..., g, w1th given monodromy
representation (2) such that the elements of the matrix U l(z) in (2.8) satisfy
the identities u31(z) = u31(z) = 0, and 50 e3(2) = e3(2) =

2. Now we consider the case / = 2. The following subcases are possible:

a) the two-dimensional monodromy representation y, for the space X, is
reducible;

b) 12 18 irreducible. _

In case a), according to the case / = 1 discussed above, we can assume
that T(y) already has the form

(3-18) T (y) = (0 ) ,
_ 0 Ta:y)

where ?2( y) is the fundamental matrix of the space of solutions of a system
(3) whose monodromy representation coincides with the corresponding quotient
representation of the representation (2). For the quotient representation there
is a one-dimensional invariant subspace generated by ex = (ex, e3z). Hence,

it follows from the discussion of the case / = 1 that there is a matrix I"(z)
such that the element f5; of the matrix T: 5 =17 T , satisfies the equality

11(y) = 0. Let us consider the matrix

1 090
I‘(Z)ﬂ (0 ).
0 T'(2)

For T'(y) = I'(z)T(y) we find that
(3.19) en (¥) = en(y) = e (y) = 0.




™
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t  In case b) we assume that u3,(z) £ 0 and we denote the orders of the
zeros of u31(z) and uso(z) at a; by ry and r,. It follows from (3.15) that ry > 0
and r, > 0. (If usx(z) = 0, we set , = r.) Applying the 4(ay, 3, 1, rp)
procedure to X, we obtain the space X’ = ['1(z)X. According to Remark 3.1,
.:.s sum 5 of the exponents of the space X3 = I'(z)X, is related to the sum s
of the exponents of X, by the inequality

(3.20) s »s+r—max (0, —ry) >s.

'We' shall bring the space X’ back to the form (3.15). If the element 5,(z) of
fthe matrix Ui(z) = I'yUy(z) does not vanish identically, then we apply the

t A(ay, 3, 1, r1) procedure again, and so on. It follows from Lemma 3.6 and

f (3.20) that after a finite number of steps we shall obtain the space ¥ of

| solutions of a system (3) with regular singular points ay, ..., g, that is a

| Fuchsian system at a, ..., with the glvcn monodromy reprcsentatlon Q)
 such that the element u 31( ) of the matrix U (z) in (2.8) satlsﬁes the 1dcnt1ty
'331(2) 0. Therefore e 31( ») = 0, and since ¥, is irreducible, e e 3 y) =

E (Otherwise, according to Lemma 3.3, e;(y) would be a common clgenvector

- for the monodromy operators and ¥, would be reducible.)

- Corollary 3.1. If all the monodromy matrices of a representation (2) of

L dimension p can be simultaneously reduced to the upper triangular form, then

t there is a system (3) with regular singular points ay, ..., a, that is Fuchsian at

£ O, ..., a4, and such that the monodromy representation of the system coincides

t with (2) and the fundamental matrix T(y) of the space of solutions of the system
t  has the upper triangular form.

The proof can easily be carried out by induction, the first step of which
 was realized during our discussion of case 2a) of Lemma 3.7.

§4. The solubility of the Riemann—Hilbert problem for an irreducible
representation of dimension three

We consider thé space X of solutions of system (3) with a regular singular
point a4; and factorization (2.8) for X at g;.

Lemma 4.1. There is a matrix T'(z) meromorphic on CP' and holomorphically
invertible at any point except a;, and there is a matrix V;(z) holomorphically
invertible in a neighbourhood O; of a;, such that for the matrix U;(z) in (2.8)
the factorization

(4.1) T'@)U; (2} = (z — ai)°V; (3)

holds, with C

= diag(ci1, .y Cgp), Where cye 7 for 1 = 1, .., p and
0< e € . €

Cpp- _
Proof. The assertion about the existence of a factorization (4.1) with some
integral diagonal matrix C for U;(z), which is a holomorphically invertible
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matrix on O;\a;, is equivalent to the Birkhoff— Grothendieck theorem {3] on
the decomposition of a holomorphic bundle on the Riemann sphere into a
sum of one-dimensional bundles, since U;(z) can be regarded as the transition
fanction for the holomorphic bundle E(CP'\a;, 0;, Ui(2)).

We claim that in (4.1) ¢y > 0 for all /. Let us rewrite (4.1) in the form

(4.2) Ui (@) Vit (2) = I )z — &)

Suppose that ¢y < 0 for some /. The matrix on the left-hand side of (4.2) is
holomorphic at a;, hence the /th column #(z2) of the matrix on the right-hand
side of (4.2) is also holomorphic at ;. But

t(z) = (z — @) ¥y (2),

where y{z) is the /-th column of the matrix I !(z), and so y(z) —» 0 as z — a;.
Thus, by virtue of Liouville’s theorem, it follows that ¥(z) = 0, which
contradicts the fact that T'(z) is holomorphically invertible everywhere except
at ;. The contradiction means that ¢z > 0. By applying a linear
transformation of the rows of I'(z)U;(z) (that is, by multiplying I'(z)U;(z) on
the left by a constant non-singular matrix S), we can make sure that the
condition 0 < 11 € ... € ¢y holds.

Remark 4.1. The factorization (4.1) was used by Plemelj in [7] and by
Birkhoff in [21]. The assertion of Lemma 4.1 can also be obtained from a
modified lemma of Sauvageot (see [9]).

Let us now proceed directly to the proof of Theorem 1 stated in the
Introduction. We shall assume that co is not in D and @y = 0. (We can
always make sure that these conditions are met by applying a conformal
transformation of the Riemann sphere.)

Proof of Theorem 1. Let us consider the space X of solutions of a system of
three equations (3) with regular singular points ay, ..., @x that is Fuchsian at
a, ..., G, and whose monodromy representation (2) is irreducible. (It is
proved in [7] that there is such a system.) By the criterion (2.16) for Fuchsian
systems and condition (2.15), to prove the theorem it is sufficient to show that
there is a meromorphic matrix-valued function I'(z) on CP! holomorphically
invertible outside the set of points aj, ..., 4, such that the following conditions
hold for X' = I'(z)X:

(4.3a) X’ is the space of solutions of a system (3) that is Fuchsian at all

except perhaps one of the points ai, ..., @}
noso A
(4.3b) RPNy 2 B
i==13=% =% j=1

where B} and ‘B are the exponents of X and X7, respectively.

Let us consider the factorization (2.8) for X in a neighbourhood of gy = 0.
We pass from the space X to X’ = T'(z)X, where I'(z) is the matrix defined in
Lemma 4.1. We set Ui(z) = T@UIE) = z2€V1(2).
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From now on the proof breaks up into three cases:
1) ey > 6

2) i1 < 0 and ¢ > O

3)0]1 = ¢ = OandC33> 0.

1. Let us consider case 1. In this case it follows from Definition 2.2 of the
normalizations and from the form of the factorization (2.8) for X’ that

’(pi}} (Pg. + €14 ] = 15 21 3,

where @} and '@} are normalizations for X and X", respectively. From these
inequalities we obtain conditions (4.3a) and (4.3b).

2. Let us consider case 2. We denote X’ anew by X and we denote Uy by
U,. It follows from the irreducibility of the representation (2) and Lemma 3.5
that either vy (0) # 0 for the elements of the matrix V;(z) in (4.1} with / = 2
or [ = 3, or there are numbers 2 € i < nand 2 € / € 3 such that the
element un(z) of the matrix U;(z) in the factorization (2.8) for X at a; does
not vanish at g; : un(z) # 0. In the former case the /-th row of U,(z) has the
form (3.5) with r = 1. We apply the 4(ay, /, 1, cp) procedure to X, and from
Lemma 3.2 we find that conditions (4.3a) and (4.3b) hold for the space

X' = T'(z)X. If, however, un(a;) # 0, then we apply the B(ay, a;, 0, c22, ¢33)
procedure to X to obtain the space of solutions X' = T'X for a system (3)
that is Fuchsian at ay, ..., {, ..., a,. The row u; of the holomorphic matrix

U/ = FU; will be of the form (3.5) with 1 = land &k = ¢; > 0. Let us
apply the A(a;, I, 1, cy) procedure to X’. For X” = I''X’ we again obtain
conditions (4.3a) and (4.3b).

3. For 1 < I, m < 3, we denote by 4, the elements of the matrix U;(z) in
the factorization (2.8) for X at g;, and we denote by v, the elements of the
matrix Vi(z) in (4.1). The third case is broken up into two subcases:

a) one of the numbers 03;(0), 131(a2), ..., t51(a,) is non-zero;

b) the functions v3(2), #51(z), ..., 451(z) have zeros of orders &y, ks, ..., k, at
ap, .., a; with k; > 0fori =1, ..., n '

Case 3a) can be reduced to case 2) already discussed. Let us consider
case 3b). Since the representation (2) is irreducible, it follows from Lemma 3.3
that k,, ..., k, are finite numbers. We set

{4.4) s=ky+ g3+ ks + ...k,

for the sum of the orders of zeros of the functions #5;(a) at the points a;, where
i =1, .. n Also, because of the irreducibility of the representation (2), it
follows from Lemma 3.5 that either v3x(0) # 0 or there is an i such that
hy(a;) # 0. In the latter case, by applying the B(ay, a;, 0, 0, c33) procedure
to X, we obtain the space X' = I'(z)X of solutions of a system (3) that is
Fuchsian at ay, ..., i, ..., ;. The sum s in (4.4) does not change under this
operation. We denote the space again by X. The matrix U;(z) in the
factorization (2.8) for this space has the form (4.1) with C = diag(0, 0, c33).



24 A.A. Bolibrukh

The following part of the proof is based on the procedure described below,
which we call the L procedure.

Description of the L procedure. 1t follows from Remark 2.1 that either
wi(@;) # 0 or uby(a;) # 0. Let us pass from X to X' = SX, where Sis a
constant non-singular matrix of the form

S 0
{4.5) S = ( 0)
0 0 4
such that the first column x; of Uj(a;) = SU;(a;) has the form
(4.6) = (1,0, 0}. '

By applying the A(a;, 3, 2, ¢33) procedure to X', we obtain the space =T X’
such that the matrix 1U (z) = T1(2)U{(z) has the form

40 =
(4.7) WU;(a;) = LU 0 *)

¢ 0 90

1t follows from Lemma 3.5 that there is a number j such that the value
u’n(a,) of the element lu)(z) of 'U;(z) at a; is non-zero: u’zz(a,) # 0.
By applying the A(a;, 2, 1, 0) procedure to 'X, we obtain 2X = Iy(z)'X.
It follows from the form of the transformation applied that the matrices
2Un(z) = To2)'U,(2) satisfy the following conditions:
1) for m = 1, ..., n, the third row of 2U,,(z) coincides with the third row of
Unl2);
2) 2U;(a;) has the form (4.7);
3) the first column of 2U; :(a;) has the form (0 u’u(aj), 0).
We apply the B(a;, 4, 0, 1, 0) procedure to 2x, and denote the resuliing
space by Y. The description of the L procedure is completed.
Since 2U;(a;) has the form (4.7), it follows that

(4.8) ool gizel, @izl —1,

where ¢} and 8 / are the normalizations for X and Y , respectively. Since the
first column of 2U;(a;) has the form given in 3), it follows that

(4.9) =09+ 1. ¢j=a} of =9
and the factorization (2.8) for X at a; has the form
(4.10) 750) = U@ (2 — a7 (y — ap)",

where N = diag(l, 0, 0) and Ui = U {z)(z—a;)~". We find from 1) and
(4.10) that the sums 5 and’s deﬁned by (4.4) for the spaces X and X are
connected by the relation

(4.11) §e=5—1<s.
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It follows from (4.8) and (4.9) that X satisfies condition (4.3a) and

(4.12) S S>3 3

k=1 t=1 k=1 =1
1 Let us go back to the proof of Theorem 1. We apply the L procedure to X.
- If X satisfies condition 3b), then we apply the L procedure again. It follows
'_ ﬁ_om (4 11) that after no more than 21 (kl — 1.) + 1 Steps we Sha].l Obtaln

I=—1, 54
a space satisfying conditon 3a). By virtue of (4.12), in this case the proof of
the theorem can also be reduced to case 2 discussed above. Theorem 1 is
proved.
Another version of the proof of Theorem 1 is given in [22].

§5. Fuchsian systems of two equations on the Riemann sphere.
The Fuchsian weight of a representation

5.1. We shall consider a Fuchsian system (4) of two equations on CP! and

factorizations (2.8) for the space X of solutions of the system at a;, ..., dn.

We can assume that the i-th normalizations for X satisfy the conditions
(5.1) 9i = of.

For if the monodromy matrix G; defined by (2.5) is non-diagonable, then,
according to condition b) for the associated basis at a;, (5.1) holds. However,
if G, is diagonable and o} < ¢ (which is possible in this case since the elements
e; and e, of the associated basis (e) correspond to different blocks of G;), then
we again obtain (5.1) by replacing the basis (e, e2) of X lgi at a; by (e, e).

Definition 5.1. The number
) )
=2 (@ — )

will be called the Fuchsian weight of a Fuchsian system (4) of two equations.
Let us consider the set Q of all Fuchsian systems of two equations on CP*
with given monodromy representation (2). (According to [6], this set is non-

empty.)
Definition 5.2. We call the number

Yx = min yg
O

the Fuchsian weight of the representation (2).
Proposition 5.1. For any representation (2) of dimension p = 2, the inequalities

(5.2) Vo=0, w=0
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hold, and the parity of Y, and v, coincides with that of Y SpE:i If(Qisa
i=1

commutative representation that cannot be decomposed into a direct sum of one-
dimensional representations, then vy, = 0.

Proof. The first part of the proposition follows from (5.1) and the fact that

"

Z@+%=é®&+§@+é@

i==1

For we find from (2.16) that

ki3 n n
Zq)‘-} +‘§@35—ESPE¢.»

i=1 =1

and so

Vo= (gt —¢)=— N SpE; —2 N gf.

i=1 i=1 =1
If (2) is a commutative representation that cannot be decomposed into a

direct sum of one-dimensional representations, then the matrices G; can be
simultaneously reduced to the form

Therefore,

(5.3) T =G—a) * = le—a)®

is the fundamental matrix for a Fuchsian system (4) with the given monodromy
and with weight 0.

Lemma 5.1. For any Fuchsian system (4) of Fuchsian weight g with X as its
space of solutions, there is a point ;€ D and a matrix-valued function I'(z)
meromorphic on CP! and holomorphically invertible outside D such that
X' = T(2)X satisfies the following conditions:
a) X' is the space of solutions of a Fuchsian system (4);
b) ‘o) =9} =0fori=1,..15L .., n ad ‘o) —'? < v, Where '@} are
the normalizations for X'.

Proof. For each point a; we consider the factorization (2.8) for X such that
(5.1) is satisfied. We denote by J the set of indices such that

> s
If this set is empty or J = {I} for some /, then we apply to X the transformation
H B(a: a5, 9%, 93) . (f J # ¢, we can choose any index 1) In this case the

il
assertion of the lemma follows easily from the form of the factorizations (2.8).
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~ Suppose that J contains i, #, ... . To prove the lemma, we only need to
show that by substituting X = I'X one can always reduce the number of
elements of J without increasing the Fuchsian weight of the system.
We pass from X to X' = Ui '(a;)X, which we denote again by X. Now
we have

(5.4) Uila) =1

- in the factorization (2.8) for X. By applying the B(a;, a,,, 1, 0) procedure to
L X, we obtain X’ = I'j(2)X. It follows from the form of I'y(z)U;(z) that the
i normalizations '@} for X’ are connected with the normalizations ¢/ for X by
the following relations:

s 01 1 r 2 2
i = @i — 1,97 = ¢5,
5.5 {cp 9 ¢ = ¢}

A =gt — g} =7 —1,

where A; = rp}—cp?.

We consider the matrix U,(z) in the factorization (2.8) for X. The
remaining part of the proof breaks up into two cases:

a) 11(am) # 0;

b) uli(am) = 0.
1 First we consider case a). In this case the first row of I'j(z)U,,(z) has the
¢ form (3.5) with ¢ = 1 and & = 1. By applying the A(a,, 1, 1, 1) procedure
b to X', we get X" = I',X’. According to Lemma 3.2, the normalizations “qf,
E of X at a,, satisfy the relations

(5.6) P = Om 1, "G = ¢, Ap = Ay F 1

j::_ Let us consider case b). In this case it follows from Proposition 2.3 that
¥ 1i5(a,) # 0, and so the first row of ['1(2)Ux(z) is of the form (3.5) with ¢ = 2
£ and £k = 1. Applying the A(a,,, 1, 2, 1) procedure to X’, we obtain

.' X" = T(2)X’. According to Lemma 3.2, the normalizations "¢}, of X"
i satisfy the relations -

(5.7) "G = Qs P =m + 1, Ap=A,—1. ,
It follows from (5.5)—(5.7) that both in case a) and in case b) we have
(5-8) 20— vy A= Mi—1
for X7

If A} > 0 and A}, > 0, we repeat the above procedure once again. It

i follows from (5.8) that after no more than A; = @] —g7 steps we shall obtain
£ aspace X = I'(2)X such that (5.8) holds and either A; = O or A,, = 0.
This means that the number of elements of J has decreased. We find from
(5.5)—(5.8) and from Proposition 2.4 that X is the space of solutions of a
Fuchsian system (4) whose Fuchsian weight does not exceed 7,

27
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Corollary 5.1. Any Fuchsian system (4) of two equations and of Fuchsian
weight v can be reduced by means of the transformation (1.4) to a Fuchsian
system (4) whose Fuchsian weight ¥, does not exceed Yy, such that the
factorizations (2.8) for the space X of solutions of the latter system are of the
following form:

(5.9) T; (y) = Ui @)y — a)®i, i1,
(5.10} T, =U; () (z — oy (y — a),

where all the matrices U;(z) are holomorphically invertible at the points a;, the
matrices E; have the upper triangular form,

Py &
5.41 E = .
641 =7 )
bty 0
- (5.12) A,-=( o b_vz),_
and
_ | c{z — a;)
(9-13) Uiz =] & (1-+o0(1))
s(.b‘“—al) 1
where

?m'{’i
Yl:[ 2 ]’- Yl+?2=?ma.m>0, k>0, c5#%0

if uia(z) £ 0, and s # 0 if uj, £0. [x] is the integral part of x.

Lemma 5.2. Let a Fuchsian system (4) be reduced to (5.9)—(5.13) and let

Yo > 0. If all monodromy matrices G; are non-diagonable, then there is an

i o | such that the value at a; of the element uy((z) of the matrix Ui(z) in (5.9)
is non-zero:

(5.14) uh (@:) == 0.
Proof. By assumption, it follows that all matrices E; in (5.9) and (5.10) have
the form of Jordan blocks. Suppose that #j(a;) = Ofori = 1,.., 1 ... n
Then we find from (2.14) and (5.9) that
B = Ui(a) EU7T kO
= ,—(ai) FL (ai)-.: . pi »
Since v, > 0, it follows from (2.14) and (5.13) that B’ = diag(B}, B}
Consequently, we find from (5) that

n n

D ptbi= 5 p+Bi=0

i=1, 5=l i=1, izl
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and so B} = 7. Since p} = pj, we have ¢} = @f, which contradicts the
assumption that v, > 0.

"Lemma 5.3. Let a Fuchsian system (4) with monodromy (2) be reduced to the
form (5.9)—(5.13) and let ¢ # 0 and m < Yhve in (5.13). Then v, < Yo

-_roof. Applying the A(a;, 1, 2, m) procedure to the space X of solutions of
(4), we obtain the space X’ = I'(z)X. Lemma 3.1 and the fact that I'(z) is
fsiven by (3.4) imply that the matrix

(9.15) Ui=T@U, (3@ — )

where C = diag(m, —m), is holomorphically invertible at ;. Since
_,,qa}—._m - q)%+m, by virtue of the assumption of the lemma, the factorization
:(2.8) for X' at a; has the form

(5.16) T: (y) = Ui (2) (z — al)Ai (y — a)%,
Fwhere A7 = 4;—C. Thus, vy, € Yoo = Yo—2m.

In some cases the Fuchsian weight of the representation (2) can be
E determined from the Fuchsian weight of any system with monodromy (2).

¢t Proposition 5.2. Let a Fuchsian system (4) with monodromy (2) be reduced to
E the form (5.9)—(5.13). If ¢ = 0 in (5.13), then v, = Yo. If ¢ # 0, then
[V, = Yo W and only if m 2 v,

-'Proof 1. First we shall prove that if ¢ # 0 and m < 7, then v, < v, By
 virtue of Lemma 5.3, it is sufficient to investigate the case

: (5.17) %Ym<m<?m-
b There are two possibilities for E; in (5.11):
b a) E;is a diagonal matrix,
b) E; is a Jordan block.
In case a), applying the A(a;, 1, 2, m) procedure to X, we obtam a space
b X’ = T(z)X for which (5.15) and (5.16) hold, ‘¢} = o —m, and ‘¢f = ¢} +m.
t By cxchanging the columns of 77 = I'T, we obtain a factoriztion for X' of
_' the form (2.8) (since E;is a diagonal matrix) with 4/ = diag(e?+m, ¢} —m)
b and Ef = diag(p?, p}). It follows from (5.17) that

| (5.18) Vo= 0 +m— (9 — m) = 2m — Y4 < Yo:

f and 50 7 < Yo

__ Let us consider case b) If E; is a diagonal matrix for some i # /, then

L exchanging the columns of 77(y) if necessary we find that (5.14) is satisfied

E for U;(z) from (5.9). By virtue of Lemma 5.2, if E; is a Jordan block for any
b j # I, then there is also an i # / such that (5.14) holds.

i Applying the B(a;, a;, 2m—1,, 0) procedure to X, we obtain X’ = T'y(z)X.
E The matrix

Ui(a) =Ty () U;-(z — a))F,
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where C = diag(2m —v,, 0), is holomorphically invertible at a;, and its first
row has the form

(a1 — @™, ¢’ (3 — a) 'O ™)(1 + o (1)), ¢ #0.

The normalizations '@} for X’ at g, satisfy the following equalities:

‘0l = o} —(2m—v,) and ‘¢ = ¢f. Let us note that '¢] —'¢7 = 2(y,—m).
Thus, applying the A(a;, 1, 2, y,—m) procedure io X', we obtam X" = I'x(z)X".
According to the proof of Lemma 5.3, the normalizations "¢} for X are equal:

(5.19) o1 = "¢l

The A(a;, 1, 2, vo—m) procedure preserves the form (3.5) of the first row
of I'(2)U;(z) with t = 1 and k = 2m—vy, Applying the A(a;, 1, 1, 2m—y,)
procedure to X”, we obtain X = I'3(zZ)X"”. By virtue of Lemma 3.2 and '
(5.18), the normalizations @7 for X satisfy the relations

(5.20) T =¢i +2m—Yor G = ¢i-
For X we find from (5.19), (5.20), and (5.17) that

Y= 3@ — 5 =2m— 0 Tt
Thus, vy < ¥, in this case also.

2. Weclaim thatif ¢ # 0 and m = vy, or ¢ = 0, then yy = yo. Suppose
the contrary. Let there be a Fuchsian system (4) of Fuchsian weight Yo << Y6
with the same monodromy as the original one and let X’ be the space of
solutions of the system. According to Corollary 5.1, we can assume that the
system is reduced to (5.9)—(5.13) with a; replaced by g, and with y; and v,
replaced by y; and y,. Since, by assumption, Yu- << Y. and the parity of Yer is
the same as that of v, (see Proposition 5.1), it follows that

(5.21) <%V Vo< 7Ve

We choose a basis (¢) in X’ so that the fundamental matrix 77(y)
constructed from this basis and the matrices 7;(y) for X given by (5.10)
satisfy the equality

(5.22) G =TIy, i=1,...,n

Let us consider (e')|§t. There are two possibilities for the normalizations ¢,
of (¢): -

a) P; (e1) == 94 (e2);

b) ¢; (1) = @¢ (ez) = b — vs.

In case b) there are numbers A; # 0 and A, # 0 such that ¢,(Ae1+Aye;) =
= p+7v]. We pass from the basis (¢) of X to (?) = (e)S and from the basis
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M
L)
0 1
i case b), and S = [ in case a).

. In case b), by construction, ofet) = b—vh, q:,(e 5} = b—¥1, and E, has
h lower triangular form in this basis (since, by virtue of properties 1) and 2)
of the normalizations, ‘e is an eigenvector of G,). Therefore, ( e ) is formally
fiot an associated basis, but it is easy to see that it also satisfies Propositions
p.1-2.3.
£ Fither case a) can be reduced to case b) if @s(e;) << giles), or Prler) > @1 (es),
i, has the upper triangular form, and Propositions 2.1—2.3 hold again. Thus,
for the fundamental matrix 7' = T'S, where S is given by (5.23), the
actonzatlon (2.8), (2.9) holds with

(5.24) ' A’, = diag (b, bys),

hcrc one of the numbcrs by is equal to b+'yl, while the other one is equal
o —b—12.
L, For T[ T;- S considered on S ;, the factorization (5.10)—=(5.13) holds
again with Uy(z) replaced by U /(z) and with E; replaced by § S~1E;S, where

)ofX’ to (e ’) = ()., where

(5.23) s

U, (2)(z — ay™t = U, (2)(z — a))*t S = U, (2) 8 (5)(z — @)™,

M z—a Yo
S(Z) :(1 _7\?( I) )
0 1

- case b), and § = Iin case a). Thus, in case b)

R SUPRE, :
0,(2) = ( boocemeranem )(1 o).
*
s{z—a) 1
Smce by assumption, either ¢ # 0 and m = v,, or ¢ = 0, it follows that
;(z) again has the form (5.13) with ¢ replaccd by ¢ and m replaced by ',
that either ¢ # O and w’ 2 y,, 0or ¢ = 0.
- We consider the matrix-valued function

(5.25) Y () =T, T ().

f‘lt follows from (5.22) and (5.23) that Y(y) is a single-valued function on CP'
E:From (5.9) we find that Y(z) is holomorphically invertible outside the set of
_pomts a;, a,, and from (5.10)—(5.13) we find that the factorization

Y (z) = 0 (a)(z — a)™ (T0)*
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holds in 2 neighbourhood of @;. Thus, the first row y4(z) of Y can be
expressed as

yr (@) = (@ (3 — @)*7, P’ (3 — )™ (1 + 0 (1))

in this neighbourhood. Hence, by virtue of the condition m 2= ¥, if ¢ # 0
(and of course in the case ¢ = ), we find that

(5.26) ¥ (2) = (3 — ap)> ¢, (3),

where #(2) is a vector-valued function holomorphic at 4;.
The matrix ¥ has the form

Y (5) = U, @6 — a) ™ (@)™

in a neighbourhood of a,, where 4 is given by (5.24). In this case we find
for the row y;(z) of Y that

(5.27) 1 (2) = —

" t, (2),
(z - at) N

where 7,(z) is a vector-valued function holomorphic at 4,.

Since y(z) is holomorphic outside the set of points 4;, a4,, it follows from
(5.21), (5.26), and (5.27) that the degree of the divisor of each of the
components of y;(z) on CP! is strictly positive, and so y;(z) = 0, which
contradicts the fact that Y(z) is holomorphically invertible outside the set of
points a;, ;. The contradiction means that v, = 7.

Lemma 5.4. Let (3) and (4) be a Fuchsian system reduced to (5.9)—(5.13).
Then the form © of the system can be written as

(5.28)
Bi . 1 2 m—1 Vol
z—a, C(m—ﬁl+ﬂl)(1—az) +8(Z—-al)
s (k - By — Bz — )" r—y
in a neighbourhood of a;.
Proof. We find from (5.13) that
X 1 —c{z—a)" ] .

A=y 1 JEFOO

au, a@z—a)t om(z— a,y™ 1
dz |k (z — al)R—I 8(z— al)fe

yi+06»

where ¢; > 0 and £, = 0. (5.28) follows now from (2.10).
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a 5.5. Suppose that an element w,,dz of the matrix form o of a Fuchsian
(3), (4) has a decomposition of the form

¥ (5.29) mm=i%ﬁ+$+wwmﬁ+

Z

b neighbourhood of a;. Then the elements big of the matrix B in (4) are
ected with the numbers ¢ by the following relations:

bi"q = C-1»
. n 1
_\\ (5.30) b;q —F—'—T - C,I-,_ql, r = 1,_ ...
b = (a; —a))

i7=l

f.. From (5) we get

o —2DB —7:':'1—:23‘ z—a; 2

=1
(£

ich yields the proof of the lemma

-opos:twn 5.3. The Fuchsian weight v, of any representation (2) satisfies the
equality v, < n—1. If (2) is an irreducible representation, then

(5.31) = < n—2

Rroof. Let us consider a Fuchsian system (4) with monodromy (2) and with
Buchsian weight v,, reduced to the form (5.9)—(5.13). Suppose that y, > n—2.
""'1'. en, according to Proposition 5.2, m 2 n—1, where m is the number in (5.13).

B0 this case it follows from Lemma 5.4 that the element @;, of the form @ of

fic system can be written as 0, = o((z—a;)" )dz in a ncxghbou:hood of a;.
' also follows from (5), (2.14), and the condition v, > 0 that bl = 0 and
_12+ .. +b% = 0. Therefore, we find from Lemma 5.5 that the numbers b},
a i # [ satisfy the system of n—1 equations (5.30)

n
S0, 1m0,
P {az'_al) _ :

el

dz.

hose determinant is the Vandermonde determinant of the numbers
L AU , and so it is non-zero. Thus, 6}, = 0 for
T o Wy _

£/=1, .., n. Consequently, all the matrices B’ of (4) have the lower triangular
Eform, and from Corollary 2.1 we find that

(5.32) by =pi + §1» bie=pi + O by = pl, b= pf, 21



34 A.A.-Bolibrukh

Since (5) implies that 3 o] + ¢ = 0 forj = 1, 2, and (2.5) implies that

=]

ﬂ N
0< Re X piCn—1forj=1,2,it follows from the last two equalities
=
that of —_(p% < n—1, which in conjunction with the assumption that Yy > n—2
yields the equality v, = n—1.
Since the matrices B have the lower triangular form, it follows that the
representation (2) is reducible in the case in question.

Proposition 5.4. For any points ay, ..., 6, and any number y that satisfies the
inequalities

(5.33) 0<y<n—2,

there is an irreducible representation (2) such that v, = 7y and the monodromy
matrices G; for the group Im y given by (2.5) are non-diagonable.

Proof. Suppose, as before, that a; = 0 and oo is not among the points in D.
(We can always make sure that this is the case by applying a conformal
transformation of the Riemann sphere.)

1. First, we shall prove the proposition in the case of an even y = 2y'. Let
us consider the following two systems of equations for the unknowns da, oy @
and ¢, ..., Cy:

1
534 Vot
i=2 t
and
(5.35) Zci- : = 2%, n g
. i=8 i

where r = 0, 1, ..., n and §; = li e

Since the determinants of (5.34) and (5.35) do not vanish, there is a j such
that d; # 0, d being the solution of (5.34). But any solution ¢ of (5.35) has the
formc¢ = x*twitht; # 0 for i = 2, ..., n. Thus, we can choose the values of

the roots Vd; so thats=i§2]/dit,-=;e0. Let us set £ = — 2‘; = — 1::'in
(5.35). Then Z dic; = 28 = — -;‘Zl-= — ¥, and so the matrices
=2

(5.36) Bl:("' ”) gV 4
o=y —e — Vg

satisfy (5).
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et us consider a Fuchsian system (4) with (5.36). From Corollary 2.1 and
of the matrices (5.36) we find that

1 U T
E  (5.37) {ﬁl {pl Yj’ P = o1 T

thc exponents of the space X of solutions of the system.
fLet us consider the factorization (2.8) for X at 4 = 0t

'-_:%--:(5'38) | T, () = Uy (s) 3™
Wollows from (5.37) that

: v o0 0 o
o we 5 ) ()

om (5.36) and (2.14) we find that

() =vofy oo,

U, (0) =(‘;“ U).

oo

od so

€2

. In the new basis, which
Uzp

change the basis of X : ey = % and e, =
§ic call (¢) as before, the matrices in (5.38) have the form (5.13) and (5.39)
th a; replaced by @; = 0 and with « replaced by e = "’“ . From (5.34)

- Lemma 5.5 for the matrix form ® of the constructed system (3), (4), (5.36),

e get

 (540) 0 = (2 + 0 (") dz.

t follows from (5.40) and Lemma 5.4 that the number m for Uy(z) in (5. 13)
gatisfies the inequality m > y. From this equality and Proposition 5.2 we find

ghat v, = Yr =T for the constructed system,
. It remains to prove that the monodromy matricres Gy, ..., G, Of the

foonstructed system (4), (5.36) are non-diagonable and the monodromy
s epresentation of the system is irreducible.

By virtue of (2.5), to prove that Gy, ..., G, are non-d1agonable it suffices to

"show that so are E,, ..., E,. It follows from (5.37) and (2.11) that for { # 1
fthe matrices L; in (2.14) coincide with E;. Thus, by virtue of (2.14), the
f'matrices E; are non-diagonable since the matrices B; in (5.6) are non-diagonable
Efor i # 1.

We claim that E; is also non-diagonable. We observe that if ¢ # 0, then
= v, and if ¢ = 0, then the expression c(m—pl +B?) in (5.28) vanishes by
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virtue of (5.37). Therefore, if m > ¥, then the element ®;> in (5.28) is of the
form . '

r = ("1 40 (Z?"’—l)) dz.
Comparing the last equality with (5.40) and using the equality Yo, = vy = ¥,

which was proved earlier, we find that s = 1 and a = ::’2

that E; is a non-diagonable matrix. '

However, if the monodromy representation of the constructed system (4)
(5.36) were reducible, then the fact that Gy, ..., G, are non-diagonable would
imply that the representation is commutative. In this case we would find from
Proposition 5.1 that y, = 0, contrary to the equality v, = v > 0 already
proved.

. 2. We consider the case when ¥ = 2y”+1 is odd. In this case the proof can
be carried out exactly as in the case of even y but with the matrices B “in
(5.36) replaced by

n o —rn324+9 0
(5.36" B‘=( © —n+l——'\;’)’
2n—3
; "dic‘i + 9 2 di )
B = ] In—3 1* 5#1a
| — € —Vés T2
with 4, replaced by
4 __(_-n-|-2+~f 0 )
1= 0 —_nf1—9")’

and with the exponents in (5.37) replaced by
5.37" fi=gi=—nt 2+, fi=¢i=—n+1—%,
(. ) {g:pgzin'—g,zg&i,j=1,2.

Remark 5.1. Since Ty in (5.38) has the form (5.10)—(5.13), it follows that

@ () =7, © (el >0, @ () > @1 lem) = —¥
for the elements e,ﬂ- of 7.

Example 5.1. The monodromy represcntation of the Fuchsian system

1 0 dz 1 —1 1 dz
(o-41) df"':[(v —1)T+T(—1 1)_7'-?T+

4 [(—1 —1\ 12z 1(-—-1 1)___d_z_'__
+"§'(1 1)“3"":1"+-3‘_1 )T |

with four singular points @y = 0, a» = —1,43 = 1, a4 = 1/21is of Fuchsian
weight v, = 2 and the monodromy matrices Gy, ..., G4 are non-diagonable.
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. We denote by F, a group with n generators hy, ..., h, satisfying the
gicntity relation A, - ... -k, = e, and we denote by %, the isomorphism

(5.42) %g: 1, (CPLN\_D, z) —> F,,

&ich that %, (g:) = h; for the generators g; defined at the beginning of §2.
f Any representation (2) can be written in the form % = ¥’ © %4, where

(5.43) y': F.—GL (p; C)

i_a representation of the group F,. In what follows we shall denote ¥ by
Ba), where a = (ay, ..., 4n)-
3_' The proof of the following proposition is straightforward.

oposition 5.5, If for two sequences of points a = (ay, ..., 4,) and
= (by, ..., by) there is a conformal transformation r : CP' — CP' such that

_ r(@)="by,i=1,...mrh =9 i=1...,mn
r the paths v; a'ef ned at the beginning of §2, then Yy = Yy@):-

. oposition 5.6. Let the Fuchsian weight v, of a representation %(a) with non-
diagonable monodromy matrices y'(hi), ..., «'(hy,) be greater than one. Then
fthere is an € > 0 and an index I such that the inequality

Prey < Yaey — 1

holds for any sequence of points & = (a1, ..., ai_1, artt, Gre1, ..., Gn) With
P < |7 < e

Proof Let us consider a Fuchsian system (4) with monodromy (2) and with
FFuchsian weight ¥ = v, reduced to the form (5.9)~—(5.13) for some point a;.
1t follows from Proposition 5.4 that in (5.13) either ¢ # 0 and m > v, or

i = 0. We use a conformal map to transform g; into 0 and oo into . We
note the resulting sequence again by ay, ..., @,

We consider the isomonodromic deformation

(5.44) df = [( s i?ﬁ—%) dz]f

E of the constructed system, where

B (1) = ;- [B' 1), B' (1)
(5.45) | .
B'(0)=B, X B (t)=0,
=1

_- and ¢ varies over a small neighbourhood of 0. For sufficiently small 7, (5.44)
} has the same monodromy as the original system (4) (see [23]).
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From (5.12), (5.13), and (2.14) we get
o =", 1)

Hence, it follows from (5.45) that

R
dit a; ngl 0

and
| bi, -+ oft) by — —— byt + 0 (1)
(5.46) o= ., | - .
_ by + —GT byt +of(t) b;z ~+ o)

From this and again from (5.45), we have

e L R TENI0) o (z)
(5.47) B(t) = ;B(t)“( o) b—?z'!'o(t))

since, by Lemmas 5.5, 5.4 and Proposition 5.3, the equality
(5.48) Z—:ﬁ—-:hs,,r,,, heot0, r=0,...,7 2<y<n—2
: = %
holds. |
The factorization (2.8) for the space X of solutions of (5.44) at ¢ is of the
form :

LTy b= Ui 1) @ — Oy —
1t follows from (2.14) that Uy(z, HB'(0) = B'(HUy(t, {). Thus

42t o) o ()
Ul(t*t)=’( o(1) i+xz-t+o(t))'

We shall reduce the system (5.44) to the form (5.9)—(5.13). With this end
in view we pass from the space X of solutions of the system to X" = U ~i(t, HX.
The matrices of coefficients of the new system have the form

o= )

B (1) =Ui*(t, ) B (1) Ur(t,1) =

i _ bt ___E.u_t 3
= th—@— b —y——t oW ).

* *

(5.49)

\




-
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From (5.49) and (5.46) we get

— bi (¢
Z lzr“ =o(t), 0<r<<y—2,

=g *
n

B, (0)
N = — vkt o).

=2

Fhus, according to Lemma 5.5, we find that for any sufficiently small ¢,

&7 5(1) # 0 in formula (5.29) for the form @ of the new system in a
geighbourhood of z = r. Hence, using (5.28) and the equality v, = v, we
find that ¢ # 0 and m < y~—1 in the factorization (5.13) for the new system.
Erom Proposition 5.2 we deduce that Y,y < Y. Proposition 5.1 implies
ghat the parity of y,(, is the same as that of v,(). Therefore, Yy < Yy@—1,
phere @ = (ay+¢, as, .., a,) and ¢ is sufficiently small. To complete the
proof of the proposition, we only need to apply the conformal transformation

inverse to the conformal transformation introduced at the beginning of the
proof and use Proposition 5.5.

§6. The Riemann—Hilbert problem for a system of three equations

i In this section we shall describe all representations (2) of dimension p = 3
for which the Riemann— Hilbert problem has a negative solution.

iProposition 6.1. Suppose that a representation (2) of dimension p = 3 is reducible
fand each generator G, of the group Im Yy, defined by (2.5) can be reduced to a
Jordan block. The Riemann— Hilbert problem for the representation (2) is
Esoluble if and only if the equality.

(6.1) Pro = 0

:_holds Jor the corresponding two-dimensional subrepresentation or guotient
 representation ¥z of (2).

E Proof. Necessity. 1. Let us consider the system (4) Wlth monodromy (2)

f Let X; be an invariant subspace of dimension i = 1 or i = 2 of the space X

| of solutions of the system with respect to the action of the monodromy

i operators. Since the matrices E; in (2.8) have the form of Jordan blocks, it

L follows that the first i elements of the associated basis at a; consutute a ba31s of

X ls It follows from property b) of the associated bas1s that @} > ¢ > 9.
| Thus,

(6.2) Repl>Rep} >Replj=1,....n

| where B}, ..., B} are the exponents of X; at ¢, From condition (2.16) for
| Fuchsian systems and (6.2) we find that

t i

= 3 3 B

j=1i{=1
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which, together with (3.11), yields

{6.3) s = 0.
Hence, by virtue of (2.16) and (6 2), we conclude that
(6.4) Beﬁj :Reﬂj xﬂeﬁj, q)g- -—=(pj=(pj, j:i,...,‘n.

2. Let us consider the fundamental matrix T(y) of X such that the first i of
its columns form a basis of X;. Then T'(y) = Ui Ya)T(y) satisfies (3.14):

' _ T () * e17 %%
rprf — * r — .
(6.5) " (y) = ( 00 ) » T’ (y) ( g 7 (y))

€as
a) i =2 b)) i=1

(Otherwise, according to the proof of Lemma 3.7, the sum in (6.3) could be
increased, which is impossible by virtue of (3.11).) The matrix T in (6.5) is the
fundamental matrix of the space X of soluuons of (4) Wlth thc monodromy ys.
Thus, we find from (6 4) and (6.5) a) that (p) = cp,, cpj = cpj, and v,, = 0
for i = 2, where @ ¥are the normalizations for X.

Accordmg to Dcﬁmtxon 2.2 of the normalizations, if (6.5) b) holds, then
(p J = cp, and cp i = (pJr Hence, by v1rtue of (6.3) and conditon (2.16) for
Fuchsian systems, we find again that @ 1 = ¢}, 07 = ¢}, and v,, = 0 for
i= 1 '

Sufficiency. 1. We consider a system (4) with regular singular points a3, ..., @,
that is a Fuchsian system at as, ..., @, with monodromy (2) such that the
fundamental matrices T of the space of solutions X are of the form (6.5).
(The existence of such a system is proved in Lemma 3.7.) We find from [6]
and Corollary 5.1 that there is a meromorphic matrix-valued function I' (z) on
CP! that is holomorphically invertible outside the set of points gy, ..., a, and
such that for the space X'’ with the fundamental matrix 7' = T (z)T the
factorization (5.9)—(5.13) holds, where v; = y, = 0 by virtue of the condition
71: = 0.

We denote by ¢; the number cp,(e33) in case (6.5) a) and cp,(e,l) in case
(6.5) b). We pass from X to X' = I'(2)X, where

_ Ti(z) 0 1 6 0
. = | 0], I'(z)=1{0 ,
6 ro=(,y 9 ro=(2 )
a) i==@ b) t=1
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3 The fundamcntal matrix T’ = I'(z)T of X’ is of the form (6.5), and the
rmahzatlons of X’ satisfy the equalities

,q)} = ‘o = 5 (ess) = 5 j=14,--. n, in case a),

e { A
. Cj= ‘Pi ¢ {€) = 9;(&y), j=1,...,n, in case b),

ere?1 and ¢ , are the rows of T. For j # I the eQualities (6.7) foilow

om the form of I't(z) and (5.9). We shall prove the equalities for j = I. We
te by p; the eigenvalues of the Jordan blocks E;. For en(y) and e(y)

c have

(6.8) 2 (5 +¢5)=0.

\ =0

- On the other hand, by virtue of (2.16), we find that
S0 53 -

_"or ¥’ since '$} = ‘(T;}, it follows from this equality and (6.8) that

n

n
) f~1 t~2
Sea-3wm=3

=1 =1

".'I-"hc case j = / now follows from (6.7) with j # L

r 2. The remaining part of the proof breaks up into two cases: a) i = 2,
tb)i =

Fll'St we consider case b). It follows from (6.7) and the construction of T
E that in a neighbourhood of g; the matrix T'(y) can be represented in the form

(6.9) T (y) = U;(2) ¢ — a))¥' (y — a))"h,

where
1 Hyy uig 15T
LFT. =1 0
U, @) (0 %@)

and u1(a) # 0. U ;(2) is holomorphically invertible at ;. Generally
. speaking, w12(z) and u5(z) have poles of order p and ¢ at g5, respectively.
We denote the rows of U ;(z) by ux(2z) and us(z). Since ux(a) and us(a;) are

1 )of
—a,

order not greater than max(p, ¢g) such that the vector 1#(z) = Qauz+ Qs+
F +(u12, w13) is holomorphic at g;. (The construction of 0, and Qs is carried
E out in the same way as the construction of ¢ in Lemma 3.1.) We pass from

E X' to X' = Ty(2)X", where
1 Q5 Qs
T,(z={0 1 0},
¢ 0 1

linearly independent, these are polynomials.Q,( z_iaj ) and @ ( -
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The matrix 'U/ = T, (z)U is now holomorphically invertible at ;. Thus,
(6.7) b) takes the form o =0} =9} = ¢.

By applying the procedure described above for allj = 1, ..., n, we obtain a
space "X’. Since the matrices "U; are holomorphically mvertxble, it follows
from (6.9) and (2.10) that "X is-the space of solutions of a Fuchsian system
(4) with the given monodromy (2).

Let us consider case a). By applying the 4(aq;, 3, 3, ¢;) procedure to the
matrix T*(y)(y—a) ™%, we obtain a space X’ such that the matrix 'Uj(z) in
(6.9) is holomorphlcally invertible. We perform the procedure for all
j = 1, ..., n. The remaining part of the proof is carried out in exactly the
same way as in case b).

Remark 6.1. Suppose that the representation (2) is reducible and each of the
generators G; can be reduced to a Jordan block. If there is a Fuchsian system
(4) with monodromy (2), then the exponents §/ for the space of solutions of
the system satisfy the relations

ﬁ}—-_z__':ﬁ,?,i_—_i,,..,n.

The proof can be carried out by analogy with the first part of the proof of
the necessity of the condition in Proposition 6.1.

Remark 6.2. The proof of the sufﬁcienc'y“ in Proposition 6.1 is also valid if the
assumption that each of the matrices G; can be reduced to a Jordan block is
replaced by the following: each of the matrices G; = %»(g;) can be reduced

he form { *
to the ormo 1,i).

Proof. If each of the matrices G; has an eigenvalue of multiplicity three, the
proof is the same as for Proposition 6.1. But if p} # p7 or p7 # p} for
some /, then the proof is the same as that of the sufficiency of the condition
in Proposition 6.1 up to formula (6.7) (which holds for j # /) and from part 2
to the end. Moreover, the procedure described in part 2 leads to the equalities
’q)} =’cpjg = ’(p} = ¢ forj # [ ‘©f = ‘@7 and, generally speaking, ‘p}# '¢?.
(In particular, it may happen that @} < '¢f.) Since E; has the form

ol 0 0
EI - 0 r
o &

under the assumption pj # p7, it follows again from (2. 10) that the constructed
system is Fuchsian. :

Proposition 6.2. For any representation (2) of dimension p =3 whose image is
contained in the set of upper triangular matrices, the Riemanri— Hilbert problem
is soluble.
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of. - We consider a system (3) with regular singular points a4y, ..., a, and
he given monodromy (2) such that the fundamental matrix T(y) of the
X of solutions of the system has the form

: = 011 8:2 : .

€gs

The existence of such a system was proved in part 2a) of Lemma 3.7. We
: = ;(e;) for the normalization of ¢;{y) at a;. We can assume that

-~

i .k.(ﬁii) d=cd=cd=0i=1,...1

vy By
hcre ! is any index belongmg to {1, ..., n}. (Otherwise, applying the

1 B (i, ar, &, &, &) transf'ormahon to X, we would obtain a fundamental
-
' atrix of the form (6.10) with the condition (6.11).) The matrices G; of the
monodromy operators gf in the basis formed by the columns of T(y) have the
pper triangular form. Hence, the same is true for the matrices E; given
by (2.5).
. The remaining part of the proof can be reduced to the analysis of the
gfollowing cases:
f: 1) one of the matrices E; is diagonable;
k 2) p! = p?forallior p? = p} for all i;
3) p,! = p? for all i and p} # p? for some /;
4) p} # p3 for some /.
Case 1) is analysed in [7]. Case 2) follows from Remark 6.2 and
Propos1t10n 5.1, Let us consider case 3). We note that in this case
P 01(e11) = @iless) = ¢ by virtue of (6.11) and equality (2.16) for e)(y) and
Fes3(y). We pass from the fundamental matrix T(y) to T«(y) = T(»)S, where
¢ S is an upper triangular matrix such that

pll 0 1
(6.12) S-1E,S = Ej = (0 P 0).
0 0 o}
_; We apply the procedure
(643) A(an 2.2, 9 (ex)- A (a1, 3,3, 91(eas)) [] 4(2,2,2,0)-4(04,3,3, 0
{2

to Ty ( y—a;)"Ef. In this way, we find a space X’ in which the factorization
F (2.8), (2.9) holds for any a; with i # /, and T;(y) can be represented as

(6.14) T, () = Ur@) (2 — @) (g — a)

A, = diag (¢;, @1 (ez)s €1)s
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at a;, where Uj(z) is holomorphically invertible at 4. Proposition 2.1 holds
for the matrices Ef and 4;. Thus, we find from (2.10) that X *is the space of
solutions of a system (4) that is Fuchsian at a;. :

In case 4) the local representation y; given in (2.3) can be decomposed into
a direct sum of a one-dimensional representation v} and a two-dimensional
representation so that the eigenvector e of ] is either an eigenvector for all G;
(if p} # p}), or it defines an eigenvector of the quotient representation %; of ¥
Gf p? # p?). The proof of case 4) of Proposition 6.2 follows from the proof
of Proposition 6.3 below. :

Proposition 6.3. Let a representation (2) of dimension p = 3 be such that one
of the local representations 3 in (2.3) can be decomposed into a direct sum of a
one-dimensional representation v} and a two-dimensional representation. Then
the Riemann— Hilbert problem for (2) is soluble.

Proof. We consider a system (3) with regular singular points"a,., ..., ap that is
Fuchsian everywhere except at g; with the given monodromy representation (2).
By virtue of (2.15) and (2.16), to prove the proposition it suffices to show that
the sum s of the exponents of the space X of solutions of the system can always
be increased.

We consider the factorization (2.8) for X in a neighbourhood of a; with an
associated basis chosen in such a way that E; has the form

o 00
{6.15) El=(0 o7 8).
0 0 o

By Lemma 4.1, we can assume that in this case U;(z) has the form (4.1). For
definiteness, let ¢33 > 0 in (4.1). The remaining part of the proof can be ‘
reduced to the analysis of the following cases:

1) r{esn) < @rles) and uiy(2) # O

2) odesr) > Phe);

3) uhi(2) = thoz) = 0, ulx(@) = 0, and 11,2 # O;

4) 1hy(2) = whoa) = () = 0. |

In case 1) we apply the 4(a;, 3, 1, @;(e31)) procedure to X, in case 2) we
apply the A(a;, 3, 2, @i(e32)) procedure, and in case 3) we apply both the
A(a;, 3, 3, @i(es3)) and the A(ay, 1, 2, ©;(ej2)) procedures. In each of the three
cases we find as a consequence of Remark 3.1 that s' > s, where & is the sum
of the exponents of X' = I'(z)X. _

But if u};(z) = 1ha(z) = wia(z) = 0 (case 4)), then we find from (6.15) that
for the factorization (2.8) at g, the identity e (y) = en(y) = epx(y) =0
holds, that is, the representation y  has the upper triangular form and the
eigenvector e of the local representation %} is not an eigenvector of y and it
does not define an eigenvector of the corresponding one-dimensional quotient
representation. In this case Proposition 6.3 follows from parts 1)—3) of
Proposition 6.2, which have already been proved.
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m Theorem 1 and Propositions 6.1 —6.3 we get the following result.

Hary 6.1. The Riemann— Hilbert problem for a representation (2) of
= 3 has a negative solution if and only if the following three

each generator G; of the group Im Y can be reduced to a Jordan block;
he representation (2) is reducible;

t) the corresponding two-dimensional subrepresentation or quotient
sentation Yy is irreducible and v,, > 0.

e proceed to the proofs of Theorems 2 and 3, which were stated in the
oduction.

f of Theorem 2. Let us consider a reducible representation (2) of
ension p = 3 such that each of the matrices G; can be reduced to a

an block and the corresponding two-dimensional subrepresentation or
tient representation y is reducible. Since (2) is reducible, it follows that
the corresponding one-dimensional subrepresentation or quotient
Epresentation the number

5 an integer, p; being the eigenvalues of the Jordan blocks E;. Therefore, by
F oposmon 5.1, we conclude that v,_is an integral number. Since ¥ is
educlble it follows from Proposition 5.3 for n = 3 that y,, < 1, and so

&, = 0. Now Theorem 2 follows from Corollary 6.1.

roof of Theorem 3.

j!_ First we shall prove the theorem for p = 3, for which it is sufficient to
fconstruct a representation (2) that satisfies the conditions of Corollary 6.1.
Let us consider the system ((4), (5.36)). Since the number of points 7 is
‘greater than three, there are 2-vectors bs, ..., b, such that b, ¥ 0 for

ef =2, .., n and

(6.16) S b; =0, rank ‘B =2, j=2, .. ., n
I=32

:.___.where we set

0 zY 0 _ 0 b
(6.17) B L 22 - (o ), ‘Bt ==-(0 )
\o B 0 B

Here B’ are the matrices given by.(S 36), and ¥ = 7,/2, where v, is the
.; " Fuchsian weight of the monodromy represcntahon (2) of ((4), (5.36)), and
f 7> 0

45
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Let us consider the system ((4), (6.17)). By virtue of (6.16), the system
satisfies condition (5). We claim that the monodromy representation of the
system satisfies the conditions of Corollary 6.1.

It follows from the construction of ((4), (6.17)) that conditions b) and ¢) of
Corollary 6.1 are satisfied.

Since for i > 1 the matrices ‘B’ given by (6.17) can be reduced to Jordan
blocks, we find from (2.11) and (2.14) that the same is true for the matrices E;,
and so for G; = exp(2nikE;).

We consider the space of solutions of ((4), (6.17)) in a neighbourhood of
a; = 0. Let Ty(») be the fundamental matrix of ((4), (5.36)) given by (5.38).
Then

1 812 813
(6.18) r={0
0 1

is the fundamental matrix for ((4), (6.17)). Substituting 7(y) into this system,

we get
del‘z_ = 7Y “182_2 —+ Z (bigegg + blisesz)i
(6.19) J "
d , 1 i i
;:3 =gz ¥-lg,, + Z e (Biseas + biseas)-
. i=3

Since it follows from Remark 5.1 that
Py (e22) = V. @y (exs) 2 0, @ (e35) = —7. ¢ (eas) 22 7'»
where @1(f) is the normalization of f at 4, = 0, we find from (6.19) that
' , d d ,
(6‘20) (pl( eﬂ)=_"in (pl( ;;3')2 -7 —1.

It follows from (6.20) that a; = 0 is a regular singular point for ((4), (6.17)).
The matrix E; in the factorization (2.8) of 7(y) has the form

¢ a B
(6.21) E, = (0 0 1) .
0 00

If the equality & = 0 were satisfied, ¥ would be of the form
1 0 Bplny
yF = 0 1 Iny
¢ 0 1

and e, in (6.18) Would. be a single-valued meromorphic fuﬁction ina

neighbourhood of a; = 0. But then (91( L ) would be non-negative if e15(z)
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plomorphic and it would be less than —1 if ), had a pole at ¢; = 0.
obtained a contradiction with the first equality in (6.20). This means
0in (6.21) and E; can be reduced to a Jordan block. Therefore, Gy
ame property. Condition a) of Corollary 6.1 is satisfied.

s, the Riemann — Hilbert problem for the monodromy representation 2
. (6.17)) has a negative solution.

consider the matrices

ye

o ... 0

0.
o ... 0 'B

¢ monodromy representation (2) of ((4), (6.22)) there are no Fuchsian
s that realize the representation. Theorem 3 is proved.

iple 6.1. For the monodromy representation (2) of the system

01 O i L (0 80,
0 =1{l0 0 210 —1 1
®2) I ((o —z) I (0 —1 1) 1t

+-;—(

z

0

0 0 2 , (0 —3 —3\__4

0 —1 —1 z:1 + |0 —1 1"3‘"____1_;
¢ 1 1 (| G | 2

 regular singular points 0, —1, 1, 1/2, there are no Fuchsian systems that
the representation.

y virtue of (2.10), from Corollary 5.1 and from the proof of Theorem 3,
& obtain the following result.

ollary 6.2. Let a representation (2) of dimension p = 3 satisfy conditons a),
¢) of Corollary 6.1. Then there is a system (3) with monodromy (2) and
regular singular points ay, ..., a, that is Fuchsian at all the points except

where the order of the pole of the matrix of coefficients is equal to ?—g’- + 1,
arid ‘there are no such systems with a pole of order less than %’— + 1.
f From Proposition 5.3 and Corollary 6.2 we obtain the following result.

.- 5r.allary 6.3. For any representation (2) of dimension p = 3 there i;"a system
[3) with regular singular points ay, ..., Gx and with monodromy (2) that is

__ uchsian at all the points except perhaps one, where the order of the pole of
__.e matrix of coefficients does not exceed [-"2— ] where [x) is the integral part

_af X.
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We write (2) in the form yx = x(a) (see (5.42) and (5.43)). From
Proposition 5.6 and Coroliary 6.1 we obtain the following result.

Corollary 6.4. For any sequence of points a = (ay, ..., Gn), Gny representation
(5.43) of dimension p = 3, and any & > 0, there is a sequence of points

d = (a, ..., a,) such that \@;—a;| < € and the Riemann— Hilbert problem for
v(a) is soluble. '

Corollary 6.4 means that there are no sequences of (3 x 3)-matrices Gy, ..., Gn
with Gy. ... .G, = I such that the Riemann — Hilbert problem for the
representation y(a) has a negative solution for ail sequences of points
a = (a1, ... Gp)

§7. The Fuchsian weight and two-dimensional holomorphic vector bundles
on the Riemann sphere

For any complex vector bundle with constant transition functions one can
introduce an integrable holomorphic connection (see [24]). Let (€, oo ;,) be
an arbitrary basis of sections of the bundle F’|y, where F’ denotes the vector
bundle associated with the bundle comstructed in part 1.3 of §1. The
holomorphic connection on F’ will be denoted by V', and the matrix of this
connection in the basis (¢}, ..., ef,) by o'. Let f denote the coordinates of a
section 5 in (¢'). Then

V= (d— o)}

Thus, V' defines a family of local systems of differential equations on CP\D:
(7.1) {d— o) f=0.

In a basis (53, ..., 5p) consisting of p global holomofphic sectiohs that are .

linearly independent at any point, which exists because F’ is a holomorphically
trivial section, (7.1) defines a system of linear differential equations (3) on the
entire set CP'\D. It follows from the construction of the system that its
monodromy coincides with (2). If we pass from (51, .oy Sp) 10 (51, -es Sp) =

= (51, ..., ST ~X(2), then the system (3) constructed from v’ will turn into

df = o'f,

where @’ is given by (1.5). Thus, any connection defined on the trivial bundle
is equivalent to a system of linear differential equations (to within scale
transformations (1.5)). : :

We extend (F', V') to a bundle with a connection (F © ¥% on the entire set
CP! in the following way. Let O; be a neighbourhood of a; that has simply-
connected intersections with neighbourhoods Uy, ..., U, belonging to a
covering {U»}. (See Fig. 2, where k = 3)

The bundle F”in part 1.3 of §1 is constructed in such a way that only one:
of the transition functions gxr: Us, N Uy, — GL(p; C) differs from I. Let
g1x be this function; then gix = G;. We choose the branch of (y-a,-)E‘ on
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Uy, with E; given by (2.5) that corresponds to the sheet of the covering
j: Uy, that contains the point y; € §; mentioned earlier. We set

) gn = (3 — a)",

~a;)* is the chosen branch. We denote by go, the analytic
tion of go; in O; M U,, along a path around g4; oriented in the -
kwise direction, and so on. Then we obtain

.3) ok = Z01°Gi = Eor-Eaxc
M Uy, M U,,. The extension of F’ to all 4; € D as described above
denoted by F°. If (ef, ..., e";) is a basis of horizontal sections in F'|y,

means that the matrix ©" of V' does not vanish in this basis), then it
from (7.2) and (7.3) that (&, ..., ép) (ef, ... e") gor' is a basis in

0331: == dgm;'g&% = F; p & :

ellows from (7.4) that V' can be extended to a connection V° on the eatire

e F° that is holomorphic on F° except at the pomts belonging to D,

V? has poles of the first order.

[20] the constructed extension (FC, V%) is called the Manin extension of

BV'). (In [20] the extension is constructed for an r-dimensional manifold

#a divisor D with normal intersections.) The connection V? has the given

Riodromy (2). Moreover, if F® were holomorphically trivial, then the

an — Hilbert problem for (2) would be soluble. But, as a rule, F° is
ogically non-trivial, because its first Chern class ¢; is equal to

b (7.5) e, = Sp E.

=]

e assume that the identification H 2CcP, 7) = Z is given)!

Fig. 2

or the principal bundle there is always a meromorphic section that is holomorphically
rtible outside the set of points ay, ..., 4y, independently of whether the associated

dle FU is trivial or not. Using this section rather than that of F’ given in part 1.3, we
ain a system with the given monodromy and with regular singular points 4, ..., ;.

49

According to (1.5), the matrix o§ of V' in the basis (§;, ... E-»P)loiﬂUak
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Let us consider all possible extensions (Fy, Vi) of (F’, V') onto the entire
et CP! such that the extended connection V; has simple poles at the points
belonging to D. All such extensions at 4; can be described with the aid of
Proposition 2.3. In fact, let E; be reduced to the Jordan normal form. We
consider a block matrix 4; such that each A; corresponds to a Jordan block
E™ of E; and A7 = diag(bT, .., b¥ ), where k, is the dimension of block,
preZ, and B > .. > bL. We replace the transition function go; in (7.2) by

A; a -
(7.6) ' gor = (2 —ai)™ (32— ai)

where 4™ is an arbitrary matrix described above. It follows from
Propositions 2.1—2.3 that by extending the bundle (F’, V') to all points a;
with the aid of (7.6), we obtain a bundle (F, V,) with A = (Ay, ..., Ag) such
that the connection V;, has singularities of Fuchsian type at the points g; € D.

Proposition 1.1. The Riemann — Hilbert problem for the reprsentation (2) is
soluble if and only if at least one of the bundles F, is holomorphically trivial.

The prodf follows from Proposition 2.3. | -
By the Birkhoff —Grothendieck theorem [5], any holomorphic vector bundle
Fon CP' can be represented as a direct sum of one-dimensional bundles:

(1.7 F=0k)D...DOE)

where €(!) is a bundle defined by two neighbourhoods Up = CP'\0 and
U, = CP'\co and the transition function go1 = 2!, where I € Z.

The sequence of numbers ky = ... 2 kp in (7.7), which we shall call the
Grothendieck indices, uniquely defines the holomorphic type of F, while the
topological type of F is completely defined by the first Chern class
¢; = k1 + ... +k, of the bundle.

Proposition 1.2. Let (F © ¥° be a bundle constructed from a representation )
of dimension p = 2 and of Fuchsian weight v,. Then

(7'8) | kl - kﬂ = Y%
where k1, ko are the Grothendieck indices of F 0

Proof. Let us consider the space X of solutions of a Fuchsian system (4)
with the given monodromy (2) and with Fuchsian weight v,. According to
Corollary 5.1, we can assume that the system is of the form (5.9)—(5.13),
where, according to Proposition 5.2, the number m in (5.13) satisfies the
inequality m 2 Yy

Let us consider the bundle F; defined by the neighbourhoods U; = CP'\a
and Us = O; and the transition function go= Unz)(z—ap™!, where U,(z) and
A; are given by (5.12) and (5.13). It is not difficult to show that the buadles
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B F° are holomorphically equivalent. It follows from (5.13) and (5.11)

(7.9) U (0 (2 — a)™ = (s — a1 U a),

U’ ( ) 1 c(z—-al)"l*?x 1 . :l
Z) =
PR z)kmc 1 (t-+oth)

{(z—a

Blomorphically invertible in O; by virtue of the condition m > v,. Thus,
; holomorphlcaily equivalent to the bundle

- . O (—b + Vo) B O {(—b - vy),

.-(7-10) by = ~—b A4 Vg ky = —b — 11, By — ks = ¥

®hark 7.1. From (7.5) and the fact that k; +k; = ¢;, where ¢ is the first
B class of FY, it follows that

4 n n
] 1 1 1 1
die .} LAY k=t TESP Ei ky=——5n+ TZSPEi«
3 _.- i=]1 fi=1
'_ ollary 1.1. Any two-dmtenszonal holomorphic vector bundle on CP' is
®omorphically equivalent to a bundle F that is a continuation of the Manin

Bndle constructed from an irreducible representation (2).

f The proof follows from (7.7) and Propositions 5.4 and 7.2.

F 1t follows that for any two-dimensional holomorphic vector bundle £ on

' we can introduce an irreducible connection V;, that is holomorphic in the
gmplement of a finite set of points, where it has singularities of the type of
plc polcs We shall call such a connection an irreducible Fuchsian
Wc dcnote by ny, the number of singular points of an irreducible Fuchsian
Fonnection V,. let us consider the set A of all such connections and put

n = min k.
Corollary 1.2. The number n is connected with the Grothendieck indices ky and
k» of E by the following relation, which holds for ky > k»:

(7.12) n—2 =l — ke

[ The proof follows from Proposmons 5.4 and 7.2 (ky > k2).
\ap | '? Therefore, the holomorphic type (%, k,) of a bundle on CP! is completely
d Lictermined by the Chern class k; +k, (which is a topological invariant) and
es - thc least number n = k;—k,+2 of singular points for all irreducible Fuchsian
B connections of the given bundle (which is an analytic invariant).
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We consider the bundle (F, Vo) cpn_structed by means of (7.6) for
A; = diag(—ky, —kp) and 4; = ..., L, .. = 4, = 0. From Proposition 7.1
and Corollary 5.1 we obtain the following corollary.

Corollary 7.3. _F(f is a holomorphically trivial bundle for some |.

We consider a finite covering ! of the Riemann sphere CPl. LetWbea
covering such that ¥8 < U (for the notation see [30), Russian ed., p. 117).
The holomorphic vector bundle E on CP' is defined by a cocycle

fr € T* (W; O8LE),
Propositions 7.2 and 5.6 yield the following result.

Proposition '1.3. For any two-dimensional holomorphic vector bundle E on CP'
with the first Chern class ¢y and for any ¢ > 0 there is a holomorphic vector
bundle E' such that || fe—fe'llcapy < & and the Grothendieck indices ki and k3
of E' are equal 10

’ 1 ’ ’
by = [ 61:3!_ ] , ha=cy—ky
where [x] is the integral part of the number x.
From Proposition 7.2 we obtain the following formulation of Corollary 6.1.

Proposition 1.4. The Riemann— Hilbert problem for a representation (2) of
dimension p = 3 has a negative solution if and only if the following three
conditions are satisfied:

1) all local representations (2.3) constructed from (2) are irreducible;

2) the representation (2) is reducible and the corresponding two-dimensional
subrepresentation or quotient representation X is irreducible;

3) the Grothendieck indices ky and ko of the Manin extension of the bundle
constructed from vy are distinct.

Conclusion

1. Several formulations of the problem of reconstructing a Fuchsian equation
from a representation (2) can be extracted from Riemann’s work [25]. All of
the formulations can be reduced to the following four:

1) the 21-st Hilbert problem formulated in the class of Fuchsian linear
differential equations of order p (in what follows we denote it by H.); -

2) the 21-st Hilbert problem in the class of Fuchsian linear systems (the
R.—H. problem); _

3) the analogue of the H. problem formulated in the class of Fuchsian
linear differential equations with additional “dummy” singularities (that is,
singularities that do not contribute to the monodromy); we denote the
problem by H.D.; o T '
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é e analogue of the R.—H. problem formulated in the class of systems
pegular singular points (the R.S. problem).

example, the problem of defining a system of p functions that are

¢ outside the set of points ai, ..., a4, have finite poles at ay, ..., g,, and
o the given transformations for any path around these points, which
sed by Riemann in 1857, can be reduced in the obvious way to the
rroblem (see [25]). The R.—H. problem and the R.S. problem with
tional dummy singularities can easily be reduced to the R.S. problem.
tam such a reduction, one should use Lemma 4.1 and the scale

) for all dummy singular points b;.)

ollows from Plemelj’s results [7] that the R.S. problem is soluble.

e’s results [20} and the paper [26] by Nastold yield the solubility of the
roblem. (See [27] and [28] for information on the number of additional
my singular points arising for the solution of the H.D. problem.)

BSince the H. problem for the representation (2) is soluble, the solubility of
& analogous R.—H. problem follows (sec [28]). Finally, the solubility of the
BS. problem does not imply that the R.—H. problem is soluble (Example 6.1),
d the solubility of the R.—H. problem for some representation (2) does not
@iply that the H. problem for this representation is soluble [28]. Everything
above can be reduced to the following diagram. (An oval shape means
fhat the corresponding problem is soluble for all representations. An arrow
fheans that the solubility of one of the problems for a given representation
.;? implies the solubility of the other.)

ormatlon Li(z)= ( z:

»l

-

4 i3
kg 3

1.

The 21-st Hilbert problem for systems
(thc Riemann— Hllbcrt problem)

The 21 st Hilbert problem The Riemann~Hilbert problem
for equations for systems with regular
\\\ /’/ ' singular points

| The Hilbert problem for
on 3 . equations with additional
»f dummy singularities

2 The classical Riemann— Hilbert problem admlts several generaliztions. An
E analogous problem on a Riemann surface was considered in Réhrl’s papers
" [17] and [29], already mentioned in the Introduction, and in [30]—[33].
E The articles by Rohrl [17] and Deligne [20] gave an impetus to the
b formulation and the study of the multidimensional Riemann — Hilbert problem,
L which consists in studying the question of the existence of a completely
integrable Pfaffian system of Fuchsian type on a complex analytic manifold
M* with a given divisor of singularities D and with a given monodromy group.
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The first results obtained in this direction were concerned with the analysis
of some trivial cases: a contractible Stein manifold (in this case the solubility
of the Riemann — Hilbert problem was proved by Gerard in [34]) and an
n-dimensional complex projective space for a commutative monodromy
[35]—{37). In [35] and [38] the first examples of negative solutions of the
multidimensional Riemann — Hilbert problem were obtained.

It was also proved that the multidimensional Riemann — Hilbert problem on
a projective manifold and on a Stein manifold is soluble in the class of
systems with additional dummy singularities [39]. Moreover, it was proved in
[40] that the problem is soluble on a connected Stein manifold of dimension
two with the condition H2(M", Z) = 0. Necessary conditions for the
Riemann— Hilbert problem to be soluble, expressed in terms of a representation
of the fundamental group, were obtained in [41]. One of the obstacles in the
path of the solution of the multidimensional Riemann —Hilbert problem is that
thé problem concerning the description of the local space of solutions of a
Pfaffian system of Fuchsian type has not been solved so far. (The construction
of such a space for a divisor D with a normal intersection was studied in
[42]—[441.

3. The Riemann—Hilbert problem and its analogues have many applications
in various areas of mathematics, physics, and mechanics. Among these
applications we should like to mention the interesting applications to quantum
field theory [45]—[49], the Wiener-Hopf theory [50}, and mechancs [51]. For
more detailed information about these applications, see {52}

Various aspects of the Riemann — Hilbert problem are presented in [531—{59].
(The last two of these articles are connected with the multidimensional
Riemann — Hilbert problem.) '
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