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1 Introduction
Several results point to deep relations between noncommutative geometry and
class ﬁeld theory ([3], [10], [20], [22]). In [3] a quantum statistical mechanical
system (BC) is exhibited, with partition function the Riemann zeta function
ζ(β), and whose arithmetic properties are related to the Galois theory of the
maximal abelian extension of Q. In [10], this system is reinterpreted in terms of
the geometry of commensurable 1-dimensional Q-lattices, and a generalization
is constructed for 2-dimensional Q-lattices. The arithmetic properties of this
GL2 -system and its extremal KMS states at zero temperature are related to
the Galois theory of the modular ﬁeld F , that is, the ﬁeld of elliptic modular
functions. These are functions on modular curves, i.e. on moduli spaces of
elliptic curves. The low temperature extremal KMS states and the Galois
properties of the GL2 -system are analyzed in [10] for the generic case of elliptic
curves with transcendental j-invariant. As the results of [10] show, one of
the main new features of the GL2 -system is the presence of symmetries by
endomorphism, as in (8) below. The full Galois group of the modular ﬁeld
appears then as symmetries, acting on the set of extremal KMSβ states of the
system, for large inverse temperature β.
In both the original BC system and in the GL2 -system, the arithmetic
properties of zero temperature KMS states rely on an underlying result of
compatibility between adèlic groups of symmetries and Galois groups. This
correspondence between adèlic and Galois groups naturally arises within the
context of Shimura varieties. In fact, a Shimura variety is a pro-variety deﬁned
over Q, with a rich adèlic group of symmetries. In that context, the compatibility of the Galois action and the automorphisms is at the heart of Langlands program. This leads us to give a reinterpretation of the BC and the GL2
∗
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systems in the language of Shimura varieties, with the BC system corresponding to the simplest (zero dimensional) Shimura variety Sh(GL1 , ±1). In the
case of the GL2 system, we show how the data of 2-dimensional Q-lattices and
commensurability can be also described in terms of elliptic curves together
with a pair of points in the total Tate module, and the system is related to
the Shimura variety Sh(GL2 , H± ) of GL2 . This viewpoint suggests considering
our systems as noncommutative pro-varieties deﬁned over Q, more speciﬁcally
as noncommutative Shimura varieties.
This point of view, which we discuss here only in the simplest case of
G = GL1 and G = GL2 was extended to a wide class of Shimura varieties by
E. Ha and F. Paugam, [13]. They constructed generalizations of the BC and
GL2 system that provide noncommutative Shimura varieties, and investigated
the arithmetic properties of their partition functions and KMS states.
In our paper [11], we construct a quantum statistical
mechanical system
√
associated to an imaginary quadratic ﬁeld K = Q( −d), d > 0 a positive
integer. Just like the BC and the GL2 systems are based on the geometric
notion of Q-lattices and commensurability, this “complex multiplication system” (CM) is based on an analogous geometric notion of commensurability of
1-dimensional K-lattices.
The arithmetic properties of the CM system fully incorporate the explicit
class ﬁeld theory for the imaginary quadratic ﬁeld K, and its partition function
is the Dedekind zeta function ζK (β) of K. Thus, the main result of [11], which
we recall here in Theorem 24 below, gives a complete answer, in the case of an
imaginary quadratic ﬁeld K, to the following question, which has been open
since the work of Bost and Connes [3].
Problem 1. For some number ﬁeld K (other than Q) exhibit an explicit
quantum statistical mechanical system (A, σt ) with the following properties:
1. The partition function Z(β) is the Dedekind zeta function of K.
2. The system has a phase transition with spontaneous symmetry breaking
at the pole β = 1 of the zeta function.
3. There is a unique equilibrium state above critical temperature.
4. The quotient CK /DK of the idèles class group of K by the connected
component of the identity acts as symmetries of the system (A, σt ).
5. There is a subalgebra A0 of A with the property that the values of extremal ground states on elements of A0 are algebraic numbers and generate the maximal abelian extension K ab .
6. The Galois action on these values is realized by the induced action of
CK /DK on the ground states, via the class ﬁeld theory isomorphism θ :
CK /DK → Gal(K ab /K).
The BC system satisﬁes all the properties listed in Problem 1, in the case
of K = Q. It is natural, therefore, to pose the analogous question in the case of
other number ﬁelds. Some important progress in the direction of generalizing
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the BC system to other number ﬁelds was done by Harari and Leichtnam [16],
Cohen [5], Arledge, Laca and Raeburn [1], Laca and van Frankenhuijsen [20].
However, to our knowledge, the ﬁrst construction of a system satisfying all
the conditions posed in Problem 1, with no restriction on the class number of
K, was the one obtained in [11]. As we shall discuss at length in the present
paper, one reason why progress in the solution of Problem 1 is diﬃcult is that
the requirement on the Galois action on ground states (zero temperature KMS
states) of the system is very closely related to a diﬃcult problem in number
theory, namely Hilbert’s 12th problem on explicit class ﬁeld theory. We will
argue in this paper that Problem 1 may provide a new possible approach to
Hilbert’s 12th problem.
In this perspective, the BC system √
and the CM system of [11] cover the
two known cases (K = Q and K = Q( −d)) of Hilbert’s 12th problem. We
analyze closely the properties of both the BC and the CM system, in order
to understand what new insight they may give on this problem and in what
part instead they depend on the number theoretic solution.
The new CM system we constructed in [11] can be regarded in two diﬀerent
ways. On the one hand, it is a generalization
of the BC system of [3], when
√
changing the ﬁeld from Q to K = Q( −d), and is in fact Morita equivalent
to the one considered in [20], but with no restriction on the class number.
On the other hand, it is also a specialization of the GL2 -system of [10] to
elliptic curves with complex multiplication by K. The KMS∞ states of the
CM system can be related to the non-generic KMS∞ states of the GL2 -system,
associated to points τ ∈ H with complex multiplication by K, and the group
of symmetries is the Galois group of the maximal abelian extension of K.
Here also symmetries by endomorphisms play a crucial role, as they allow
for the action of the class group Cl(O) of the ring O of algebraic integers
of K, so that the properties of Problem 1 are satisﬁed in all cases, with no
restriction on the class number of K.
As we showed in [11], the CM system can be realized as a subgroupoid
of the GL2 -system. It has then a natural choice of an arithmetic subalgebra
inherited from that of the GL2 -system. This is crucial, in order to obtain the
intertwining of Galois action on the values of extremal KMS states and action
of symmetries of the system.
The paper is structured as follows. In Sections 2 and 3 we discuss the
relation between Problem 1 and Hilbert’s 12th problem and the geometry
of the BC and GL2 system from the point of view of Shimura varieties. In
Section 4 we recall the construction and main properties of the CM system,
especially its relation to the explicit class ﬁeld theory for imaginary quadratic
ﬁelds. We also compare it with the BC and GL2 systems and with previous
systems introduced as generalizations of the BC system.
We summarize and compare the main properties of the three systems (BC,
GL2 , and CM) in the following table.
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System

GL1

GL2

CM

Partition function

ζ(β)

ζ(β)ζ(β − 1)

ζK (β)

Symmetries

A∗f /Q∗

GL2 (Af )/Q∗

A∗K,f /K ∗

Symmetry group

Compact

Locally compact

Compact

Automorphisms

Ẑ∗

GL2 (Ẑ)

Ô∗ /O∗

GL+
2 (Q)

Cl(O)

Aut(F )

Gal(K ab /K)

Endomorphisms
Galois group

Gal(Qab /Q)

Extremal KMS∞ Sh(GL1 , ±1) Sh(GL2 , H± )

A∗K,f /K ∗

1.1 Notation
In the table above and in the rest of the paper, we denote by Ẑ the proﬁnite
completion of Z and by Af = Ẑ ⊗ Q the ring of ﬁnite adeles of Q. For any
abelian group G, we denote by Gtors the subgroup of elements of ﬁnite order.
For any ring R, we write R∗ for the group of invertible elements, while R×
denotes the set of nonzero elements of R, which is a semigroup if R is an
integral domain. We write
√ O for the ring of algebraic integers of the imaginary
quadratic ﬁeld K = Q( −d), where d is a positive integer. We also use the
notation
Ô := O ⊗ Ẑ

AK,f = Af ⊗Q K

and

IK = A∗K,f = GL1 (AK,f ).

(1)

Notice that K ∗ embeds diagonally into IK .
The modular ﬁeld F is the ﬁeld of modular functions over Qab (cf. e.g.
[21]). This is the union of the ﬁelds FN of modular functions of level N rational
over the cyclotomic ﬁeld Q(ζN ), that is, such that the q-expansion at a cusp
has coeﬃcients in the cyclotomic ﬁeld Q(ζN ).
G. Shimura determined the automorphisms of F (cf. [32]). His result
∼

→ Aut(F ),
GL2 (Af )/Q∗ −
is a non-commutative analogue of the class ﬁeld theory isomorphism which
provides the canonical identiﬁcations
∼

θ : IK /K ∗ −
→ Gal(K ab /K) ,
∼

and A∗f /Q∗+ −
→ Gal(Qab /Q).

(2)
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2 Quantum Statistical Mechanics and Explicit Class
Field Theory
The BC quantum statistical mechanical system [2, 3] exhibits generators of
the maximal abelian extension of Q, parameterizing extremal zero temperature states. Moreover, the system has the remarkable property that extremal
KMS∞ states take algebraic values, when evaluated on a rational subalgebra
of the C ∗ -algebra of observables. The action on these values of the absolute
Galois group factors through the abelianization Gal(Qab /Q) and is implemented by the action of the idèle class group as symmetries of the system, via
the class ﬁeld theory isomorphism. This suggests the intriguing possibility of
using the setting of quantum statistical mechanics to address the problem of
explicit class ﬁeld theory for other number ﬁelds.
In this section we recall some basic notions of quantum statistical mechanics and of class ﬁeld theory, which will be used throughout the paper.
We also formulate a general conjectural relation between quantum statistical
mechanics and the explicit class ﬁeld theory problem for number ﬁelds.
2.1 Quantum Statistical Mechanics
A quantum statistical mechanical system consists of an algebra of observables,
given by a unital C ∗ -algebra A, together with a time evolution, consisting
of a 1-parameter group of automorphisms σt , (t ∈ R), whose inﬁnitesimal
generator is the Hamiltonian of the system, σt (x) = eitH xe−itH . The analog
of a probability measure, assigning to every observable a certain average, is
given by a state, namely a continuous linear functional ϕ : A → C satisfying
positivity, ϕ(x∗ x) ≥ 0, for all x ∈ A, and normalization, ϕ(1) = 1. In the
quantum mechanical framework, the analog of the classical Gibbs measure is
given by states satisfying the KMS condition (cf. [15]).
Deﬁnition 2. A triple (A, σt , ϕ) satisﬁes the Kubo-Martin-Schwinger (KMS)
condition at inverse temperature 0 ≤ β < ∞, if the following holds. For all
x, y ∈ A, there exists a holomorphic function Fx,y (z) on the strip 0 < Im(z) <
β, which extends as a continuous function on the boundary of the strip, with
the property that
Fx,y (t) = ϕ(xσt (y))

and

Fx,y (t + iβ) = ϕ(σt (y)x),

∀t ∈ R.

(3)

We also say that ϕ is a KMSβ state for (A, σt ). The set Kβ of KMSβ states
is a compact convex Choquet simplex [4, II §5] whose set of extreme points
Eβ consists of the factor states. One can express any KMSβ state uniquely in
terms of extremal states, because of the uniqueness of the barycentric decomposition of a Choquet simplex.
At 0 temperature (β = ∞) the KMS condition (3) says that, for all x, y ∈
A, the function
(4)
Fx,y (t) = ϕ(x σt (y))
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extends to a bounded holomorphic function in the upper half plane H. This
implies that, in the Hilbert space of the GNS representation of ϕ (i.e. the
completion of A in the inner product ϕ(x∗ y)), the generator H of the oneparameter group σt is a positive operator (positive energy condition). However, this notion of 0-temperature KMS states is in general too weak, hence
the notion of KMS∞ states that we shall consider is the following.
Deﬁnition 3. A state ϕ is a KMS∞ state for (A, σt ) if it is a weak limit of
KMSβ states, that is, ϕ∞ (a) = limβ→∞ ϕβ (a) for all a ∈ A.
One can easily see the diﬀerence between the KMS condition at zero tempretature and the notion of KMS∞ states given in Deﬁnition 3, in the simple
case of the trivial time evolution σt = id , ∀t ∈ R. In this case, any state
has the property that (4) extends to the upper half plane (as a constant). On
the other hand, only tracial states can be weak limits of β-KMS states, hence
the notion given in Deﬁnition 3 is more restrictive. With Deﬁnition 3 we still
obtain a weakly compact convex set Σ∞ and we can consider the set E∞ of
its extremal points.
The typical framework for spontaneous symmetry breaking in a system
with a unique phase transition (cf. [14]) is that the simplex Σβ consists of a
single point for β  βc i.e. when the temperature is larger than the critical
temperature Tc , and is non-trivial (of some higher dimension in general) when
the temperature lowers. A (compact) group of automorphisms G ⊂ Aut(A)
commuting with the time evolution,
σt αg = αg σt

∀g ∈ G, t ∈ R,

(5)

is a symmetry group of the system. Such G acts on Σβ for any β, hence on the
set of extreme points E(Σβ ) = Eβ . The choice of an equilibrium state ϕ ∈ Eβ
may break this symmetry to a smaller subgroup given by the isotropy group
Gϕ = {g ∈ G , gϕ = ϕ}.
The unitary group U of the ﬁxed point algebra of σt acts by inner automorphisms of the dynamical system (A, σt ), by
(Adu) (a) := u a u∗ ,

∀a ∈ A ,

(6)

for all u ∈ U. One can deﬁne an action modulo inner of a group G on the
system (A, σt ) as a map α : G → Aut(A, σt ) fulﬁlling the condition
α(gh) α(h)−1 α(g)−1 ∈ Inn(A, σt ) ,

∀g, h ∈ G ,

(7)

i.e. , as a homomorphism α : G → Aut(A, σt )/U. The KMSβ condition shows
that the inner automorphisms Inn(A, σt ) act trivially on KMSβ states, hence
(7) induces an action of the group G on the set Σβ of KMSβ states, for
0 < β ≤ ∞.
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More generally, one can consider actions by endomorphisms (cf. [10]),
where an endomorphism ρ of the dynamical system (A, σt ) is a ∗-homomorphism ρ : A → A commuting with the evolution σt . There is an induced action
of ρ on KMSβ states, for 0 < β < ∞, given by
ρ∗ (ϕ) :=

ϕ◦ρ
,
ϕ(ρ(1))

(8)

provided that ϕ(ρ(1)) = 0, where ρ(1) is an idempotent ﬁxed by σt .
An isometry u ∈ A, u∗ u = 1, satisfying σt (u) = λit u for all t ∈ R and for
some λ ∈ R∗+ , deﬁnes an inner endomorphism Adu of the dynamical system
(A, σt ), again of the form (6). The KMSβ condition shows that the induced
action of Adu on Σβ is trivial, cf. [10].
In general, the induced action (modulo inner) of a semigroup of endomorphisms of (A, σt ) on the KMSβ states need not extend directly (in a nontrivial
way) to KMS∞ states. In fact, even though (8) is deﬁned for states ϕβ ∈ Eβ ,
it can happen that, when passing to the weak limit ϕ = limβ ϕβ one has
ϕ(ρ(1)) = 0 and can no longer apply (8).
In such cases, it is often still possible to obtain an induced nontrivial
action on E∞ . This can be done via the following procedure, which was named
“warming up and cooling down” in [10]. One considers ﬁrst a map Wβ : E∞ →
Eβ (called the “warming up” map) given by
Wβ (ϕ)(a) =

Tr(πϕ (a) e−β H )
,
Tr( e−β H )

∀a ∈ A .

(9)

Here H is the positive energy Hamiltonian, implementing the time evolution
in the GNS representation πϕ associated to the extremal KMS∞ state ϕ.
Assume that, for suﬃciently large β, the map (9) gives a bijection between
KMS∞ states (in the sense of Deﬁnition 3) and KMSβ states. The action by
endomorphisms on E∞ is then deﬁned as
ρ∗ (ϕ)(a) := lim ρ∗ (Wβ (ϕ))(a)
β→∞

∀a ∈ A.

(10)

This type of symmetries, implemented by endomorphisms instead of automorphisms, plays a crucial role in the theory of superselection sectors in
quantum ﬁeld theory, developed by Doplicher–Haag–Roberts (cf.[14], Chapter IV).
States on a C ∗ -algebra extend the notion of integration with respect to a
measure in the commutative case. In the case of a non-unital algebra, the multipliers algebra provides a compactiﬁcation, which corresponds to the Stone–
Čech compactiﬁcation in the commutative case. A state admits a canonical
extension to the multiplier algebra. Moreover, just as in the commutative
case one can extend integration to certain classes of unbounded functions, it
is preferable to extend, whenever possible, the integration provided by a state
to certain classes of unbounded multipliers.

22

Alain Connes, Matilde Marcolli, and Niranjan Ramachandran

2.2 Hilbert’s 12th Problem
The main theorem of class ﬁeld theory provides a classiﬁcation of ﬁnite abelian
extensions of a local or global ﬁeld K in terms of subgroups of a locally compact abelian group canonically associated to the ﬁeld. This is the multiplicative group K ∗ = GL1 (K) in the local non-archimedean case, while in the
global case it is the quotient of the idèle class group CK by the connected
component of the identity. The construction of the group CK is at the origin
of the theory of idèles and adèles.
Hilbert’s 12th problem can be formulated as the question of providing an
explicit description of a set of generators of the maximal abelian extension
K ab of a number ﬁeld K and an explicit description of the action of the
Galois group Gal(K ab /K) on them. This Galois group is the maximal abelian
quotient of the absolute Galois group Gal(K̄/K) of K, where K̄ denotes an
algebraic closure of K.
Remarkably, the only cases of number ﬁelds for which there is a complete
answer to Hilbert’s 12th problem are the construction of the maximal abelian
extension of Q using torsion points of C∗ (Kronecker–Weber) and the case
of imaginary quadratic ﬁelds, where the construction relies on the theory of
elliptic curves with complex multiplication (cf. e.g. the survey [33]).
If AK denotes the adèles of a number ﬁeld K and JK = GL1 (AK ) is the
group of idèles of K, we write CK for the group of idèle classes CK = JK /K ∗
and DK for the connected component of the identity in CK .
2.3 Fabulous States for Number Fields
We discuss here brieﬂy the relation of Problem 1 to Hilbert’s 12th problem,
by concentrating on the arithmetic properties of the action of symmetries
on the set E∞ of extremal zero temperature KMS states. We abstract these
properties in the notion of “fabulous states” discussed below.
Given a number ﬁeld K, with a choice of an embedding K ⊂ C, the
“problem of fabulous states” consists of the following question.
Problem 4. Construct a C ∗ -dynamical system (A, σt ), with an arithmetic
subalgebra AK of A, with the following properties:
1. The quotient group G = CK /DK acts on A as symmetries compatible
with σt and preserving AK .
2. The states ϕ ∈ E∞ , evaluated on elements of the arithmetic subalgebra
AK , satisfy:
• ϕ(a) ∈ K, the algebraic closure of K in C;
• the elements of {ϕ(a) : a ∈ AK , ϕ ∈ E∞ } generate K ab .
3. The class ﬁeld theory isomorphism


θ : CK /DK −→ Gal(K ab /K)

(11)
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intertwines the actions,
α(ϕ(a)) = (ϕ ◦ θ−1 (α))(a),

(12)

for all α ∈ Gal(K ab /K), for all ϕ ∈ E∞ , and for all a ∈ AK .
4. The algebra AK has an explicit presentation by generators and relations.
It is important to make a general remark about Problem 4 versus the
original Hilbert’s 12th problem. It may seem at ﬁrst that the formulation
of Problem 4 will not lead to any new information about the Hilbert 12th
problem. In fact, one can always consider here a “trivial system” where A =
C(CK /DK ) and σt = id. All states are KMS states and the extremal ones
are just valuations at points. Then one can always choose as the “rational
subalgebra” the ﬁeld K ab itself, embedded in the space of smooth functions
on CK /DK as x → fx (g) = θ(g)(x), for x ∈ K ab . Then this trivial system
tautologically satisﬁes all the properties of Problem 4, except the last one.
This last property, for this system, is then exactly as diﬃcult as the original
Hilbert 12th problem. This appears to show that the construction of “fabulous
states” is just a reformulation of the original problem and need not simplify
the task of obtaining explicit information about the generators of K ab and
the Galois action.
The point is precisely that such “trivial example” is only a reformulation of
the Hilbert 12th problem, while Problem 4 allows for nontrivial constructions
of quantum statistical mechanical systems, where one can use essentially the
fact of working with algebras instead of ﬁelds. The hope is that, for suitable
systems, giving a presentation of the algebra AK will prove to be an easier
problem than giving generators of the ﬁeld K ab and similarly for the action
by symmetries on the algebra as opposed to the Galois action on the ﬁeld.
Solutions to Problem 1 give nontrivial quantum statistical mechanical systems with the right Galois symmetries and arithmetic properties of zero temperature KMS states. (Notice that the trivial example above certainly will
not satisfy the other properties sought for in Problem 1.) The hope is that,
for such systems, the problem of giving a presentation of the algebra AK may
turn out to be easier than the original Hilbert 12th problem. We show in
Proposition 7 in Section 3.3 below how, in the case of K = Q, using the algebra of the BC system of [3], one can obtain a very simple description of Qab
that uses only the explicit presentation of the algebra, without any reference
to ﬁeld extensions. This is possible precisely because the algebra is larger than
the part that corresponds to the trivial system.
A broader type of question, in a similar spirit, can be formulated regarding
the construction of quantum statistical mechanical systems with adèlic groups
of symmetries and the arithmetic properties of its action on zero temperature
extremal KMS states. The case of the GL2 -system of [10] ﬁts into this general
program.
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2.4 Noncommutative Pro-Varieties
In the setting above, the C ∗ -dynamical system (A, σt ) together with a
Q-structure compatible with the ﬂow σt (i.e. a rational subalgebra AQ ⊂ A
such that σt (AQ ⊗ C) = AQ ⊗ C) deﬁnes a non-commutative algebraic (pro)variety X over Q. The ring AQ (or AQ ⊗ C), which need not be involutive,
is the analog of the ring of algebraic functions on X and the set of extremal
KMS∞ -states is the analog of the set of points of X. As we will see for example in (15) and (43) below, the action of the subgroup of Aut(A, σt ) which
takes AQ ⊗ C into itself is analogous to the action of the Galois group on the
(algebraic) values of algebraic functions at points of X.
The analogy illustrated above leads us to speak somewhat loosely of “classical points” of such a noncommutative algebraic pro-variety. We do not attempt to give a general deﬁnition of classical points, while we simply remark
that, for the speciﬁc construction considered here, such a notion is provided
by the zero temperature extremal states.

3 Q-lattices and Noncommutative Shimura Varieties
In this section we recall the main properties of the BC and the GL2 system,
which will be useful for our main result.
Both cases can be formulated starting with the same geometric notion,
that of commensurability classes of Q-lattices, in dimension one and two,
respectively.
Deﬁnition 5. A Q-lattice in Rn is a pair (Λ, φ) , with Λ a lattice in Rn , and
φ : Qn /Zn −→ QΛ/Λ

(13)

a homomorphism of abelian groups. A Q-lattice is invertible if the map (13) is
an isomorphism. Two Q-lattices (Λ1 , φ1 ) and (Λ2 , φ2 ) are commensurable if
the lattices are commensurable (i.e. QΛ1 = QΛ2 ) and the maps agree modulo
the sum of the lattices,
φ1 ≡ φ2

mod Λ1 + Λ2 .

It is essential here that one does not require the homomorphism φ to be
invertible in general.
The set of Q-lattices modulo the equivalence relation of commensurability
is best described with the tools of noncommutative geometry, as explained in
[10].
We will be concerned here only with the case of n = 1 or n = 2 and we will
consider also the set of commensurability classes of Q-lattices up to scaling,
where the scaling action is given by the group S = R∗+ in the 1-dimensional
case and S = C∗ in the 2-dimensional case.
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In these cases, one can ﬁrst consider the groupoid R of the equivalence
relation of commensurability on the set of Q-lattices (not up to scaling). This
is a locally compact étale groupoid. When considering the quotient by the
scaling action, the algebra of coordinates associated to the quotient R/S is
obtained by restricting the convolution product of the algebra of R to weight
zero functions with S-compact support. The algebra obtained this way, which
is unital in the 1-dimensional case, but not in the 2-dimensional case, has
a natural time evolution given by the ratio of the covolumes of a pair of
commensurable lattices. Every unit y ∈ R(0) of R deﬁnes a representation πy
by left convolution of the algebra of R on the Hilbert space Hy = 2 (Ry ),
where Ry is the set of elements with source y. This construction passes to the
quotient by the scaling action of S. Representations corresponding to points
that acquire a nontrivial automorphism group will no longer be irreducible. If
the unit y ∈ R(0) corresponds to an invertible Q-lattice, then πy is a positive
energy representation.
In both the 1-dimensional and the 2-dimensional case, the set of extremal
KMS states at low temperature is given by a classical adèlic quotient, namely,
by the Shimura varieties for GL1 and GL2 , respectively, hence we argue
here that the noncommutative space describing commensurability classes of
Q-lattices up to scale can be thought of as a noncommutative Shimura variety,
whose set of classical points is the corresponding classical Shimura variety.
In both cases, a crucial step for the arithmetic properties of the action
of symmetries on extremal KMS states at zero temperature is the choice of
an arithmetic subalgebra of the system, on which the extremal KMS∞ states
are evaluated. Such choice gives the underlying noncommutative space a more
rigid structure, of “noncommutative arithmetic variety”.
3.1 Tower Power
If V is an algebraic variety – or a scheme or a stack – over a ﬁeld k, a “tower”
T over V is a family Vi (i ∈ I) of ﬁnite (possibly branched) covers of V such
that for any i, j ∈ I, there is a l ∈ I with Vl a cover of Vi and Vj . Thus, I is a
partially ordered set. This gives a corresponding compatible system of covering
maps Vi → V . In case of a tower over a pointed variety (V, v), one ﬁxes a point
vi over v in each Vi . Even though Vi may not be irreducible, we shall allow
ourselves to loosely refer to Vi as a variety. It is convenient to view a “tower”
T as a category C with objects (Vi → V ) and morphisms Hom(Vi , Vj ) being
maps of covers of V . One has the group AutT (Vi ) of invertible self-maps of Vi
over V (the group of deck transformations); the deck transformations are not
required to preserve the points vi . There is a (proﬁnite) group of symmetries
associated to a tower, namely
G := limi AutT (Vi ).
(14)
←−
The simplest example of a tower is the “fundamental group” tower associated with a (smooth connected) complex algebraic variety (V, v) and its
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universal covering (Ṽ , ṽ). Let C be the category of all ﬁnite étale (unbranched)
intermediate covers Ṽ → W → V of V . In this case, the symmetry group G
of (14) is the algebraic fundamental group of V , which is also the proﬁnite
completion of the (topological) fundamental group π1 (V, v). (For the theory
of étale covers and fundamental groups, we refer the interested reader to
SGA1.) Simple variants of this example include allowing controlled ramiﬁcation. Other examples of towers are those deﬁned by iteration of self maps of
algebraic varieties.
For us, the most important examples of “towers” will be the cyclotomic
tower and the modular tower4 . Another very interesting case of towers is
that of more general Shimura varieties. These, however, will not be treated
in this paper. (For a systematic treatment of quantum statistical mechanical
systems associated to general Shimura varieties see [13] and upcoming work
by the same authors.)
3.2 The Cyclotomic Tower and the BC System
In the case of Q, an explicit description of Qab is provided by the Kronecker–
Weber theorem. This shows that the ﬁeld Qab is equal to Qcyc , the ﬁeld
obtained by attaching all roots of unity to Q. Namely, Qab is obtained by
attaching the values of the exponential function exp(2πiz) at the torsion points
of the circle group R/Z. Using the isomorphism of abelian groups Q̄∗tors ∼
= Q/Z
∗
and the identiﬁcation Aut(Q/Z) = GL1 (Ẑ) = Ẑ , the restriction to Q̄∗tors of
the natural action of Gal(Q̄/Q) on Q̄∗ factors as
∼

→ Ẑ∗ .
Gal(Q̄/Q) → Gal(Q̄/Q)ab = Gal(Qab /Q) −
Geometrically, the above setting can be understood in terms of the cyclotomic tower. This has base Spec Z = V1 . The family is Spec Z[ζn ] = Vn
where ζn is a primitive n-th root of unity (n ∈ N∗ ). The set Hom (Vm → Vn ),
non-trivial for n|m, corresponds to the map Z[ζn ] → Z[ζm ] of rings. The
group Aut(Vn ) = GL1 (Z/nZ) is the Galois group Gal(Q(ζn )/Q). The group
of symmetries (14) of the tower is then
G = lim GL1 (Z/nZ) = GL1 (Ẑ),
←
−
n

(15)

which is isomorphic to the Galois group Gal(Qab /Q) of the maximal abelian
extension of Q.
The classical object that we consider, associated to the cyclotomic tower,
is the Shimura variety given by the adèlic quotient
Sh(GL1 , {±1}) = GL1 (Q)\(GL1 (Af ) × {±1}) = A∗f /Q∗+ .
4

(16)

In this paper, we reserve the terminology “modular tower” for the tower of
modular curves. It would be interesting to investigate in a similar perspective the
more general theory of modular towers in the sense of M.Fried.
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Now we consider the space of 1-dimensional Q-lattices up to scaling modulo
commensurability. This can be described as follows ([10]).
In one dimension, every Q-lattice is of the form
(Λ, φ) = (λ Z, λ ρ),

(17)

for some λ > 0 and some ρ ∈ Hom(Q/Z, Q/Z). Since we can identify
Hom(Q/Z, Q/Z) endowed with the topology of pointwise convergence with
Hom(Q/Z, Q/Z) = lim Z/nZ = Ẑ ,
←
−
n

(18)

we obtain that the algebra C(Ẑ) is the algebra of coordinates of the space of
1-dimensional Q-lattices up to scaling.
In fact, using the identiﬁcation
Q/Z ∼
= Af /Ẑ
one gets a natural character e of Af /Ẑ such that
e(r) = e2πi r ∀r ∈ Q/Z
and a pairing of Q/Z with Ẑ such that
r, x = e(r x) ∀r ∈ Q/Z , x ∈ Ẑ.
Thus, we identify the group Ẑ with the Pontrjagin dual of Q/Z and we obtain
a corresponding identiﬁcation
C ∗ (Q/Z) ∼
= C(Ẑ).

(19)

The group of deck transformations G = Ẑ∗ of the cyclotomic tower acts
by automorphisms on the algebra of coordinates C(Ẑ) in the obvious way. In
addition to this action, there is a semigroup action of N× = Z>0 implementing
the commensurability relation. This is given by endomorphisms that move
vertically across the levels of the cyclotomic tower. They are given by

αn (f )(ρ) =

f (n−1 ρ), ρ ∈ nẐ
0

(20)

otherwise.

Namely, αn is the isomorphism of C(Ẑ) with the reduced algebra C(Ẑ)πn
by the projection πn given by the characteristic function of nẐ ⊂ Ẑ. Notice
that the action (20) cannot be restricted to the set of invertible Q-lattices,
since the range of πn is disjoint from them.
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The algebra of coordinates A1 on the noncommutative space of equivalence
classes of 1-dimensional Q-lattices modulo scaling, with respect to the equivalence relation of commensurability, is given then by the semigroup crossed
product
(21)
A = C(Ẑ) α N× .
Equivalently, we are considering the convolution algebra of the groupoid
R1 /R∗+ given by the quotient by scaling of the groupoid of the equivalence
relation of commensurability on 1-dimensional Q-lattices, namely, R1 /R∗+ has
as algebra of coordinates the functions f (r, ρ), for ρ ∈ Ẑ and r ∈ Q∗ such that
rρ ∈ Ẑ, where rρ is the product in Af . The product in the algebra is given by
the associative convolution product
f1 ∗ f2 (r, ρ) =



f1 (rs−1 , sρ)f2 (s, ρ),

(22)

s:sρ∈Ẑ

and the adjoint is given by f ∗ (r, ρ) = f (r−1 , rρ).
This is the C ∗ -algebra of the Bost–Connes (BC) system [3]. It has a natural
time evolution σt determined by the ratio of the covolumes of two commensurable Q-lattices,
(23)
σt (f )(r, ρ) = rit f (r, ρ).
The algebra A1 was originally deﬁned as a Hecke algebra for the almost
normal pair of solvable groups PZ+ ⊂ PQ+ , where P is the algebraic ax + b
group and P + is the restriction to a > 0 (cf. [3]).
As a set, the space of commensurability classes (cf. Deﬁnition 5) of
1-dimensional Q-lattices up to scaling can also be described by the quotient
GL1 (Q)\A· /R∗+ = GL1 (Q)\(Af × {±1}) = Af /Q∗+ ,

(24)

where A· := Af × R∗ is the set of adèles with nonzero archimedean component. Rather than considering this quotient set theoretically, we regard it as
a noncommutative space, so as to be able to extend to it the ordinary tools
of geometry that can be applied to the “good” quotient (16).
The noncommutative algebra of coordinates of (24) is the crossed product
C0 (Af )  Q∗+ .

(25)

This is Morita equivalent to the algebra (21). In fact, (21) is obtained as a
full corner of (25),


C(Ẑ)  N× = C0 (Af )  Q∗+ π ,
by compression with the projection π given by the characteristic function of
Ẑ ⊂ Af (cf. [19]).
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The quotient (24) with its noncommutative algebra of coordinates (25)
can then be thought of as the noncommutative Shimura variety
Sh(nc) (GL1 , {±1}) := GL1 (Q)\(Af × {±1}) = GL1 (Q)\A· /R∗+ ,

(26)

whose set of classical points is the well behaved quotient (16).
The noncommutative space of adèle classes, used in [8] in order to obtain
the spectral realization of the zeros of the Riemann zeta function, is closely
related to the noncommutative Shimura variety (26). First, one replaces A·
with A, as in [8]. This means adding the trivial lattice (the point λ = 0 in
the R-component of A), with a possibly nontrivial Q-structure (given by some
ρ = 0 in Af ). One obtains this way the space
GL1 (Q)\A/R∗+ .

(27)

One then obtains the space of adèle classes of [8] as the dual to (27) under
the duality given by taking the crossed product by the time evolution (i.e. in
the duality between type II and type III factors of [6]). The space obtained
this way is a principal R∗+ -bundle over the noncommutative space
GL1 (Q)\A/R∗+ .

(28)

3.3 Arithmetic Structure of the BC System
The results of [3] show that the Galois theory of the cyclotomic ﬁeld Qcycl
appears naturally in the BC system when considering the action of the group
of symmetries of the system on the extremal KMS states at zero temperature.
In the case of 1-dimensional Q-lattices up to scaling, the algebra of coordinates C(Ẑ) can be regarded as the algebra of homogeneous functions of weight
zero on the space of 1-dimensional Q-lattices. As such, there is a natural choice
of an arithmetic subalgebra.
This is obtained in [10] by considering functions on the space of
1-dimensional Q-lattices of the form

y −1 ,
(29)
1,a (Λ, φ) =
y∈Λ+φ(a)

for any a ∈ Q/Z. This is well deﬁned, for φ(a) = 0, using the summation
N
limN →∞ −N . One can then form the weight zero functions
e1,a := c 1,a ,

(30)

where
√ c(Λ) is proportional to the covolume |Λ| and normalized so that
(2π −1)c(Z) = 1. The rational subalgebra A1,Q of (21) is the Q-algebra generated by the functions e1,a (r, ρ) := e1,a (ρ) and by the functions µn (r, ρ) = 1
for r = n and zero otherwise. The latter implement the semigroup action of
N× in (21).
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As proved in [10], the algebra A1,Q is the same as the rational subalgebra
considered in [3], generated over Q by the µn and the exponential functions
e(r)(ρ) := exp(2πiρ(r)),

for ρ ∈ Hom(Q/Z, Q/Z),

and r ∈ Q/Z,

(31)

with relations e(r + s) = e(r)e(s), e(0) = 1, e(r)∗ = e(−r), µ∗n µn = 1,
µk µn = µkn , and
1 
µn e(r)µ∗n =
e(s).
(32)
n ns=r
The C ∗ -completion of A1,Q ⊗ C gives (21).
The algebra (21) has irreducible representations on the Hilbert space H =
2 (N× ), parameterized by elements α ∈ Ẑ∗ = GL1 (Ẑ). Any such element
deﬁnes an embedding α : Qcycl → C and the corresponding representation is
of the form
(33)
πα (e(r)) k = α(ζrk ) k πα (µn ) k = nk .
The Hamiltonian implementing the time evolution σt on H is of the form
H k = log k k and the partition function of the BC system is then the
Riemann zeta function
∞
 

k −β = ζ(β).
Z(β) = Tr e−βH =
k=1

The set Eβ of extremal KMS-states of the BC system enjoys the following
properties (cf. [3]):
Theorem 6. (Bost–Connes [3]) For the system (A1 , σt ) described above, the
structure of KMS states is the following.
•

Eβ is a singleton for all 0 < β ≤ 1. This unique KMS state takes values
ϕβ (e(m/n)) = f−β+1 (n)/f1 (n),
where
fk (n) =



µ(d)(n/d)k ,

d|n

•

with µ the Möbius function, and f1 is the Euler totient function.
For 1 < β ≤ ∞, elements of Eβ are indexed by the classes of invertible
Q-lattices ρ ∈ Ẑ∗ = GL1 (Ẑ), hence by the classical points (16) of the
noncommutative Shimura variety (26),
Eβ ∼
= GL1 (Q)\GL1 (A)/R∗+ ∼
= CQ /DQ ∼
= IQ /Q∗+ ,

(34)

with IQ as in (1). In this range of temperatures, the values of states ϕβ,ρ ∈
Eβ on the elements e(r) ∈ A1,Q is given, for 1 < β < ∞ by polylogarithms
evaluated at roots of unity, normalized by the Riemann zeta function,
ϕβ,ρ (e(r)) =

∞
1  −β
n ρ(ζrk ).
ζ(β) n=1
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•

The group GL1 (Ẑ) acts by automorphisms of the system. The induced action of GL1 (Ẑ) on the set of extreme KMS states below critical temperature
is free and transitive.
• The extreme KMS states at (β = ∞) are fabulous states for the ﬁeld
K = Q, namely ϕ(A1,Q ) ⊂ Qcycl and the class ﬁeld theory isomorphism
∼
=
θ : Gal(Qcycl /Q) → Ẑ∗ intertwines the Galois action on values with the
action of Ẑ∗ by symmetries,
γ ϕ(x) = ϕ(θ(γ) x),

(35)

for all ϕ ∈ E∞ , for all γ ∈ Gal(Qcycl /Q) and for all x ∈ A1,Q .
This shows that the BC system is a solution to Problem 1 for K = Q.
We return now to the discussion of Section 2.3 about the comparison
between the problem of fabulous states (Problem 4) and explicit class ﬁeld
theory. In the case of the BC system, the “trivial system” mentioned in Section
2.3 corresponds to considering the abelian part of the algebra restricted to
invertible Q-lattices. On this the restriction of the time evolution is trivial.
The simple transitivity of the action of the Galois group on S shows trivially
that this restriction B is isomorphic to Qab , viewed as a subalgebra of C(S).
It is important to understand, already in the case of the BC system, how
the “rational subalgebra" A1,Q is simpler than the restriction B of its abelian
part to the space S ∼
= A∗f /Q∗+ of invertible Q-lattices. This depends essentially
on the fact of considering all Q-lattices, not just the invertible ones.
First one can see easily that the “trivial system” (B, σt ) obtained this way
is no longer a solution to Problem 1, as it does not fulﬁll any of the deeper
properties regarding phase transitions and the partition function. However,
the main point we wish to discuss here is the fact that, passing from B ∼
= Qab
to the algebra A1,Q gives us a simpler presentation.
The presentation of Qab is given by the cyclotomic theory, while our rational algebra is simply the group ring of Q/Z with coeﬃcients in Q. We can use
this to obtain a presentation of Qab which does not use any direct reference
to ﬁeld extensions in the following way.
Let H = Q/Z be the additive group given by the quotient of Q by Z ⊂ Q.
Consider the inclusion of algebras
Q[H] ⊂ C ∗ (H)

(36)

and let J ⊂ C ∗ (H) be the ideal generated by the idempotents
πm =

1
m



u(r),

r∈H , m r= 0

where m > 1 and the u(r) form the canonical basis of Q[H].

(37)
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Proposition 7. With H and J as above, the following holds.
1. The quotient
Q[H]/(Q[H] ∩ J)

(38)

is a ﬁeld which is isomorphic to Qcycl ∼
= Qab .
2. Q[H] ∩ J is equal to the ideal generated by the πm in Q[H].
Proof. 1) We use the identiﬁcation of the group Ẑ with the Pontrjagin dual
of H and the isomorphism of algebras (19).
Under this identiﬁcation, the ideal J corresponds to the ideal of functions
that vanish on the closed subset
Ẑ∗ ⊂ Ẑ.
The quotient map C ∗ (H) → C ∗ (H)/J is just the restriction map
f ∈ C(Ẑ) → f |Ẑ∗ .

(39)

In fact, ﬁrst notice that the restriction of πm to Ẑ∗ vanishes since the
sum of all roots of unit of order m is zero. This shows that J is contained
in the kernel of the restriction map (39). Moreover, a character of the C ∗ algebra C ∗ (H)/J is given by a point a ∈ Ẑ on which all elements of J vanish.
However, if a ∈
/ Ẑ∗ , then there exists m > 1 such that a ∈ m × Ẑ and one gets
πm (a) = 1 = 0.
The multiplicative group G = Ẑ∗ acts by multiplication on both Af /Ẑ ∼
=H
and on Ẑ and these actions are compatible with the pairing
g r, x = r, g x,
and therefore with the isomorphism (19), and with the actions of G by automorphisms
G ⊂ Aut C ∗ (H) , G ⊂ Aut C(Ẑ).
The group G is also identiﬁed with the Galois group of the cyclotomic ﬁeld,
i.e. the subﬁeld Qcyc ⊂ C generated by all the roots of unity of all orders. For
any element v ∈ Ẑ∗ ⊂ Ẑ, let ϕv denote the evaluation map ϕv : C(Ẑ) → C,
with ϕv (f ) = f (v). These maps fulﬁll the condition
g(ϕv (f )) = ϕv (g(f )) = ϕgv (f ).

(40)

for all g ∈ G and for all f ∈ Q[H], where we use the inclusion (36) and the
identiﬁcation (19).
Thus, the restriction of f ∈ Q[H] to Ẑ∗ ⊂ Ẑ is determined by the single ﬁeld element ϕ1 (f ) ∈ Qcyc . The restriction map (39) then induces an
isomorphism
∼
=
Q[H]/(Q[H] ∩ J) −→ Qcyc .
(41)
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2) Let J0 be the ideal generated by the πm in Q[H]. It is enough to show
that, for Φn the n-th cyclotomic polynomial (cf. [26]), one has Φn (u(1/n)) ∈
J0 . When n is prime one has Φn (u(1/n)) = n πn . In general, if we write
σk (x) =

k−1


xj ,

(42)

0

then we obtain that Φn is the g.c.d. of the polynomials σm (xd ), where d divides
n and m = n/d. For x = u(1/n), one has σm (xd ) = m πm ∈ J0 , for any divisor
d|n. Thus, we obtain Φn (u(1/n)) ∈ J0 as required.
Recall that πm = µm µ∗m and µ∗m µm = 1. Thus, the KMS∞ states of the
BC system vanish identically on the πm . The KMSβ condition for 1 < β < ∞
shows that KMSβ states take value m−β on πm . It follows that the restriction
of KMS∞ states to the abelian part vanish identically on J.
In our setup we proved in [10] that the rational subalgebra A1,Q of the
BC system is generated by the natural simple functions of Q-lattices given by
summation and is actually the same as Q[H] ⊂ C ∗ (H). (This follows using the
isomorphism of C ∗ (H) with continuous functions of weight zero on Q-lattices.)
Thus, one can reasonably expect that similar simpliﬁcations will occur in the
case of imaginary quadratic ﬁelds.
In [10] we described a set of non-trivial relations for the algebra A2,Q of the
GL2 -system (which will be recalled in Deﬁnition 11 below). One can consider
the specialization of these relations to the value of the j-invariant of an elliptic
curve with complex multiplication will provide relations for the CM system
(described in Section 4 below). We expect that this will provide the key for
an explicit presentation of the rational subalgebra AK,Q of the CM system as
an algebra over the Hilbert class ﬁeld K(j).
3.4 The Modular Tower and the GL2 -System
Modular curves arise as moduli spaces of elliptic curves endowed with additional level structure. Every congruence subgroup Γ  of Γ = SL2 (Z) deﬁnes
a modular curve YΓ  ; we denote by XΓ  the smooth compactiﬁcation of the
aﬃne curve YΓ  obtained by adding cusp points. Especially important among
these are the modular curves Y (n) and X(n) corresponding to the principal
congruence subgroups Γ (n) for n ∈ N∗ . Any XΓ  is dominated by an X(n).
We refer to [17, 32] for more details. We have the following descriptions of the
modular tower.
Compact version: The base is V = P1 over Q. The family is given by
the modular curves X(n), considered over the cyclotomic ﬁeld Q(ζn ) [25]. We
note that GL2 (Z/nZ)/±1 is the group of automorphisms of the projection
Vn = X(n) → X(1) = V1 = V . Thus, we have
G = GL2 (Ẑ)/{±1} = lim GL2 (Z/nZ)/{±1}.
←
−
n

(43)
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Non-compact version: The open modular curves Y (n) form a tower with base
the j-line Spec Q[j] = A1 = V1 − {∞}. The ring of modular functions is the
union of the rings of functions of the Y (n), with coeﬃcients in Q(ζn ) [17].
This shows how the modular tower is a natural geometric way of passing
from GL1 (Ẑ) to GL2 (Ẑ). The formulation that is most convenient in our setting is the one given in terms of Shimura varieties. In fact, rather than the
modular tower deﬁned by the projective limit
Y = lim Y (n)
←
−
n

(44)

of the modular curves Y (n), it is better for our purposes to consider the
Shimura variety
Sh(H± , GL2 ) = GL2 (Q)\(GL2 (Af ) × H± ) = GL2 (Q)\GL2 (A)/C∗ ,

(45)

of which (44) is a connected component. Here H± denotes the upper and lower
half planes.
It is well known that, for arithmetic purposes, it is always better to work
with nonconnected rather than with connected Shimura varieties (cf. e.g. [25]).
The simple reason why it is necessary to pass to the nonconnected case is
the following. The varieties in the tower are arithmetic varieties deﬁned over
number ﬁelds. However, the number ﬁeld typically changes along the levels of
the tower (Y (n) is deﬁned over the cyclotomic ﬁeld Q(ζn )). Passing to nonconnected Shimura varieties allows precisely for the deﬁnition of a canonical
model where the whole tower is deﬁned over the same number ﬁeld.
This distinction is important to our viewpoint, since we want to work
with noncommutative spaces endowed with an arithmetic structure, speciﬁed
by the choice of an arithmetic subalgebra.
Every 2-dimensional Q-lattice can be described by data
(Λ, φ) = (λ(Z + Zz), λα),

(46)

for some λ ∈ C∗ , some z ∈ H, and α ∈ M2 (Ẑ) (using the basis (1, −z) of Z+Zz
as in (87) [10] to view α as a map φ). The diagonal action of Γ = SL2 (Z)
yields isomorphic Q-lattices, and (cf. (87) [10]) the space of 2-dimensional
Q-lattices up to scaling can be identiﬁed with the quotient
Γ \(M2 (Ẑ) × H).

(47)

The relation of commensurability is implemented by the partially deﬁned action of GL+
2 (Q) on (47).
We denote by R2 the groupoid of the commensurability relation on
2-dimensional Q-lattices not up to scaling.
The groupoid R2 has, as (noncommutative) algebra of coordinates, the
convolution algebra of Γ × Γ -invariant functions on
+
Ũ = {(g, α, u) ∈ GL+
2 (Q) × M2 (Ẑ) × GL2 (R) | gα ∈ M2 (Ẑ)}.

(48)
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Up to Morita equivalence, this can also be described as the crossed product
C0 (M2 (Af ) × GL2 (R))  GL2 (Q).

(49)

Passing to Q-lattices up to scaling corresponds to taking the quotient
Z := R2 /C∗ .

(50)

The action of C∗ on Q-lattices preserves the commensurability relation.
However, the action is not free due to the presence of lattices L = (0, z),
where z ∈ Γ \H has nontrivial automorphisms. Thus, the following problem
arises.
Claim. The quotient Z = R2 /C∗ is no longer a groupoid.
Proof. This can be seen √
in the following simple √
example. Consider the two
Q-lattices (α1 , z1 ) = (0, 2 −1) and (α2 , z2 ) = (0, −1). The composite
((α1 , z1 ), (α2 , z2 )) ◦ ((α2 , z2 ), (α1 , z1 ))
is equal to the identity ((α1 , z1 ), (α1 , z1 )). We can also consider the composition
√
√
( −1 (α1 , z1 ), −1 (α2 , z2 )) ◦ ((α2 , z2 ), (α1 , z1 )),
√
√
where −1 (α2 , z2 ) = (α2 , z2 ), but this is not the identity, since −1 (α1 , z1 ) =
(α1 , z1 ).
However, we can still deﬁne a convolution algebra for the quotient Z of
(50), by restricting the convolution product of R2 to homogeneous functions
of weight zero with C∗ -compact support, where a function f has weight k if
it satisﬁes
f (g, α, uλ) = λk f (g, α, u), ∀λ ∈ C∗ .
This is the analog of the description (21) for the 1-dimensional case.
Deﬁnition 8. The noncommutative algebra of coordinates A2 is the Hecke
algebra of functions on
U = {(g, α, z) ∈ GL+
2 (Q) × M2 (Ẑ) × H, gα ∈ M2 (Ẑ)}

(51)

invariant under the Γ × Γ action
(g, α, z) → (γ1 gγ2−1 , γ2 α, γ2 (z)),

(52)

with convolution
(f1 ∗ f2 ) (g, α, z) =


s∈Γ \GL+
2 (Q), sα∈M2 (Ẑ)

and adjoint f ∗ (g, α, z) = f (g −1 , gα, g(z)).

f1 (gs−1 , sα, s(z)) f2 (s, α, z)

(53)
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This contains the classical Hecke operators (cf. (128) [10]). The time evolution determined by the ratio of covolumes of pairs of commensurable Q-lattices
is given by
(54)
σt (f )(g, α, τ ) = det(g)it f (g, α, τ ),
where, for the pair of commensurable Q-lattices associated to (g, α, τ ), one
has
(55)
det(g) = covolume(Λ )/covolume(Λ).
3.5 Tate Modules and Shimura Varieties
We now give a description closer to (25), which shows that again we can
interpret the space of commensurability classes of 2-dimensional Q-lattices up
to scaling as a noncommutative version of the Shimura variety (45). More
precisely, we give a reinterpretation of the notion of 2-dimensional Q-lattices
and commensurability, which may be useful in the context of similar quantum
statistical mechanical systems associated to more general Shimura varieties
as in [13].
Implicit in what follows is an isomorphism between Q/Z and the roots of
unity in C. For instance, this can be given by the exponential function e2πiz .
Proposition 9. The data of a 2-dimensional Q-lattice up to scaling are
equivalent to the data of an elliptic curve E, together with a pair of points
ξ = (ξ1 , ξ2 ) in the cohomology H 1 (E, Ẑ). Commensurability of 2-dimensional
Q-lattices up to scale is then implemented by an isogeny of the corresponding elliptic curves, with the elements ξ and ξ  related via the induced map in
cohomology.
Proof. The subgroup QΛ/Λ of C/Λ = E is the torsion subgroup Etor of the
elliptic curve E. Thus, one can rewrite the map φ as a map Q2 /Z2 → Etor .
∼
→ H 1 (E, Z/nZ), for E[n] = Λ/nΛ the
Using the canonical isomorphism E[n] −
n-torsion points of E, one can interpret φ as a map Q2 /Z2 → H 1 (E, Q/Z).
By taking Hom(Q/Z, −), the map φ corresponds to a Ẑ-linear map
Ẑ ⊕ Ẑ → H 1 (E, Ẑ)

(56)

or to a choice of two elements of the latter. In fact, we use here the identiﬁcation
H 1 (E, Ẑ) ∼
= TE
of H 1 (E, Ẑ) = H 1 (E, Z) ⊗Z Ẑ with the total Tate module
Λ ⊗ Ẑ = lim E[n] = T E.
←−

(57)

n

Thus, (56) gives a cohomological formulation of the Ẑ-linear map φ : Ẑ ⊕ Ẑ →
Λ⊗ Ẑ. Commensurability of Q-lattices up to scale is rephrased as the condition
that the elliptic curves are isogenous and the points in the Tate module are
related via the induced map in cohomology.
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Another reformulation uses the Pontrjagin duality between proﬁnite abelian groups and discrete torsion abelian groups given by Hom(−, Q/Z). This reformulates the datum φ of a Q-lattice as a Ẑ-linear map Hom(QΛ/Λ, Q/Z) →
Ẑ ⊕ Ẑ, which is identiﬁed with Λ ⊗ Ẑ → Ẑ ⊕ Ẑ. Here we use the fact that
Λ and Λ ⊗ Ẑ ∼
= H 1 (E, Ẑ) are both self-dual (Poincaré duality of E). In this
dual formulation commensurability means that the two maps agree on the
intersection of the two commensurable lattices, (Λ1 ∩ Λ2 ) ⊗ Ẑ.
With the formulation of Proposition 9, we can then give a new interpretation of the result of Proposition 43 of [10], which shows that the space of
commensurability classes of 2-dimensional Q-lattices up to scaling is described
by the quotient
Sh(nc) (H± , GL2 ) := GL2 (Q)\(M2 (Af ) × H± ).

(58)

In fact, commensurability classes of Q-lattices (Λ, φ) in C are the same
as isogeny classes of data (E, η) of elliptic curves E = C/Λ and Af homomorphisms
(59)
η : Q2 ⊗ Af → Λ ⊗ Af ,
with Λ ⊗ Af = (Λ ⊗ Ẑ) ⊗ Q, where we can identify Λ ⊗ Ẑ with the total Tate
module of E, as in (57). Since the Q-lattice need not be invertible, we do not
require that η be an Af -isomorphism (cf. [25]).
In fact, the commensurability relation between Q-lattices corresponds to
the equivalence (E, η) ∼ (E  , η  ) given by an isogeny g : E → E  and η  =
(g ⊗ 1) ◦ η. Namely, the equivalence classes can be identiﬁed with the quotient
of M2 (Af ) × H± by the action of GL2 (Q), (ρ, z) → (gρ, g(z)).
Thus, (58) describes a noncommutative Shimura variety which has the
Shimura variety (45) as the set of its classical points. The results of [10] show
that, as in the case of the BC system, the set of low temperature extremal
KMS states is a classical Shimura variety. We shall return to this in the next
section.
Remark 10. Under the Gelfand–Naimark correspondence, unital C ∗ -algebras
correspond to compact spaces. Thus, one can say that a noncommutative
space X described by a C ∗ -algebra A is “Morita–compact” if the algebra A is
Morita equivalent to a unital C ∗ -algebra.
This provides us with a notion of “Morita–compactiﬁcation” for noncommutative spaces. In the case of the GL2 -system, we can replace (58) by the
noncommutative space
Sh(nc) (H± , GL2 ) := GL2 (Q)\(M2 (Af )×P1 (C)) ∼ GL2 (Q)\M2 (A)· /C∗ , (60)
where we use the notation M2 (A)· = M2 (Af ) × (M2 (R)  {0}). This corresponds to allowing degenerations of the underlying lattice in C to a pseudolattice (cf. [22]), while maintaining the Q-structure (cf. [10]). Thus, the space (60)
can be thought of as obtained from the classical Shimura variety Sh(GL2 , H± )
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by allowing all possible degenerations of the lattice, both at the archimedean
and at the non-archimedean components. In the archimedan case, this accounts for adding the rank one matrices to GL2 (R), so as to obtain M2 (R) 
{0}/C∗ = P1 (R), which corresponds to the pseudo-lattices. In the nonarchimedean part one allows the presence of non-invertible Q-lattices, which,
by Proposition 9, can also be viewed (adelically) as an analogous degenerations (the two points ξi in the Tate module need not be independent). The
“invertible part”
(61)
GL2 (Q)\(GL2 (Af ) × P1 (R))
of the “boundary” gives the noncommutative modular tower considered in [9],
[24], and [29], so that the full space (60) appears to be the most natural candidate for the geometry underlying the construction of a quantum statistical
mechanical system adapted to the case of both imaginary and real quadratic
ﬁelds (cf. [22] [23]).
3.6 Arithmetic Properties of the GL2 -System
The result proved in [10] for the GL2 -system shows that the action of symmetries on the extremal KMS states at zero temperature is now related to the
Galois theory of the ﬁeld of modular functions.
Since the arithmetic subalgebra for the BC system was obtained by considering weight zero lattice functions of the form (30), it is natural to expect
that the analog for the GL2 -system will involve lattice functions given by the
Eisenstein series, suitably normalized to weight zero, according to the analogy developed by Kronecker between trigonometric and elliptic functions, as
outlined by A.Weil in [34]. This suggests that modular functions should appear naturally in the arithmetic subalgebra A2,Q of the GL2 -system, but that
requires working with unbounded multipliers.
This is indeed the case for the arithmetic subalgebra A2,Q deﬁned in [10],
which we now recall. The main point of the following deﬁnition is that the
rationl subalgebra of the GL2 -system is obtained by assigning the simplest
condition of algebraicity on the parameters the algebra depends on.
The q-expansion at a cusp of modular functions of level N in the modular
ﬁeld F (cf. Section 1.1) has coeﬃcients in the cyclotomic ﬁeld Q(ζN ). Thus, the
Galois group Gal(Qab /Q) acts on these coeﬃcients through Gal(Q(ζN )/Q).
This action of Ẑ∗  Gal(Qab /Q) on the coeﬃcients of the q-expansion determines a homomorphism
(62)
cycl : Ẑ∗ → Aut(F ).
For ρ ∈ Ẑ∗ , this sends a modular function f ∈ F with coeﬃcients an of
the q-expansion to the modular function cycl(ρ)(f ) that has the ρ(an ) as
coeﬃcients.
If f is a continuous function on the quotient Z of (50), we write
f(g,α) (z) = f (g, α, z)
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so that f(g,α) ∈ C(H). Here the coordinates (g, α, z) are as in (51), with
∗
z ∈ GL+
2 (R)/C .
For pN : M2 (Ẑ) → M2 (Z/N Z) the canonical projection, we say that f is
of level N if
f(g,α) = f(g,pN (α)) ∀(g, α).
Then f is completely determined by the functions
f(g,m) ∈ C(H),

for m ∈ M2 (Z/N Z).

Deﬁnition 11. [10] The arithmetic algebra A2,Q is a subalgebra of continuous
functions on the quotient Z of (50), with the convolution product (53) and
with the properties:
• The support of f in Γ \GL+
2 (Q) is ﬁnite.
• The function f is of ﬁnite level.
• For all (g, m), the function f satisﬁes f(g,m) ∈ F .
• The function f satisﬁes the cyclotomic condition:
f(g,α(u)m) = cycl(u) f(g,m) ,
∗
for all g ∈ GL+
2 (Q) diagonal and all u ∈ Ẑ , with
 
u0
α(u) =
01

and cycl as in (62).
Notice that the invariance f (gγ, α, z) = f (g, γα, γ(z)), for all γ ∈ Γ and
for all (g, α, z) ∈ U, implies that f(g,m)|γ = f(g,m) , for all γ ∈ Γ (N ) ∩ g −1 Γ g,
i.e. f is invariant under a congruence subgroup.
The cyclotomic condition is a consistency condition on the roots of unity
that appear in the coeﬃcients of the q-series. It only depends on the simple
action of Ẑ∗ on the coeﬃcients, but it is crucial for the existence of “fabulous
states” for the action of the Galois group of the modular ﬁeld (cf. [10]).
It is important to remark here, for the later application to the case of imaginary quadratic ﬁelds, that the Galois theory of the modular ﬁeld is not built
into the deﬁnition of the arithmetic algebra A2,Q . In fact, the properties we
assume in Deﬁnition 11 arise by just requiring a natural algebraicity condition
on the only continuous modulus q present in the algebra (while eliminating
the trivial cases through the cyclotomic condition). The reﬁned theory of automorphisms of the modular ﬁeld does not enter in any way in the deﬁnition
of the algebra.
For α ∈ M2 (Ẑ), let Gα ⊂ GL+
2 (Q) be the set of
Gα = {g ∈ GL+
2 (Q) : gα ∈ M2 (Ẑ)}.
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Then, as shown in [10], an element y = (α, z) ∈ M2 (Ẑ) × H determines a
unitary representation of the Hecke algebra A on the Hilbert space 2 (Γ \Gα ),

f (gs−1 , sα, s(z)) ξ(s),
∀g ∈ Gα
(63)
((πy f )ξ)(g) :=
s∈Γ \Gα

for f ∈ A and ξ ∈  (Γ \Gα ).
Invertible Q-lattices determine positive energy representations, due to the
fact that the condition gα ∈ M2 (Ẑ) for g ∈ GL+
2 (Q) and α ∈ GL2 (Ẑ) (invertible case) implies g ∈ M2 (Z)+ , hence the time evolution (54) is implemented by the positive Hamiltonian with spectrum {log det(m)} ⊂ [0, ∞)
for m ∈ Γ \M2 (Z)+ . The partition function of the GL2 -system is then
Z(β) = ζ(β)ζ(β − 1). This shows that one can expect the system to have
two phase transitions, which is in fact the case.
While the group GL2 (Ẑ) acts by automorphisms of the algebra of coordinates of R2 /C∗ , i.e. the algebra of the quotient (58), the action of GL2 (Af )
on the Hecke algebra A2 of coordinates of R2 /C∗ is by endomorphisms. More
precisely, the group GL2 (Ẑ) of deck transformations of the modular tower still
acts by automorphisms on this algebra, while GL+
2 (Q) acts by endomorphisms
of the C ∗ -dynamical system, with the diagonal Q∗ acting by inner, as in (7).
The group of symmetries GL2 (Af ) preserves the arithmetic subalgebra;
∗
we remark that GL2 (Af ) = GL+
2 (Q).GL2 (Ẑ). In fact, the group Q \GL2 (Af )
has an important arithmetic meaning: a result of Shimura (cf. [32], [21]) characterizes the automorphisms of the modular ﬁeld by the exact sequence
2

0 → Q∗ → GL2 (Af ) → Aut(F ) → 0.

(64)

There is an induced action of Q∗ \GL2 (Af ) (symmetries modulo inner) on
the KMSβ states of (A, σt ), for β < ∞. The action of GL2 (Ẑ) extends to
KMS∞ states, while the action of GL+
2 (Q) on Σ∞ is deﬁned by the action at
ﬁnite (large) β, by ﬁrst “warming up” and then “cooling down” as in (9) (cf.
[10]).
The result of [10] on the structure of KMS states for the GL2 system is as
follows.
Theorem 12. (Connes–Marcolli [10]) For the system (A2 , σt ) described
above, the structure of the KMS states is as follows.
•
•

There is no KMS state in the range 0 < β ≤ 1.
In the range β > 2 the set of extremal KMS states is given by the invertible
Q-lattices, namely by the Shimura variety Sh(GL2 , H± ),
Eβ ∼
= GL2 (Q)\GL2 (A)/C∗ .
The explicit expression for these extremal KMSβ states is

1
f (1, mα, m(z)) det(m)−β
ϕβ,L (f ) =
Z(β)
+
m∈Γ \M2 (Z)

where L = (α, z) is an invertible Q-lattice.

(65)

(66)
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At β = ∞, and for generic L = (α, τ ) invertible (where generic means
j(τ ) ∈
/ Q̄), the values of the state ϕ∞,L ∈ E∞ on elements of A2,Q lie in
an embedded image in C of the modular ﬁeld,
ϕ(A2,Q ) ⊂ Fτ ,

(67)

and there is an isomorphism


θϕ : AutQ (Fτ ) −→ Q∗ \GL2 (Af ),

(68)

depending on L = (α, τ ), which intertwines the Galois action on the values
of the state with the action of symmetries,
γ ϕ(f ) = ϕ(θϕ (γ)f ),

∀f ∈ A2,Q , ∀γ ∈ AutQ (Fτ ).

(69)

3.7 Crossed Products and Functoriality
In the case of the classical Shimura varieties, the relation between (45) and
(16) is given by “passing to components”, namely we have (cf. [25])
π0 (Sh(GL2 , H± )) = Sh(GL1 , {±1}).

(70)

In fact, the operation of taking connected components of (45) is realized by
the map
sign × det : Sh(GL2 , H± ) → Sh(GL1 , {±1}).

(71)

We show here in Proposition 13 that this compatibility extends to a correspondence between the noncommutative Shimura varieties (26) and (58),
compatible with the time evolutions and the arithmetic structures.
We have seen that, up to Morita equivalence, the noncommutative spaces
of Q-lattices modulo commensurability (but not scaling) in dimensions n =
1, 2 are described, respectively, by the crossed product C ∗ -algebras
C0 (Af × GL1 (R))  GL1 (Q),

(72)

C0 (M2 (Af ) × GL2 (R))  GL2 (Q).

(73)

and
∗

The functor C0 from locally compact spaces to C -algebras is contravariant,
while the functor C ∗ from discrete groups to the associated (maximal) convolution C ∗ -algebra is covariant. This shows that one needs to be careful in
getting functoriality for crossed products.
Thus, in order to get a morphism of crossed product algebras
C0 (X1 )  Γ1 → C0 (X2 )  Γ2 ,
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it is necessary to have a proper continuous map π : X2 → X1 and a proper
group homomorphism α : Γ1 → Γ2 , such that
π ◦ α(g) = g ◦ π

∀g ∈ Γ1 .

(74)

In this case, one obtains an algebra homomorphism


fg Ug ∈ C0 (X1 )  Γ1 →



(fg ◦ π) Uα(g) ∈ C0 (X2 )  Γ2 .

(75)

When the continuous map π fails to be proper, the above formula only
deﬁnes a homomorphism to the multiplier algebra
C0 (X1 )  Γ1 → M (C0 (X2 )  Γ2 ).
In the case of the BC and the GL2 systems, we consider the map α :
GL1 (Q) → GL2 (Q) of the form

α(r) =

r0
01


.

(76)

We also take π to be the determinant map,
(ρ, u) ∈ M2 (Af )×GL2 (R) → π(ρ, u) = (det(ρ), det(u)) ∈ Af ×GL1 (R). (77)
We then have the following result extending the classical map of Shimura
varieties (70).
Proposition 13. Let α and π be deﬁned as in (76) and (77). Then the following holds.
1. The pair (π, α) induces a morphism
ρ : C0 (Af × GL1 (R))  GL1 (Q) → M (C0 (M2 (Af ) × GL2 (R))  GL2 (Q)).
(78)
2. The restriction of ρ to homogeneous functions of weight 0 induces a morphism
ρ0 : C0 (Af ×{±1})GL1 (Q) → M (C0 (M2 (Af )×H± )GL2 (Q)). (79)
3. The above yields a correspondence ρ12 from the GL1 -system to the GL2 system, compatible with the time evolutions and the rational subalgebras.
Proof. 1) One checks that (74) holds, since α satisﬁes det α(r) = r. By construction, π is not proper but is clearly continuous, hence one obtains the
morphism ρ to the multiplier algebra, as we discussed above.
2) The extension ρ̃ of ρ to multipliers gives a morphism
ρ̃ : C(Af × GL1 (R))  GL1 (Q) → C(M2 (Af ) × GL2 (R))  GL2 (Q).
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One obtains ρ0 by restricting ρ̃ to homogeneous functions of weight 0 for the
scaling action of R∗+ on GL1 (R). The image of such a function is homogeneous
of weight 0 for the scaling action of C∗ on GL2 (R) and only depends upon the
sign of the modulus in H± as in the diagram
/ H± = GL2 (R)/C∗

GL2 (R)


sign

det


/ {±1} = GL1 (R)/R∗+ .

GL1 (R)

(80)

3) One can restrict ρ0 to A1 = C(Ẑ) α N× and one gets a morphism
C(Ẑ) α N× → M (C0 (M2 (Af ) × H)  GL2 (Q)+ , )

(81)

but one still needs to combine it with the Morita equivalence between
C0 (M2 (Af ) × H)  GL2 (Q)+ and A2 . This Morita equivalence is given by
the bimodule E of functions of
(g, α, z) ∈ V = GL+
2 (Q) × M2 (Ẑ) × H

(82)

invariant under the Γ action
(g, α, z) → (gγ −1 , γ α, γ(z)).

(83)

For (g, α, z) ∈ V, both g α ∈ M2 (Af ) and g(z) ∈ H make sense, and this allows
for a left action of C0 (M2 (Af ) × H) on E. This action is GL+
2 (Q)-equivariant
(Q)
on
V
given
by
for the left action of GL+
2
h (g, α, z) = (h g, α, z)

∀h ∈ GL+
2 (Q)

(84)

and turns E into a left C0 (M2 (Af ) × H)  GL2 (Q)+ module. To obtain the
right module structure over A2 , one uses the convolution product

(ξ ∗ f ) (g, α, z) =
ξ(gs−1 , s α, s(z)) f (s, α, z).
(85)
s∈Γ \GL+
2 (Q)

The left action of C0 (M2 (Af ) × H) extends to its multipliers and one can
use (81) to obtain on E the required structure of left C(Ẑ) α N× -module and
right A2 -module. One checks that this is compatible with the time evolutions
σt . It is also compatible with the rational subalgebras A1,Q and A2,Q . This
compatibility can be seen using the cyclotomic condition deﬁned in (62) and
in Deﬁnition 11.
The compatibility between the BC system and the CM system for imaginary quadratic ﬁelds is discussed in Proposition 22.
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4 Quantum Statistical Mechanics for Imaginary
Quadratic Fields
In the Kronecker–Weber case, the maximal abelian extension of Q is generated
by the values of the exponential function at the torsion points Q/Z of the
group C/Z = C∗ .
Similarly, it is well known that the maximal abelian extension of an imaginary quadratic ﬁeld K is generated by the values of a certain analytic function, the Weierstrass ℘-function, at the torsion points Etors of an elliptic
curve E (with complex multiplication by O). It contains the j-invariant j(E)
of E. To see this, let ek , for k = 1, 2, 3, denote the three values taken by
the Weierstrass ℘-function on the set E[2] of 2-torsion points of the elliptic curve E. Then j(E) is obtained as a function of the ek by the formula
j(E) = 256(1 − f + f 2 )3 /(f 2 (1 − f )2 ), where f = (e2 − e3 )/(e1 − e3 ).
Thus, in the case of imaginary quadratic ﬁelds, the theory of complex
multiplication of elliptic curves provides a description of K ab . The ideal class
group Cl(O) is naturally isomorphic to Gal(K(j)/K), where K(j(E)) is the
Hilbert class ﬁeld of K, i.e. , its maximal abelian unramiﬁed extension. In the
case that Cl(O) is trivial, the situation of the CM case is exactly as for the ﬁeld
Q, with Ô∗ replacing Ẑ∗ . Namely, in the case of class number one, the class
ﬁeld theory isomorphism reduces to an isomorphism Gal(K ab /K) ∼
= Ô∗ /O∗ ,
ab
∗
which is a direct generalization of Gal(Q /Q) ∼
= Ẑ .
The construction of BC [3] was partially generalized to other global ﬁelds
(i.e. number ﬁelds and function ﬁelds) in [20, 16, 5]. The construction of [16]
involves replacing the ring O of integers of K by a localized ring OS which is
principal and then taking a cross product of the form
×
C ∗ (K/OS )  O+

(86)

×
is the sub semi-group of K ∗ generated by the generators of prime
where O+
ideals of OS . The symmetry group is ÔS∗ and does not coincide with what is
needed for class ﬁeld theory except when the class number is 1. The construction of [5] involves a cross product of the form

C ∗ (K/O)  J +

(87)

where J + is a suitable adelic lift of the quotient group IK /Ô∗ . It gives the right
partition function namely the Dedekind zeta function but not the expected
symmetries. The construction of [20] involves the algebra
C ∗ (K/O)  O× ∼
= C(Ô)  O×

(88)

and has symmetry group Ô∗ , while what is needed for class ﬁeld theory is a
system with symmetry group IK /K ∗ . As one can see from the commutative
diagram
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/ Ô∗ /O∗


1



/ Gal(K ab /K(j))

/ IK /K ∗



/ Gal(K ab /K)

/ Cl(O)



/ Gal(K(j)/K)
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/1
(89)
/ 1,

the action of Ô∗ is suﬃcient only in the case when the class number is one.
In order to avoid the class number one restriction in extending the results of
[3] to imaginary quadratic ﬁelds, it is natural to consider the universal situation: the moduli space of elliptic curves with level structure, i.e. , the modular
tower. Using the generalization of the BC case to GL2 constructed in [10],
we will now describe the CM system constructed in [11]. This does in fact
have the right properties to recover the explicit class ﬁeld theory of imaginary quadratic ﬁelds from KMS states. It is based on the geometric notions
of K-lattice and commensurability and extends to quadratic ﬁelds the reinterpretation of the BC system which was given in [10] in terms of Q-lattices.
We show in this section that the CM system we obtained in [11] is, in fact,
Morita equivalent to the one of [20]. The two main new ingredients in our
construction are the choice of a natural rational subalgebra on which to evaluate the KMS∞ states and the fact that the group of automorphisms Ô∗ /O∗
should be enriched by further symmetries, this time given by endomorphisms,
so that the actual group of symmetries of the system is exactly IK /K ∗ . In
particular, the choice of the rational subalgebra diﬀers from [20], hence, even
though Morita equivalent, the systems are inequivalent as “noncommutative
pro-varieties over Q”.
4.1 K-Lattices and Commensurability
In order to compare the BC system, the GL2 system and the CM case, we give
a deﬁnition of K-lattices, for K an imaginary quadratic ﬁeld. The quantum
statistical mechanical system we shall construct to recover the explicit class
ﬁeld theory of imaginary quadratic ﬁelds will be related to commensurability of 1-dimensional K-lattices. This will be analogous to the description of
the BC system in terms of commensurability of 1-dimensional Q-lattices. On
the other hand, since there is a forgetful map from 1-dimensional K-lattices
to 2-dimensional Q-lattices, we will also be able to treat the CM case as a
specialization of the GL2 system at CM points.
Let O = Z + Zτ be the ring of integers of an imaginary quadratic ﬁeld
K = Q(τ ); ﬁx the embedding K → C so that τ ∈ H. Note that C then
becomes a K-vector space and in particular an O-module. The choice of τ as
above also determines an embedding
qτ : K → M2 (Q).

(90)
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The image of its restriction qτ : K ∗ → GL+
2 (Q) is characterized by the property that (cf. [32] Proposition 4.6)
qτ (K ∗ ) = {g ∈ GL+
2 (Q) : g(τ ) = τ }.

(91)

For g = qτ (x) with x ∈ K ∗ , we have det(g) = n(x), where n : K ∗ → Q∗ is the
norm map.
Deﬁnition 14. For K an imaginary quadratic ﬁeld, a 1-dimensional
K-lattice (Λ, φ) is a ﬁnitely generated O-submodule Λ ⊂ C, such that Λ ⊗O
K∼
= K, together with a morphism of O-modules
φ : K/O → KΛ/Λ.

(92)

A 1-dimensional K-lattice is invertible if φ is an isomorphism of O-modules.
Notice that in the deﬁnition we assume that the O-module structure is
compatible with the embeddings of both O and Λ in C.
Lemma 15. A 1-dimensional K-lattice is, in particular, a 2-dimensional
Q-lattice. Moreover, as an O-module, Λ is projective.
Proof. First notice that KΛ = QΛ, since QO = K. This, together with Λ ⊗O
K∼
= K, shows that the Q-vector space QΛ is 2-dimensional. Since RΛ = C,
and Λ is ﬁnitely generated as an abelian group, this shows that Λ is a lattice.
The basis {1, τ } provides an identiﬁcation of K/O with Q2 /Z2 , so that we
can view φ as a homomorphism of abelian groups φ : Q2 /Z2 → QΛ/Λ. The
pair (Λ, φ) thus gives a two dimensional Q-lattice.
As an O-module Λ is isomorphic to a ﬁnitely generated O-submodule of
K, hence to an ideal in O. Every ideal in a Dedekind domain O is ﬁnitely
generated projective over O.
Suppose given a 1-dimensional K-lattice (Λ, φ). Then the elliptic curve
E = C/Λ has complex multiplication by K, namely there is an isomorphism


ι : K → End(E) ⊗ Q.

(93)

In general, for Λ a lattice in C, if the elliptic curve E = C/Λ has complex
multiplication (i.e. there is an isomorphism (93) for K an imaginary quadratic
ﬁeld), then the endomorphisms of E are given by End(E) = OΛ , where OΛ is
the order of Λ,
(94)
OΛ = {x ∈ K : xΛ ⊂ Λ}.
Notice that the elliptic curves E = C/Λ, where Λ is a 1-dimensional K-lattice,
have OΛ = O, the maximal order. The number of distinct isomorphism classes
of elliptic curves E with End(E) = O is equal to the class number hK . All
the other elliptic curves with complex multiplication by K are obtained from
these by isogenies.
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Deﬁnition 16. Two 1-dimensional K-lattices (Λ1 , φ1 ) and (Λ2 , φ2 ) are commensurable if KΛ1 = KΛ2 and φ1 = φ2 modulo Λ1 + Λ2 .
One checks as in the case of Q-lattices (cf. [10]) that it is an equivalence
relation.
Lemma 17. Two 1-dimensional K-lattices are commensurable iﬀ the underlying Q-lattices are commensurable. Up to scaling, any K-lattice Λ is equivalent to a K-lattice Λ = λΛ ⊂ K ⊂ C, for a λ ∈ C∗ . The lattice Λ is unique
modulo K ∗ .
Proof. The ﬁrst statement holds, since for 1-dimensional K-lattices we have
KΛ = QΛ. For the second statement, the K-vector space KΛ is 1-dimensional.
If ξ is a generator, then ξ −1 Λ ⊂ K. The remaining ambiguity is only by scaling
by elements in K ∗ .
A more explicit description of the space of 1-dimensional K-lattices, the
commensurability relation, and the action of C∗ by scaling is the following
(cf. [11]).
Proposition 18. The following properties hold.
1. The data (Λ, φ) of a 1-dimensional K-lattice are equivalent to data (ρ, s)
of an element ρ ∈ Ô and s ∈ A∗K /K ∗ , modulo the Ô∗ -action given by
(ρ, s) → (x−1 ρ, xs), x ∈ Ô∗ . Thus, the space of 1-dimensional K-lattices
is given by
(95)
Ô ×Ô∗ (A∗K /K ∗ ).
2. Let A·K = AK,f × C∗ be the subset of adèles of K with nontrivial
archimedean component. The map Θ(ρ, s) = ρ s,
Θ : Ô ×Ô∗ (A∗K /K ∗ ) → A·K /K ∗ ,

(96)

preserves commensurability and induces an identiﬁcation of the set of commensurability classes of 1-dimensional K-lattices (not up to scale) with the
space A·K /K ∗ .
3. The map deﬁned as Υ : (Λ, φ) → ρ ∈ Ô/K ∗ for principal K-lattices
extends to an identiﬁcation, given by Υ : (Λ, φ) → sf ρ ∈ AK,f /K ∗ , of the
set of commensurability classes of 1-dimensional K-lattices up to scaling
with the quotient
(97)
Ô/K ∗ = AK,f /K ∗ .
The proof (cf. [11]) uses the fact that the O-module Λ can be described
∗
in the form Λs = s−1
∞ (sf Ô ∩ K), where s = (sf , s∞ ) ∈ AK . This satisﬁes
∗
∗
∗
Λks = Λs for all k ∈ (Ô × 1) K ⊂ AK , so that, up to scaling, Λ can be
identiﬁed with an ideal in O, written in the form sf Ô ∩ K (cf. [32] §5.2).
The quotient AK,f /K ∗ has a description in terms of elliptic curves, analogous to what we explained in the case of the GL2 -system. In fact, we can
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associate to (Λ, φ) the data (E, η) of an elliptic curve E = C/Λ with complex multiplication (93), such that the embedding K → C determined by
this identiﬁcation and by the action of End(E) on the tangent space of E at
the origin is the embedding speciﬁed by τ (cf. [25] p.28, [32] §5.1), and an
AK,f -homomorphism
(98)
η : AK,f → Λ ⊗O AK,f ,
The composite map
η



AK,f → Λ ⊗O AK,f → AK,f ,
determines an element sf ρ ∈ AK,f . The set of equivalence classes of data
(E, ι, η), where equivalence is given by an isogeny of the elliptic curve compatible with the other data, is the quotient AK,f /K ∗ .
This generalizes to the non-invertible case the analogous result for invertible 1-dimensional K-lattices (data (E, ι, η), with η an isomorphism realized
by an element ρ ∈ A∗K,f ) treated in [25], where the set of equivalence classes
is given by the idèle class group of the imaginary quadratic ﬁeld,
IK /K ∗ = GL1 (K)\GL1 (AK,f ) = CK /DK .

(99)

4.2 Algebras of Coordinates
We now describe the noncommutative algebra of coordinates of the space of
commensurability classes of 1-dimensional K-lattices up to scaling.
To this purpose, we ﬁrst consider the groupoid R̃K of the equivalence relation of commensurability on 1-dimensional K-lattices (not up to scaling). By
construction, this groupoid is a subgroupoid of the groupoid R̃ of commensurability classes of 2-dimensional Q-lattices. Its structure as a locally compact
étale groupoid is inherited from this embedding.
The groupoid R̃K corresponds to the quotient A·K /K ∗ . Its C ∗ -algebra is
given up to Morita equivalence by the crossed product
C0 (A·K )  K ∗ .

(100)

The case of commensurability classes of 1-dimensional K-lattices up to
scaling is more delicate. In fact, Proposition 18 describes set theoretically the
space of commensurability classes of 1-dimensional K-lattices up to scaling
as the quotient AK,f /K ∗ . This has a noncommutative algebra of coordinates,
which is the crossed product
C0 (AK,f /O∗ )  K ∗ /O∗ .

(101)

As we are going to show below, this is Morita equivalent to the noncommutative algebra AK = C ∗ (GK ) obtained by taking the quotient by scaling
GK = R̃K /C∗ of the groupoid of the equivalence relation of commensurability.
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Unlike what happens when taking the quotient by the scaling action of
C∗ in the GL2 -system, in the CM case the quotient GK = R̃K /C∗ is still a
groupoid.
The simplest way to check this is to write R̃K as the union of the two
groupoids R̃K = G0 ∪ G1 , corresponding respectively to pairs of commensurable K-lattices (L, L ) with L = (Λ, 0), L = (Λ , 0) and (L, L ) with
L = (Λ, φ = 0), L = (Λ , φ = 0). The scaling action of C∗ on G0 is the
identity on O∗ and the corresponding action of C∗ /O∗ is free on the units of
G0 . Thus, the quotient G0 /C∗ is a groupoid. Similarly, the action of C∗ on
G1 is free on the units of G1 and the quotient G1 /C∗ is a groupoid.
The quotient topology turns GK into a locally compact étale groupoid. The
algebra of coordinates AK = C ∗ (GK ) is described equivalently by restricting
the convolution product of the algebra of R̃K to weight zero functions with C∗ compact support and then passing to the C ∗ completion, as in the GL2 -case.
In other words the algebra AK of the CM system is the convolution algebra
of weight zero functions on the groupoid R̃K of the equivalence relation of
commensurability on K-lattices. Elements in the algebra are functions of pairs
(Λ, φ), (Λ , φ ) of commensurable 1-dimensional K-lattices satisfying, for all
λ ∈ C∗ ,
f (λ(Λ, φ), λ(Λ , φ )) = f ((Λ, φ), (Λ , φ )).
Let us compare the setting of (101) i.e. the groupoid AK,f /O∗  K ∗ /O∗
with the groupoid GK . In fact, the diﬀerence between these two settings can
be seen by looking at the case of K-lattices with φ = 0. In the ﬁrst case, this
corresponds to the point 0 ∈ AK,f /O∗ , which has stabilizer K ∗ /O∗ , hence we
obtain the group C ∗ -algebra of K ∗ /O∗ . In the other case, the corresponding
groupoid is obtained as a quotient by C∗ of the groupoid R̃K,0 of pairs of
commensurable O-modules (ﬁnitely generated of rank one) in C. In this case
the units of the groupoid R̃K,0 /C∗ can be identiﬁed with the elements of
Cl(O) and the reduced groupoid by any of these units is the group K ∗ /O∗ .
The general result below gives the Morita equivalence in general.
Proposition 19. Let AK,princ := C0 (AK,f /O∗ )  K ∗ /O∗ . Let H be the space
of pairs up to scaling ((Λ, φ), (Λ , φ )) of commensurable K-lattices, with (Λ, φ)

principal. The space H is deﬁned analogously with (Λ , φ ) principal. Then H
(resp. H ) has the structure of AK,princ –AK (resp. AK –AK,princ ) bimodule.
These bimodules give a Morita equivalence between the algebras AK,princ and
AK = C ∗ (GK ).
Proof. The correspondence given by these bimodules has the eﬀect of reducing
to the principal case. In that case the groupoid of the equivalence relation
(not up to scaling) is given by the crossed product A·K  K ∗ . When taking
the quotient by C∗ we then obtain the groupoid AK,f /O∗  K ∗ /O∗ .
Recall that the C ∗ -algebra for the GL2 -system is not unital, the reason
being that the space of 2-dimensional Q-lattices up to scaling is noncompact,
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due to the presence of the modulus z ∈ H of the lattice. When restricting to
1-dimensional K-lattices up to scaling, this parameter z aﬀects only ﬁnitely
many values, corresponding to representatives Λ = Z + Zz of the classes in
Cl(O).
Thus, the algebra AK is unital.
(0)
In terms of the groupoid, this can be seen from the fact that the set GK
of units of GK is the compact space
X = GK = Ô ×Ô∗ (A∗K,f /K ∗ ).
(0)

(102)

obtained as the quotient of Ô ×Ô∗ (A∗K /K ∗ ) by the action of C∗ . Notice that
A∗K,f /(K ∗ × Ô∗ ) is Cl(O).
By restriction from the GL2 -system, there is a homomorphism n from
the groupoid R̃K to R∗+ given by the covolume of a commensurable pair of
K-lattices. More precisely given such a pair (L, L ) = ((Λ, φ), (Λ , φ )) we let
|L/L | = covolume(Λ )/covolume(Λ)

(103)

This is invariant under scaling both lattices, so it is deﬁned on GK =
R̃K /C∗ . Up to scale, we can identify the lattices in a commensurable pair
with ideals in O. The covolume is then given by the ratio of the norms. This
deﬁnes a time evolution on the algebra AK by
σt (f )(L, L ) = |L/L |it f (L, L ).

(104)

We construct representations for the algebra AK . For an étale groupoid
(0)
GK , every unit y ∈ GK deﬁnes a representation πy by left convolution of the
algebra of GK in the Hilbert space Hy = 2 ((GK )y ), where (GK )y is the set
of elements with source y. The representations corresponding to points that
have a nontrivial automorphism group will no longer be irreducible. As in the
GL2 -case, this deﬁnes the norm on AK as
f = sup πy (f ) .

(105)

y

Notice that, unlike in the case of the GL2 -system, we are dealing here
with amenable groupoids, hence the distinction between the maximal and the
reduced C ∗ -algebra does not arise.
The following result of [11] shows the relation to the Dedekind zeta function.
Lemma 20. 1. Given an invertible K-lattice (Λ, φ), the map
(Λ , φ ) → J = {x ∈ O|xΛ ⊂ Λ}

(106)

gives a bijection of the set of K-lattices commensurable to (Λ, φ) with the
set of ideals in O.
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2. Invertible K-lattices deﬁne positive energy representations.
3. The partition function is the Dedekind zeta function ζK (β) of K.
As in Theorem 1.26 and Lemma 1.27 of [10] in the GL2 -case, one uses the
fact that, if Λ is an invertible 2-dimensional Q-lattice and Λ is commensurable
to Λ, then Λ ⊂ Λ . The map above is well deﬁned, since J ⊂ O is an ideal.
Moreover, JΛ = Λ, since O is a Dedekind domain. It is shown in [11] that
the map is both injective and surjective. We use the notation
J −1 (Λ, φ) = (Λ , φ).

(107)

For an invertible K-lattice, this gives an identiﬁcation of (GK )y with the set J
of ideals J ⊂ O. The covolume is then given by the norm. The corresponding
Hamiltonian is of the form
H J = log n(J) J ,

(108)

with non-negative eigenvalues, hence the partition function is the Dedekind
zeta function

Z(β) =
n(J)−β = ζK (β).
(109)
J ideal in O
4.3 Symmetries
We shall now adapt the discussion of symmetries of the GL(2) system to
K-lattices, adopting a contravariant notation instead of the covariant one
used in [10].
Proposition 21. The semigroup Ô ∩ A∗K,f acts on the algebra AK by endomorphisms. The subgroup Ô∗ acts on AK by automorphisms. The subsemigroup O× acts by inner endomorphisms.
Consider the set of K-lattices (Λ, φ) such that φ is well deﬁned modulo
JΛ, for an ideal J = sÔ ∩ K. Namely, the map φ : K/O −→ KΛ/Λ factorises
as K/O −→ KΛ/JΛ → KΛ/Λ. We say, in this case, that the K-lattice (Λ, φ)
is divisible by J. For a commensurable pair (Λ, φ) and (Λ , φ ), and an element
f ∈ AK , we set
θs (f )((Λ, φ), (Λ , φ ))

f ((Λ, s−1 φ), (Λ , s−1 φ ))
=
0

both K-lattices are divisible by J
otherwise.

(110)

Formula (110) deﬁnes an endomorphism of AK with range the algebra reduced
by an idempotent eJ . Clearly, for s ∈ Ô∗ , the above deﬁnes an automorphism,
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which is compatible with the time evolution. For s ∈ O× , the endomorphism
(110) is inner,
θs (f ) = µs f µ∗s ,
with µs ∈ AK given by





µs ((Λ, φ), (Λ , φ )) =

1 Λ = s−1 Λ and φ = φ
0 otherwise.

(111)

The range of µs is the projection eJ , with J the principal ideal generated by
s. The isometries µs are eigenvectors of the time evolution, namely σt (µs ) =
n(s)it µs .
Recall that AK,f = Ô.K ∗ . Thus, we can pass to the corresponding group of
symmetries, modulo inner, which is given by the idèle class group A∗K,f /K ∗ ,
which is identiﬁed, by the class ﬁeld theory isomorphism, with the Galois
group Gal(K ab /K).
This shows that we have an action of the idèle class group on the set of
extremal KMSβ states of the CM system. The action of the subgroup Ô∗ /O∗
is by automorphisms, while the action of the quotient group Cl(O) is by
endomorphisms, as we expected according to diagram (89).
4.4 Comparison with Other Systems
First we investigate the functoriality issue for the CM-system associated to a
quadratic imaginary extension K of Q as above. This describes the compatibility between the CM system and the BC system.
By Proposition 19 we can replace the C ∗ -algebra AK by the Morita equivalent one AK,princ = C0 (AK,f /O∗ )  K ∗ /O∗ . We need to relate it to the BCsystem i.e. again, up to Morita equivalence, to the crossed product algebra
C0 (Af )  GL1 (Q)+ .
Let N : AK,f → Af be the norm map and ι : N (K ∗ ) → K ∗ be a group
homomorphism section of N : K ∗ → N (K ∗ ).
Proposition 22. The pair (N, ι) induces a morphism
 : C0 (Af )  N (K ∗ ) → M (C0 (AK,f /O∗ )  K ∗ /O∗ ) = M (AK,princ )
to the multiplier algebra of AK,princ .
Proof. This is an immediate application of the discussion in Section 3.7. In
fact, one checks that condition (74) is fulﬁlled by construction. Note that, in
the setup as above, N (K ∗ ) is a subgroup of GL1 (Q)+ and, moreover, N (O∗ ) =
1. The noncommutative space Af /N (K ∗ ), quotient of Af by N (K ∗ ), is an
etale inﬁnite covering of the space of one dimensional Q-lattices up to scaling.
It is also useful to see explicitly the relation of the algebra AK of the
CM system to the algebras previously considered in generalizations of the
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Bost–Connes results, especially those of [5], [16], and [20]. This will explain
why the algebra AK contains exactly the amount of extra information to allow
for the full explict class ﬁeld theory to appear.
The partition function of the system considered in [16] agrees with the
Dedekind zeta function only in the case of class number one. A diﬀerent system, which has partition function the Dedekind zeta function in all cases, was
introduced in [5]. Our system also has as partition function the Dedekind zeta
function, independently of class number. It however diﬀers from the system
of [5]. In fact, in the latter, which is a semigroup crossed product, the natural quotient of the C ∗ -algebra obtained by specializing at the ﬁxed point of
the semigroup is the group ring of an extension of the class group Cl(O) by
K ∗ /O∗ , while in our case, when specializing similarly to the K-lattices with
φ = 0, we obtain an algebra Morita equivalent to the group ring of K ∗ /O∗ .
Thus, the two systems are not naturally Morita equivalent.
The system considered in [20] is analyzed there only under the hypothesis of class number one. It can be recovered from our system, which has
no restrictions on class number, by reduction to those K-lattices that are
principal. Thus, the system of [20] is Morita equivalent to our system (cf.
Proposition 19).
Notice, moreover, that the crossed product algebra C(Ô)  O× considered
in some generalizations of the BC system is more similar to the “determinant part” of the GL2 -system (cf. Section 1.7 of [10]), namely to the algebra
C(M2 (Ẑ))  M2+ (Z), than to the full GL2 -system.

5 KMS States and Complex Multiplication
We can now describe the arithmetic subalgebra AK,Q of AK . The relation
between the CM and the GL2 -system provides us with a natural choice for
AK,Q .
Deﬁnition 23. The algebra AK,Q is the K-algebra obtained by
AK,Q = A2,Q |GK ⊗Q K.

(112)

Here A2,Q |GK denotes the Q-algebra obtained by restricting elements of
the algebra A2,Q of Deﬁnition 11 to the C∗ -quotient GK of the subgroupoid
R̃K ⊂ R̃2 .
Notice that, for the CM system, AK,Q is a subalgebra of AK , not just a
subalgebra of unbounded multipliers as in the GL2 -system, because of the fact
that AK is unital.
We are now ready to state the main result of the CM case. The following
theorem gives the structure of KMS states for the system (AK , σt ) and shows
that this system gives a solution to Problem 1 for the imaginary quadratic
ﬁeld K.

54

Alain Connes, Matilde Marcolli, and Niranjan Ramachandran

Theorem 24. (Connes–Marcolli–Ramachandran [11]) Consider the system
(AK , σt ) described in the previous section. The extremal KMS states of this
system satisfy:
• In the range 0 < β ≤ 1 there is a unique KMS state.
• For β > 1, extremal KMSβ states are parameterized by invertible Klattices,
(113)
Eβ  A∗K,f /K ∗
with a free and transitive action of CK /DK ∼
= A∗K,f /K ∗ as symmetries.
• In this range, the extremal KMSβ state associated to an invertible K-lattice
L = (Λ, φ) is of the form

f (J −1 L, J −1 L) n(J)−β ,
(114)
ϕβ,L (f ) = ζK (β)−1
J ideal in O
where ζK (β) is the Dedekind zeta function, and J −1 L deﬁned as in (107).
• The set of extremal KMS∞ states (as weak limits of KMSβ states) is still
given by (113).
• The extremal KMS∞ states ϕ∞,L of the CM system, evaluated on the
arithmetic subalgebra AK,Q , take values in K ab , with ϕ∞,L (AK,Q ) = K ab .
• The class ﬁeld theory isomorphism (2) intertwines the action of A∗K,f /K ∗
by symmetries of the system (AK , σt ) and the action of Gal(K ab /K) on the
image of AK,Q under the extremal KMS∞ states. Namely, for all ϕ∞,L ∈
E∞ and for all f ∈ AK,Q ,
α(ϕ∞,L (f )) = (ϕ∞,L ◦ θ−1 (α))(f ),

∀α ∈ Gal(K ab /K).

(115)

Notice that the result stated above is substantially diﬀerent from the GL2 system. This is not surprising, as the following general fact illustrates. Given
an étale groupoid G and a full subgroupoid G  ⊂ G, let ρ be a homomorphism
ρ : G → R∗+ . The inclusion G  ⊂ G gives a correspondence between the C ∗ algebras associated to G  and G, compatible with the time evolution associated
to ρ and its restriction to G  . The following simple example, however, shows
that, in general, the KMS states for the G  system do not map to KMS states
for the G system. We let G be the groupoid with units G (0) given by an
inﬁnite countable set, and morphisms given by all pairs of units. Consider
a ﬁnite subset of G (0) and let G  be the reduced groupoid. Finally, let ρ be
trivial. Clearly, the G  system admits a KMS state for all temperatures given
by the trace, while, since there is no tracial state on the compact operators,
the G system has no KMS states.
5.1 Low Temperature KMS States and Galois Action
The partition function ZK (β) of (109) converges for β > 1. We have also
seen in the previous section that invertible K-lattices L = (Λ, φ) determine
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positive energy representations of AK on the Hilbert space H = 2 (J ) where
J is the set of ideals of O. Thus, the formula
ϕβ,L (f ) =

Tr (πL (f ) exp(−βH))
Tr(exp(−βH))

(116)

deﬁnes an extremal KMSβ state, with the Hamiltonian H of (108). These
states are of the form (114). It is not hard to see that distinct elements in
AK,f /K ∗ deﬁne distinct states ϕβ,L . This shows that we have an injection of
AK,f /K ∗ ⊂ Eβ . Conversely, every extremal KMSβ state is of the form (114).
This is shown in [11] by ﬁrst proving that KMSβ states are given by measures
on the space X of K-lattices (up to scaling),

f (L, L) dµ(L) , ∀f ∈ AK .
(117)
ϕ(f ) =
X

One then shows that, when β > 1 this measure is carried by the commensurability classes of invertible K-lattices. (We refer the reader to [11] for
details.)
The weak limits as β → ∞ of states in Eβ deﬁne states in E∞ of the form
(118)

ϕ∞,L (f ) = f (L, L).

Some care is needed in deﬁning the action of the symmetry group AK,f /K ∗
on extremal states at zero temperature. In fact, as it happens also in the
GL2 -case, for an invertible K-lattice evaluating ϕ∞,L on θs (f ) does not give a
nontrivial action in the case of endomorphisms. However, there is a nontrivial
action induced on E∞ by the action on Eβ for ﬁnite β and it is obtained as
Θs (ϕ∞,L )(f ) = lim (Wβ (ϕ∞,L ) ◦ θs ) (f ),
β→∞

(119)

where Wβ is the “warm up” map (9). This gives
(120)

Θs (ϕ∞,L ) = ϕ∞,Ls ,
with Ls the invertible K-lattice (Js−1 Λ, s−1 φ).
Thus the action of the symmetry group IK /K ∗ is given by
L = (Λ, φ) → Ls = (Js−1 Λ, s−1 φ) ,

∀s ∈ IK /K ∗ .

(121)

When we evaluate states ϕ∞,L on elements f ∈ AK,Q of the arithmetic
subalgebra we obtain
ϕ∞,L (f ) = f (L, L) = g(L) ,

(122)

where the function g is the lattice function of weight 0 obtained as the restriction of f to the diagonal. By construction of AK,Q , one obtains in this way all
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the evaluations f → f (z) of elements of the modular ﬁeld F on the ﬁnitely
many modules z ∈ H of the classes of K-lattices.
The modular functions f ∈ F that are deﬁned at τ deﬁne a subring B of
F . The theory of complex multiplication (cf. [32], §5) shows that the subﬁeld
Fτ ⊂ C generated by the values f (τ ), for f ∈ B, is the maximal abelian
extension of K (we have ﬁxed an embedding K ⊂ C),
Fτ = K ab .

(123)

Moreover, the action of α ∈ Gal(K ab /K) on the values f (z) is given by
αf (z) = f σqτ θ

−1

(α)

(124)

(z).

In this formula the notation f → f γ denotes the action of an element γ ∈
Aut(F ) on the elements f ∈ F , the map θ is the class ﬁeld theory isomorphism
(2), qτ is the embedding of A∗K,f in GL2 (A) and σ is as in the diagram with
exact rows
1

/ K∗

ι

/ GL1 (AK,f )

θ

/ Gal(K ab /K)

/1
(125)

qτ

1

/ Q∗


/ GL2 (Af )

σ

/ Aut(F )

/ 1.

Thus, when we act by an element α ∈ Gal(K ab /K) on the values on AK,Q
of an extremal KMS∞ state we have
α ϕ∞,L (f ) = ϕ∞,Ls (f )

(126)

where s = θ−1 (α) ∈ IK /K ∗ .
This corresponds to the result of Theorem 1.39 of [10] for the case of
2-dimensional Q-lattices (see equations (1.130) and following in [10]) with the
slight nuance that we used there a covariant notation for the Galois action
rather than the traditional contravariant one f → f γ .
5.2 Open Questions
Theorem 24 shows the existence of a C ∗ -dynamical system (AK , σt ) with all
the required properties for the interpretation of the class ﬁeld theory isomorphism in the CM case in the framework of fabulous states. There is however
still one key feature of the BC-system that needs to be obtained in this framework. It is the presentation of the arithmetic subalgebra AK,Q in terms of
generators and relations. This should be obtained along the lines of [10] Section 6, Lemma 15 and Proposition 15, and Section 9 Proposition 41. These
suggest that the relations will have coeﬃcients in the Hilbert modular ﬁeld.
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We only handled in this paper the CM-case i.e. imaginary quadratic ﬁelds,
but many of the notions we introduced such as that of a K-lattice should be
extended to arbitrary number ﬁelds K. Note in that respect that Proposition
18 indicates clearly that, in general, the space of commensurability classes of
K-lattices should be identical to the space AK /K ∗ of Adèle classes introduced
in [8] for the spectral realization of zeros of L-functions, with the slight nuance
of non-zero archimedan component. The scaling group which is used to pass
from the above “dual system" to the analogue of the BC system is given in
the case K = Q by the group R∗+ and in the case of imaginary quadratic
ﬁelds by the multiplicative group C∗ . It is thus natural to expect in general
that it will be given by the connected component of identity DK in the group
CK of idèle classes. A possible construction in terms of K-lattices should be
compared with the systems for number ﬁelds recently constructed in [13].
There is another important conceptual point that deserves further investigation. In the classical class-ﬁeld theory and Langlands program for a ﬁeld
K, the main object which is constructed is a certain “space”, which is acted
upon by two mutually commuting sets of operators: one is the Galois group of
an extension of K, while the other is a group (algebra, semigroup, set) of geometric symmetries (like Hecke operators). In the very special case of abelian
class ﬁeld theory, it turns out that the commutator of each of these sets essentially coincides with it (or with an appropriate completion), so that these two
groups can be naturally identiﬁed. The quantum statistical mechanical systems considered in this paper, as well as the mentioned generalizations, give
new geometric objects, in the form of quantum statistical mechanical systems,
supporting a similar type of geometric symmetries (e.g. groups of symmetries
of adelic nature associated to Shimura varieties). The intertwining between
geometric and Galois actions is provided by the extremal KMS states at zero
temperature and by the presence of an arithmetic subalgebra. Even in the
abelian cases, like the BC system and the CM system, it is important to
maintain the conceptual diﬀerence between geometric and Galois actions. For
instance, in the CM case the intertwining via the states, which provides the
identiﬁcation, relies essentially on the classical theory of complex multiplication, through the use of Shimura reciprocity. In the non-abelian setting, this
distinction becomes essential. One can already see that clearly in the case
of the GL2 -system, where for a generic set of extremal KMS states at zero
temperature one still obtains a Galois interpretation of the geometric action
(again by means of the classical theory of Shimura reciprocity and automorphisms of the modular ﬁeld), while other phenomena appear for non-generic
states, which reﬂect more clearly the diﬀerence between these two actions. For
more general case associated to Shimura varieties, while the geometric action
occurs naturally as in the GL2 -case and the number ﬁelds case, the Galois
side is still not understood.
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