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Abstract. Turbulent flows involve high-dimensional nonlinear interactions across a
range of spatial and temporal scales, and the need to capture such interactions makes
them challenging to model and simulate. We present a resolvent-based framework to
guide scale selection in reduced-order models of turbulence. Resolvent analysis offers a
physics-based framework to decompose the Navier-Stokes equation into linear and non-
linear components and to identify the most amplified flow structures. Building on this
framework, we introduce an energy exchange coefficient that directly quantifies nonlinear
energy transfer between resolvent modes, enabling an energy-based ordering of triadic
interactions in turbulent channel flow without relying on data-driven closures. Triads
with large interaction coefficients are incorporated into the augmented restricted nonlin-
ear (ARNL) model, which is a physics-based reduced-order representation that requires
specification of streamwise flow scales permitted to interact nonlinearly (large-scales) and
small-scale streamwise perturbations whose linear evolution is a function of these large
scales. Resolvent-informed ARNL simulations are shown to produce normal Reynolds
stresses, energy spectra, and energy transport consistent with DNS data. These results
demonstrate the potential of the resolvent-based approach for identifying important non-
linear interactions and as a tool for improving physics-grounded turbulence modeling.

1 Introduction

Turbulence is characterized by interactions across a wide range of spatial and temporal scales. Linear
mechanisms such as modal amplification and instability play an important role in shaping flow structures,
but it is the nonlinear interactions that redistribute energy across scales and sustain turbulence [1-4].
These nonlinear processes are high-dimensional and computationally expensive to resolve; however, they
are central to capturing the multiscale dynamics of turbulence [3]. Reduced order models can reduce the
computational burden, but obtaining accurate representations and their utility for prediction or control
requires that they retain essential aspects of the physics. Therefore, developing a better understanding
of the key nonlinear processes in turbulence is critical both for uncovering fundamental aspects of the
dynamics and informing tractable tools for analysis, prediction, and control.

Resolvent analysis is a powerful equation-based tool to understand the relationship between linear and
nonlinear effects. In this framework, the Navier-Stokes equations (NSE) are decomposed into linear and
nonlinear components, where the nonlinear terms are interpreted as a forcing term to the linear dynamics.
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The resulting input-output relationship is captured by the resolvent operator, which acts as a ‘transfer
function’ (spatio-temporal frequency response operator) mapping the forcing to the system’s response, see
e.g. [5]. In resolvent analysis, a singular value decomposition (SVD) of the resolvent operator identifies
the most amplified flow responses and the forcing structures that generate them, thereby revealing the
coherent structures and amplification mechanisms that dominate the linearized turbulent dynamics, see
e.g., [6-11]. Importantly, resolvent analysis requires only the mean flow profile and boundary conditions.
It therefore does not rely on full-scale simulations or experimental data. This makes it a computationally
efficient yet physics-grounded tool for dissecting the interplay between linear amplification mechanisms
and nonlinear energy transfer in turbulence.

The interpretation of the nonlinear terms of the NSE an external forcing acting on the linear dynamics
of the flow [6] isolates the linear amplification mechanisms without resolving the full nonlinear interactions.
It is common to assume broadband forcing (i.e., delta correlated in space and time), where all modes
are weighted equally and every forcing mode is excited with unit amplitude. Statistical modeling or
data-driven techniques can also provide insight into the feedback between the output modes and the
nonlinear forcing term. Stochastic forcing or colored noise can be used to empirically model the forcing
term [12,13]. Alternatively, extraction of flow field data from high fidelity simulations can also be done
to inform weighting of the resolvent modes [14-16]. While these techniques provide information about
important structures in the flow, they rely on empirical data and it may be difficult to extract structural
features or other information about the most amplified modes beyond that obtained through analysis
using white-noise forcing assumptions [11,15].

The structure of the forcing terms has been further examined to determine the critical nonlinear
interactions governing the flow. Resolvent analysis techniques have used modal decomposition to capture
triadic relationships between modes across a wide range of flow configurations [15,17-22]. Specifically,
the nonlinear forcing can be approximated by computing the interaction between resolvent modes [15].
This approach accurately predicts mode amplitudes, correctly capturing the spatial structure of the most
energetic mode in low-rank regions and reproducing mode shapes computed by data-driven methods
[15]. High fidelity studies [18,23,24] also highlight the structured energy redistribution across scales
by specific mode interactions, further motivating the incorporation of such dynamics into reduced-order
modal frameworks.

Nonlinear energy transfer predicted by the first resolvent mode using true velocity flow field data was
compared to the Fourier modes in DNS [18]. Results suggest the nonlinear transfer was minimal for the
optimal resolvent mode, compared to production and dissipation, but had a major role in redistributing
energy in the DNS. Suppressing the principal resolvent forcing mode, which has contributions from
limited nonlinear interactions, was found to inhibit turbulence within a minimal flow unit [17]. Using
simulation data, flow structures contributing to the principal nonlinear forcing were identified, which
facilitate key nonlinear interactions in the self-sustaining process of near-wall turbulence. [20] also showed
the importance of large-scale structures interacting with small-scale gradients extracted from simulation
data to model the nonlinear forcing. These studies rely on simulation flow field data to model the
nonlinearity, offering valuable insight into the forcing structure and modal interactions; however, they
lack a computationally efficient method for determining these relationships.

In this work, we extend the resolvent analysis framework to directly compute nonlinear interactions
between response and forcing modes. While standard resolvent analysis computes the linear effect of
forcing modes onto response modes, we “close the loop” by computing the nonlinear contribution of
response modes back into the forcing term. Specifically, we use a nonlinear energy exchange coefficient,
defined by computing the nonlinear term of the NSE in terms of the response modes and projecting it
onto the forcing modes. This formulation provides a self-contained framework that relies solely on the
outputs of resolvent analysis and a turbulent mean profile, thereby offering a physics-based alternative
to data-driven approaches.

We test the effectiveness of this approach by applying it to parametrize an augmented restricted non-
linear (ARNL) model [25] which requires specification of its streamwise wave number support. The ARNL
representation is an extension of the restricted nonlinear (RNL) model, which restricts streamwise varying
flow structures contributing to the dynamics, see e.g., [26-28]. Based on the prevalence and dynamical
importance of streamwise coherent structures in wall-bounded turbulence [29-31], the RNL model is ob-
tained by first decomposing the total flow field into a streamwise averaged mean flow (large-scale) and
perturbations about that mean (small-scales). The nonlinear interactions are neglected which do not
contribute to the dynamics of the streamwise averaged mean (large-scale) modes. RNL representations
have been shown to produce self-sustaining turbulence in canonical wall-bounded flows at low to moder-
ate Reynolds numbers with the perturbation dynamics supported by a single streamwise varying mode
(i.e., non-zero wave number when the flow is represented using Fourier basis functions) [26, 27,32, 33].
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The accuracy of the statistics, spectra, and energy transport of the RNL turbulence is improved when
the permitted wavelengths of the corresponding structures fall within the peak range of the outer-layer
pseudo-dissipation spectra [28]. However, the accuracy breaks down for high-Reynolds numbers when
scale separation becomes increasingly important. Limiting nonlinear interactions between streamwise
scales to those involving or contributing to the streamwise constant mean becomes too restrictive to
capture the energy transfer across scales that becomes increasingly important as Reynolds numbers in-
crease [25].

The ARNL model sought to overcome the limitation of the RNL model at large Reynolds numbers
by permitting additional streamwise varying structures to interact nonlinearly. A similar approach has
been taken in generalized quasilinear (GQL) models where a spectral cutoff in both the streamwise and
spanwise domains defines the spanwise and streamwise scales permitted to act nonlinearly (i.e. the
large-scales), see e.g. [34-36]. RNL models differ in that they use a band-pass filter to determine the
streamwise modes supporting the perturbation dynamics, rather than based on the spectral cutoff. The
ARNL framework similarly imposes the streamwise scales permitted to interact nonlinearly as part of the
large-scale dynamics. The small scales are then restricted to the region surrounding the peak of the outer-
layer pseudo dissipation spectra in pairs that maintain triadic consistency with the nonlinear interactions
within the mean dynamics [25]. This ARNL framework has been shown to provide improved performance
over RNL models at moderate Reynolds numbers Re, > 550 [25] when the additional large scale was
chosen to coincide with the half-channel height. Applications to study flow over riblets also illustrated
the improved ability of the ARNL framework in capturing physics associated with drag alteration in these
flows [37]. A benefit of this framework is the ability to impose hierarchical coupling of modes (i.e., via
triadic relationships) that enables increasing model fidelity with limited increases in computational cost.

While the previous work highlighted the promise of the ARNL framework, the selection of the large-
scale and the triadically consistent small scales was ad hoc [25]. Furthermore, the selection of the
half-channel height makes physical sense as a large-scale; it is still unclear how to systematically select
additional scales. As discussed above, resolvent analysis based methods have proven effective in identifying
energetically important nonlinear interactions. These results motivate the use of the resolvent analysis
approach described above to select the streamwise wavenumber support of the ARNL model.

We investigate the resolvent analysis informed ARNL dynamics in a channel at Re, = 180. While
this Reynolds number is lower than those where scale separation becomes dominant, this well-studied
case offers advantages in terms of computational tractability and availability of both DNS and RNL data
for comparison. As the RNL model has already been shown to produce good agreement with DNS at this
Reynolds number, it also allows us to isolate the changes arising from the additional nonlinear interactions
permitted in the RNL framework. We first demonstrate that using the resolvent forcing modes to obtain
the nonlinear interaction coeflicients yields results consistent with previous data-driven methods. We
then focus on streamwise wave numbers and select triads that have high nonlinear interaction coefficients
as candidate parametrizations for the ARNL models and select cases based on the extent to which the
small scales fall within the optimal range identified in previous DNS studies. The resulting resolvent-
informed ARNL simulations are shown to improve upon RNL predictions of normal Reynolds stresses,
energy spectra, and energy transport.

The remainder of this paper is organized as follows. Section 2 introduces the methodology and gov-
erning equations for both the resolvent analysis and the ARNL model. Section 3 describes the numerical
configuration and solver details. Section 4 presents simulation results and associated discussion. Finally,
the paper summarizes key findings and outlines future work in section 5.

2 Methods
We consider turbulent channel flow at friction Reynolds number Re, = 180, defined by the friction
velocity w,, the kinematic viscosity v, and the channel half height §. The streamwise, wall-normal,
and spanwise directions are denoted as x1, xo, and x3, respectively. The velocity and pressure fields
are respectively denoted as wr and pp. In the following subsections, we describe two reduced-order
representations, resolvent analysis and the augmented restricted nonlinear model (ARNL).

In resolvent analysis, the velocity and pressure fields are decomposed as ur = U 4+ v and pr =
P + p respectively. The mean velocity is assumed to be a one-dimensional streamwise velocity profile,
U = (Ui(x2),0,0), defined as the time and horizontally averaged (x; and x3) turbulent mean velocity
profile. The corresponding fluctuating velocity field is denoted w(xy,za,23,t) = (u1,u2,us). A similar
decomposition is applied to the pressure field, where P(x3) and p(z1,x9,z3,t) are the respective mean
and fluctuating components.

In the ARNL model, the velocity and pressure fields are decomposed into a large-scale mean flow and
perturbations about that mean as ur = U + w and pr = P + p. The large-scale mean velocity field
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is defined as U(x1,z2, x3,1) = (ur); and small-scale perturbations are denoted w(xy,z2,x3,t). The (-);
denotes a filtering operation that restricts the streamwise wavenumber support to a predefined set of
large-scales £. Further details of the streamwise wavenumber support comprising the large- and small-
scales are provided in §2.2. An analogous filtering is employed to define the mean and perturbation
components of the pressure field.

2.1 Resolvent Analysis
To form the resolvent operator, the non-dimensional incompressible NSE are first linearized about the
mean flow U and Fourier transformed in the homogeneous directions (z1,z3) and time, resulting in the

linear system
a(ﬂfg;kl,kg,(JJ) — f(xZ;khkavw)
[iﬁ(xz; ki,ks,w)| ke, kg, ) 0 ’ (1)

with resolvent operator

H(kla k37 w) =
—i(w — k1Uy) — V2/Re, UL /O 0 ik, 77"
0 *i(w — klUl) — v2/R€7— 0 8/81‘2 (2)
0 0 —i(o.) — klUl) - VQ/RGT ik3 ’
—ikl —8/6952 —ikg 0
where V2 = — (k% + k%) + 02 /(0x2)?, and w is the temporal frequency. k; and k3 are the wavenumbers in

the respective streamwise and spanwise directions, defined as k; = 2n7d/L;, where n is the wave index
integer and L; is the domain length in the x; direction. The vector [u, p|" = [u1, s, U3, ]/ﬂ—r comprises

. PO
the states, [f, 0] = [fl, f2, fg,O] is the nonlinear forcing vector consisting of the nonlinear terms,

(+) indicates quantities that have been Fourier transformed (in x1, x5 and t), and superscript T indicates
the transpose of a matrix. In what follows, we omit the x5 in the argument of transformed quantities for
brevity.

We perform a singular value decomposition (SVD) on the resolvent operator H in (2) by applying a
Schmidt decomposition following [6] such that

o~

ak k)] 52, o ) (Flhbr ks,) . Bplh k) ) | FnlFr ) (3)
ﬁ(kl,kg,w) Z n\N1l, 3, 1,3, ) n\N1, 3, ¢n7p(k1,k37w) )

where
26
(a(x2), b)) = / b (22) al(zs) da (4)

is the inner product corresponding to the kinetic energy norm. The singular values o, are the gains or-
dered such that oy > o9 > -+ > 0, the right singular vectors ®,, = [,,,0]" = [Pn.1, Pn.2, dn3,0] " are the

resolvent forcing modes, and the left singular vectors \iln(kl, ks,w) = [, @n,p]T = [‘l],\)n’l,$n,2, 1/5”73, Prp) "
are the resolvent response modes. Ny is the number of grid points in the wall-normal direction, and 4N
is the number of modes associated with each (ki, k3,w) input. The superscript * indicates the complex
conjugate.

The nonlinear forcing term can be written in terms of a convolution of the velocity vector

f(klak37w): E (a( i,ké,w’)~V)'E(k17k/1,k37k§,w7w'), ( )
!’ ! !’ 5
k7 .ka,w
(k1 k) (0,0)

where V = [iky,0/0x2,iks]". Since resolvent analysis only considers amplification of fluctuations with
respect to the mean profile, the associated (k1, k3) = (0,0) mode is omitted. For brevity, we abbreviate
a quantity g(ki1, ks, w) as q, q(k1, k%, ') as ¢/, and q(k7, k%, w") as ¢ where ki = k1 — ki, k§ = ks — k%,
and w”’ = w — w’. Expressing the velocity vector as a linear sum of resolvent response modes weighted
by the nonlinear forcing mode weight [38],

Xn(klkai,w) = <A(k17k37w) 9 $n(klvk3aw)> . (6)
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Then using the expression for u given in equation (3), we can recast the nonlinear term in equation (5)

as
4N

F=Y X (oni V) (chxbn) - (7)
I,m=1 kiﬁké’w’

(k1,k3)#(0,0)

We can determine the contribution of the nonlinear interaction of the response modes to the forcing
modes by projecting f onto the forcing modes and rearranging such that

4No
~ o~ -~/ ~1I o~
(7o) =( 55 ot (§:9) ), N
l,m=1 ki,ké,w’
(k1,k3)#(0,0)

which provides a relationship between the weights of a triad, comprising a forcing mode and two response
modes. To calculate the full nonlinear forcing in equations (7) and (8), additional flow field information
(e.g, DNS data or other empirical data) is needed to compute the mode weights x; and x/,,. Instead, we
define a nonlinear interaction coefficient

~1 ~1 —~
O‘n(kla ks, w; klla kévw/7l’m) = UZIU;:L <<1|)l : V) P, ¢n> ’ (9)

which only depends on information provided via resolvent analysis. Strictly speaking, «, reflects the
strength of a nonlinear interaction based on the structure and geometry of the forcing and response
modes forming the triad and the amplification (o) of the resolvent operator. Some triads may have
structures and linear amplifications that favor nonlinear energy exchange, and therefore have large values
of a,,, regardless of the total amount of energy exchanged. If the nonlinear forcing is assumed to be
broadband (x = 1 for all modes), then «,, also reflects the full nonlinear energy exchange; under this
assumption, the triad with the largest a,, coefficient would also have the largest nonlinear contribution.
Since nonlinear forcing is not broadband generally, we define «,, to be a coefficient that does not depend
on the mode weights xj and x//,. This approach enables us to analyze the «,, coefficients to identify
interactions that have large nonlinear contribution without the need for data-driven methods. Triads
with large «,, coefficients will be used to parameterize the ARNL model described in the next section.

2.2  Augmented Restricted Nonlinear Model

The ARNL model governing equations are formed from the NSE by first neglecting nonlinear interactions
between streamwise wavenumbers that do not contribute to the large scales k; € £ and then defining the
set S of small scales supporting the perturbation dynamics [25,37]. The resulting evolution equations for
the ARNL mean and perturbation dynamics are respectively given by

WU+ U -VU), + VP - VU/Re, = — (u-Va),, (10)
(11)

Qi+ (U - V), + (@ VU), + V5 — V’@/Re, = 0. 11

Here (-); indicates filtering that restricts the output of the operation to the large-scales, i.e., k; € L
and (-)s denotes analogous filtering limiting to the small-scales k; € S. The dynamics in equation (10)
comprise only large-scales (k; € L) and those equation (11) include only small-scales (k; € S). The
streamwise wave number support of the ARNL large-scale dynamics £ includes non-zero streamwise
modes (k1 # 0) in addition to the streamwise average mean (k; = 0) comprising the RNL large scale, see
e.g. [28,39]. To emphasize that these modes represent the ARNL large scales, we will denote them using
a capital K] in the remainder of the paper, where the ’ is used for consistency with the notation used
in §2.1. Consistent with the definitions in the resolvent framework, the nonlinear interactions between
streamwise scales contributing to the large-scale dynamics are constrained to satisfy K| + ki = k1. The
full range of nonlinear interactions between spanwise scales also satisfies K5+ k% = k3. The set S contains
the small-scale non-zero modes (i.e., k1, k] # 0) which support the perturbation dynamics.

As the ARNL framework builds on the RNL modeling paradigm, the large scales always include the
streamwise constant mean, i.e., the K] = 0 mode. The non-zero streamwise scales contributing to the
ARNL dynamics will be determined based on resolvent analysis and previous analysis demonstrating the
accuracy of the RNL model when kY, k; € S are restricted to those corresponding to the peak region of
the outer-layer surrogate dissipation spectrum [28].
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3 Numerical Configuration

In this section, we describe the numerical implementation of the ARNL model and resolvent analysis.
We also introduce the configuration of the DNS used to obtain the mean profile required by resolvent
analysis and to validate the ARNL results. As the resolvent computations rely on the DNS mean profile,
we present the DNS/ARNL configuration first.

8.1 Direct Numerical and Augmented Restricted Nonlinear Model Simulations

DNS and ARNL simulations employ a modified version of the open-source code LESGO (lesgo.jhu.edu).
The code is pseudo-spectral, employing Fourier transforms in the streamwise and spanwise directions. The
wall-normal direction uses second-order central finite differencing. Time advancements employ the Crank-
Nicholson scheme for wall-normal diffusive terms and Adams-Bashforth for the remaining terms [25,37].
Periodic boundary conditions are applied in the streamwise and spanwise directions. No-slip and no-
penetration boundary conditions are applied at both the top and bottom walls.

The streamwise, wall-normal, and spanwise domain sizes for the DNS are [Ly, Lo, L3] = [1,2,7/2]0.
The grid resolution is [Ny, Na, N3] = [64,128,64] resulting in Az{ = 8.84, max(Azj) = 7.39, and
Axg = 4.42, where the superscript ‘+’ denotes normalization in viscous units. A hyperbolic tangent
stretching function [40] is applied in the wall-normal direction to ensure 15 grid points lie within 0 <
xgr < 5. A maximum stretching ratio of 1.08 is maintained. ARNL simulations use the same zo—x3
(cross-plane) resolution and domain extents as the DNS. There is no physical space streamwise grid in
the ARNL simulations, i.e., due to the restriction in the streamwise wave number support of the dynamics,
the nonlinearity is computed in the Fourier domain for computational efficiency (see details in [25,37]).
However, for consistency with the DNS and resolvent analysis computations, the DNS streamwise domain
length L is used to define wavenumbers [25].

We performed DNS for a standard channel where [L1, Lo, L3] = [27,2,7]¢ and compared to another
larger channel where [L1, Lo, Ls] = [47,2, 47]6 [41] to ensure the small channel (used above) maintained
similar dynamics. A comparison of the mean streamwise velocity and cross-plane Reynolds shear stress
for the different domain sizes showed minimal differences. Therefore, the small domain was used in the
results presented below to maintain computational efficiency in the ARNL simulations and the resolvent
analysis computations.

3.2  Resolvent Mode Computations

The resolvent modes are computed using the horizontally and time-averaged mean streamwise velocity
profile from the DNS data. The streamwise and spanwise wavelengths are chosen to match the discretized
wavelengths in the DNS and ARNL simulations. Wall-normal points are located at the same locations
as the DNS and ARNL grid points with No = 128. Wall-normal differentiation uses a second-order
central finite difference scheme with the same nonuniform grid for consistency with the DNS and ARNL
implementation described above. The integration in the inner product calculation accounts for wall-
normal grid stretching.

The interactions responsible for the largest nonlinear energy transfer are evaluated by calculating «,
across all streamwise and spanwise triad combinations. Since structures with zero temporal frequency
are known to contribute significantly to the streamwise constant (i.e, k1 = 0) dynamics, we only consider
modes that are constant in time where w, w’, and w” = 0 [17,20]. Similarly, only the top 4 most amplified
forcing and response pairs are considered for each wavenumber input. Only positive wavenumbers are
reported for brevity.

4 Results and Discussion
This section first describes the streamwise and spanwise scales (k1, k3) and the nonlinear scale interactions
k1 = K{'4 kY and k3 = K} + kY associated with the largest nonlinear energy coefficients a in (9). We
then select the triads k; = K| + kY associated with large values of o and small scales consistent with the
RNL modeling paradigm to parametrize the ARNL simulations. Finally, the turbulent statistics of the
resolvent-informed ARNL simulations are compared to a full-channel DNS [41] and a half-channel RNL
simulation [28].

Figure 1(a) presents the normalized nonlinear energy transfer coefficient a/nq, computed from (8)
and (9) for a range of (k1,ks) wave number pairs where the size and color of the marker are used to
indicate the relative magnitude for different pairs. This a/®mq. is obtained by computing all possible

IRecall: We have replaced k/ in equation (5) kY with K here to explicitly indicate that these wavenumbers are in the
set L for the ARNL decomposition.
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interactions (K’ and k" combinations), ranking them by magnitude, and reporting the largest value for
a given (ki,ks) pair. The results in Figure 1(a) suggest the largest energy transfer occurs for a forcing
mode ¢,,(0,8,w = 0), i.e., with wavenumbers (ki, k3) = (0,8). The triad components associated with
$,,(0,8,w = 0) arise from the response mode (,,) wavenumber pairs (K}, K}) = (0,4) and (k{, k%) =
(0,4). These results indicate structures that are very long in the streamwise direction with spanwise
wavenumbers 4 or 8 allow for the largest nonlinear energy transfer.

Our results align with previous studies which aim to identify important modes related to nonlinear
energy exchange. The Fourier mode (k1,k3) = (0,8) was previously identified as having the largest
turbulent kinetic energy and nonlinear energy transfer in a DNS study of a minimal channel at Re, = 180
[18]. This aligns with our findings (in figure 1(a)), though in contrast to [18], our method does not use
DNS data, but instead only depends on quantities stemming from the resolvent operator. Further, in
figure 1(a), we observe the (ki, k3) pairs that are constant in the streamwise direction (i.e., k; = 0) have
the largest nonlinear energy coeflicients. Prior studies also indicate k1 = 0 as important to the flow
dynamics [17-20,24], again, confirming that our method captures similar trends without using DNS or
external data. This finding that the most dominant mode pairs contain k1 = 0 provides further support
for the development of reduced-order models that emphasize streamwise coherent dynamics. One such
model is the ARNL model where nonlinear interactions with the streamwise mean are being directly
computed.

The ARNL framework requires specification of the non-zero streamwise modes to be retained in both
the large and small scale dynamics. To isolate nonlinear interactions contributing to the associated
energy transfer, we exclude triads involving a streamwise average component, i.e., we do not include
computations for ky = K| = ki = 0. We then compute a/mq. for all possible streamwise triads that do
not include a zero mode (i.e., for all triads such that ki, K, k{ # 0). As the ARNL model maintains full
nonlinearity in the spanwise direction, all spanwise triads are simulated [25,28], so we only investigate
the relative ordering of streamwise triads. Figure 1(b) shows a/qq, for the K{ and kf values that
provide the largest response for each ki over all of the mode combinations, where again the relative
strength is indicated by the darker color and larger markers. Figure 1(c) provides a magnified view of
the combinations associated with the largest values of a/,q.. Here, the streamwise-varying triadic
interaction with the largest a/amas is (K1, kY, k1) = (2,2,4), followed by (K1, k!, k1) = (2,4,6) and
(K1, k{,k1) = (2,6,8). Similar trends can be seen in [20], where an interaction coefficient similar to that
in (8) was defined to investigate the relative importance of interactions involving streamwise large-scale
structures using a projection onto DNS data rather than resolvent forcing modes.
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Figure 1: Normalized nonlinear energy transfer coefficient, a/aqz, for wave number combinations. (a)
Spanwise and streamwise wavenumber pairs (partial domain shown), (b) streamwise triadic interaction
with mean components filtered (full domain shown), and (c) magnified view of panel (b). Color and
marker size denote interaction magnitude, where darker shades and larger squares correspond to stronger
interactions. Empty boxes indicate streamwise mean mode filtering. The horizontal axis in panels (b)
and (c) is defined as K] = k.



6th Madrid Turbulence Workshop (MTW 2025) IOP Publishing
Journal of Physics: Conference Series 3230 (2026) 012002 doi:10.1088/1742-6596/3230/1/012002

Figure 2: Visualization of resolvent modes associated with the triad (K7, k!, k1) = (2,4,6), with color
indicating streamwise components and arrows indicating cross-flow components. (a) Response mode K| =
2 and (b) response mode ki = 4, inverse Fourier-transformed to show spatial structures, with colorbar
indicating the normalized streamwise component 1$1 / |1B17mw| and arrows indicating the wall-normal and
spanwise components IT)Q / \{1317mam| and 'LAl)g / |$1,max|. (c) Forcing mode k1 = 6, inverse Fourier-transformed
to show spatial structures, with colorbar indicating the normalized streamwise component (:]A)l / |<’1\)1’maz|
and arrows indicating the wall-normal and spanwise components $2 / |dA)1’mM| and dA)g / ‘a\)l,maz|~ Wall-
normal direction is cropped for visualization.

In what follows, we focus on the (K7, kY, k1) = (2,4,6) and (K1,k{, k1) = (2,6,8) triads because the
small scales k; = 2 and k}' = 4 associated with the (K71, kY, k1) = (2,2,4) mode, correspond to streamwise
wavelengths outside of the peak region of the outer layer pseudo dissipation spectra. Prior work with the
RNL model suggests that limiting the small-scale structures to this region produces optimal statistics
within the RNL framework [28,33]. This choice has also been shown to produce good results in prior
ARNL studies [25,37] and will be further analyzed herein.

Figure 2 visualizes the resolvent modes associated with the triadic relationship (K71, kY, k1) = (2,4, 6)
in the x1-z5 plane. This combination produces the largest a/q. excluding zero-wavenumber modes and
repeating triad entries. Specifically, figure 2(a) shows response mode P;_, (K] = 2, K} = —28,w’ = 0),
figure 2(b) shows response mode P, (k{ = 4,k = 44,w” = 0), and figure 2(c) shows the forcing mode
$,,_5(k1 = 6,k3 = 16,w = 0) forming the interaction. The streamwise components of the resolvent
modes are shown with color bars, and the spanwise/wall-normal components are indicated with arrows.
Note, the spanwise modes (i.e, K%, k%, ks) are provided for completeness, but their detailed analysis is

outside the scope of the present work.
We next present results obtained from simulations of the ARNL model parametrized based on the two
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triadic relationships determined from the resolvent analysis: (K71, kY, k1) = (2,4,6) and (K1, k!, k1) =
(2,6,8). The associated wavelengths A}, A/, and A\; are defined as 27/K1, 27 /k{, and 27 /k; respectively
where capitalized symbols denote large scales. Table 1 summarizes the wave numbers and corresponding
wavelengths used in the ARNL simulations. Here we also include the details of the half-channel RNL
simulation [28], where the non-integer wavenumbers are due to a different streamwise domain used for
normalization. Those simulations used three streamwise-varying modes, implying similar computational
costs to the present ARNL simulations.

Table 1: Comparison of streamwise interactions in simulations

Case Large scales £ Small Scales S AT NF A
RNL 28] 0 W =6,65.7 TI%, 174, 162 -

ARNL-1 0, Kj =2 Ei=4 k=6 565 283 188
ARNL-2 0, K,=2 K =6 k=8 565 188 141

Figure 3(a) shows the mean velocity profile obtained from both ARNL simulations alongside the RNL
simulation data from [28], and DNS data [41], all at Re, = 180. Here, and in what follows, the overbar
indicates averaging in time and the horizontal directions. All cases overlap in the near-wall region, while
the expected differences between the full and half channel configurations are seen in the wake region.
While all of the cases show log law behavior, there are small differences in the slope and magnitude
toward the center of the channel, with the DNS from [41] showing a higher velocity at the channel center
than all of the other cases. The two ARNL cases show very minor differences in this region, indicating
that the mean behavior is not significantly influenced by the choice of streamwise scale input. Figure 3(b-
d) presents the streamwise, wall-normal, and spanwise normal Reynolds stresses, which enable further
analysis of differences between simulations. In figure 3(b), all cases capture the wall-normal location
of the wyu; T peak, but only the ARNL-1 data accurately reproduces the magnitude throughout the
channel. The RNL and ARNL-2 simulations over predict @y +. This over-prediction is consistent with
prior RNL studies, where the restriction of the small scales to the peak region of the outer layer surrogate
dissipation spectra, as well as the inclusion of additional small scales, improved the accuracy of these
statistics [28,33,42]. Prior ARNL studies at higher Reynolds numbers with ad hoc selection of the large
scales also led to over-predictions of this quantity [25]. The improvement here suggests that the inclusion
of the additional nonlinear interactions in the ARNL versus RNL simulation, as well as the resolvent-
informed parametrization of the ARNL model, leads to a more accurate representation of the dynamics.
This improved accuracy is also seen in the other components, where continuity implies that an over-
prediction of wyur ™ will result in an under-prediction of Uzt ™ and uzuz . In figure 3(c) and (d), both
ARNL simulations better predict Uzuz; ™ and uzuz ™ when compared to the RNL. Specifically, ARNL-
1 accurately captures the peak value of uzusz™ at its corresponding wall-normal location. The uzuz™
peaks at x5 ~ 35,49,33,45 for DNS, RNL, ARNL-1, and ARNL-2, respectively, indicating improved
model accuracy near the wall where increased nonlinear interactions occur. These results suggest that
incorporating resolvent-informed nonlinearity enhances the ARNL model’s ability to capture near-wall
turbulence dynamics.

Figure 4 shows the k3 pre-multiplied spanwise energy spectra for the streamwise and wall-normal
velocity fluctuations, respectively k3 E,, ., in panels (a)-(d) and k3 FE,,., in panels (e)-(h). Panels (a,e)
show DNS [28] data, (b,f) RNL data [28], (c,g) ARNL-1 results, and (d,h) ARNL-2 results. The white
dashed lines in each plot indicate the location of peak energy in the DNS. Figures 4(c) and (d) show that
ARNL-1 and ARNL-2 simulations lead to improved predictions of the peak location of k3FE,,,, when
compared to RNL simulations. A more detailed comparison between the DNS and RNL spectra can
be found in [28]. The ARNL simulations lead to very similar quantitative features (shape, distribution
over the wall normal direction) of the spectra to the DNS, despite the reduced streamwise wave number
support of the ARNL models. The full shape of the spectra cannot be compared due to the smaller channel
simulated, although the contours do appear to be closing at the outer edge of the domain, suggesting that
the ARNL simulations may eliminate unphysical spread in the RNL spectra seen at longer wavelengths.
Figure 4(g,h) also shows that the ARNL predicted ksE,,q, is also more consistent with DNS data than
the RNL. Both ARNL cases capture the energy distribution farther from the wall, as well as the location
and shape of the peak region.
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(a) 20

0 60 120 180

Figure 3: (a) Mean streamwise velocity profiles, and (b) streamwise, (c) wall-normal, and (d) spanwise
Reynolds stresses for DNS [41] (black solid line, —), RNL [28] (black dashed line, ---), ARNL-1
(K1, K k1) = (2,4,6) (red circles, —o—), and ARNL-2 (K1,kY, k1) = (2,6,8) (blue triangles, —a—) at
Re, = 180. Dash-dotted line indicates uj = 1/0.41 In(z3) + 5 and dotted line indicates uf = z3.

Figure 4: Pre-multiplied energy spectra, (a-d) k3 E,, 4, and (e-h) k3 E,,, normalized by global maximum
comparing (a,e) DNS [28], (b,f) RNL [28], (c,g) ARNL-1, and (d,h) ARNL-2 simulations at Re, = 180.
White dashed lines indicate wall-normal distance and spanwise wavelength where the spectra from DNS
peaks respectively, (a-d) x3 ~ 14, \] ~ 126 and (e-h) 23 ~ 51, A\J =~ 126.
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To gain deeper insight into the performance of the ARNL models, we compute the energy transport

ﬁdUT R d2k d 1~~ ~ 1 dﬁ
0=—ujus— — v(Vau) : (Vau) + v—s - —-UWu-uU — ——UD (12)
2
da',‘g N——— d$2 dxg 2 P dmg
N pseudo-dissipation SN—— —_—
production viscous transport  turbulent transport  pressure transport

given by [3]. Figure 5 presents the corresponding rates of the turbulent kinetic energy (k = 3w - u): pro-
duction Py, pseudo-dissipation €y, viscous transport Dy, turbulent transport T}, and pressure transport
Iy [3,42] in the near wall region 23 < 30. The analysis focused on the near-wall region, as that was where
the most pronounced discrepancies between the models were observed. Here, the production rates pre-
dicted by the ARNL and RNL models closely follow the DNS results, whereas the pseudo-dissipation rate
and the total transport predicted by the ARNL models demonstrate improved agreement with the DNS
data than the RNL case. The ARNL-1 simulation provides the best prediction of both the wall-normal
location of the peaks and the corresponding magnitude across all quantities. Figure 5(d,e,f) (bottom
panels) shows the individual transport terms. In the ARNL and RNL simulations, the viscous/diffusive
(Dx) and pressure transport Iy terms are over-predicted near the wall, while the turbulent transport
Ty term is under-predicted in this same region. However, the ARNL-1 simulation provides considerable
improvement in the accuracy relative to both RNL and ARNL-2, particularly in the prediction of both
the value and wall normal locations of the peak values. The enhanced agreement in the total transport
for ARNL-1 primarily arises from the improved representation of the diffusive and turbulent transport
rates. The pressure transport contribution, by contrast, shows limited improvement and therefore plays a
minor role in the overall enhancement of total transport. The pseudo-dissipation rate, viscous transport,
and turbulent transport are accurately predicted at m; ~ 15, improving the balance among all terms.
This suggests that, in the ARNL-1 case, no individual term needs to overcompensate for modeling dis-
crepancies, resulting in a more physically consistent energy budget. This improvement may account for
the better prediction of the Reynolds stresses seen in Figure 3.
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Figure 5: Terms of the turbulent kinetic energy budget for (a) production, (b) pseudo-dissipation, (c)
total transport, (d) viscous transport, (e) turbulent transport, and (f) pressure transport for DNS [42]
(black solid line, —), RNL [42] (black dashed line, - --), ARNL-1 (K{,k{,k1) = (2,4,6) (red circles,
—o—), and ARNL-2 (K{,k{, k1) = (2,6,8) (blue triangles, -2—) at Re, = 180.

The results above demonstrate that both of the resolvent-informed ARNL simulations provide im-
proved model fidelity over RNL simulations, particularly in the higher-order statistics and spectra that
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are more sensitive to nonlinear scale interactions. The previously identified optimal streamwise wave-
length support of the RNL perturbation dynamics at Re, = 180 was A\] = 162 [33]. Later in [28,42], the
optimal streamwise wave number support of the perturbation dynamics was shown to be associated with
the peak region of the outer layer pseudo dissipation spectra, indicating that there is a range of values
leading to improved model performance. The good performance of the ARNL-1 and ARNL-2 simulations
is likely due to the correspondence of the small scales with this optimal region (see table 1). We note
that A\] = 565 and A\ = 283 associated with the small scales in the (K}, kY, k1) = (2,2,4) triad are both

outside of the optimal range and significantly differ from the optimal streamwise wavelength of A = 162,
which is why we chose not to analyze this case despite it having a larger value of a/nq,. In compar-
ing the performance of the two ARNL simulations, the ARNL-1 simulation produced the most accurate
results, which we attribute to the fact that the triad defining the nonlinear interactions contributing to
the large scales has a higher a/@nq, value than the ARNL-2 case. This behavior suggests that both the
nonlinear interaction coefficient /@4, and the range of small scales supporting the dynamics need to
be considered when parameterizing the model. Further analysis over a wider range of Reynolds numbers
and comprising additional nonlinear interaction pairs is needed to fully characterize an optimal procedure
to define the streamwise wave number support within the ARNL model.

5 Conclusions and Future Work

In this study, we introduced a resolvent-based framework that requires only a turbulent mean velocity
profile to estimate energetically relevant triadic interactions in channel flow. Unlike prior approaches
that relied on DNS data to compute a nonlinear interaction coefficient, the proposed method relies on
response modes obtained from the resolvent operator to estimate the nonlinear interactions (forcing) in
the NSE. We first showed that this method provides similar predictions for the flow scales contributing
to the largest energy transfer. We then focused on the streamwise wave number triads and used the
results to inform the selection of streamwise scales in ARNL models, which achieve order reduction by
limiting both the nonlinear interactions between streamwise varying modes and limiting the number of
streamwise scales supporting the dynamics.

ARNL simulations at Re,; = 180 with the resolvent analysis informed parametrization demonstrated
improved second-order statistics when compared to RNL simulations, which do not include nonlinear
interactions between non-zero streamwise scales. In particular, the ARNL pre-multiplied spanwise energy
spectra showed closer agreement with DNS data in terms of the overall shape of the spectra, the peak
location, and the shape of the peak region. ARNL simulations also showed good agreement with DNS
predictions of the pseudo-dissipation rate, viscous transport, and turbulent transport predictions in the
near wall region. The ARNL simulation with the best performance had the second highest resolvent
based nonlinear interaction coefficient but retained the small scales in the peak region of the outer
layer peak dissipation spectra previously shown to lead to optimal RNL performance. These results
demonstrated that obtaining nonlinear interaction coefficients using resolvent forcing modes provided
a systematic means of identifying the correct streamwise interactions to include in an ARNL model.
Future work involves employing the resolvent-based analysis approach introduced here to parametrize to
higher Reynolds numbers ARNL simulations, which is where the additional nonlinear scale interactions
are expected to make a larger difference in model performance, see e.g., [25].

Extending the resolvent analysis framework to include non-zero temporal frequencies (i.e., w # 0)
is another direction for future work that may enable analysis of the dynamic behavior of the nonlinear
interactions. Finally, broadband forcing was assumed in all calculations of the nonlinearity, so extending
to colored noise by extracting nonlinear interaction weights via DNS data or iteratively computing from
ARNL simulations could improve the modeling of the nonlinear term.
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