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Abstract

A method that directly solves the boundary problem of flow to a horizontal-well in an anisotropic confined aquifer is
provided. This method solves the point source problem first, and then integrates the point source solution along the horizontal
well axis to obtain the horizontal well solution. The short and long time approximations of drawdowns are discussed and are
utilized in the semilog analysis of the drawdown. A closed-form analytical solution of geometrical skin effect at the wellbore is
derived. Type curves and derivative type curves of horizontal pumping wells are generated using the CHow program. This
program also calculates the drawdown at any given observation well at any given time. The horizontal-well type curves are
different from the vertical-well type curves at early time, reflecting the different nature of flow to a horizontal-well and to a
vertical-well. The horizontal-well type curves converge to the vertical-well type curves at late time, showing the similar nature
of flow to a horizontal-well and to a vertical-well at late time. The sensitivity of the type curves and derivative type curves on
monitoring well location, aquifer anisotropy, horizontal well depth, and horizontal well length is tested. These type curves and
derivative type curves can be used in the matching point method for interpreting the pumping test data. © 2001 Elsevier
Science B.V. All rights reserved.
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1. Introduction interpretation is caused by a combined impact upon

the pressure distribution from confining boundaries

Horizontal-wells have been broadly used in the
petroleum industry in the past fifteen years. Pressure
behavior of horizontal-well pumping in petroleum
reservoirs has been studied, with interpretations of
pressure data often proving challenging (Goode and
Thambynayagam, 1987; Daviau et al., 1988; Ozkan et
al., 1989; Rosa and Carvalho, 1989). The difficulty in
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and a finite well screen length.

Horizontal-wells have advantages in at least two
scenarios of environmental and hydrological applica-
tions. The first is a situation in which direct site access
is forbidden or difficult, exemplified by permanent
surface constructions, ponds, wetlands, or landfills
above the site area. Another scenario is a dense-non-
aqueous-phase-liquids (DNAPLs) contaminated site
in which DNAPLSs sink to the aquifer bottom. Shallow
horizontal-wells are also commonly used in air
sparging and vent extractions. Advantages in some
situations, combined with reduced operational cost
have led to increasing utilization of horizontal-well
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Nomenclature

d aquifer thickness (m)

Ky the modified Bessel function of second kind and order zero

K, horizontal hydraulic conductivity (m/s)

K, vertical hydraulic conductivity (m/s)

L horizontal-well screen length (m)

Lp dimensionless horizontal-well screen length defined as Ly = L/d+/K,/K,,

(0] horizontal-well pumping rate (m*/s)

> dimensionless horizontal distance from an observation well to a horizontal-well (m), rp = [x% +
51

Ty radius of a horizontal-well (m)

F'wD dimensionless radius of a horizontal-well

N drawdown (m)

SD dimensionless drawdown defined in Eq. (6)

sh dimensionless drawdown in the Laplace domain

SHD dimensionless drawdown of the horizontal-well

SHp dimensionless drawdown of the horizontal-well in the Laplace domain

S specific storativity (m )

t time (s)

to time when drawdown equals zero (s)

T dimensionless time defined in Eq. (6)

X off-center coordinate along the well axis (m)

XD dimensionless x defined in Eq. (6)

y horizontal coordinate perpendicular to the well axis (m)

Yb dimensionless horizontal coordinate perpendicular to the well axis

Z vertical coordinate (m)

D dimensionless vertical coordinate

Zy distance from the horizontal-well to the bottom boundary (m)

ZwD dimensionless z,, defined in Eq. (6)

X0, Yo, 2o coordinates of the point source (m)

Xops Yop»> Zop dimensionless coordinates of the point source

o geometrical skin effect defined in Eq. (31)

technology in hydrological applications in recent
years (Langseth, 1990; Tarshish, 1992; Cleveland,
1994; Sawyer and Lieuallen-Dulam, 1998; Zhan,
1999; Zhan and Cao, 2000).

Hantush and Papadopulos (1962) have performed
an early investigation on fluid flow into a collector
well, which includes a series of jointed horizontal-
wells. They provided an analytical solution of the
long time approximation of drawdown distribution
around collector wells. No detail of derivation was
provided in their paper and no solutions were given
for the short and intermediate times. Tarshish (1992)
constructed a mathematical model of flow in an

aquifer with a horizontal-well located beneath a
water reservoir. Falta (1995) has developed analytical
solutions of transient and steady-state gas pressure
and steady-state stream functions resulting from gas
injection and extraction from a pair of parallel
horizontal-wells. Rushing (1997) has established a
semianalytical model for horizontal-well slug testing
in confined aquifers. Zhan (1999) and Zhan and Cao
(2000) have investigated capture times of horizontal-
wells, where the capture time is defined as the time a
fluid particle takes to flow to the well. Murdoch
(1994) has studied ground water flow to an interceptor
trench, and Hunt and Massmann (2000) have recently
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Fig. 1. Schematic diagram of a horizontal-well in a confined aquifer.

investigated vapor flow to a trench. Cleveland (1994)
and Sawyer and Lieuallen-Dulam (1998) have
compared the recovery efficiency of horizontal and
vertical wells. Petroleum engineers have studied the
pressure changes in oil reservoirs due to horizontal
pumping wells (Goode and Thambynayagam, 1987;
Daviau et al.,, 1988; Ozkan et al., 1989; Rosa and
Carvalho, 1989). Many of those works in petroleum
engineering use the source function and Green’s func-
tion methods proposed by Gringarten and Ramey
(1973) and Gringarten et al. (1974).

In this paper, a method is proposed to directly solve
the boundary problem of ground water flow to a
horizontal-well, and solutions of drawdowns are
provided. A closed-form solution of wellbore geo-
metrical skin effect is derived. Computer software
based on the analytical study of this paper is written.
This software can calculate the drawdown of a hori-
zontal pumping well at any given time for either one
of the following three monitoring schemes: a fully and
a partially penetrating vertical observation wells, and
an observation piezometer (a point). The software also
provides type curves and derivative type curves for
horizontal pumping wells. Applications of the analy-
tical solutions and computer software for horizontal-
well pumping tests are discussed last.

2. Ground water flow to a horizontal-well in an
anisotropic confined aquifer

Fig. 1 is a schematic diagram of the coordinate system

setup and a horizontal-well in a confined aquifer. The x-
and y-axes are in the horizontal directions and the z-axis
is in the vertical direction. The origin is at the bottom of
the aquifer. The well is along the x-axis and its center is
at (0, 0, z,,), where z, is the distance from the well to the
bottom boundary. The lateral boundaries are sufficiently
distant so as not to influence the flow. The top and
bottom boundaries are impermeable. We assume that
the hydraulic conductivities in the x and y directions
are the same, but they are different from the hydraulic
conductivity in the vertical direction.

2.1. Ground water flow to a point source in an
anisotropic confined aquifer

Before solving the problem of groundwater flow to
a horizontal-well, we first solve the problem of ground
water flow to a point source. The governing equation
and the associated initial and boundary conditions for
a point source pumping in an anisotropic aquifer are:

oh *h 0h *h
=K, +Ky——s + K,
dy dz (1)

St Mox?
— Q0(x — x0)8(y — y0)o(z — z9)

h(x,y,z,t = 0) = hy )
oh(x,y,z=0,0/0z =0 3)
oh(x,y,z=d,0)ldz=0 4)

h(x = *00,y,2,1) = h(x,y = +00,2,1) = hj )
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where S, is the specific storativity (m™'); A, the
hydraulic head (m); ¢, the time (s); K, K, the hydrau-
lic conductivities (m/s) in the horizontal and vertical
directions, respectively; O, the pumping rate (m’/s)
(Q > 0 for pumping and Q < O for injecting); &, the
Dirac delta function (m_l); hy, the initial hydraulic
head (m); d, the aquifer thickness (m); and
(x0, Y0, 20) 18 the source location. The point source is
included as a Dirac delta function in Eq. (1).

We change the hydraulic head 4 to drawdown s =
hy — h and define the following dimensionless para-
meters:

2wKyd ; K, ; x K,
Sn = S, = ——1I, Xp= — —_—
D 0 D Ssdz D d\ K, YD
y | K, Z
= — -, 8 = — 6
VK, " 4 ©)

where sp, fp, Xp, Yp, and zp are the dimensionless
counterparts of s, ¢, x, y, and z, respectively. The
dimensionless flow equation and initial and boundary
conditions become:

2 2 2
6sD _ J Sp d SD J Sp

otp E)x%) 8y]23 8Z2D @)

+ 2mw8(xp — xop)0(Yp — Yop)O(Zp ~ Zop)

sp(*p, yp, 2p,0) = 0 (3)
dsp(xp, yp, 0, p)/dzp = 0 )
dsp(xp, yp, 1, p)/dzp = 0 (10)
sp(+00, yp, Zp, Ip) = sp(xp, £, zp,1p) =0 (11)

where xop, Yop, and zop are the dimensionless counter-
parts of xy, yo, and z,, respectively.

Conducting the Laplace transform to Eq. (7) and
boundary conditions (9)—(11) results in

azsg 62513 62513

ax3 a3 azd,

I
PSp =

n 27 d(xp — Xop)8(yp — Yop)d(zp — Zop)
p

12)

8s{)(xD,yD,O,p)/azD =0 (13)

st (xp, yps 1, pMazp = 0 (14)

Sb(ioo,XD,ZD,p):SB(XD,iOO,ZD,p):O (15)

where p is the Laplace parameter referred to the
dimensionless time,sb is the dimensionless drawdown
in the Laplace domain. Eq. (12) is solved in the
Appendix and the result is

1 2 &
sp(p) = ;KO(VD\/I—?) + » Z cos(nmzp) cos(nmzyp)

n=1

><K0(rm/n21'r2 +p) (16)

where 1 = [(xp — Xop)> + b — yop)*1"%,  and

iwD — Zw/d.

Using the inverse Laplace transform table of
Hantush (1964, p. 303), the dimensionless drawdown
of a point source in real time is obtained analytically
as

1 2 oo
sp(tp) = =W LDEY cos(nzp) cos(nmzyp)
2 4tp =

2,1
X W[ rD4(txD) s nTer]

D

a7

where W{u] and W[u,v] are the well function and
leaky well function, respectively (Hantush, 1964).

2.2. Ground water flow to a horizontal-well in an
anisotropic confined aquifer

It is generally agreed that the use of a uniform-head
boundary to simulate a horizontal-well is closer to
physical reality, but this boundary is difficult to incor-
porate in analytical studies (Rosa and Carvalho,
1989). Instead, a uniform-flux boundary is easier to
implement and commonly used (Daviau et al., 1988;
Langseth, 1990; Cleveland, 1994).

We test a hypothetical case of a 40 m long horizon-
tal-well in a 20 m thick confined aquifer under both
uniform-flux and uniform-head wellbore conditions
using VISUAL MODFLOW software (Waterloo Hydro-
geologic, 2000). The uniform-head wellbore is
simulated by assigning an extremely large hydraulic
conductivity, to each of the cells representing the hori-
zontal-well. The numerical simulations show that
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when the distance between a measured point to a well
end is ten times that of the horizontal-well diameter,
the discrepancy of the uniform-flux and the uniform-
head results is less than 5%. If using a 0.15m
diameter horizontal-well, this implies that when the
monitoring well is 1.52 m away from the well end,
there is less than 5% difference between the
uniform-flux and the uniform-head solutions. This
finding agrees with a previous study of Rosa and
Carvalho (1989), who had performed an analysis on
the geometrical skin effect difference between a
uniform-flux and a uniform-head boundaries. In one
example shown in Fig. 4 of Rosa and Carvalho (1989),
they found that the geometrical skin effect were about
0.9075 and 0.8717 for a uniform-flux and a uniform-
head solution, respectively. The difference of these
two geometrical skin effects was less than 5%.

Thus, one can employ an approximation of uniform
strength of sinks for practical hydrogeological appli-
cations. Such a treatment is consistent with previous
studies (Hantush and Papadopulos, 1962; Daviau et
al., 1988; Ozkan et al., 1989; Rosa and Carvalho,
1989). If treating a horizontal-well as a uniform-flux
source along the x direction in the xz plane (see Fig.
1), the drawdown of the horizontal pumping well is
obtained through an integration of the point source
solution along the well axis. In the Laplace domain,
the result is

/ 1 o2 1 / /
sup(p) = EI: J b ;KO[\/I;rD(xD)]de

D

+2 Z cos[nmzp] cos[nmz,pl (18)

n=1

Lp/2 1
XJ R A +prD(x$>>1dx’D]

Lp2 D

In the real time domain, the result is

1 Lo/2 T lzj(xi)) /
sup(/p) 2Lp [ JfLD/Z [ 4ty b
o2
+2 Z cos[nmzp] cos[nmzypl J (19)

n=1

2 (x' )
XW[ DD ,n'rer(xgj)ildxf)]
4tp

where s'HD(p) and syp(fp) are the dimensionless draw-
downs in the Laplace domain and the real time
domain for a horizontal-well, respectively. Lp is the
dimensionless well screen length defined as Lp =

LId\JK,JK,, rp(xD) is
rp(xp) = [(xp — xp)* + yp1'"* (20)

We also can express Eq. (19) in an alternative
format with an integration to time. Notice that the
well functions can be written in the following formats
if assigning u = r%(xﬁ;)/éh':

2,0
o0 1 _
w| DUD) =J ~ e "du
4tp (et Aty U

D 1 N\2 2
— J lexp[_ (.XD 'xD) + YD ]dT (21)

0o T 47

2,1
W[ "b(xp) s nTer(xb):l
4tp

J°° 1 2t rd(xl)
—exp| ~u — ————— |du
P2 (el Aty U 4u

| ! 2+ 2
:J —exp[—nzwz'r——(xD *p)” * Yb dr

0o T 4T

(22)

Substituting Eqgs. (21) and (22) and into Eq. (19)
results in

Lp/2) — 3
+erf[—( D2\)/7r D ])Xexp[ - %]

x[l +2 Z cos[nmzp] cos[nmz,pl exp[—nzfrrzr]]dr

n=1

sup(fp) =

(23)

Eq. (23) is the solution for an observation piezo-
meter. The solution for a partially penetrating obser-
vation vertical-well with a screen from z; to z, is

B 1 22D
Sup(fp) = —— J supdzp 24)

22D — 2D Jap
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where z,p = z,/d and z;p = z;/d are the dimension-
less z; and z;, respectively.

The solution for a fully penetrating observation
vertical-well is

1
Sup(fp) = Jo supdzp (25)

It is interesting to point out that, after changing to
the dimensional format, Eq. (23) agrees with what is
reported in the petroleum literature, which uses differ-
ent means to derive the fluid pressure change, such as
source function and Green’s function methods (Grin-
garten and Ramey, 1973; Daviau et al., 1988, Table 1;
Ozkan et al., 1989, Eq. (1)). The method presented in
this study has a potential for application for different
well configurations. For instance, by obtaining the
point source solution first, we are able to find solutions
for vertical, horizontal, inclined, and even curved line
sources. Furthermore, the volume integrations of the
point source solution may yield solutions for finite-
diameter vertical, horizontal, inclined, and curved
wells. Further discussion of applying the method for
different well configurations is beyond of the scope of
this paper and will be reported elsewhere.

2.3. Short and long time approximations of
drawdowns in anisotropic confined aquifers

2.3.1. Short time approximation

Drawdown of horizontal-well pumping commonly
shows a three-stage profile, i.e. an early, an intermedi-
ate, and a late stage (Daviau et al., 1988; Ozkan et al.,
1989; Zhan and Cao, 2000). The short time approx-
imation of drawdown has been studied before and is
briefly summarized below. The drawdown at the early
stage is:

_5 o . 2.25tK, K,
s =
4nLJKK,  SJK,* + Ky(z — z4)*]

(26)
i S,IK,y* + Kn(z = z)I°
41K, K,
where 8 = 1if |x| = L/2; B = 0if |x| > L/2. The time
limits for short time approximation are (Daviau et al.,
1988, p. 717):

t = 0.08(z2S/K,) if z,/d = 0.5;

< 0.01

(27)
1 = 0.08(d — z4)°SJ/K, if zu/d > 0.5

and
1 = S,(LI2 — |x)*/(6K,) (28)

The ending time of the intermediate stage is
approximately (Daviau et al., 1988, p. 718)

0.8S,(L12)*/IK, < t < 3S,(LI2)°/K, (29)

It is worthwhile to point out that Egs. (27)—(29)
only give order-of-magnitude estimations; other
authors may use slightly different formulae (Murdoch,
1994, p. 3027).

2.3.2. Long time approximation

After the intermediate stage, the equipotential
surface in the far field is similar to a cylinder. The
drawdown at this late stage is approximated as (Rosa
and Carvalho, 1989):

0 [ 225Kt ]
= In 5> T a
4mKpd | S(L/2)

s (30)

where « is called geometrical skin factor and it is
modified from the solution of Rosa and Carvalho
(1989, Egs. (44) and (46)):

a=2

1 X g X g
RS J O Y [ (RO N I |

21\ o2 Lo/2 Lp/2

X y ? X ?
D D D

= +1])1 + +1
. YD tan71 XD + LD/2 . tan71 Xp — LD/2

LD/2 Yp YD

rp/(Lp/2) + 1

+2 Z cos(nmz,p) cos(nmzp) J

n=1

L y 2
XK, Do+ D d
0(’” 2 \[“ (LD/Z) ) "

Eq. (31) is the geometrical skin effect for an obser-
vation piezometer. The geometrical skin effects for a
partially penetrating observation well and a fully
penetrating observation well are easily calculated
using the similar average schemes of Egs. (24) and

xp/Lp/2) — 1

€1V
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(25). We have written a program CHOW to numerically
calculate the geometrical skin effect of Eq. (31)
(Additional information on program CHOW is
provided in Section 3.2).

Now we use Eq. (31) to derive the closed-form
analytical solution of « at the horizontal-wellbore.
As pointed out in previous studies (Daviau et al.,
1988; Rosa and Carvalho, 1989), drawdown at an
equivalent point of the wellbore ( = 0.68 of the half-
well-length from the well center) when using the
uniform-flux boundary is very close to the uniform-
head boundary solution. Thus we calculate o at
xp/(Lp/2) =0.68, yp =0, and zp = zyp + Fyp>
where r,, is the radius of the horizontal-well and r,p =
ro/d. After a few simple calculations, Eq. (31)
becomes

o0

1
a=2-06+ — Z —[cos(nm[2zyp + 7wp)]
n

n=1

+ cos(nmryp)]

1.68nmLp 0.32nmLp
X [J Ko(uw)du + J Ko(u)du]
0 0

(32)

The horizontal-well half-length is usually larger
than the aquifer thickness (Lp > 1) in hydrological
applications (Tarshish, 1992; Zhan, 1999). Consider-
ing the following identity (Hantush, 1964)

w ™
J Ko(w)du = ) ifw=mm (33)
0
Thus
1.68nmLp
J Ko(w)du = E;
0 2
and

0.32nmLp -
J Ko(uydu = = if 0.32nLp = 1
0

The condition 0.32nLp = 1 is satisfied for n = 3
and Lp = 1.04. For n = 1, and 2, this approximation
may result in a slightly over-estimated « if Ly is
not much larger than 1. In practice, Eq. (32) is

approximated as
=14+ 2il[cos( [2zep + rwpl)
o = 1. LD pa 0 nm4Zwp rwD
+ cos(nmryp)] (34)

Using the identity

n 2 n

i cos(an) _ 1 i (€Y' + (e 79y
n=1

n=1

1 - 1 =
= —Eln[l e Eln[l —e

= - %ln[2 — 2cos(a)] (35)

where i = +/—1 is the complex sign, and considering
the fact that r,p << 1, then Eq. (34) becomes

a=14- i1n[4(1 — cos[m(2zyp t+ ryp)D(1
Lp

— cos[mrypl)]

1
=14- L—ln[zw%%m(l — cos[T(2zyp + rwp)D]
D

(36)

Furthermore, if the horizontal-well is in the middle
of the aquifer, z,pn = 1/2, then o becomes

2 2d | K, d
a=14— =In2ur,pl =14+ = —hln[ ]
Lp LYK, 2mry,

(37)

We can use Eq. (36) for a general well position or
Eq. (37) for a center well to calculate the wellbore
geometrical skin effect «.

It is interesting to point out that the above Eq. (36)
agrees with Eq. (12) of Hantush and Papadopulos
(1962) if choosing a single horizontal-well, i.e. N =
1 in their Eq. (12). The slight difference is that we
evaluate the geometrical skin effect at 0.68 of the
half-well-length from the well center, but Hantush
and Papadopulos (1962) evaluated the geometrical
skin effect at the end of the well, i.e. at xp/(Lp/2) =
1. If the geometrical skin effect at the well end is also
evaluated, our solution is identical to that of Hantush
and Papadopulos (1962). Unfortunately, no detail was
given in Hantush and Papadopulos (1962) to show
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their derivation. We need to point out that the geo-
metrical skin effect at the well end is not suitable for
calculating the average wellbore drawdown in our
case. The geometrical skin effect at the equivalent
point (around 0.68 of the half-well-length) offers the
closest approximation of the average geometrical skin
effect along the wellbore.

3. Applications on horizontal-well pumping test
interpretation in anisotropic confined aquifers

The previous discussion of fluid flow to a horizon-
tal-well will guide us for the horizontal-well pumping
test interpretation.

3.1. Semilog analysis of drawdown of a horizontal-
well

From the above analysis, it is interesting to find out
that the dimensionless drawdowns at the short and
long times are proportional to the logarithm of dimen-
sionless time. Thus, plotting drawdown and time in a
semilog paper will yield two straight lines for the
early and late pumping stages. This is similar to the
Cooper and Jacob method used in the vertical-well
pumping test interpretation (Cooper and Jacob,
1946). A slight difference is that a geometrical skin
factor « is included in the late time approximation in
this paper.

We can find /KK, from the slope of the straight
line of the early data (Eq. (26)) using K,K, =
2.30/(4mL X slope). Extending the straight line to
find the intercept point (0, #)) with axis s = 0 yields
S, = 2.25K, K, 1o/[K,y* + Ky(z — z)*]. It is clear
that, only when both K}, and K, are known, can S, be
calculated. Kj, and K, can be found when choosing at
least two monitoring points.

K, can also be found from the slope of the straight
line of the late data using K, = 2.3Q/(4md X slope).
Extending the straight line to find the intercept point
(0,f,) with axis s=0 yields S,=¢e"X
2.25Kht0/(L/2)2, where « is the geometrical skin effect
calculated from Eq. (31) for a general monitoring
point or from Eq. (36) or (37) for a wellbore point.
At least two monitoring points are needed to find K,
and S;. This is done by running the cHOw program
with different values of K, until S obtained from two
monitoring points agrees with each other.

Several practical aspects should be addressed.

. In a practical sense, the drawdown data of the early

radial flow and the late pseudoradial flow may not
always be available in a pumping test. For instance,
given z,/d=05, d=10m, L=20m, S,=
0.005 mfl, and K = 40 m/day, the top and bottom
boundaries will influence the flow at about ¢ =~
0.001 days, or 1.44 min according to Eq. (27).
Therefore, the early radial flow period is too
short to be detected. The pseudoradial flow starts
attime 14.4 <t < 43.2 min (see Eq. (29)), indicat-
ing that a one-day pumping test will be suitable
to generate sufficient measurements for the late
pseudoradial flow.

. Horizontal-wells are often used in extracting fluids

(either water or oil) from low-permeability strata
owing to their large intercept areas with the forma-
tions. If a horizontal-well is in a low-permeability
zone and/or the well is long, it may take a very long
time to attain the late pseudoradial flow, requiring
that we rely on the early radial flow data for the
interpretation. As an example, given z,/d = 0.5,
d=10m, L=20m, S,=0.005m !, but K =
0.1 m/day, the top and bottom boundaries will
affect the flow at t = 0.4 days=9.6h (see Eq.
(6)), and the late pseudoradial flow starts at 6 <
t < 15 days. Therefore, the early radial flow draw-
downs are favorable for the interpretation, as the
late pseudoradial flow takes too long to start, indi-
cating that it may not be reached within the limited
pumping duration.

. Mucha and Paulikova (1986) and Moench (1997)

pointed out that the hydraulic conductivity and
specific storativity could not be accurately evalu-
ated without taking special precautions to eliminate
effect of wellbore storage from the early test data.
Black and Kipp (1977) and Moench (1997) also
pointed out that the delayed observation piezo-
meter response was also important in interpreting
the aquifer test. Lissey (1967) and Butler et al.
(1996) argued that the delayed piezometer
response can be avoided if using a transducer
placed below a packer located just above the screen
and effectively reduced the standpipe radius to
zero. In this paper, these effects (wellbore storage
and delayed piezometer response) are not consid-
ered.
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Fig. 2. Comparison of type curves generated using Eq. (23), Theis
equation, and Rosa and Carvalho (1989, Eq. (44)) in an isotropic
aquifer. The aquifer is 10 m thick. The horizontal-well is 100 m
long and at the center of the aquifer. Locations of the monitoring
piezometer, the partially and the fully penetrating monitoring wells
are at (x,y,z7) = (10m,10m,5 m); (x,y,21,22) = (10 m, 10 m,
4 m,6 m), and (x,y) = (10 m, 10 m), respectively. (a) Type curve,
(b) Derivative type curve.

3.2. Type curves and derivative type curves of
drawdown of horizontal-wells

The disadvantage of the semilog method is that it
cannot interpret the intermediate pumping stage. To
overcome this, we develop type curves and derivative
type curves of horizontal-wells for the entire pumping
time. The type curve plots the dimensionless draw-
down syp versus tp/rp in a log—log paper, where rh =

xzD + y% is the square of the dimensionless horizontal
distance from the observation well to the center of the
horizontal-well. The derivative type curve plots the
derivative of dimensionless drawdown over the loga-
rithm of the dimensionless time (dsyp/d(Infp)) as a
function of tD/r%) in a log—log paper.

The type curve method is commonly used in verti-
cal-well hydraulics (Bear, 1979). The type curve of a
fully penetrating vertical-well in a confined aquifer
only has one changing parameter tp/rd, while the
type curve of a horizontal-well has six changing para-
meters tp, Lp, Zup, Xp, Yp, and zp (see Eq. (23)).

The derivative type curve method usually improves
the diagnostic and quantitative analysis of slug test
and pumping test data because it is more sensitive to
the small change of drawdown, which would be other-
wise less obvious with the standard type curve method
(Chow, 1952; Ozkan et al., 1989; Spane and Wurst-
ner, 1993). This method was first proposed by Chow
(1952), and was then used in both petroleum engineer-
ing (Tiab and Kumar, 1980; Ozkan et al., 1989;
Kuchuk et al., 1991; Ahmed and Badry, 1993) and
in hydrology (Karasaki et al., 1988; Ostrowski and
Kloska, 1989; Spane and Wurstner, 1993).

We have written a program CHOW to generate the
type curves and the derivative type curves of horizon-
tal wells on the basis of Egs. (23)—(25). This program
is also used in Section 2.3.2 to calculate the geome-
trical skin effect. cHow is published in the first
author’s website http://geoweb.tamu.edu/Faculty/
Zhan/Research.html and can be freely downloaded.
Several characteristics of cHow are discussed
below:

1. It is written in a MATLAB® M-file (MathWorks,
2000) with a graphical interface, thus is very
easy to use. It uses Gaussian Quadrature
method (Press et al., 1989) to calculate the
integration of Eq. (23).

2. It can either directly calculate the drawdown at
any given observation well at any given time,
or generate the dimensionless type curve or the
derivative type curve for any observation well
to match the real drawdown data. It can handle
a fully or a partially penetrating observation
well, or an observation piezometer.

Now we discuss the characteristics of type
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Fig. 3. Comparison of type curves generated using Eq. (23), and
Theis equation in an anisotropic aquifer (K,/K;, = 0.1). The aquifer
is 10 m thick. The horizontal-well is 100 m long and at the center of
the aquifer. Locations of the monitoring piezometer, the partially
and the fully penetrating monitoring wells are at (x,y,z) =
(10 m, 10 m, 5 m); (x,¥,21,22) = (10 m, 10 m,4 m, 6 m), and
(x,y) = (10 m, 10 m), respectively. (a) Type curve, (b) Derivative
type curve.

curves and derivative type curves of horizontal-
wells.

Case 1. Type curves and derivative type curves of
different monitoring scenarios

This case tests the sensitivity of type curves and
derivative type curves on different monitoring scenar-
ios. Fig. 2 shows the type curves and derivative type
curves for a piezometer, a partially and a fully pene-
trating monitoring wells at x = 10 mand y = 10 m. A
piezometer gives a drawdown at a point, a partially

penetrating monitoring well gives an averaged draw-
down over the screen interval, and a fully penetrating
monitoring well gives an averaged drawdown over the
aquifer thickness.

The aquifer is 10 m thick and is assumed to be
isotropic. The horizontal-well is 100 m long and is
at the center of the aquifer (z, = 5 m). The vertical
coordinate of the piezometer is at z= 5 m, and the
vertical interval of the partially penetrating well is
between z=4m and z= 6 m. For comparison,
Theis curve and derivative Theis curve of a hypothe-
tical vertical-well are also plotted. The late time
approximation of drawdown (Rosa and Carvalho,
1989), shown in Eq. (30), is calculated in cHow and
included in Fig. 2.

Fig. 2(a) and (b) show that the type curves and the
derivative type curves of a horizontal pumping well
for three different monitoring scenarios (piezometer,
partially and fully penetrating vertical-wells) are
almost identical in an isotropic aquifer at locations
not much close to the horizontal well axis (y = d).
Fig. 2(a) and (b) confirm that the solutions derived
from Eq. (23) converge to Rosa and Carvalho’s
(1989) approximation at late time. The early time
type curves are different from the Theis curve, reflect-
ing the different nature of flow to a horizontal-well
and to a vertical-well at early time (Daviau et al.,
1988; Zhan, 1999; Zhan and Cao, 2000). At late
time, however, type curves are similar to the Theis
curve, reflecting the similar nature of flow to a hori-
zontal-well and to a vertical-well at late time (Daviau
et al., 1988; Zhan, 1999; Zhan and Cao, 2000). The
slight differences between the type curves of a hori-
zontal-well and the Theis curve are caused by the
geometrical skin effects of the horizontal-well (see
Eq. (31)).

The differences between the derivative type curves
of a horizontal-well and the derivative Theis curve at
early time are also obvious in Fig. 2(b). The derivative
type curves converge to a constant at late time in Fig.
2(b). This is because syp is proportional to In(#p) at
late time (see Eq. (30)).

Case 2. Type curves and derivative type curves in
an anisotropic aquifer

This case tests the sensitivity of type curves and
derivative type curves on the aquifer anisotropy.
Fig. 3(a) and (b) show the type curves and derivative
type curves of a horizontal-well for a piezometer, a
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Fig. 4. Comparison of type curves for two pumping well locations in
an anisotropic aquifer. The aquifer is 10 m thick. The two wells are
1 and 5 m from the bottom of the aquifer. The well length is 100 m.
The monitoring piezometer is at (x,y,z) = (10 m, 10 m,5 m). (a)
Type curve, (b) Derivative type curve.

partially and a fully penetrating vertical-wells in an
anisotropic aquifer. The setup is identical to that of
Case 1 except that the aquifer is anisotropic with
K,/K;, = 0.1. Theis curve and derivative Theis curve
are also plotted for reference.

Fig. 3(a) and (b) show that the type curves and
derivative type curves of three different monitoring
scenarios are slightly separated at early time. Those
three type curves are almost identical in an isotropic
aquifer (Fig. 2(a) and (b)). Fig. 3(a) and (b) indicate
that drawdown is somewhat sensitive to the vertical
coordinate in an anisotropic aquifer (K, < Kj,) at

early time when the monitoring point is not far from
the horizontal well axis (y = d). If the monitoring
point is far from the horizontal well axis (y > d),
the early time drawdown becomes less sensitive to
the vertical coordinate in an anisotropic aquifer (K, <
K;). This result is similar to what has been found for a
partially penetrating vertical well (Bear, 1979). In
fact, a horizontal well can be visualized as a series
of partially penetrating vertical wells, thus it is not
surprising to see similarity of the drawdowns near a
horizontal well and near a partially penetrating
vertical well. The Theis curve, on the other hand, is
independent of the anisotropy since it only includes
horizontal flow.

Case 3. Type curves and derivative type curves with
different horizontal-well locations

This case tests the sensitivity of type curves and
derivative type curves on horizontal-well locations.
Fig. 4(a) and (b) show the type curves and derivative
type curves of a piezometer for two different horizon-
tal-well locations. One is at the center of the aquifer
(z4w = 5 m) and the other is near the bottom of the
aquifer (z,, = 1 m). The rest setup is identical to that
described in case 1. Fig. 4(a) and (b) show that the
type curves and derivative type curves are insensitive
to the horizontal pumping well locations for a moni-
toring point at (x,y,z) = (10 m, 10 m, 5 m).

The result revealed in Fig. 4(a) and (b) can be
understood by examining the early time drawdown
formula (26). That equation shows that when the
monitoring well is not much close to the horizontal
well (y = d), the change of z,, has limited influence
upon the drawdown. Hydrologically speaking, this
indicates that drawdowns at regions not close to the
well (y = d) are primarily controlled by the horizontal
flow components. The similar conclusion is found in
the study of a partially penetrating vertical well (Bear,
1979). This finding once again confirms the similarity
between a horizontal well and a partially penetrating
vertical well.

Case 4. Type curves and derivative type curves with
different horizontal-well length

This case tests the sensitivity of type curves and
derivative type curves on the horizontal-well length.
Fig. 5(a) and (b) show the type curves and derivative
type curves of a piezometer for three different well
lengths: 100, 50, and 25 m. All the rest setup is the
same as that in case 1. Fig. 5(a) and (b) indicate that
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Fig. 5. Comparison of type curves generated using different well
lengths and Theis equation in an isotropic aquifer. The aquifer is
10 m thick. The wells are 100, 50, and 25 m long and are at the
center of the aquifer. The monitoring piezometer is at (x,y,z) =
(10 m, 10 m, 5 m). (a) Type curve, (b) Derivative type curve.

the shorter of the horizontal-well, the closer the type
curves to Theis curve. Fig. 5(a) and (b) also show that
the shorter the well, the faster the type curves
converge to the Theis curve. This is easy to under-
stand because a shorter horizontal well is more close
to a vertical well. This finding is consistent with
previous studies (Daviau et al., 1988; Zhan and Cao,
2000). The same conclusion can be drawn for the
derivative type curves.

Fig. 5(a) and (b) also show that the longer the well,
the less the dimensionless drawdown at early time.
This is because a longer well has less pumping rate

per unit screen length (Q/L) that determines the early
time drawdown (see Eq. (26)), thus a longer well
generates less drawdown at early time.

4. Summary and conclusion

Horizontal-well pumping tests are difficult to inter-
pret because of the influence of aquifer boundaries
and well ends. In this paper, a method is proposed
to directly solve the boundary problem of flow to a
point source in an anisotropic confined aquifer. The
point source solution is then used to obtain the draw-
down of a horizontal pumping well. The integral
formats of drawdowns in Laplace domain and in
real time domain are obtained. Analytical approxima-
tions of drawdowns at short and long times are
discussed. The wellbore geometrical skin effect is
analytically derived.

Approximations of drawdowns at short and long
times are similar to that of vertical-wells. They are
used in the semilog analysis method for horizontal-
well pumping test interpretation. The disadvantage is
that the semilog method does not use the drawdown
data during the intermediate time.

To include the drawdown data during the entire
pumping time, a computer program CHOW is written
to generate type curves and derivative type curves of
horizontal-well pumping. CHOW program numerically
calculates Eqgs. (23)—(25) using the MATLAB® software.
It is graphically integrated and straightforward to use.
The program can be freely downloaded from website
http://geoweb.tamu.edu/Faculty/Zhan/Research.html.

The cHOW program can generate the type curves and
derivative type curves for any of the three kinds of moni-
toring scenarios: an observation piezometer, a partially
penetrating observation well, and a fully penetrating
observation well. It can also directly calculate the draw-
down for any given observation well at any given time.

The type curves and derivative type curves of a
horizontal well depend on well screen length, distance
from the well to the lower boundary, aquifer aniso-
tropy, and location of the monitoring well. In general,
the type curves and the derivative type curves at early
time are different from Theis curve and derivative
Theis curve, respectively. This reflects the different
nature of flow to a horizontal-well and to a vertical-
well at the early time. The type curves converge to
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Theis curve except for a geometrical skin effect at late
time, reflecting the similar nature of horizontal flow to
a horizontal-well and to a vertical-well at late time.

In an isotropic aquifer, the type curves and the
derivative type curves at early times are not sensitive
to the monitoring scenarios at regions where y = d.
However, they are somewhat sensitive to the monitor-
ing scenarios in an anisotropic aquifer (K, < Kj,) at a
monitoring point not far away from the horizontal
well axis (y = d). This indicates that the early time
drawdown is somewhat sensitive to the vertical coor-
dinate in an anisotropic aquifer (K, < K}) at a
monitoring point not far from the horizontal well
axis (y = d).

The type curves and derivative type curves are
insensitive to the horizontal-well location in an isotro-
pic aquifer at a point not much close to the horizontal
well axis (y = d). But they depend on the well
lengths. The shorter of the horizontal-well, the closer
of the type curve to Theis curve, and the faster the
type curve converges to Theis curve. In addition, less
drawdown is observed for a longer well at early time
for a given total pumping rate. A horizontal well can
be visualized as a series of partially penetrating verti-
cal wells and the drawdown near a horizontal well
shows similar behavior as the drawdown near a
partially penetrating vertical well.
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Appendix A. Appendix

The solution satisfying boundary conditions (13)
and (14) can be written (Dougherty and Babu, 1984;

Moench, 1997):
, _ [}
sp(P) = > Hyxp, yp, )Cos(@,2p) (A1)
n=0
Substituting Eq. (A1) into Eq. (14) results in
w,=nm, n=0,1,2,3,... (A2)

Substituting Eq. (Al) into Eq. (12), multiplying
bycos(w,zp), and integrating from 0 to 1 in the zp
direction will result in

0’H,  9%H,
P 2O + 2O — pHy
XD 9yp
(A3)
N 2mé(xp — Xop)dp — Yop) _ 0
p
0’H, 9°H,
-+ == = (n’w* + p)H,
oxp 9yp
4178 — S —
LA (xp — Xop)6(yp — Yop) cos(nmzap)
p
—0ifn>0 (A4)

Egs. (A3) and (A4) are the two-dimensional modi-
fied Helmholtz equation (Arfken and Weber, 1995,
Table 8.5). Using the Table 8.5 of Arfken and
Weber (1995), the solutions to Eqs. (A3) and (A4)
and are

1
Hy = —Ko(/pleen —xon)” + 0 = 3op)"1"™) (A5)

2cos(nmzop)
H, = fODKo(\/’lzTr2 + plxp — Xop)°

+ (p — yop)’1"), >0

Substituting Eqgs. (AS5) and (A6) into Eq. (Al)
results in the solution of sp.

(AO6)
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