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Robustness Guarantees for Structured Model Reduction of Dynamical Systems
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Abstract— Model reduction methods usually focus on the
error performance analysis; however, in presence of uncer-
tainties, it is important to analyze the robustness properties
of the error in model reduction as well. In this paper, we
give robustness guarantees for structured model reduction
of linear and nonlinear dynamical systems under parametric
uncertainties. In particular, we consider a model reduction
where the states in the reduced model are a strict subset
of the states of the full model, and the dynamics for all
other states are collapsed to zero (similar to quasi-steady
state approximation). We show two approaches to compute a
robustness metric for any such model reduction — a direct
linear analysis method for linear dynamics and a sensitivity
analysis based approach that also works for nonlinear dy-
namics. We also prove that for linear systems, both methods
give equivalent results.

I. INTRODUCTION

For applications of control theory to physical system
design, a reduced model is commonly used that describes
the dynamics of interest in lower dimensions to simplify
the design process. A common way to obtain a reduced
model from a detailed model of a system is to make use of
different time scales in the full system dynamics. Singular
perturbation theory [1] is the formal way of deriving
reduced models for system dynamics with time-scale
separation. A key feature of singular perturbation theory
is that the states of the reduced model are a subset of the
states of the full model. In other words, the structure of
the model and the meaning of the states and parameters
is conserved by construction in any reduced model
obtained using singular perturbation theory. This is not
automatically the case in other model reduction techniques
where transformations are introduced [2] [3] and hence
in such techniques, the meanings of the states may not
be preserved. We define structured model reduction in
this paper as the set of model reduction methods where
the states of the reduced models are a strict subset of the
states of the full model.

The advantage of structured model reduction techniques
is that an explicit mapping between the full and the
reduced model is readily available [4]. Moreover, since
the parameters and the states in the reduced model have
the same meaning as in the full model, the design outputs
and analysis results obtained using the reduced model
can easily be given context and compared with the full
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model [5]. Due to the strict condition on the possible
reduced model states, the structured model reduction
methods suffer from the limitation that the choice of
reduced models is limited and dependent on the modeling
details of the full system. In other words, for a given full
model it may not always be possible to analytically derive
a reduced model. Other model reduction methods that are
projection-based or those which preserve the input-output
mapping are better in that respect [6], [7]. In this paper,
we focus on the former class of model reduction problems
that preserve the modeling structure in the reduced models.

The goal with any model reduction problem is to
minimize the error in the performance of the reduced
model when compared to the full model. This error
performance criterion can be general and depend on
trajectories of all states and output variables, or specific,
such as minimizing a particular metric of interest.
Singular perturbation theory for model reduction and its
error analysis is a widely studied topic in the literature
for different system and control design settings [8]–[10].
A commonly used method for model reduction that is
derived from the singular perturbation concept of time-
scale separation is the quasi-steady state approximation
method (QSSA) [11]–[14]. Here, a subset of states is
assumed to be at steady-state and hence their dynamics
are collapsed to algebraic relationships. Error analysis for
QSSA based model reduction has been studied in [15]–
[17]. However, robustness of these model reduction
methods is not widely studied in the literature.

Robust control design is a well-studied problem in
control theory. The extensions of robust control theory to
singularly-perturbed systems have been studied in [18]
and [19]. Similarly, robust stability analysis of adaptive
control problems, linear time-varying systems, and the
general parametric uncertainty problems has been of
interest as well [20] [21]. A complementary, although not
as widely applicable, approach to study the robustness of
systems is to use sensitivity analysis of system variables
or derived properties under parameter variations. Due
to the success of robust control design methods [20]
for different applications, the more holistic approach
of sensitivity analysis for robustness estimates has not
received much attention. In [22], sensitivities of singular
values are used to give estimates for robustness properties
of a linear feedback system. The advantage of such a
method is that it can be used to analyze the effect of



multiple parametric uncertainties and hence can be used
to enhance the usual robust stability approaches.

Our problem statement is motivated by this sensitivity
analysis approach for robustness and by the lack of
existing results for robustness estimates of error in
structured model reduction. In particular, we give
robustness guarantees for the error in model reduction
under parametric uncertainties. Using linear analysis,
we give a robustness metric for QSSA-style model
reduction of linear dynamical systems. We present a
complementary approach that employs sensitivity analysis
of the error in model reduction to estimate the robustness
under parametric uncertainties. This approach works
for nonlinear dynamical systems as well. Finally, we
compare these results and show examples to numerically
demonstrate our findings.

II. PRELIMINARIES

A. Notation

We denote an eigenvalue of a matrix P by λ(P ). The
maximum eigenvalue will be denoted by λmax(P ). For
a state-dependent matrix P (x) we denote the maximum
eigenvalue of P over all values of x by λmaxx(P ).
Throughout this paper, we consider the Euclidean 2-norm
for vectors with the notation ‖x‖ for the 2-norm of x ∈ Rn
and similarly for matrices ‖·‖ represents the induced 2-
norm.

B. Problem Formulation

The full system model is given by the following linear
autonomous state-space equation

ẋ = A(θ)x, y = Cx, x(0) = x0, (1)

where x ∈ Rn are state variables, the output vector is
y ∈ Rk and θ =

[
θ1, θ2, ..., θp

]T
is the vector of all model

parameters. We consider a structured model reduction in
this paper where the dynamics of a subset of states (xc) are
collapsed (converted to algebraic relationships) on account
of being at quasi-steady state. The remaining states are the
states of the reduced model, x̂. The reduced model is given
by

˙̂x = Â(θ)x̂, ŷ = Ĉx̂, x̂(0) = x̂0, (2)

where x̂ ∈ Rn̂ are the reduced state variables and
ŷ ∈ Rk is the output vector. We assume that the full
and the reduced model have the same number of outputs
but different dynamics. Throughout this paper, we also
assume that both the full and the reduced systems are
asymptotically stable and observable. This model reduction
is a relaxed form of singular perturbation theory based
model reduction in that it does not require the system to be
in the standard separable form, which is a hard condition
to satisfy for general system dynamics, as we will see next.

Singular perturbation theory [1] is the standard way

Fig. 1. Structured model reduction of a linear system. The 1/s block
represents an integrator.

to derive reduced models and bounds on error in model
reduction for the problem statement given above. However,
to use singular perturbation theory the system dynamics
need to be separable according to the different time-scales.
For the problem formulation above, the requirement would
be that we can write the dynamics in the following form,

˙̂x = A11x̂+A12xc,

εẋc = A21x̂+A22xc,
(3)

where A11 ∈ Rn̂×n̂, A22 ∈ R(n−n̂)×(n−n̂), and similarly
we have A12 and A21. Now, under the condition that the
time scale separation parameter ε → 0 and Hurwitz A22,
we get the reduced model as in equation (2) with,

˙̂x = (A11 −A12A
−1
22 A21)x̂ := Âx̂. (4)

In Figure 1, the block diagram for a system with time-scale
separation is given. Using singular perturbation theory,
conditions can be derived under which the error in model
reduction converges to zero:

‖x− x̂‖ ≤ O(ε) (5)

for ε ∈ [0, ε∗]. The error in model reduction goes to zero
as ε → 0. This is the standard model reduction problem
using singular perturbation to separate the time-scales of
the model where the dynamics of the “fast” states of the
system (xc) are collapsed to zero when ε → 0 and the
dynamics of the “slow” states (x̂) is the reduced dynamics.

Under uncertainties in the system dynamics, it is important
to analyze the robustness of the model reduction. The
results on robustness for singular perturbation based model
reduction either focus on robust controller design under
uncertainties for singularly perturbed systems [18] [19] or
analyze the effect on the time-scale separation parameter
ε due to uncertainties. Recently, a singular perturbation
margin [23] (similar to the gain margin and phase margin
definitions) has been proposed to assess the robust stability
of singularly perturbed systems under uncertainties. It



is defined using the ε∗ given in the error approximation
equation (5). This framework can be used to compute
a robustness estimate of the model reduction error for
singular perturbation method. An extension of this robust
stability margin for nonlinear dynamics is given in [24].
Despite the rich body of literature on singular perturbation
theory, the major limitation of such a model reduction
approach remains that the system dynamics must be
written in the standard form (3). As stated in [25], for
physical systems it is usually not straightforward to put a
model in the singularly perturbed form since the choice
of combination(s) of parameters to be considered small
is not always clear. Hence, the relaxed approach of using
QSSA is common for various applications.

In QSSA, the dynamics of a set of states are collapsed to
zero to get the reduced-order model. The choice of states
to be collapsed is usually driven by known time-scale
separations in the system model. Although QSSA is a
widely used approach it does not necessarily guarantee
error performance as in equation (5). The limitation of
QSSA is that the mathematical justification and conditions
for approximating a variable to be at steady state are
not always obvious. As a result, there could be many
possibilities of reduced models and so it is the designer’s
task to find a “correct” QSSA based model reduction.
Towards that end, in [17], a structured model reduction
algorithm is presented that guides the choice of collapsed
states so that the error between the output of the full
and the reduced models is minimized. Other QSSA
error analysis [15], [26] approaches can also be used
for this purpose. In this paper, we study the problem of
robustness of this structured model reduction, that is, how
robust a particular model reduction is under parametric
uncertainties.

To formulate this problem, we first construct an
augmented state-space system that consists of variables of
the full model as well as the reduced model:

x̄ :=

[
x
x̂

]
.

We denote all augmented variables similarly with a bar on
top of the usual variables. So,

Ā :=

[
A 0

0 Â

]
.

For the augmented state variable, we can write the follow-
ing state-space system,

˙̄x = Ā(θ)x̄, ζ = C̄x̄, x̄(0) =

[
x0

x̂0

]
, (6)

where ζ is the error in model reduction defined as ζ =
y − ŷ, hence C̄ =

[
C −Ĉ

]
. To study the robustness of

the structured model reduction (that is the robustness of
deriving the particular reduced model (x̂, Â) with respect

to uncertainties in model parameters) we need an upper
bound on ‖ζ‖ as the parameters θ vary. For the linear
augmented system we can write the following by solving
for ζ(t, θ),

ζ(t, θ) = C̄eĀtx̄(0), (7)

where ζ ∈ Rk.

Lemma 1 (See [27]). For a Hurwitz matrix A, the norm
of the matrix exponential is bounded above as∥∥eAt∥∥ ≤ e−|µ|t,
where µ is the logarithm norm of A [28]. For the log-norm
induced by the 2-norm, we have that

µ(A) =
λmax(A+AT )

2
,

and for Hurwitz A, µ is always negative.

We use this to give an important result on the derivative
of the matrix exponential with respect to a parameter.

Lemma 2. The derivative of the matrix exponential eAt

with respect to a parameter θi is given by

∂eAt

∂θi
=

∫ t

0

e(t−τ)A ∂A

∂θi
eτAdτ. (8)

If A is Hurwitz, the norm of the derivative of the matrix
exponential with θi is bounded above by∥∥∥∥∂eAt∂θi

∥∥∥∥ ≤ ∥∥∥∥∂A∂θi
∥∥∥∥ te−|µ|t. (9)

where |µ| is the absolute value of the log-norm of A as in
Lemma 1.

Proof. The first part of the lemma (in equation (8)) is a
result proven in [29] and a simplified version is given
in [30] and [31]. We give an alternative proof in the
Appendix. To prove the second part, given in equation (9),
write the norm of the derivative of the matrix exponential
with respect to a parameter θi as∥∥∥∥∂eAt∂θi

∥∥∥∥ =

∥∥∥∥∫ t

0

e(t−τ)A ∂A

∂θi
eτAdτ

∥∥∥∥
≤
∫ t

0

∥∥∥e(t−τ)A
∥∥∥∥∥∥∥∂A∂θi

∥∥∥∥ ∥∥eτA∥∥ dτ.
Now using the result of Lemma 1, since A is Hurwitz, we
have, ∥∥∥∥∂eAt∂θi

∥∥∥∥ ≤ ∥∥∥∥∂A∂θi
∥∥∥∥∫ t

0

e−(t−τ)|µ|e−τ |µ|dτ.

Solving the above integral, we get the desired result:∥∥∥∥∂eAt∂θi

∥∥∥∥ ≤ ∥∥∥∥∂A∂θi
∥∥∥∥ te−|µ|t.

With the result from Lemma 1, we can conclude that under
our assumption of asymptotically stable full and reduced
models, we have that Ā is Hurwitz, and hence the error



dynamics given in equation (7) converges to zero at steady-
state. In this way, we have set up the problem to focus
solely on the analysis of the robustness of model reduction
while assuming that the important problem of minimizing
the model reduction error has already been addressed. For
a given structured model reduction (and hence the corre-
sponding augmented system above), we can get a bound on
the error in model reduction as the model parameters vary
to give a robustness estimate for this model reduction. We
construct a normalized [32] robustness distance estimate,
dR, for this purpose by computing the change in error with
parameter perturbations around any nominal values given
by θ∗i :

dR =

p∑
i=1

θ∗i
‖ζ(t, θ∗i )‖

·

∥∥∥∥∥ ∂ζ∂θi
∣∣∣∣
θi=θ∗i

∥∥∥∥∥ , (10)

where ζ(t, θ∗i ) is the non-zero error in model reduction
for t > 0 and parameter θi = θ∗i . Using dR, we propose a
robustness metric to determine the performance of reduced
models under parameter uncertainties:

R =
1

1 + dR
=

1

1 +

p∑
i=1

θ∗i

∥∥∥∥∥ ∂ζ
∂θi

∣∣∣
θi=θ

∗
i

∥∥∥∥∥
‖ζ(t,θ∗i )‖

. (11)

We define the sensitivity of the error with respect to a
parameter θi in the equation above as Sζ :

Sζ =
∂ζ

∂θi
,

where Sζ ∈ Rk. Hence, our goal in this paper is to
compute R to give robustness estimate under parametric
uncertainties when reducing a dynamical model. Towards
that end, we derive bounds on ‖Sζ‖ that can then be used to
compute an overall robustness metric using equation (11).

III. RESULTS

A. Linear System — Uncertain Initial Conditions

In this section, we consider the uncertainties in the initial
conditions — x(0) of a linear system. We can use this
result to assess the robust performance of different possible
structured model reductions when the initial conditions are
dependent on the uncertain model parameters.

Theorem 1. For the structured model reduction of the
autonomous linear system (1) to the reduced form of
system (2) by using time-scale separation and quasi-steady
state approximation under uncertain initial conditions, the
norm of the sensitivity of the error in model reduction Sζ
is bounded above by

‖Sζ‖22 ≤ λmax(P )

∥∥∥∥∂x̄(0)

∂θi

∥∥∥∥2

2

,

where P is the Lyapunov matrix that solves the equation
ĀTP + PĀ = −C̄T C̄.

Proof. We have the 2-norm [20] of Sζ defined as:

‖Sζ‖22 =

∫ ∞
0

Sζ(t)
TSζ(t)dt.

Using equation (7), we can write Sζ for a parameter θi as,

Sζ = C̄eĀt
∂x̄(0)

∂θi
,

since we have assumed that the matrices Ā and C̄ are not
dependent on parameters. The norm of Sζ then becomes

‖Sζ‖22 =

∫ ∞
0

(
∂x̄(0)

∂θi

)T
eĀ

T tC̄T C̄eĀt
(
∂x̄(0)

∂θi

)
dt.

(12)
From [33, Ch.5], we know that for an asymptotically stable
system, there exists a unique matrix P that solves the
Lyapunov equation ĀTP + PĀ = −C̄T C̄ given by the
observability Gramian:

P = lim
N→∞

Wo(N) = lim
N→∞

∫ N

0

eĀ
T tC̄T C̄eĀtdt,

where Wo(N) is the observability Gramian. Substituting
this into equation (12) gives us the desired result:

‖Sζ‖22 =

(
∂x̄(0)

∂θi

)T [∫ ∞
0

eĀ
T tC̄T C̄eĀtdt

](
∂x̄(0)

∂θi

)
⇒ ‖Sζ‖22 ≤ λmax (P )

∥∥∥∥∂x̄(0)

∂θi

∥∥∥∥2

2

.

B. Linear System — Uncertain System Dynamics

Now we consider the case where the system dynamics
given by the Ā(θ) matrix is dependent on uncertain pa-
rameters. For simplicity we denote Ā(θ) := Ā, noting that
it is parameter-dependent.

Theorem 2. For the structured model reduction of the
autonomous linear system (1) to the reduced form of
system (2) by using time-scale separation and quasi-steady
state approximation under uncertain system dynamics, the
norm of the sensitivity of the error in model reduction Sζ
is bounded above by

‖Sζ‖22 ≤ M̃
∥∥∥∥∂Ā∂θi

∥∥∥∥2

2

∥∥C̄T C̄∥∥
2
‖x̄(0)‖22 ,

where M̃ = 1/(4 |µ|3) and µ is dependent on Ā as given
in Lemma 1.

Proof. Write the norm of Sζ as

‖Sζ‖22 =

∫ ∞
0

Sζ(t)
TSζ(t)dt. (13)

To derive the bounds, we first write the partial derivative
of ζ(t, θ) with respect to a parameter θi as given in
equation (7),

Sζ =
∂ζ

∂θi
= C̄

∂eĀt

∂θi
x̄(0), (14)



assuming that the output matrix C̄ and the initial conditions
are independent of model parameters. We can write the
norm of Sζ as,

‖Sζ‖2 =

∫ ∞
0

x̄(0)T

(
∂eĀt

∂θi

)T
C̄T C̄

(
∂eĀt

∂θi

)
x̄(0)dt,

≤
∫ ∞

0

∥∥∥∥∥∂eĀt∂θi

∥∥∥∥∥
2 ∥∥C̄T C̄∥∥ ‖x̄(0)‖2 dt.

Using the result from Lemma 2, we can write,

‖Sζ‖2 ≤
∥∥∥∥∂Ā∂θi

∥∥∥∥2 ∥∥C̄T C̄∥∥ ‖x̄(0)‖2
∫ ∞

0

t2e−2|µ|tdt.

We can evaluate the integral above by parts:∫ ∞
0

t2e−2|µ|tdt =
1

4 |µ|3
.

We get the desired result for the norm of Sζ by substituting
this integral,

‖Sζ‖2 ≤
1

4 |µ|3

∥∥∥∥∂Ā∂θi
∥∥∥∥2 ∥∥C̄T C̄∥∥ ‖x̄(0)‖2 .

The robustness estimate R follows by using the above
bound and equation (11).

Corollary 2.1. Under simultaneous parametric uncertain-
ties in system dynamics and initial conditions, we can write
the norm of Sζ as

‖Sζ‖22 ≤ λmax(P )

∥∥∥∥∂x̄(0)

∂θi

∥∥∥∥2

2

+
1

4 |µ|3

∥∥∥∥∂Ā∂θi
∥∥∥∥2

2

∥∥C̄T C̄∥∥
2
‖x̄(0)‖22

+
1

2 |µ|2

∥∥∥∥∂Ā∂θi
∥∥∥∥

2

∥∥C̄T C̄∥∥
2
‖x̄(0)‖2

∥∥∥∥∂x̄(0)

∂θi

∥∥∥∥
2
(15)

where P is the Lyapunov matrix and µ depends on Ā as
in Lemma 1.

Proof. The proof follows by using the product rule for the
derivative of ζ(t, θ) in equation (7) along with the results
from Theorem 1 and 2.

C. Nonlinear Dynamics

For nonlinear system dynamics, the approach above to
derive the bound on the robustness guarantee does not work
because we cannot obtain the error dynamics analytically
as was possible for linear dynamics in equation (7). An
alternate approach for deriving a bound on the sensitivity
of the error is using local sensitivity analysis. We used this
method in our previous work [26] to derive the robustness
estimates. We will briefly summarize the results using
the sensitivity analysis approach for nonlinear dynamics
in this section and then show that for linear systems it
results in an equivalent bound as obtained in the previous

section. Consider the following nonlinear dynamics of the
full system

ẋ = f(x,Θ), y = Cx, x(0) = x0. (16)

The reduced nonlinear model is given using similar nota-
tion

˙̂x = f̂(x̂,Θ), ŷ = Ĉx̂, x̂(0) = x̂0. (17)

Similar to the linear case, we assume that both the full
model and the reduced model are asymptotically stable.
Note that although we have a linear output-state relation-
ship, the results that we will show can be extended to the
general case of nonlinear output-state equation as well. We
derived these extension results in [34].

Theorem 3. For the structured model reduction of the non-
linear dynamical system (16) to the reduced system (17)
by using time-scale separation and quasi-steady state
approximation, the norm of the sensitivity of the error in
model reduction, Sζ is bounded above by

‖Sζ‖22 ≤ λmaxx̄(P (x̄))
∥∥S̄(0)

∥∥2

2
+ 2

∫ ∞
0

∥∥Z̄TP (x̄)S̄
∥∥

2
dt

+ λmaxx̄(Ṗ (x̄))

∫ ∞
0

∥∥S̄∥∥2

2
dt (18)

where P (x̄) is a matrix that solves the Lyapunov equation
J̄(x̄)TP (x̄) + P (x̄)J̄(x̄) = −C̄T C̄, J̄(x̄) is the Jacobian
matrix at point x̄, Z̄ is the sensitivity to parameter and S̄ is
the sensitivity coefficients vector of the augmented system,
given by:

J̄(x̄) =

[
∂f
∂x 0

0 ∂f̂
∂x̂

]
, Z̄ =

[ ∂f
∂θi

∂f̂
∂θi

]
, S̄ =

[
∂x
∂θi
∂x̂
∂θi

]
.

Proof Sketch. We will only sketch the proof here for
completeness, the full proof is given in [26]. Write the
sensitivity system equations [32] for the augmented non-
linear dynamical system at the point x̄(t) = x̄:

˙̄S = J̄(x̄)S̄ + Z̄

where S̄, J̄(x̄), and Z̄ are as defined in the theorem. Then,
the sensitivity of the error is given by Sζ = C̄S̄. With this
setup, it is straightforward to compute the bound by writing
down the 2-norm definition for Sζ and then using the time-
derivative of a Lyapunov function (V (S̄) = S̄TP (x̄)S̄) to
substitute for S̄T C̄T C̄S̄ using the Lyapunov equation in
the resulting integral.

Note that to use the above result to give a robustness guar-
antee bound for a model reduction, we need to compute all
local sensitivity coefficients. However, the bound obtained
in the linear case was a much simpler computation as it
only involved the computation of the sensitivity of Ā and
the initial conditions x̄(0) to the parameters. We will show
next that the final bound for both methods is the same in
the case of linear dynamics.



D. Equivalence of the two results for linear dynamics

A direct comparison of the results in Corollary 2.1 and
Theorem 3 is not evident. But for the special case of
linear dynamics, we have closed-form solutions for S̄(t)
and hence Z̄(t). For linear dynamics, we can write the
result in Theorem 3 as

‖Sζ‖22 ≤ λmax(P )
∥∥S̄(0)

∥∥2

2

+ 2

∫ ∞
0

∥∥∥∥∥
(
∂Ā

∂θi
x̄

)T
PS̄

∥∥∥∥∥
2

dt.
(19)

Note that here we have, J̄ = Ā.

Claim. The bound on the sensitivity of the error in model
reduction when obtained using sensitivity analysis ap-
proach (as in equation (19)) is same as the bound obtained
using direct linear analysis approach (as in equation (15)).
In particular, we have that,

2

∫ ∞
0

∥∥∥∥∥
(
∂Ā

∂θi
x̄

)T
PS̄

∥∥∥∥∥ dt =
1

4 |µ|3

∥∥∥∥∂Ā∂θi
∥∥∥∥2 ∥∥C̄T C̄∥∥ ‖x̄(0)‖2

+
1

2 |µ|2

∥∥∥∥∂Ā∂θi
∥∥∥∥∥∥C̄T C̄∥∥ ‖x̄(0)‖

∥∥∥∥∂x̄(0)

∂θi

∥∥∥∥ (20)

Note that the first term in equations (15) and (19) is the
same and hence we have removed that term in the equation
above. This term corresponds to the parametric uncertainty
in the initial conditions.

Proof. To prove the above claim, we start by evaluating
the different parts of the left hand side expression using
the closed-form solutions for linear dynamics. First, note
that from the sensitivity equation [32] for linear system we
have that

˙̄S = ĀS̄ +
∂Ā

∂θi
x̄(t). (21)

Solving the equation above for S̄(t) and taking the norm
we get∥∥S̄(t)

∥∥ ≤ ∥∥∥eĀtS̄(0)
∥∥∥+

∥∥∥∥∫ t

0

eĀ(t−τ) ∂Ā

∂θi
x̄(τ)dτ

∥∥∥∥
≤ e−|µ|t

∥∥S̄(0)
∥∥+

∥∥∥∥∂Ā∂θi
∥∥∥∥ ‖x̄(0)‖ te−|µ|t.

(22)

using Lemma 1 and 2. Similarly, for
∥∥Z̄∥∥, we have∥∥Z̄∥∥ =

∥∥∥∥∂Ā∂θi x̄
∥∥∥∥ ≤ ∥∥∥∥∂Ā∂θi

∥∥∥∥ ‖x̄(0)‖ e−|µ|t. (23)

Finally, for the Lyapunov matrix, we know that

‖P‖ =

∥∥∥∥∫ ∞
0

eĀ
T tC̄T C̄eĀtdt

∥∥∥∥ ,
using the observability Gramian. Using Lemma 1, we have

‖P‖ ≤
∫ ∞

0

e−|µ|t
∥∥C̄T C̄∥∥ e−|µ|tdt.

So,

‖P‖ ≤
∥∥∥C̄T C̄∥∥∥ ∫ ∞

0

e−2|µ|tdt⇒ ‖P‖ ≤ 1

2 |µ|

∥∥∥C̄T C̄∥∥∥ . (24)

Substituting the equations (22), (23), and (24) into the left
hand size of equation (20), we get the desired result that
proves our claim.

Although the two approaches give equivalent results for
linear dynamics, the advantage with the sensitivity analysis
approach is that it is a general method that can be used
for nonlinear dynamical systems as well.

IV. EXAMPLES

In this section, we demonstrate the computation of ro-
bustness guarantees using examples from biomolecular
systems. First, consider an enzymatic reaction system that
has two chemical reactions: E + S

a−⇀↽−
d
C, C

k−→ E + P to

model the binding of an enzyme E to a substrate S forming
a complex C that then catalyzes to form the product P .
It is well-known [35] that singular perturbation theory can
be used to derive a reduced-order model for this system.
Since for all biologically relevant parameter values, this
system does not become unstable, we may not be able to
use the singular perturbation margin to estimate robustness
of this model reduction [36]. However, our method is
still applicable as it depends on computing the sensitivity
of the system states to the parameters. Further, as our
second example, we consider a chemical reaction network
(CRN) model of gene expression [37] — a gene (G)
gets transcribed by RNA polymerase (P) to form mRNA
(T) that is then translated by ribosomes (R) to express
a protein (X). For the CRN, we have that P binds to T
reversibly with reaction rates kbp and kup for binding and
unbinding respectively. Similarly, we have kbr and kur for
the binding of R to T. The transcription and translation
rates are ktx and ktl while the degradation parameters for
T and X are given by dT and dX respectively. For this
CRN model, it is not possible to derive reduced models
using singular perturbation theory since it is not clear how
we could transform the system dynamics to the standard
form (as in equation (3)). We may use QSSA to derive
accurate reduced models in certain parameter regimes as
shown in [38]. In particular, we consider the reduced model
with the mRNA and protein dynamics (see Appendix B
for more details). To demonstrate the robustness estimate
computations in the linear case, we linearize the full and
the reduced model dynamics at all points of interest in
the state-space. The robustness bound on ‖Sζ‖ for each
parameter with time is shown in Figure 2. As discussed
earlier, an alternative approach is to use the result in
Theorem 3 to derive bounds directly for the nonlinear
systems. With this method, we get a time-integrated result
for ‖Sζ‖, which is of the order of 104 whereas we see
in Figure 2 that the bound on ‖Sζ‖ with the linearization
approach is of the order of 102. Hence, the linear analysis



approach (from Theorem 2) gives less conservative results
than the direct nonlinear approach (from Theorem 3) but
requires the linearization approximation at every point in
the system trajectory so it may not always be accurate and
feasible. The results for all examples and the corresponding
Python code to reproduce the figures is available to run
online [39].

Fig. 2. Robustness estimates using the result given in Theorem 2 for a
gene expression system. Observe that the model reduction error ζ is most
sensitive to the translation parameter ktl. This observation is consistent
with the result obtained using the nonlinear approach [38, Fig.2].

V. CONCLUSIONS

Our main result gives a closed-form expression for the
robustness guarantee of structured model reduction of
linear dynamical systems. We show two different methods
to derive this result — a direct linear analysis approach for
the linear systems and a sensitivity analysis based approach
that also works for nonlinear dynamics. We also show
that the two methods are equivalent for linear systems.
Although robustness guarantee metrics do not exist for
general structured model reduction, there are results for
robustness analysis of singular perturbation based model
reduction. Since singularly perturbed systems are a special
case of the problem formulation in this paper, we compared
the results of our method with a robustness analysis method
for singularly perturbed systems. The advantage of our
method is that the system does not need to be in the
standard form as in singular perturbation theory and that
we can compute the robustness of the model reduction
error with respect to each model parameter individually for
a holistic analysis of different possible model reductions.
An interesting future line of work could be to study the
relationship between our robustness analysis method and
other conventional methods in robust control theory.
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APPENDIX A
Proof of equation (8) in Lemma 2. For a linear system,
ẋ = Ax, we can write the solution x(t) = eAtx(0), where
eAt is the matrix exponential. Now, for a parameter θi, we
can write

∂x(t)

∂θi
= eAt

∂x(0)

∂θi
+
∂eAt

∂θi
x(0),

using the product rule of differentiation. Define

S(t) :=
∂x(t)

∂θi
, (25)

so we have,

S(t) = eAtS(0) +
∂eAt

∂θi
x(0), (26)

and write Ṡ(t) using equation (25) and ẋ = Ax as

dS

dt
= A

∂x

∂θi
+
∂A

∂θi
x = AS +

∂A

∂θi
x.

Solving for S(t), we get,

S(t) = eAtS(0) +

∫ t

o

eA(t−τ) ∂A

∂θi
x(τ)dτ.

Since x(τ) = eAτx(0), we can simplify the above equation
and write

S(t) = eAtS(0) +

[∫ t

o

eA(t−τ) ∂A

∂θi
eAτdτ

]
x(0).

Comparing this with equation (26), we get the desired
result for the derivative of the matrix exponential

∂eAt

∂θi
=

∫ t

o

eA(t−τ) ∂A

∂θi
eAτdτ.

APPENDIX B
Using mass-action kinetics for the CRN described in
Section IV and conservation laws with fixed total RNA
polymerase (Ptot) and total ribosome (Rtot) we get the
following nonlinear system dynamics [38]:

dP

dt
= (ktx + kup)(Ptot − P )− kbpGP,

dT

dt
= ktx(Ptot − P ) + (ktl + kur)(Rtot −R)− kbrRT − dTT,

dR

dt
= (ktl + kur)(Rtot −R)− kbrRT,

dX

dt
= ktl(Rtot −R)− dXX.

For this full system dynamics, we can derive various
reduced-order models. In this paper, we consider the re-
duced model with the mRNA and protein dynamics. This
reduced model is obtained by setting all other states to be
at QSSA (using the AutoReduce [40] package):

dT̂

dt
= ktxPtot

G
ktx+kup
kbp

+G
− dT T̂

dX̂

dt
= ktlRtot

T̂
ktl+kur
kbr

+ T̂
− dXX̂,

where T̂ and X̂ represent the reduced states for mRNA
T and protein X. We can obtain linearized dynamics at
every point in the system trajectory. So for a point x∗ =
[P ∗, T ∗, R∗, X∗], we have the following system matrices:

A =



−Gkbp 0 0 0
−ktx − kup
−ktx −kbrR∗ −kbrT ∗ 0

−dT −ktl − kur
0 −kbrR∗ −kbrT ∗ 0

−ktl − kur
0 0 −ktl −dX


,

Â =

[ −dT 0
Rtotktl

T∗+
ktl+kur
kbr

−dX

]
.

We can then derive ∂A
∂θi

for each parameter θi ∈ θ to
compute the robustness estimate bounds for this system
using the result in Theorem 2.

https://colab.research.google.com/drive/1U6TriVKXVqT827TRc3Y2NP_60HHBWbtv?usp=sharing
https://github.com/ayush9pandey/autoReduce
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