Lecture 19

Linear ODE’s of higher order

Solutions can be obtained by solving linear system of first order ODE’s.
Idea: Replace one equation by many equations, thereby reducing the
order of the ODE to just first order.

n > 1: A n-th order linear ODE is of the form

d™u N d" 1y N d"2u T du N _ ) *)
dx™ ald;z:”*1 a2da:"*2 an_lda: ntl = JT

Here the coefficients a; could depend on x. We say that (*) has constant
coefficients iff each a; is independent of x.
(%) is homogeneous if f(z) = 0. First, look at the homogeneous case:

n
Y2 | .
Define a vector y = | . | in n-space where
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Then (%) can be rewritten suggestively as
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This can be viewed as a matrix of linear equations, and so gives rise to the



linear system:
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Whether or not A has constant coefficients, a solution matrix is given by
(I)(LC) _ efogc A(t)dt’

as long as A is integrable as a function of x, which is the case, for example,
when A is continuous. (If A is not defined at 0, then we can take some other
lower limit where A is defined; the effect of changing the lower limit is to
multiply ® by a constant.)

Of course, when A is a constant matriz, fox A(t)dt is just Az, and we get
the more familiar expression

d(z) = e

If ®(z) = (yWy® ... y™), then the y") are the different solution vec-
tors:
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j
Y
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What we seek is a set of independent solutions to the original ODE (x).
_ , N @ :
1If A has constant coefficients, then for every j < n, y§ = ... ) =
dyiljzl
de °

Useful fact 1: If A is a constant matrix with n distinct eigenvalues
A1, A9, ... A, with corresponding eigenvectors vy, vs,...v,, then a basis of
solution for (k) is given by

y(l) = Vle)\tv y(2> - V26>\2t7 cee 7y(n) =Vpe



If vD = | : |, then a basis of solutions of the n-th order ODE () is given

oMMt y@erat - At
Useful fact 2: Recall that The eigenvalues of A are determined by
solving the characteristic equation: |\ — A| = 0.

n=2: A:<O 1),)\—14:()\ _t)
—as —ay as A+ aq

= (A=Al =M+ a )\ +ar
General formula:
A=Al =X =N+ X" 4 Fap N Fan
As we started with the nth order linear, homogeneous ODE:

d*y n d"tu n du n 0
— 4+ a——+... 01— +a,u=0,
dr  dan! Y

we can read off the characteristic equation directly from the ODE.

2nd order linear ODE’s

Many ODE’s occurring in nature are of second order, and it is essential
to understand them thoroughly, at a minimum when they are linear with
constant coefficients.

A prime example (which contains all the subtleties) is the base case of
a “mass on a spring”, where u = displacement, ¢ = time, and k = spring
constant:
d*u

m— =mg — k(L +u) —

pTE + L)

external force

/y —
dt
~—~
damping force

Dividing by the mass m > 0, and noting that mg = kL by Hooke’s Law, we
may rewrite this as

d*u ydu k
— t =+ —u = F(}),
dt2+mdt+mu (®)



which is a linear ODE with constant coefficients. It is homogeneous iff there
is no external force, i.e., Fe(t) = 0.

This spring vibrates, and we want to find an expression for u as a function
of t. If F,(t) = 0, we say that we have free vibrations.

One says the vibrations are undamped if v = 0, i.e., there is no damping
force.

Undamped free vibrations:
u'(t)+ Eu(t) =0, wy=,/L: frequency

Characteristic equation: \* 4 % =0
We have two distinct eigenvalues

, k
Ar = Fiwy, wy = )
m

both of which are non-real. (They are complex conjugates of each other.)
The corresponding linear system is

dy U
E—Ay, y = (u,>

0 1
A‘(—% o)

Eigenvectors:  We want to find v* # 0 st

with

AvE = tiwgvE, vE (yl)
Y2

Y2 Fiwoyr .
So need = i S Yy = Fiwgyy.
(—%m) <ilwo?/z) Y2 o

We can take
vi=|. , V= . .
1Wo —1Wo

Hence a basis of solutions of the linear system is given by

1 ; 1 i
) ezwot’ ] e zw0t7
1Wo —1Wo
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implying that a basis of complex solutions of the second order ODFE is given
by < ! >e‘iw0t is

—iWQ
iwot —iwot

21 =€ , R9g = €
The general complex solution is
Clezwot ‘I‘ 026—7,(0015’

for arbitrary (complex) constants C4, Cs.

What we want, however, are real solutions!

To get a basis of real solutions,we look at the real and imaginary parts of
21, Z9. Since zo is the complex conjugate of z1, we need only look at z;. Thus
a basis of real solutions is given by

cost, sint.
Hence the general real solution is
u(t) = Acos(wot) + Bsin(wet), A,B€R.
It is often convenient to express this as
u(t) = Rcos(wot —9),

with R denoting the amplitude and § denoting the phase.



Lecture 20

Second Order Linear ODE’s with constant coefficients

Typical example: Equation of “mass on a spring”

)+ ad(t) but) = F(t)
S—~— N~~~
dampingforce “external force’
where "
a=-"L, b=—>0
m m

In the process of analyzing (*), we will introduce some key basic terms which
are also used in many other contexts. such as vibrations (free or forced),
frequency, period, phase, quasi-frequency, quasi period, damping, amplitude,
and resonance.

I Undamped Free Oscillations
“Vibration”: trajectory of a solution to (x)
“forced” means F, # 0
“free” means F, =0 < (%) is homogeneous
~v = damping constant
“undamped” means 7 = 0

So the ODE (%) becomes in this case:

with the associated linear system being

/ u 0 —1
y' = Ay, yz(u,), Az(_w 0)

The characteristic equation is A\* + % = 0, so the eigenvalues are AL =
+iwg. This is a case of distinct eigenvalues. It’s common to write

wo = /£ : “frequency of vibrations”.
m



We discussed this case thoroughly last time, and found that a basis of
complex solutions of the linear system (xx) is

twot —iwot
Twoe™ot |’ —jwpe o

Let 21,2, be the first entries of 2™, 2(? respectively. Since the first
coordinate of y is w, it follows that a basis of (complex) solutions of
(%) is given by

2 = ezwot , 2= efzwot _ Z_l
cos(wot)—+isin(wot) cos(wot)—isin(wot)

A basis of real solutions to (x) is given by
x1 = cos(wot), y1 = sin(wpt),

which are the real and imaginary parts of z;.

Hence the general real solution to (x) is
u(t) = by cos(wot) + bg sin(wpt).

A better (more geometric) way to write the general real solution can
be expressed as
u(t) = Rcos(wot — 0)

where R is the amplitude, and 0 the “phase” of the vibration.

Recall from Trigonometry:
cos(0; — 63) = cos By cos Oy + sin Oy sin Oy,
so that

R cos(wot — &) = Rcos(d) cos(wot) + Rsin(d) sin(wyt).

This allows us to go back and forth between the two expressions for
the general real solution wu(t).



IT Damped free oscillations

k
u”+%u’+5u:0 (*)

Characteristic equation:  A* + XX+ £ =0

- 2
Eigenvalues: Ay = —3L :I:% X - %

There three cases, depending on whether the eigenvalues are real and
distinct, or non-real (and complex conjugates of each other), or real
and repeated.

Case (i): ~+? > 4km

Here A+ € R with Ay # A_.

General solution:
u(t) = bie™t + byett,

where by, by are arbitrary real numbers.
Note: 1 — 4’7“—’2" < 1, s0 Ay and A_ are both negative, so e*~* — 0 and
Mt = 0ast — oo.

Case (ii): +? < 4km

Here AL: not real, with A_ the complex conj of A, (since characteristic
equation has real coefficients).

General solution:
u(t) = et/ (by cos(vt) + by sin(vt)),

where
\/ 4km — ~?
VAT
2m
If v =0, as if there is no damping, this is like I considered earlier.

vV =

We call v the quasi-frequency of vibration, and 27” the quasi-period.

We can rewrite the general solution in the better form

u(t) = Re /™ cos(vt — )
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Even though R is supposed to be the amplitude, it becomes evident by
drawing the trajectory of u(t) that the quantity Re~7"/?™ is the true
amplitude (as it includes the effect of damping); it is sometimes called
the “quasi-amplitude.”

Case (iii): ~2 =4km (critically damped)

There is a unique eigenvalue A = —3L- with multiplicity of 2. Recall

from the earlier lectures that the fundamental solutions of the associ-

ated linear system for y = 3’ are given by

e)xt te)‘t
(o) (&)
Hence a basis of solutions of the second order ODE (x) for u is given

by

efyt/ij tef'yt/2m.
The general solution is

u(t) = (by + thy)e 2.

Forced Vibrations

Here the external force Fy(t) is non-zero, so the ODE (x) is inhomoge-
neous:

k
v +au +bu = F(t), a= l,b: —.
m m

Important special case:  Fy(t) is periodic
Ezample:  Fo(t) = Focos(wt), w # wy

(Recall that wy = \/%)

Idea: First find the general solution u.(t) of the homogeneous equation
u’+au' +bu =0, and then add to it any (one) particular solution U(t)
of the inhomogeneous equation.

This procedure in fact gives us all the solutions of the inhomogeneous
equation, and this idea is useful even when F, is not periodic.

9



General solution:

ult) = w(t)  + U@
~~~ S~~~ ~~~
“forced response” transient solution  particular solution

When F,(t) = Fycos(wt), the choice of U(t) = Acos(wt) + B sin(wt)
works for suitable A and B. (Check this!)

When there’s damping, i.e., v # 0, U.(t) — 0 as t — co.

Key new effect: Resonance when w = wy

10



Lecture 21

Basic results on linear, homogeneous ODE’s of higher order

d™u n d"lu P du n 0 %)

—ta——+ -t ap1— +tau=

dim T dpn tat
Figenvalues: Solutions of the characteristic equation A" +a, A" 1 +...a, =
0. Let A1, A, ... Ax be the distinct roots (in C). For each z;, we get a set of
basic solutions of (x)

(i) A, real with multiplicity m; > 1. The corresponding solutions are:

tmj—l
e)‘jt, te)‘jt, JEU—,
(m; —1)!

(i) Aj: complex (not real), \; =a; +1if;, ay,3; € R.
The associated basic real solutions (to (A;, \;) are eV = e (cos(B;) +
1sin(p;), if m; = 1. For general m;, a basis of real solutions is given
by

i — " —

e COS(B]‘), cey meaj COS(BJ‘), e Sil’l(ﬁj), e meaj Sin(ﬁj).

We then put together all these solutions, as j ranges from 1 to k, to get a
full basis of real solutions.
Inhomogeneous equation

Ezxample 1

d®u  du
r + = 2u = e + non-zero external force (*)

Look at the associated homogeneous ODE:

d*u  du
L o= ok
gz b =0 (%)
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Characteristic equation:
M4A-2=0= A+2)A-1)=0.
Hence the eigenvalues are
A1=-2, =1
Note: The general solution of (k) is of form

0= wy o+ gy

gen solution of (%)  particular solution of (x)

Indeed, u.(t)+Ut) is evidently a solution of (x), and conversely, if we have two
solutions Uj (t),Us(t) of (%), then their difference U (t) — Us(t) is a solution
of (sx).

Since A\ = —2, Ay = 1, we have

uc(t) = bre % + bye',

with by, b9 € R.
Try
Ut) = ce™.

Then U’ = 5ce® and U” = 25ce™, so that
U'+U —2U = ¢(25+5—2)e™ = 28ce™.

This must equal the right hand side of (*), which is €. So U(t) will be a
solution of (x) if we take ¢ = .
So the general solution of (x) is

1
'LL(t) = uc(t) + U(t> == 616721‘/ -+ bQ@t + %651‘/.

Remark: What made this idea work is that e® is not e=% or e’.

Ezxample 2
v du

— 4 — — 2u = %™,

at? — dt

where u.(t) is same as in Example 1. Try
U(t) = o(t)e™,
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where ¢(t) is twice differentiable. Then

U= (¢'(t) +50(t))e™, U" = (¢"(t) + 5¢'(t) + 5(¢'(t) + 50(t))) €™,
so that

U'+U —2U = (¢"(t) + 11¢(t) + 28¢(t)) €™

?

We can get a particular solution U of () this way if we can solve the simpler
ODE

¢"(t) + 11(g)'(t) + 28¢(t) = t°
We use the Method of Unknown Coefficients:

Try ¢(t) = a + bt + ct?, and solve for a,b, c. (Do the calculation!)
Once we solve for ¢(t), it can be plugged back into the expression for

U(t).
Resonance

Consider
(%) u” +wiu = Acos(at),

where wy is the frequency of the homogeneous system. If « is close to wy,
then the (true) amplitude of the solution rises tremendously.

Characteristic equation: A\ +wg = 0,wy > 0

Eigenvalues: A\ = wwy, = —iwg

The basic real solutions of homogeneous equation

() u” +wiu =0
are cos(wot), sin(wpt), so that the general solution of the homogeneous equa-
tion is

Uc(t> = bl COS((JJot) + bg(Wot), bl, b2 € R,

Ry cos(iwp—0)

where R is the amplitude and § the phase (when there is no forcing).

Case (i): « wWo “bounded response”, no “resonance”
’
General solution of (*) is

u(t) = uo(t) + U(1),
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with U a particular solution.
Try
U(t) = C cos(at) + Dsin(at).

In fact, we do not need the sine term here since the first derivative does not
occur in (x), so we may take D = 0. Then

U = —Casin(at), U’ = —Ca? cos(at)

= U" +w2U = c(w? — a®) cos(at) = Acos(at)

A
0= e
= U(t) = Ry cos(‘a’uot - 5)4+w2 —3 cos(at)
ue(t)

The second term gets larger as o gets closer to wy.
Case (ii): a=wp (“unbounded response”, ideal resonance)
u” + wiu = Acos(wot), wo > 0.
The basic real solutions of the homogeneous equation
() u” +wiu = 0
are cos(wot), sin(wot), so that the general solution of (xx) is
uc(t) = by cos(wot) + be sin(wpt), with by, by € R.
Try
U(t) = ctsin(wt).

Then

U’ = esin(wot) + cwot cos(wot)

U" = 2cwy cos(wot) — cwgt sin(wot)

= U" +wilU = 2cwy cos(wot) ) cos(wot)

We need: C' = ﬁ to get a particular solution of (x). Thus the general
solution of (k) is

A
= u(t) = Ry cos(wt — &) + —t sin(wot)
———  2wp

stable
unstable
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Quasi-Resonance (under-damping)

For simplicity, let us assume m = 1, and consider
u” + yu' + wiu = Acos(at),
with v > 0 the damping constant. Assume
v < 4w,

which is the interesting case.
Characteristic equation: A\ + Y\ +w? =0

Eigenvalues:

2
)\1 = —1 + ,Y— — 4&)(2)

2 2
imaginary since

Y2 <dw?
= )\i = _Z +10.
2
Now

ue(t) = e "2(by cos(at) + bysin(at)), by,by € R.

o is called the quasi-frequency of the system.
Since u(t) = u.(t) + U(t), we need to find one particular solution U (t).

Suppose we are in the case a # wy. Try
U(t) = Ccos(at) + Dsin(at).

Check that we need

o Ald—a)
(w§ — a?) + (ya)?
D— Ava

(Wi — a?) + (yo)?
. . A
Amplitude: By e
Since we are assuming that the damping constant v is non-zero, we may
also look at when o = wy, in which case

A
C=0, and D= —,
Yo

15



so that
A
U(t) = —sin(at).
Yo
If we plot this for different values of v > 0, then we see a narrowing and
simultaneous spiking of the trajectory as v gets closer and closer to 0, whence
the name “quasi-resonance”.
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