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Introduction

Problem: To find the probability of failure pr

pr=PlxeF)= /Ip(m)ﬂ(a:)da:
]RN
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Notation
o z € RY is a random vector
@ 7 is the joint PDF of x

o ' C RY is a failure domain
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OIF(x):{ 0, ¢ F
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Notation Assumptions
e 2 € RY is a random vector @ N is very large, N ~ 1000
@ 7 is the joint PDF of x @ pr is very small, pp ~ 1073 — 1076
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Notation Assumptions
e 2 € RY is a random vector @ N is very large, N ~ 1000
@ 7 is the joint PDF of x @ pr is very small, pp ~ 1073 — 1076

o ' C RY is a failure domain
1, ze€F,

OIF(Q:):{ 0, z¢F.

We need to use Advanced Simulation Methods
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Introduction

Advanced Simulation Method

‘ 1. Specify artificial PDF(s) 71 ‘ ‘ 2. Sample from 7T
Y Y
Importance Sampling: T = ;s
; ion- = (‘F) MCMC
Subset Simulation: T=n (Metropolis-Hastings algoritm)
ALIS: T =Ta

Reliability Problem
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Introduction

Advanced Simulation Method

‘ 1. Specify artificial PDF(s) 71 ‘ ‘ 2. Sample from 7T
Y Y
Importance Sampling: T = ;s
; ion- = (‘F) MCMC
Subset Simulation: T=n (Metropolis-Hastings algoritm)
ALIS: T =Ta

Reliability Problem

Main goal: to develop a novel effective MCMC algorithm for

sampling from complex high-dimensional distributions
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Modifications of the Metropolis-Hastings algorithm

@ Metropolis-Hastings (MH) algorithm, Metropolis et al. 1953, Hastings 1970
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Modifications of the Metropolis-Hastings algorithm

Metropolis-Hastings (MH) algorithm, Metropolis et al. 1953, Hastings 1970
Modified MH (MMH) algorithm, Au & Beck 2001

e MH algorithm with delayed rejection (MHDR), Tierney & Mira 1999

e Modified Metropolis-Hastings algorithm with delayed rejection (MMHDR)
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Standard Metropolis-Hastings algorithm

How to sample from 7 (:|F)?
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Standard Metropolis-Hastings algorithm

How to sample from 7(:|

F/\/'v'*/\ i
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Standard Metropolis-Hastings algorithm

Mw/\ i

How to sample from 7(-|F)

@ Simulate & ~ S(+|zo)

@ Compute the acceptance probability S(+wo)
— min m(£)S (~7€0|§) } 13
a(l‘o,f) - {1 ( ) (f|$0) (5) ?/l \1—(1.

:I:l:E Ty = Ty

@ Accept/Reject £

&, with prob. a(xg,£);
Tr1 =
Zo, with prob. 1 —a(xo,£).
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Standard Metropolis-Hastings algorithm

Mw/\ i

How to sample from 7(-|F)

@ Simulate & ~ S(+|zo)

@ Compute the acceptance probability S(+wo)
— min m(£)S ($0|§) } 13
a(l‘o,f) - {1 ( ) (f|$0) (5) ?/l \1—(1.

:I:l:E Ty = Ty

@ Accept/Reject £

&, with prob. a(zo,£);

Tr1 =
Zo, with prob. 1 —a(xo,£).
In high dimensions: a(zg,&) =0 = x1 =9
Reason: S(:|x) is N-dimensional PDF
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Modified Metropolis-Hastings algorithm

© Generate candidate state &
Foreachj=1...N:

@ Simulate &7 ~ S7(-|z))

@ Compute the acceptance probability S|
S $
. . A (£T ] J | &3 o
o’ (¢}, €7) = min { 1, TS 2 Fols ) (& ,)S (%O‘g ) g
75 ()57 (€7]w0) o N
N 1 RS R N
@ Accept/Reject £’ (€., &=¢ J,E 0o--es &)
, €7, with prob. a’ (), £%); o F
&=9". o YN
x}, with prob. 1 —d’(z},&%). m=¢( m=mx
@ Accept/Reject £
§, if{el;
Tr1 =
Zo, Iff §é F.
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Metropolis-Hastings algorithm with Delayed Rejection
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Metropolis-Hastings algorithm with Delayed Rejection

@
&2 ~ Sa(-|wo, &1)

To ‘
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Metropolis-Hastings algorithm with Delayed Rejection

S1(:|2o)
@
&2 ~ Sa(-|wo, &1)

$
ay & Fa
Tow vy ==& Sa|zo, &)
— . i
MH &1~ Si(-|xa) 2 |
TON®
T =&

I = Ip
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Metropolis-Hastings algorithm with Delayed Rejection

S1(+]wo)
@ $
2 ~ Sa(-|wo, &1) £
w e
Tos o =& S ‘|5;0751)
wH &~ S () &
ay, 7\ Jma
=& Ty = T
a1 (20, €1) = min {1, Zﬁli?ii?i’ﬂili h(&)}
. m(§2)51(£11€2)S2(wo0[&2, £1) (1 — a1 (€2, 61)) }
az (o, &1,&2) = min {1, (20)51(€1]70) 85 (€70, E1) (1 = ax (20, 61) Ir(&2)
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Metropolis-Hastings algorithm with Delayed Rejection

S1(:|2o)
® $
2 ~ Sa(-|wo, &1) £
N
o > ° =& S ‘|5;0751)
W &1 ~ Si(+|wo) & |
ag \—(1-2
=& @y =umn
ax(20,£1) = min L%M&)}
. 7(&2)51(61162)S2(20|&2, £1) (1 — a1(§2, 1))
a2{@0,41,82) = mm{l 7(20)S1 (€1]20)Sa (€0, €1) (1 = m(m@)““ﬁ}

In high dimensions: a1 (z0,&1) & a2(z,&1,82) =0 = 1 =
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Metropolis-Hastings algorithm with Delayed Rejection

S1(:|2o)
® $
2 ~ Sa(-|wo, &1) £
VN
Tow =& S(|re. &)
e . i
MH €1 ~ Si(-|zo) &
2N
&2 & = T
_ m(£1)S1(z0lé1)
a1(zo,§1) = min 4 1, mIF(fl)}
. 7(&2)51(61162)S2(20|&2, £1) (1 — a1(§2, 1)) }
e &) = min 1 e T ey €2

In high dimensions: aj(wo,&1) & az(wo,&1,&2) 0 = z1 =m0
Reason: Si(+|xg) and Sa(-|xo,&1) are N-dimensional PDFs
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Modified MH algorithm with Delayed Rejection

To — X1

El:(&i?:ﬁ:é{ E{:El%ﬂ? {\)
!

yes no

nEhEET
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Modified MH algorithm with Delayed Rejection

Features of the Algorithm
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Modified MH algorithm with Delayed Rejection

Features of the Algorithm
o 53 = 53(|ap, &)
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Modified MH algorithm with Delayed Rejection

Features of the Algorithm
o 5 = S3(|ap, &)
@ Samples generated by MMHDR are less correlated

then samples generated by MMH.
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Modified MH algorithm with Delayed Rejection

Features of the Algorithm
o 5 = S3(|ap, &)
@ Samples generated by MMHDR are less correlated

then samples generated by MMH.

@ MMHDR needs more computational effort than MMH
for generating the same number of samples.

o With fixed computational effort:

» MMH: more Markov chains with more correlated states
» MMHDR: fewer Markov chains with less correlated states
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Example

Linear problem

}///%

x
6}
o
0 -
o Geometry
» N = 1000

» pr=10"°, 5 =4.265
» ¥ =ef, e~ U(SN_l)
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Example

Linear problem

x
6}
o
0 -
o Geometry
» N = 1000

» pr=10"%, 8 =14.265
» ¥ =ef, e~ U(SN_l)
@ Proposal PDFs
» MMH: S7(-|z}, ) =Nz 3,1)
> MMHDR: 57 ,(-|z}) = N (), 1)
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Example

Linear problem
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o Geometry
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» pr=10"%, 8 =14.265
» ¥ =ef, e~ U(SN_I)
@ Proposal PDFs
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» MMHDR: 512(\ N =Nz
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Subset Simulation

I—»—M‘MH(W)I
—— MIMH (1.4)
0.45 E —=— MMHDR (1.4] |H
04 \( Tl ¥ e ot
> 0 rwww
A
N
. o A Al B e W
n
025
02

10 20 30 40 50 B0 70 80 a0 100
number of runs

MMH(1): SS + MMH, n = 103
MMHDR(1.4): SS + MMHDR, n = 103
MMH(1.4): SS + MMH, n = 1450
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Subset Simulation

I—»—M‘MH(W)I
—— MIMH (1.4)
0.45 E —=— MMHDR (1.4] |H
04 \( Tl ¥ e ot
> 0 rwww
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N
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02
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number of runs

MMH(1): SS + MMH, n = 103

MMHDR(1.4): SS + MMHDR, n = 103

MMH(1.4): SS + MMH, n = 1450
Reduction in CV is 11%
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@ We propose a novel modification of the Metropolis-Hastings algorithm,
called Modified Metropolis-Hastings algorithm with Delayed Rejection
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Summary

@ We propose a novel modification of the Metropolis-Hastings algorithm,

called Modified Metropolis-Hastings algorithm with Delayed Rejection
e MMHDR = MMH (Au & Beck 2001) + MHDR (Tierney & Mira 1999)
o MMHDR is designed for sampling from high dimensional conditional PDFs

@ The efficiency of the MMHDR is demonstrated with a numerical example
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Thank You for attention!
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