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Geometric properties of high-dimensional
Gaussian space
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Geometric properties of high-dimensional

Gaussian space
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Importance Sampling in high dimensions

Probability of failure: prp = [ Ir(0)q(#)d6

N
where K
F C RY is failure event assumed Gaussian
I 1s 1ts mdicator function /

6 1s the random parameters with joint PDF ¢
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Importance Sampling in high dimensions
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Importance Sampling

Example: F =SV

in high dimensions

Question: How precisely should we find the center of SV to cover
the most part of it by another hypersphere of unit radius?
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Design points and nonlinear problems

Failure domain:
Limit-state surface:

Design point:

F=1{0:96) <0
Sp=10:9(0) =0}

0" = arg min [|6]

Linear case

g(f) =a'0+0
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Design points and nonlinear problems

Duffing oscillator

ma(t) + ca(t) + klz(t) +~vx(t)*] = f(t)
(m = 1000 kg
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Design points and nonlinear problems
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Design points and nonlinear problems

In the first passage problem:

F = UF;
F,={6: x(t,

07 1s design point for F;

i=0,...,N

Observation:

\

) > 2o} N

> ~ qé".S (9) p— Z 'Zi,!.i_,-"\-'?o__l} ( 9 — 9:{ )
i=1
T

At

when failure domain 1s strongly nonlinear
Importance Sampling with this natural ISD
can be feeble
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Design points and nonlinear problems

Nonlinear failure domain of parabolic shape
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MCMC techniques in high dimensions

Original Metropolis Algorithm (OMA)

O(F) ~s k1) N-dimensional
. proposal PDF
1. Generate candidate state 6 /
Simulate £ according to p(-|0) Au and Beck (2001)
Compute the ratio r= q(g.) /q(6%) 9SS with MMA
Qot § — § with min{1, 7} | does not work
o) with 1 — min{1,r} in high dimensions

2. Accept/Reject 6

(Geometric reason

otherwise

oU+1) _ { 92:) if 0 € F r=q(§)/q(6W) <« 1
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MCMC techniques in high dimensions

Modified Metropolis Algorithm (MMA) Au & Beck (2001)

1-dimensional
proposal PDF

1. Generate candidate state 6

For each component simulate &; ~ p(-|6;)
Compute the ratio r; = ¢;(&;)/q;(0;)

)& with min{1,r;}
Set 9;} - { 9} with 1 — Inil]{l,_. T’J}
Example

p(-16,) = N'(8;,1)
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Distance between the Markov chain state and the origin
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MCMC techniques in high dimensions

0~ N(0,1)
W o
Geometric

explanation:

Distance between the Markov chain state and the origin

r [ w o 0 w0 w0 . N

b
I

.

[

xj-direction= (0, ...

=
T

[ w]
T

[=7]
T

4 -

0F

oo
T

=]
T

-h. Wl ﬁ||'| I‘ "l f| m | |JJ1' |
W U “..M’"f Wiy |'n\|1 f ﬁ}\.'."W’wf'%ﬁJ' f W WW

400 600 800 1000
Number of the Markov chain state

200

=

In the MMA there are special directions:

,0,1,0,....,0)
Tj:L...,N

15



MCMC technigues in high dimensions

Two

linear problems L2 :
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MCMC technigues in high dimensions
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MCMC technigues in high dimensions

MCMC of S?® (Katafygiotis and Cheung, 2006)

0 = Ru ~ =Ry  ~ 0 =R
u=20/|¢|
R =4

Geometric advantage:

Consistence with nature of
(Gaussian space there 1s no
preferable directions

...........................................................
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MCMC technigues in high dimensions

Comparison of MMA and MCMC of S*

Expected value ofthe distance between samples
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Concluding Remarks

B Geometric understanding as to why Important Sampling does
generally not work in high dimensions was given.

® Design point seems not to be relevant when dealing with strongly
nonlinear problems.

® A study of the correlation of samples obtained using MMA as a
function of different parameters leads to recommendations for fine-
tuning the MMA.

® Finally, the MMA algorithm was compared with the MCMC algorithm
proposed by Katafygiotis and Cheung (2006).
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