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Reliability Problem

Reliability Problem: To estimate the probability of failure pp

pr =P F) = / 7(0) [ (0)d0

Rd

o F = = DA
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Reliability Problem

Reliability Problem: To estimate the probability of failure pp

pr = PO cF) = /w(Q)IF(G)dQ

Rd
Notation:

@ 0 € R? represents the uncertain excitation of a system

> 0 is a random vector with joint PDF 7(6)

e ' C R%is a failure domain (unacceptable system performance)
F={0:9(6)=b"}

@ g(0) is a performance function (loss function)
@ b* is a critical threshold for performance

e Ip(0)=1if0ecF;and Ip(0)=0if0 ¢ F
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Why is Reliability Problem computationally challenging?

Rd

P — / TO)Ip(0)d0,  F—1{0: g(0) > b}

o F = £ DA
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Why is Reliability Problem computationally challenging?

i /w(&)IF(H)dO, F=1{0:g(6)> b}
Rd

Typically in Applications:

@ The relationship between 6 and Ir(6) is not explicitly known
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Why is Reliability Problem computationally challenging?

pPF = /W(H)IF(H)dO, F={0:90)>b"}
R4

Typically in Applications:

@ The relationship between 6 and Ir(6) is not explicitly known
@ We can compute Iz () for any 6, but this computation is expensive
@ The probability of failure pp is very small, pp ~ 1072 — 107

@ The dimension d is very large, d ~ 103
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Why is Reliability Problem computationally challenging?

P — / T(O)Ip(0)d0, F=1{0:g(0) > b}
]Rd

Typically in Applications:

@ The relationship between 6 and Ir(6) is not explicitly known
@ We can compute Iz () for any 6, but this computation is expensive
@ The probability of failure pp is very small, pp ~ 1072 — 107

@ The dimension d is very large, d ~ 103

Consequences:
@ Numerical integration is not suitable

o Standard Monte Carlo is computationally infeasible
We need advanced simulation methods
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Subset Simulation

S.K. Au and J.L. Beck (2001):
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Subset Simulation

S.K. Au and J.L. Beck (2001):

RI=Fy,>F,>...0F,=F

F={6:g9(0) > b}

Fy={0:9(0) > b}

by < by <...<b, =0

*
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Subset Simulation

S.K. Au and J.L. Beck (2001):

RI=Fy,>F,>...OF, =

F={6:g9(0) > b}
= {0: g(6) > b7}

by < by <...<b;, =b"
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m—1

= pr =[] P(Fen|Fr)
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Subset Simulation

S.K. Au and J.L. Beck (2001):

RI=Fy,>F,>...0F,=F

F={6:g9(0) > b}
= {0: g(6) > b7}

*

by < by <...<b, =0
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“Bayesianization” of Subset Simulation
The key idea of SS:

pr=[]pe: P =P(FilFi1)
k=1

o F = £ DA
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“Bayesianization” of Subset Simulation

The key idea of SS:

pr=[[pr,  pr=P(F|Fe1)

Original (“frequentist”) SS:

N m n
~ k
E 9(1) PF%PF=|I—
)
N N
=1 k=1
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“Bayesianization” of Subset Simulation

The key idea of SS:

pr=[]pe: P =P(FilFi1)

Original (“frequentist”) SS:

i)\ :_ZIFk (Z) Na pFQJ-’AF:H

=|2

Bayesian SS:

@ Specify prior PDFs f(pg) for all pp, = P(Fg|Fr—-1), k=1,...,m.
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“Bayesianization” of Subset Simulation

The key idea of SS:

pr=[[pr,  pr=P(F|Fe1)

Original (“frequentist”) SS:

i)\ :_ZIFk (z) Na 1;[%

Bayesian SS:
@ Specify prior PDFs f(py) for all pp = P(Fi|Fr—1), k=1,...,m

@ Find the posterior PDFs f(pi|Di—_1) via Bayes' theorem,
using new data D_1 = {0,(61_)1, . ,6,(:1’)1 ~m(-|Fr_1)}
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“Bayesianization” of Subset Simulation

The key idea of SS:

pr=[]pe: P =P(FilFi1)

Original (“frequentist”) SS:

]/)\ = ZIFk (z) _7;\];3 1:[

ZI»

Bayesian SS:
@ Specify prior PDFs f(py) for all pp = P(Fi|Fr—1), k=1,...,m
@ Find the posterior PDFs f(pi|Di—_1) via Bayes' theorem,
using new data D_1 = {0,(61_)1, . ,6,(:1’)1 ~m(-|Fr_1)}
@ Obtain the posterior PDF f(pp] UZ"':_Ol Dy) of pr = 11y Pk
from f(p1|Do), ..., f(Pm|Dm—-1).
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Prior and Posterior for py = P(Fy|Fi_1)
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Prior and Posterior for py = P(Fy|Fi_1)
@ Prior PDF p(py)

Principle of Maximum Entropy:

f(pk) = ]-7

0<pe <1

o F = £ DA
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Prior and Posterior for py = P(Fy|Fi_1)

@ Prior PDF p(py)
Principle of Maximum Entropy:

flor) =1, 0<p. <1

@ Posterior PDF f(pi|Dr—1)
> If 0,(:_)1, .. .,0,(611)1 are i.i.d. according to 7(-|Fr—1)
= Ip, ((9,(:_)1)7 oIk, (0,(61\1)1) can be interpreted as Bernoulli trials
= Bayes' Theorem (1763):

) N—n
f(pr|Dr—1) =
B(nk +1,N—nk —l—l)
Konstantin Zuev (USC) Bayesian Subset Simulation SIAM UQ 2012

7/12



Prior and Posterior for py = P(Fy|Fi_1)

@ Prior PDF p(py)
Principle of Maximum Entropy:

flor) =1, 0<p. <1

@ Posterior PDF f(pg|Dr—1)
> If 0,(:_)1, .. .,0,(612)1 are i.i.d. according to 7(-|Fr—1)

= Ir, ((9,(61_)1)7 IRy, (0,(61\1)1) can be interpreted as Bernoulli trials

= Bayes' Theorem (1763):
it (L= pi)™ "
D — =
f(pkl k 1) B(nk—l—l,N—nk—f—l)

> In fact, '91(:7)1» . ,Hl(ﬁ)l are MCMC samples (for k > 2)
= 91(91217 ey G’Ig)l ~ 7(-|Fx—1), however, they are not independent

PRt (1 —pp)V

f(pk|Dk—1) ~ B(’I’Lk + l,N —ng + 1)
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Posterior PDF for pp
Last step: To find the PDF of pp = [[,~, k. given the PDFs of all factors

pr ~ Be(ng + 1, N —ng + 1)
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Idea: To approximate pg by a single beta variable
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Posterior PDF for pp
Last step: To find the PDF of pp = [[,~, k. given the PDFs of all factors
pr ~ Be(ng + 1, N —ng + 1)

Idea: To approximate pr by a single beta variable

Theorem (Da-Yin Fan, 1991)

Let X1,...,X,, be beta variables, X}, ~ Be(ay,by), andY = X1Xs... X,,.
Then Y s approximately distributed as Y ~ Be(a,b), where

M1 — M2 M1 — p2
Y St S S R S
K2 M1 M2 — p7
m m
. ag ak + 1)
Ml_[gak—kbk’ 1;[ ak—l-bk (ag +bp +1)°
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Posterior PDF for pp

Last step: To find the PDF of pp = [[,~, k. given the PDFs of all factors
pr ~ Be(ng + 1, N —ng + 1)

ldea: To approximate pr by a single beta variable

Theorem (Da-Yin Fan, 1991)

Let X1,...,X,, be beta variables, X}, ~ Be(ay,by), andY = X1Xs... X,,.
Then Y s approximately distributed as Y ~ Be(a,b), where

M1 — 2 M1 — p2

Y Sl S S QY it

K2 M1 M2 — p7

. w0 ag @ ak—l—l)
'ul_kl;[ak—Fbk’ 1;[ ak—l-bk ak+bk+1)'

Nice property of this approximation: E[Y] = E[Y], E[Y2] = E[Y?]
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Bayesian Subset Simulation

| Point estimate pr ~» PDF f(pr) = Be(prla,b) |

o F = £ DA
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Bayesian Subset Simulation

| Point estimate pr ~ PDF f(pr) = Be(prla,b) |

nr+1 ne+2 nE+2
HklN—th(l_H;nleLiS) b_(l_Hk 17\/‘%)( Hk: lN-iJ-rS>

nEg+2 _ TIM ne+l - ng+2 _ ne+1
Hk:l N+3 Hk:l Ni2 Hk:l N+3 Hk:l Nt2
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Bayesian Subset Simulation

| Point estimate pr ~ PDF f(pr) = Be(prla,b) |

nr+1 nE+2 nE+2
HklN—J&-rQl(l_HZL:INLiS) b_(l_Hk 17\/‘%)( Hk: lN-iJ-rS>

nEg+2 _ TIM ne+l - ng+2 _ ne+1
Hk:l N+3 Hk:l Ni2 Hk:l N+3 Hk:l Nt2

o What is the relationship between f(pr) and pp ?
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Bayesian Subset Simulation

| Point estimate pr ~ PDF f(pr) = Be(prla,b) |

nr+1 ng+2 nE+2
HklN—&J-rQ (I_HkmleLi:s) b_(l_Hk 1NL+2)< ch 1N4Jrrs

nEg+2 _ TIM ne+l - ng+2 _ ne+1
Hk:l N+3 Hk:l Ni2 Hk:l N+3 Hk:l Nt2

o What is the relationship between f(pr) and pp ?

lim Efpr] = hm Pr =DpF

N —oc0
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Bayesian Subset Simulation

| Point estimate pr ~ PDF f(pr) = Be(prla,b) |

nr+1 ng+2 nE+2
HklN—&J-rQ (I_HkmleLi:s) b_(l_Hk 1NL+2)< ch 1N4Jrrs

nEg+2 _ TIM ne+l - ng+2 _ ne+1
Hk:l N+3 Hk:l Ni2 Hk:l N+3 Hk:l Nt2

o What is the relationship between f(pr) and pp ?

lim Efpr] = hm Pr =DpF

N —oc0

o Why is Bayesian Subset Simulation useful?
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Bayesian Subset Simulation

‘ Point estimate pr ~» PDF f(pr) = Be(prla,b) ‘
[Tt %

_ T net2 _ np+1 ne+2

N+2 (1 Hk:l N+3 b 1 Hk 1 N+2 Hk: 1 N+3
a= H nk+2 _ Hm ne+1 - H neg+2 H ne+1
k=1 N+3 k=1 N+2 k=1 N+3 k=1 N+2

o What is the relationship between f(pr) and pr

N Erlprl = i P =pr
o Why is Bayesian Subset Simulation useful?

» CV of f(pr) can be considered as a measure of uncertainty in the value of pr
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Bayesian Subset Simulation

| Point estimate pr ~ PDF f(pr) = Be(prla,b) |

nr+1 nE+2 nE+2
HklN—J&-rQl(l_HZL:INLi?,) b_(l_Hk INLH)( Hk: 1N-1J-r?>>

nEg+2 _ TIM ne+l - ng+2 _ ne+1
Hk:l N+3 Hk:l Ni2 Hk:l N+3 Hk:l Nt2

o What is the relationship between f(pr) and pp ?

lim Efpr] = hm Pr =DpF

N —oc0

o Why is Bayesian Subset Simulation useful?

» CV of f(pr) can be considered as a measure of uncertainty in the value of pr
» The PDF f(pr) can be fully used for life-cost analyses, decision making, etc.

E[Loss(pr)] = /Loss(pp)f(pp)dpp

Konstantin Zuev (USC) Bayesian Subset Simulation SIAM UQ 2012 9/12



Elasto-Plastic Structure Subjected to Ground Motion

S.K. Au (Computers & Structures, 2005):

@ 2D moment-resisting steel frame
@ Synthetic ground motion a = a(Z)
> Z=(Z1,...,Z4) "~ N(0,1)

- zZ
> % [Filter ] 2

» d=1001
@ Failure domain:
F={Z cR?: 6pax(Z) > b}

) = max J;
max L 26

d; is the maximum absolute

interstory drift ratio of the i* story

within the duration of study, 30 s
b=10.5% = pr ~89x1073
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S.K. Au (Computers & Structures, 2005):

@ 2D moment-resisting steel frame
@ Synthetic ground motion a = a(Z)
> Z=(Z1,...,Z4) "~ N(0,1)

- zZ
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Summary

Bayesian Subset Simulation

o F = £ DA
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Summary

Bayesian Subset Simulation

@ BSS is a new stochastic simulation method for solving reliability problems.
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Summary

Bayesian Subset Simulation
@ BSS is a new stochastic simulation method for solving reliability problems.
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@ Instead of a point estimate pr, BSS produces an approximation of the
posterior PDF f(pr) of the failure probability.
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Bayesian Subset Simulation
@ BSS is a new stochastic simulation method for solving reliability problems.
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@ Instead of a point estimate pr, BSS produces an approximation of the
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@ Relationship between BSS and SS:
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Summary

Bayesian Subset Simulation
@ BSS is a new stochastic simulation method for solving reliability problems.

» BSS is a Bayesian analog of the Subset Simulation (Au and Beck, 2001)

@ Instead of a point estimate pr, BSS produces an approximation of the
posterior PDF f(pr) of the failure probability.

@ Relationship between BSS and SS:
o Erler] = Jim pr=pr

e CV of f(pr) can be considered as a measure of uncertainty in the value of pg
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Summary

Bayesian Subset Simulation
@ BSS is a new stochastic simulation method for solving reliability problems.

» BSS is a Bayesian analog of the Subset Simulation (Au and Beck, 2001)

Instead of a point estimate pr, BSS produces an approximation of the
posterior PDF f(pr) of the failure probability.

Relationship between BSS and SS:

lim E = lim pr =
Ngnoo f[pF] NgnoopF br

CV of f(pr) can be considered as a measure of uncertainty in the value of pp

The PDF f(pr) can be fully used for life-cost analyses and decision making.

E[Loss(pr)] = /Loss(pp)f(pp)dpp
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Thank you for attention!
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