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Dynamic Reliability Problem

Dynamic Reliability Problem: To estimate the probability of failure pg

pr=P(0 € F) = / 7(0) [ (0)d0
RN
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o We can calculate Tr(6) for any 6, but it is expensive (structural analysis)
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pr =P eF) = / (0)I(6)d6
RN
Notation:
@ 0 € RY is a stochastic vector with the joint PDF 7
o F C RV is a failure domain, F = {0 : G() > b*}
e Ip(0)=1if0c Fand Ir(f)=0if0 ¢ F
Assumptions:

o We can calculate Tr(6) for any 6, but it is expensive (structural analysis)
@ N is very large, N ~ 1000
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Dynamic Reliability Problem

Dynamic Reliability Problem: To estimate the probability of failure pg

pr =P eF) = / (0)I(6)d6
RN
Notation:
@ 0 € RY is a stochastic vector with the joint PDF 7
o F C RV is a failure domain, F = {0 : G() > b*}
e Ip(0)=1if0c Fand Ir(f)=0if0 ¢ F
Assumptions:

o We can calculate Tr(6) for any 6, but it is expensive (structural analysis)

@ N is very large, N ~ 1000 = numerical quadrature methods are not suitable
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Dynamic Reliability Problem: To estimate the probability of failure pg

pr = PO F) = / (0) I (6)d0
RN
Notation:
@ 0 € RY is a stochastic vector with the joint PDF 7
o F C RV is a failure domain, F = {0 : G() > b*}
e Ip(0)=1if0c Fand Ir(f)=0if0 ¢ F

Assumptions:

o We can calculate Tr(6) for any 6, but it is expensive (structural analysis)

@ N is very large, N ~ 1000 = numerical quadrature methods are not suitable

@ pr is very small, pp ~ 1073 — 1076
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Assumptions:

o We can calculate Tr(6) for any 6, but it is expensive (structural analysis)
@ N is very large, N ~ 1000 = numerical quadrature methods are not suitable

@ pr is very small, pp ~ 1073 — 1075 = Monte Carlo method is not suitable
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Dynamic Reliability Problem

Dynamic Reliability Problem: To estimate the probability of failure pg

pr =P eF) = / (0)I(6)d6
RN

Notation:

@ 0 € RY is a stochastic vector with the joint PDF 7

o F C RV is a failure domain, F = {0 : G() > b*}

e Ip(0)=1if0c Fand Ir(f)=0if0 ¢ F
Assumptions:

o We can calculate Tr(6) for any 6, but it is expensive (structural analysis)

@ N is very large, N ~ 1000 = numerical quadrature methods are not suitable

@ pr is very small, pp ~ 1073 — 1075 = Monte Carlo method is not suitable

We need advanced simulation methods
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Subset Simulation

S.K. Au & J.L. Beck (Prob. Eng. Mech., 2001):
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Subset Simulation

S.K. Au & J.L. Beck (Prob. Eng. Mech., 2001):
RN=FD>FD>..DF,=F

F=1{0:G(6) > b}

Fi=1{0:G(0) > b7}

by < by <...<b;, =b"
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Subset Simulation

S.K. Au & J.L. Beck (Prob. Eng. Mech., 2001):
m—1

RN:FODFlDDFm:F = pF:HP(Fk+1|Fk)
k=0

F=1{0:G(6) > b}
Fi=1{0:G(0) > b7}

by < by <...<b;, =b"
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Subset Simulation

S.K. Au & J.L. Beck (Prob. Eng. Mech., 2001):

m—1

RN:FODFlDDFm:F = pF:HP(Fk+1|Fk)
k=0
F={0:G(0) >}
(Fk+1|Fk ZIFk+1 9(1)
Fo=1{6:G(0) = b}
bL<bp < < b=t 00 (9] ) = 17 0)

P(Fy)
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“Bayesianization” of Subset Simulation

The key idea of SS:

m
PF = lew pi = P(Fy|Fr-1)
k=1
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“Bayesianization” of Subset Simulation

The key idea of SS:

PF = Hpk:a pi = P(Fy|Fr-1)

Original (“frequentist”) SS:

N m n
k: ~SS k
E 9(2 pp R PR = H =k
k— 1 N ’ F N
i=1 k=1
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“Bayesianization” of Subset Simulation

The key idea of SS:

PF = lec, pi = P(Fy|Fr-1)

Original (“frequentist”) SS:

4 ng ~ ks
6](61 Nv PF = DR :HN

||M2

Bayesian SS:
@ Specify prior PDFs p(py) for all p, = P(Fi|Fx—1), k=1,...,m.

K.M. Zuev & J.L. Beck (Caltech) EMI 2010 August 11, 2010

5/13



“Bayesianization” of Subset Simulation

The key idea of SS:

PF = lec, pi = P(Fy|Fr-1)

Original (“frequentist”) SS:

4 ng ~ ks
6](61 N7 PF = DR :HN

||Mz

Bayesian SS:
@ Specify prior PDFs p(py) for all pp, = P(Fg|Fr—1), k=1,...,m

@ Find the posterior PDFs p(py|Dk—1) via Bayes' theorem,
using new data Dy_1 = {9121)1’ e (N)l ~w(|Fr-1)}
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“Bayesianization” of Subset Simulation

The key idea of SS:

PF = lec, pi = P(Fy|Fr-1)

Original (“frequentist”) SS:

m
ng N ng
91(:1 N7 szpg'S:H

||Mz

Bayesian SS:
@ Specify prior PDFs p(py) for all pp, = P(Fg|Fr—1), k=1,...,m
@ Find the posterior PDFs p(py|Dk—1) via Bayes' theorem,
using new data Dy_; = {91(61)1, N (N)l ~ (| Fr-1)}
© Obtain the posterior PDF p(py| UJ"")! D) of pr = [[1e; Pk
from p(p1|Do), - - ., p(Pm|Dm—1).
T



Prior and Posterior for py = P(Fy|Fi_1)
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Prior and Posterior for py = P(Fy|Fi_1)

@ Prior PDF p(py)
Principle of Maximum Entropy:

ppr) =1, 0<pp <1
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Prior and Posterior for py = P(Fy|Fi_1)
@ Prior PDF p(py)

Principle of Maximum Entropy:

ppr) =1, 0<p, <1
@ Posterior PDF p(pi|Dr_1)
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Prior and Posterior for py = P(Fy|Fi_1)

@ Prior PDF p(py)
Principle of Maximum Entropy:

ppr) =1, 0<pp <1

@ Posterior PDF p(pg|Dk—1)
> If 91(:—)17 .. .,Gg)l are i.i.d. according to w(-|Fk_1)
= Ip, (9,2121), oo Imy, (0,(9117)1) can be interpreted as Bernoulli trials

= Bayes' Theorem (1763):

PRt (1 —pp)N

B(nk—|—1,N—nk—|—1)

P(pe|Dr—1) =
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Prior and Posterior for py = P(Fy|Fi_1)

@ Prior PDF p(py)
Principle of Maximum Entropy:

ppr) =1, 0<pp <1

@ Posterior PDF p(pg|Dk—1)
> If 91(:—)17 .. .,Gg)l are i.i.d. according to w(-|Fk_1)
= Ip, (9,2121), oo Imy, (0,(9117)1) can be interpreted as Bernoulli trials

= Bayes' Theorem (1763):

N-—ny

P~ (L= pr)
B(nk—|—1,N—nk—|—1)

P(pe|Dr—1) =

> In fact, 0,(:_)1, . ,Gl(ﬁ)l are MCMC samples (for k > 2)

= 0,(9131, cee Gl(ﬁ)l ~ 7(-|Fx—1), however, they are not independent
PRt (1 —pr)N
B(nk—|—1,N—nk—|—1)

P(pk|Dr—1) ~
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Products of stochastic variables

Last step: To find the PDF of the product of stochastic variables pr = [~ Pk,
given the distribution of all factors py
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Products of stochastic variables

Last step: To find the PDF of the product of stochastic variables pr = [~ Pk,
given the distribution of all factors py

Theorem (Rohatgi's formula)
If X1 and Xy are continuous stochastic variables with joint PDF fx, x,,

then the PDF of Y = X1 X2 is fy (y) = [T fx, x, (2, %) Lrda

el
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Theorem (Rohatgi's formula)

If X1 and Xy are continuous stochastic variables with joint PDF fx, x,,
then the PDF of Y = X1 X2 is fy (y) = [T fx, x, (2, %) Lrda

el

Our case: All factors are beta variables, py~Beta(ny + 1, N —ny + 1)
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Products of stochastic variables

Last step: To find the PDF of the product of stochastic variables pr = [~ Pk,
given the distribution of all factors py

Theorem (Rohatgi's formula)

If X1 and Xy are continuous stochastic variables with joint PDF fx, x,,
then the PDF of Y = X1 X2 is fy (y) = [T fx, x, (2, %) Lrda

el

Our case: All factors are beta variables, py~Beta(ny + 1, N —ny + 1)

Theorem (Tang and Gupta, 1984)

Let X4,...,X,, be beta variables, X}, ~ Beta(ag,bi), andY = X7 X5 ... X,,.
Then the density function of Y can be written as follows:

- I'(a +b — m = S m r
friy) = (H w> ' (1—y) i LYy CoM(1—y)T, 0<y <L
k=1 r=0
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Posterior PDF of pp

Let pP5%(pp| U, Dy.) denote the posterior of pp obtained from the theorem.
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Posterior PDF of pg

Let pB5% (pp| U;:":_Ol Dy) denote the posterior of pr obtained from the theorem.

What is the relationship between p?9% and p3°7?

K.M. Zuev & J.L. Beck (Caltech) EMI 2010 August 11, 2010 8/13



Posterior PDF of pg

Let pB5% (pp| U;:”:_Ol Dy) denote the posterior of pr obtained from the theorem.

What is the relationship between p?9% and p3°7?

~SS _ . BSS
Pr = PrmAP

PR = g max pPSS(pr| Up! D)
pr€l0,1]

pPS5 (pp| U D)
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Posterior PDF of pg

Let pB5% (pp| U;:”:_Ol Dy) denote the posterior of pr obtained from the theorem.

What is the relationship between p?9% and p3°7?

~SS _ . BSS
Pr = PrmAP

PR = g max pPSS(pr| Up! D)
pr€l0,1]

pPS5 (pp| U D)

-5 S
PF

Drawback of pP%5 (pp| Uy} Dy): Its expression contains an infinite sum.
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Approximation of the posterior PDF of pp

Idea: To approximate pr by a single beta variable
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Approximation of the posterior PDF of pp

Idea: To approximate pr by a single beta variable

Theorem (Da-Yin Fan, 1991)

Let X1,...,X,, be beta variables, X}, ~ Beta(ay,bx), andY = X1 X5... X,,.

ThenY is approximately distributed as Y ~ Beta(a,b), where

H1 — U2 H1 — U2

a=m——-r-o, b=(1-m) 2

ﬂ2_N1 M2 — p7

B m ap m ak+ )
Ml_}gak-i-bk’ 1:[ ak—i-bk (ag +br +1)
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Approximation of the posterior PDF of pp

Idea: To approximate pr by a single beta variable

Theorem (Da-Yin Fan, 1991)

Let X1,...,X,, be beta variables, X}, ~ Beta(ay,bx), andY = X1 X5... X,,.

Then Y is approximately distributed as Y ~ Beta(a,b), where

H1 — U2 H1 — U2

a=m——-r-o, b=(1-m) 2

ﬂ2_N1 M2 — p7

B m ar m ak+ )
Ml_}gak-i-bk’ 1;[ ak-i-bk (ag +br +1)

Nice property of this approximation:

E[Y?] = E[Y?]
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~BSS

Approximation p of the posterior PDF of pp

P55 (pr| Uiy D) = 575 (pr| Uiy D) = Beta(prla,b)

Hk 1 N+2 ( Hk 1 N+3)
+2 +1
T, 7 - [ ¥
ng+1 ng+2
(T e (- T )

H ng+2 _ H ne+1
k=1 N+3 k=1 N-+2

a =
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~BSS

Approximation p of the posterior PDF of pp

PP (pr| U Di) = 5P (pr| U Di) = Beta(prla,b)

Hk 1 N+2 ( Hk 1 N+3)
2 1
T, % - Il %
K ng+2
(-1 ’;m)( I, 52

HT 1 nk+2 Hk 1 7\’?121

a =

b:

What is the relationship between 5755 and pSS?
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Approximation p

P75 (pp| UL Di) =

a =

~BSS

of the posterior PDF of pp
7% (pr| UL Di) = Beta(pr|a,b)

ITis, N+2 ( I N+3)

2 1
It %55 — IS

(1 -, %,kﬁ) ( -1, 7\11??)

b:

What is the relationship between pZ59

HT 1 nk+2 Hk 1 7\’?121

and pSS?

Eﬁsss [pF] — ﬁ%s, as N — o0

EﬁBSS [pF]
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~ p3°, when N is large
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Example

Linear problem
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Example

Linear problem

Geometry
e N =1000
o m(x) =N(0,In)
e pr =103, B =3.09
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Example

Linear problem

BSS vs SS

]:///// 2000 o= 4

I* 1500

/‘] 1000

0 -
05 06 07 08 09 1 ‘11 12 13 14 15

] N: 1000 ASS _ 1 06 « 10_ x107
o m(z) = N(0,In) ~BSS

e pBSY, =1.05x 1073
o ]E];BSS [pF] =1.08x 1073

° 5= ;arﬁBSS pr]
FBSS [pr]

o pp =103, B =3.09
=0.16
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Summary

Bayesian Subset Simulation
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Summary

Bayesian Subset Simulation

@ BSS produces the posterior PDF pB5S

approximation 5259, which is more convenient for further computations.

of the failure probability pr and its
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Summary

Bayesian Subset Simulation

@ BSS produces the posterior PDF pB5S

approximation 5259, which is more convenient for further computations.

of the failure probability pr and its

@ Relationship between BSS and SS:

.SS __ _BSS
Pr =PmapP

E:,;Bss[pp] —)ﬁgs, as N — o0
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Summary

Bayesian Subset Simulation

BSS

@ BSS produces the posterior PDF p of the failure probability pr and its

approximation 5259, which is more convenient for further computations.

@ Relationship between BSS and SS:

.SS __ _BSS
Pr =PmapP

E];Bss[pp] —)ﬁgs, as N — o0

@ The PDF pB95 can be fully used for life-cost analyses, decision making, etc.

E[Loss(pr)] = / Loss(pr) 5”55 (or) dpr
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Thank you for attention!

{(.\m

129
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