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Main Problem of Computational Bayesian Inference

Problem: To estimate

E,,[h]:/)(h(x)ﬂ(x)dx

e X C RY parameter space
@ h: X — R function of interest

e w(x) posterior PDF on X
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Eﬂ[h]:/)(h(x)w(x)dx

e X C RY parameter space
@ h: X — R function of interest

e w(x) posterior PDF on X

“Easy” Cases:
e dissmall (d =1,2,3) = numerical integration
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Main Problem of Computational Bayesian Inference

Problem: To estimate
E.[h] = / h(z)m(x)dx
X

e X C RY parameter space
@ h: X — R function of interest

e w(x) posterior PDF on X

“Easy” Cases:
e dissmall (d =1,2,3) = numerical integration
o 7(x) is easy to sample from = Monte Carlo method

Typical Case in Applications:
e dis large (d ~ 10% — 103)

o 7(z) is known only up to a normalizing constant, 7(z) = f(z)/Z
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Standard Methods

@ Importance Sampling ;’;f;}:;‘;op

q(x"))
i S wOh(?)
hy = ~
Zi:l w(®) X
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Standard Methods

@ Importance Sampling

q(x"))
i S wOh(?)
hy = 5
Zi:l w(l)

@ Markov chain Monte Carlo

A 1

N
hy = > h(z®)
N — Ny i=No+1

importance
sawpling PDF
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Standard Methods

@ Importance Sampling

q(x"))
i S wOh(?)
hy = 5
Zi:l w(l)

@ Markov chain Monte Carlo

hy = Z h(z®)

i=No+1

@ Annealing

mo(z), ..y T () = ()

1 N
33; ),...,xg- )Nﬂj(x)
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AIMS SCHEME

Asymptotically Independent Markov Sampling: Basic ldea
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Asymptotically Independent Markov Sampling: Basic ldea
AIMS SCHEME

@ Annealing Step: mo(x), ..., Tm(z) = m(x)
» mo(z) is a prior PDF, which is easy to sample from
» m(z) o< mo(x)L(x)P7, where 0 = Bo < B1 < ... < fBm =1
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Asymptotically Independent Markov Sampling: Basic ldea
AIMS SCHEME

@ Annealing Step: mo(x), ..., Tm(z) = m(x)
» mo(z) is a prior PDF, which is easy to sample from
» m(z) o< mo(x)L(x)P7, where 0 = Bo < B1 < ... < fBm =1

@ Importance Sampling Approximation:

> Based on m((f) ,méN) ~ mo(z), construct an approximation 71 (x) & 7 (x)

P
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Asymptotically Independent Markov Sampling: Basic ldea
AIMS SCHEME

@ Annealing Step: mo(x), ..., Tm(z) = m(x)
» mo(z) is a prior PDF, which is easy to sample from
» m(z) o< mo(x)L(x)P7, where 0 = Bo < B1 < ... < fBm =1

@ Importance Sampling Approximation:

> Based on xé” ,:néN)

@ MCMC sampling:

» Sample a:(ll), e ,mgm ~ 71(x) using the Independent Metropolis-Hastings

~ mo(x), construct an approximation 71 (x) &~ w1 (x)

P

algorithm with the global proposal distribution 71 ()
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Asymptotically Independent Markov Sampling: Basic ldea
AIMS SCHEME

@ Annealing Step: mo(x), ..., Tm(z) = m(x)
» mo(z) is a prior PDF, which is easy to sample from
» m(z) o< mo(x)L(x)P7, where 0 = Bo < B1 < ... < fBm =1

@ Importance Sampling Approximation:

> Based on xm . :cgN)

@ MCMC sampling:

» Sample a:( ) ...,ng) ~ 71(x) using the Independent Metropolis-Hastings

~ mo(x), construct an approximation 71 (x) &~ w1 (x)

algorithm with the global proposal distribution 71 ()

Iterate Steps 2 and 3 for j =1,...,m:

51)1,...,x§]ji~7rj_1(x) L) x§»1),...,x§-N)~7rj(:E)
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Asymptotically Independent Markov Sampling: Basic ldea
AIMS SCHEME

@ Annealing Step: mo(x), ..., Tm(z) = m(x)
» mo(z) is a prior PDF, which is easy to sample from
» m(z) o< mo(x)L(x)P7, where 0 = Bo < B1 < ... < fBm =1

@ Importance Sampling Approximation:

> Based on x( ... :cgN)

@ MCMC sampling:

» Sample a:( ) ...,ng) ~ 71(x) using the Independent Metropolis-Hastings

~ mo(x), construct an approximation 71 (x) &~ w1 (x)

algorithm with the global proposal distribution 71 ()

Iterate Steps 2 and 3 for j =1,...,m:

51)1, e ,xgjji ~mioa(z) S w(r) W xg»l), e ,a?E-N) ~ mj(x)
. L Sh g () (1) (V)
AIMS estimate: hN*N Zlh(xm), Tanyeevy Ton . ~ T (T)
1=
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Importance Sampling Approximation
At annealing level j:
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Importance Sampling Approximation

)

N)
=10 1

At annealing level j: « .,xg_ ~misi(x) o~ 7wj(x) &)

e Tj(x,dy) is a transition kernel

e m;(x) is stationary w.r.t. T;(z,dy)
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Importance Sampling Approximation

At annealing level j: wgl_)l, . ,xgjiq ~mioa(r) S wy(r) & o)

e Tj(x,dy) is a transition kernel

e m;(x) is stationary w.r.t. T;(z,dy)

75 (x)de = /X i (4)T; (9, da)dy
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Importance Sampling Approximation

At annealing level j: wgl_)l, . ,xgjiq ~mioa(r) S wy(r) & o)

e Tj(x,dy) is a transition kernel

e m;(x) is stationary w.r.t. T;(z,dy)

75 (x)de = /X i (4)T; (9, da)dy

Y ) o da
_/X J*l(y)ﬂ_j_l(y)Tj(i%d )dy
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Importance Sampling Approximation

At annealing level j: wgl_)l, . ,argjiq ~mioa(r) S wy(r) & o)

e Tj(x,dy) is a transition kernel

e m;(x) is stationary w.r.t. T;(z,dy)

75 (x)de = /X i (4)T; (9, da)dy

Y ) o da
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Importance Sampling Approximation

At annealing level j: wgl_)l, . ,argjiq ~mioa(r) S wy(r) & o)

e Tj(x,dy) is a transition kernel

e m;(x) is stationary w.r.t. T;(z,dy)

mi(o)de = [ 7)1, de)dy S0 _ i)
" a Tj 1(17(‘i)1)
i (y) T
= i T:(y,dx)d i
Jomm 2 - e I
J
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Importance Sampling Approximation

At annealing level j: wgl_)l, . ,argjiq ~mioa(r) S wy(r) & o)

e Tj(x,dy) is a transition kernel

e m;(x) is stationary w.r.t. T;(z,dy)

(@)
ﬂ'j(.’E)d:L’:/Xﬂ'](y) i (y, dz)dy w§Z_1 _ mj(x ](‘1))
mj1(x} )
7;(y) It =
= il T:(y,dx)d i
/X ’ l(y)ﬁj—l(y) s, dw)dy o _ wi?,
J

N
~ Y 0l Ty, do) = j(de)
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Importance Sampling Approximation

At annealing level j: wgl_)l, . ,argjiq ~mioa(r) S wy(r) & o)

e Tj(x,dy) is a transition kernel

e m;(x) is stationary w.r.t. T;(z,dy)

(@)
ﬂ'j(.’E)d:L’:/Xﬂ'](y) i (y, dz)dy w§Z_1 _ mj(x ](‘1))
mj1(x} )
7;(y) It =
= il T:(y,dx)d i
/X ’ l(y)ﬁj—l(y) s, dw)dy o _ wi?,
J

N
~ Y 0l Ty, do) = j(de)

o 7;(dx) will usually have both continuous and discrete parts
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Importance Sampling Approximation

At annealing level j: wgl_)l, . ,argjiq ~mioa(r) S wy(r) & o)

e Tj(x,dy) is a transition kernel

e m;(x) is stationary w.r.t. T;(z,dy)

(@)
ﬂ'j(.’t)dﬁl,’:/Xﬂ'](y) i (y, dz)dy w§Z_1 _ mj(x ](‘1))
mj1(x} )
7;(y) It =
= il T:(y,dx)d i
/X ’ l(y)ﬁj—l(y) s, dw)dy o _ wi?,
J

N
~ Y 0l Ty, do) = j(de)

o 7;(dx) will usually have both continuous and discrete parts

o T(x,dy) = k(x,y)dy + r(z)d.(dy)
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Schematic lllustration

continuous
part of Jl'

i nl‘lh.
i t
T

mj(@)de = 7;(de) = S, @ Ty(2l? ), dx)

Zj—1>
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The Random Walk Metropolis-Hastings transition kernel

i (y) (
Ty )0 )

nwﬁmzwwwmmﬁ,
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The Random Walk Metropolis-Hastings transition kernel

i (y)
mj(z)

@ ¢;(x,y) is a (symmetric) local proposal PDF

Tj(x,dy) = ¢;(x,y) min {1, } dy + 7;(2)d, (dy)
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The Random Walk Metropolis-Hastings transition kernel
7;(y)
mj(x)

@ ¢;(x,y) is a (symmetric) local proposal PDF
o rj(z)=1- fx q;(z,y) min{l, :;Ez; } dy

Tj(x,dy) = ¢;(x,y) min {1, } dy + 7;(2)d, (dy)
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The Random Walk Metropolis-Hastings transition kernel

;i (y)
()
@ ¢;(x,y) is a (symmetric) local proposal PDF
o rj(z)=1- fx q;(z,y) min{l, :;EZ; } dy
Example:  7;(x) = Noa(x)  mj1(x) = Noa(z)  qi(2,y) = Naiy2(y)

Tj(x,dy) = ¢;(x,y) min {1, } dy + 7;(2)d, (dy)
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The Random Walk Metropolis-Hastings transition kernel
i (y)
i ()
@ ¢;(x,y) is a (symmetric) local proposal PDF
o rj(z) =1- [, q(zy) min{l, :;EZ; } dy
Example:  7j(x) = Noi(z) mj—1(x) = Noa(z)  qj(x,y) = Npaj2(y)

Tj(x,dy) = ¢;(x,y) min {1, } dy + 7;(2)d, (dy)

N=5 N=50
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MCMC step

Our goal: To sample from 7; using the Independent Metropolis-Hastings
algorithm with the global proposal distribution 7;
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MCMC step

Our goal: To sample from 7; using the Independent Metropolis-Hastings
algorithm with the global proposal distribution 7;

IMH UPDATE xg.i) — xéi“)
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MCMC step

Our goal: To sample from 7; using the Independent Metropolis-Hastings
algorithm with the global proposal distribution 7;
IMH UPDATE xg.i) — :ré”l)

© Generate a candidate state { ~ 7;
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MCMC step

Our goal: To sample from 7; using the Independent Metropolis-Hastings
algorithm with the global proposal distribution 7;

IMH UPDATE :z:;i) — xé”l)

© Generate a candidate state { ~ 7;

(4) Oz(x,g):mm{L%}

e CL'(-H—l) — fa_ w.p. a(l‘;l),f)
! .'L';-Z), W.p. 1- a(le 75)
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MCMC step

Our goal: To sample from 7; using the Independent Metropolis-Hastings
algorithm with the global proposal distribution 7;
IMH UPDATE xgi) — xgi“)
© Generate a candidate state { ~ 7;

> It is easy to sample from 7;(dz) = SN | wj(-i_)lTj(:c;i_)l, dzx)

; & wp. a@l”¢) [ (€ ()
Qo 20D — ; J g a(x, &) =min{ 1, 222K
j o wp. 1—a@d,g 2 {LE6RE )

Konstantin Zuev (Caltech) Asymptotically Independent Markov Sampling Probability & Statistics Seminar, USC 9/25



MCMC step

Our goal: To sample from 7; using the Independent Metropolis-Hastings
algorithm with the global proposal distribution 7;

IMH UPDATE xgi) — xgi“)

© Generate a candidate state { ~ 7;

> It is easy to sample from 7;(dz) = SN | wj(-i_)lTj(x;i_)l, dzx)

a) Select k from {1,..., N} with probabilities {w;l_)l, e ﬁ)](]:q}

e CE(-H—l) — fa_ w.p. a(l‘;l),f)
! .'L';-Z), W.p. 1- a(ij 75)
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MCMC step

Our goal: To sample from 7; using the Independent Metropolis-Hastings
algorithm with the global proposal distribution 7;

IMH UPDATE a:( ) x(’+1)

© Generate a candidate state { ~ 7;

> It is easy to sample from 7;(dz) = SN | u‘)(l) TJ(:E;Z_)17 dzx)

a) Select k from {1,..., N} with probabilities {wgl_)l, .. _(N)}
b) Sample £ ~ T(xJ 1,-)
i §  w.p. 04(33- §) . i (6)7;(x)
Q@ 'Y = . 7 ofz,§) =min 1, Lo
j ) wp. 1 a(a?,¢) (.€) {LE6RE )
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MCMC step

Our goal: To sample from 7; using the Independent Metropolis-Hastings
algorithm with the global proposal distribution 7;

IMH UPDATE a:( ) x(’+1)

© Generate a candidate state { ~ 7;

> It is easy to sample from 7;(dz) = SN | u‘)(l) TJ(:E;Z_)17 dzx)

a) Select k from {1,..., N} with probabilities {wgl_)l, .. _(N)}
b) Sample £ ~ T(xJ 1,-)
i & wp. a(z¢) : 73 (&) (x)
Q Y = i s afz,) =min{ 1, Lol b =7
j ) wp. 1 a(a?,¢) (.€) {LE6RE )

> It is not clear how to compute «(z,€), since ; does not have a PDF!
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MCMC step

Our goal: To sample from 7; using the Independent Metropolis-Hastings
algorithm with the global proposal distribution 7;

IMH UPDATE :13( ) x(’+1)

© Generate a candidate state { ~ 7;

> It is easy to sample from 7;(dz) = SN | u‘)(l) TJ(:EEZ_)17 dzx)

a) Select k from {1,..., N} with probabilities {wgl_)l, .. _(N)}
b) Sample £ ~ T(xJ 1,-)
i+ & wp a(ze) o (@) o
®n - { Ei), w.p. 1 —a(z §i),§> a(@,§) = mm{l’ “J'(m)fff(ﬁ)} _'

> It is not clear how to compute «(z,€), since ; does not have a PDF!

i . ™
Zw]()lqj x;” 1,:v)m1n{1,J((Z))}d +ZA6<Z) (dx)

TFJ(]l) i=1
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MCMC step

Our goal: To sample from 7; using the Independent Metropolis-Hastings
algorithm with the global proposal distribution 7;

IMH UPDATE x;i) — xéi“)

@ Generate a candidate state £ ~ 7;

> It is easy to sample from 7;(dz) = 3N | w(l) Ti(z 51)17 dx)

a) Select k from {1,..., N} with probabilities {w;Jl, .. _(N)}
b) Sample £ ~ T(x] 1,-)
i & wp. a(z¢) . 73 (&) (x)
Q@ 'Y = i T a(z,§) =min 1, 2Ll b =7
J 5),Wp 1 — (§)7€> { J()J(E)}

> It is not clear how to compute «(z,€), since ; does not have a PDF!

Zw] 195 (z J 1 w)mln{l ﬂ-((z))}d +ZA6 o, (dx)

ﬂ’]( 7) i=1

Key idea:  Reduce the sample space X ~ X/ =X\ {m§£)1, A (N)}
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AIMS at annealing level j
Markov chain xg.i) — x§i+1) ~mj(z) on Xf = &'\ {LL';-l_)l, . ,:c;]:q}
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AIMS at annealing level j
Markov chain xgi) — xgiﬂ) ~mj(z) on Xf = &'\ {zgl_)l, e ,1:;]2}
© Generate a global candidate state {, ~ 7;:
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AIMS at annealing level j

Markov chain x( QU x(’ﬂ) ~mj(z) on Xf = X'\ {:z:J Loeens xgjji}
© Generate a global candidate state {, ~ 7;:
a) Select k from {1,..., N} with probabilities {w] 1 ,w]“_V}}
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AIMS at annealing level j

Markov chain x( QU x(’ﬂ) ~mj(z) on Xf = X'\ {1:] Loeens ;zzgjji}
© Generate a global candidate state {, ~ 7;:
a) Select k from {1,..., N} with probabllltles {w] 1 ,w]“_V}}

b) Generate a local candidate state & ~ Qj( j— 175)
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AIMS at annealing level j

Markov chain x( QR 1_(1"1‘1) mj(z) on Xf = X'\ {:z:J 1,...,z§.ﬁq}
© Generate a global candidate state {, ~ 7;:
a) Select k from {1,..., N} with probabllltles {w] 1 ,w](ﬁ

b) Generate a local candidate state & ~ q]‘( j— 175)

. (&)
&, w.p. mln{l 7](32(,9) )}
2

Tj—1s

c) Accept/reject & by setting &, =
w.p. 1 —minq 1,
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AIMS at annealing level j
W 2D (@) on X7 = 0\ {2l 2l

© Generate a global candidate state {, ~ 7;:
a) Select k from {1,..., N} with probabllltles {wj Lre-e, Wi
b) Generate a local candidate state & ~ q]( j— 175)

&, w.p. min{l ﬁ’(fk’)))}

; )1, w.p. 1 —minq 1,

Markov chain z

c) Accept/reject & by setting &, =

@ Accepts/reject &, as follows:
x;iﬂ) = j , if & = 7

. 5 (€9)75 (2)
D. 1 AR Rl BA
) SR mm{ ’m-<w§.”>fr;<sg>}

J o T #¢(xt?
2 wp. 1—min {1, 200
J Wj(x]' )W]C(fg)
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AIMS at annealing level j

Markov chain x( QN x(lﬂ) ~mj(x) on X =X\ {:EJ s ,zgjji}
© Generate a global candidate state {, ~ 7;:
a) Select k from {1,..., N} with probabllltles {wj 1 ,w;ﬁ}

b) Generate a local candidate state & ~ q]‘( j— 175)
&,  w.p. min {1 ﬁ’(fk’)) )}

; )1, w.p. 1 —minq 1,

c) Accept/reject & by setting &4

@ Accepts/reject &, as follows:
x;iﬂ) = xg-i), if & = 7

. 5 (£)75 (1))
, D. 1, J%A
L+ _ Sgr WP mm{ 5 (a) )>ﬁ;<sg>}

J o T #¢(xt?
(1), w.p. 1 —min< 1, 7](5‘& {( i)
3 @) RS (Eg)

#5(0) = £, 00y (af2, o min {1, 201
i1
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Schematic lllustration

X=X\ foee}
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Schematic lllustration
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Schematic lllustration
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Schematic lllustration
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Schematic lllustration
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Schematic lllustration

X=X\ foee}

o
(i) °
4o
. )
xﬁl
L
.

Konstantin Zuev (Caltech)

Asymptotically Independent Markov Sampling
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Schematic lllustration
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Schematic lllustration
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Schematic lllustration
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Ergodic Properties of AIMS
Theorem (1)

Let xg-l),x?), ... be the Markov chain on X} = X'\ 93;1_)1, . ,xgjj)l} generated
by AIMS and let KC; denote its transition kernel. Then m; is the stationary

distribution of the Markov chain and

Jim K7 (e,) = m()llry =0, Ve
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Ergodic Properties of AIMS
Theorem (1)

Let xgl), ;2), ... be the Markov chain on X} = X'\ {azgl)l, . ,xgjj)l} generated
by AIMS and let KC; denote its transition kerne/. Then 7; is the stationary

distribution of the Markov chain and

Jim K7 (e,) = m()llry =0, Ve

Sketch of proof:

@ Transition kernel

(z,dy) = Zw z;” 1,dy)min{l,%}dy—|—11%j(:1c)59¢(dy)
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Ergodic Properties of AIMS
Theorem (1)

Let xgl), ;2), ... be the Markov chain on X} = X'\ {azgl)l, . ,xﬁq} generated
by AIMS and let KC; denote its transition kerne/. Then 7; is the stationary

distribution of the Markov chain and

Jim K7 (e,) = m()llry =0, Ve

Sketch of proof:

@ Transition kernel
(z,dy) = Zw TiZ pdy)min{l,W}dyﬂt&(w)%(dy)

@ The Detailed Balance Condition

mj(dx)Kj (2, dy) = m;(dy)K; (y, dx)
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Ergodic Properties of AIMS

Definition

A Markov chain (M), 2 ... with transition kernel T is called uniformly ergodic if

lim sup || T"(x,-) = 7(-)[rv =0

n—oo e
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Ergodic Properties of AIMS

Definition

A Markov chain (M), 2 ... with transition kernel T is called uniformly ergodic if

lim sup |[T"(z, ) —7(:)||lrv =0

n—o0 reX

Theorem (2)

If there exists a constant M such that 7;(x) < M#$(x) for all x € X}, then
AIMS produces a uniformly ergodic chain and

n 1\" .
I1K5 () = m()lTv < <1_M) , VreX;
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Ergodic Properties of AIMS

Definition

A Markov chain (M), 2 ... with transition kernel T is called uniformly ergodic if

lim sup |[T"(z, ) —7(:)||lrv =0

n—o0 reX

Theorem (2)

If there exists a constant M such that 7;(x) < M#$(x) for all x € X}, then
AIMS produces a uniformly ergodic chain and

n 1\" .
I1K5 () = m()lTv < (1_M) , VreX;

Corollary

If X ¢ R? is a compact set and q; is a ‘good” local proposal PDF, then such a

constant M exists.

v
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Ergodic Properties of AIMS

Aj = Ex,

(e

“acceptance rate”
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Ergodic Properties of AIMS
Aj =E,, []P’ (x i) Yy F# m)] = "acceptance rate”

@ RWMH: neither high nor low acceptance rate is good
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Ergodic Properties of AIMS
Aj =E,, []P’ (x i) Yy F# m)] = "acceptance rate”

@ RWMH: neither high nor low acceptance rate is good

@ IMH: the higher acceptance rate, the better
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Ergodic Properties of AIMS
Aj =E,, []P’ (x i) Yy F# m)] = "acceptance rate”

@ RWMH: neither high nor low acceptance rate is good

@ IMH: the higher acceptance rate, the better

Theorem (3)
("]

N
= i i 5 i
A <Y a0, P (x;gl N xg.gl)
Q If there exists a constant M such that j(z) < M7j(x) for all x € X, then

_ 1
>
A 2 97
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DA

ntin Zuev (Caltech) Asymptotically Independent Markov Sampling



Annealing

@ Why do we need intermediate distributions mg, 71, ..., Tm = 77
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Annealing

@ Why do we need intermediate distributions mg, 71, ..., Tm = 77

{x'"}

X

@ IMH: the proposal PDF must be a good approximation of the target PDF
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Annealing

@ Why do we need intermediate distributions mg, 71, ..., Tm = 77

{x'"}

X
@ IMH: the proposal PDF must be a good approximation of the target PDF

o If my and 7, are too different = 7, is a very poor approximation of 7,
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Annealing

@ Why do we need intermediate distributions mg, 71, ..., Tm = 77

@ IMH: the proposal PDF must be a good approximation of the target PDF

o If my and 7, are too different = 7, is a very poor approximation of 7,
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Annealing scheme

@ What annealing scheme should we use?

@ In Bayesian framework:

mi(z) x mo(z)L(z)%, 0=Bo<Pi<...<Pm=1
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Annealing scheme

@ What annealing scheme should we use?

@ In Bayesian framework:

mi(z) x mo(z)L(z)%, 0=Bo<Pi<...<Pm=1

o Effective Sample Size measures how different 7;_; is from 7

N
1+Var7rj_1 [ mj (@) ]

mj—1(w)

Neff =
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Annealing scheme

@ What annealing scheme should we use?

@ In Bayesian framework:

mi(z) x mo(z)L(z)%, 0=Bo<Pi<...<Pm=1
o Effective Sample Size measures how different 7;_; is from 7

N al B
Neff = 7, (2) ] ~ [Z(w§21)2‘|

1 + vary,_, {ﬂj_l(m) i—1
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Annealing scheme

@ What annealing scheme should we use?

@ In Bayesian framework:

mi(z) x mo(z)L(z)%, 0=Bo<Pi<...<Pm=1

o Effective Sample Size measures how different 7;_; is from 7

N al B
Neff = 7, (2) ] ~ [Z(w§21)2‘|

1+ Varm, {ﬂj_l(m) i—1
@ Interpretation: N weighted samples (xg-ljl, wg.ljl), c (;1:5]2, u‘)ﬁli) Aoy

are worth Neg (< N) i.i.d. samples from 7;
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Annealing scheme

What annealing scheme should we use?

In Bayesian framework:

mi(z) x mo(z)L(z)%, 0=Bo<Pi<...<Pm=1

o Effective Sample Size measures how different 7;_; is from 7

N al B
Neff = 7, (2) ] ~ [Z(w521)2‘|

1+ Varm, {ﬂj_l(m) i—1
@ Interpretation: N weighted samples (I;-ljl, wg.ljl), c (xyﬁ, wgﬁ’{) Aoy

are worth Neg (< N) i.i.d. samples from 7;

Equation on 3;:

NeH N G -1
=~ o] =y <o
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Asymptotically Independent Markov Sampling Procedure
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1) (N
o ,...,xo)

Asymptotically Independent Markov Sampling Procedure
@ Sample 2 ~ 7o(x)
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Asymptotically Independent Markov Sampling Procedure

Q@ Sample mgl), . ,wéN) ~ mo(T)

AT ANNEALING LEVEL j =1,2,...:
@ Determine the next intermediate distribution 7; () o 7o () L(x)"

-1
Sy Ly 2P

(S, pe2 )
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Asymptotically Independent Markov Sampling Procedure

@ Sample :c(l) . a:(()N) ~ 7o ()

AT ANNEALING LEVEL j =1,2,...:
@ Determine the next intermediate distribution 7; () o 7o () L(x)"

-1

Sty Liaf?, )20
N== —

N D) \go—g. )2

(Zi:lL(x§'—)l)ﬁ] ﬂ’_l)

@ Find its Importance Sampling approximation 7; & m;

N
Z §Z)1,dx)
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Asymptotically Independent Markov Sampling Procedure

@ Sample :c(l) . at(()N) ~ 7o ()

AT ANNEALING LEVEL j =1,2,...:
@ Determine the next intermediate distribution 7; () o 7o () L(x)"

-1

Sty Liaf?, )20
N== —

N D) \go—g. )2

(Z¢Z1L(x§'—)1)ﬁ] B’_l)

@ Find its Importance Sampling approximation 7; & m;

N
Z §Z)1’d4”)

@ Sample xg-l), .. ,x;N) ~ 7;(x) using 7; as the global proposal distribution
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Asymptotically Independent Markov Sampling Procedure

@ Sample :c(l) . at(()N) ~ 7o ()

AT ANNEALING LEVEL j =1,2,...:
@ Determine the next intermediate distribution 7; () o 7o () L(x)"

-1

i L 2

N (i) 2 7
(Zi:l L(xj—l)ﬁjfﬁj_l)
@ Find its Importance Sampling approximation 7; & m;
N
Z y)l’ dz)
@ Sample xg-l), .. ,x;N) ~ 7;(x) using 7; as the global proposal distribution

@ Repeat 2, 3,4 until the posterior m(x) o< my(x)L(x) has been sampled
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Example: multi-modal mixture of Gaussians in 2D
o Target PDF:

m(x) o

M
z/{[0,(1]2 (ZE) : Z:]_ ’wi-/v-(ui,az]lg) (:17)

» a=10, M =10, w; =0.1
> g NU[()’a]z, c=0.1
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Example: multi-modal mixture of Gaussians in 2D
o Target PDF:

m(x) o

M
z/{[0,(1]2 (ZII) : Z:]_ wi-/\[(ui,0'2]lg) (.’E)

» a =10, M =10, w; = 0.1
> pi ~Upg g2, 0=0.1

o AIMS parameters:
> y=1/2
N = 103 per annealing level

q; (1:7 y) = Mm,cQHQ)(y)
» c=0.2

v

v
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Example: multi-modal mixture of Gaussians in 2D

o Target PDF:

m(x)

M
Upo,ap2(z) - ;wif\/(m,mz)(x)

» a =10, M =10, w; = 0.1
> pi ~Upg g2, 0 =0.1

o AIMS parameters:

> y=1/2

>

> qj (ZB,y) = M$,C2H2)(y)
» ¢c=0.2

N = 103 per annealing level

)

IS

Scatterplot of AIMS samples

Trajectory of the AIMS chain

Scatterplot of Metropolis samples

o
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Example: multi-modal mixture of Gaussians in 2D

Y Target PDF Scatterplot of AIMS samples Trajectory of the AIMS chain
: 10 10
™
m(x) 8 * 8
»
M 6 o % 6
u[O,aP(x) : Z: wi-/\/’(ui,a2]12)(x) 4 L - 4
=1 -
2 2
» =10, M =10, w; = 0.1 o, 5 0w % s o
L V7 e u[o,a]2, o=0.1 Scatterplot of Metropolis samples Trajectory of the Metropolis chain
10 10
o AIMS parameters: 8 § 8 :
»y=1/2 5 & ‘ 8« ‘
» N = 10> per annealing level 4 AL R o
> qj ("I", y) = M$,C2H2)(y) 2 2
> c=02 % 5 10 % 5 10

@ AIMS successfully samples all 10 modes with correct proportion of times

@ RWMH completely missed 7 modes
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Example: multi-modal mixture of Gaussians in 2D

@ A total number of m = 6 intermediate distributions in the annealing scheme

o
By

o
=

Annealing parameter [3\]

0.3

0.2r

0.1r

0.5

0.4

Annealing level j

@ Based on 50 independent runs of the algorithm

Konstantin Zuev (Caltech) Asymptotically Independent Markov Sampling Probability & Statistics Seminar, USC
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Example: Feed-Forward Neural Network
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Example: Feed-Forward Neural Network

1) What is a Feed-Forward Neural Network?
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Example: Feed-Forward Neural Network

1) What is a Feed-Forward Neural Network?

Definition
Let

M
Y :RP - R, Y(X)=> a;U(XB))
j=1

z

where a; € R, 5; € RP, and U is a sigmoidal function (e.g. ¥(z) = z;;z:z)
This model is called a Feed-Forward Neural Network with

@ activation function ¥
@ p input units (Xy,...X,) =X
@ one hidden layer with M hidden units

@ one output unit Y

The parameters «; and §; are called the connection weights.
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Example: Feed-Forward Neural Network

2) Why Feed-Forward Neural Networks are important?
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Example: Feed-Forward Neural Network
2) Why Feed-Forward Neural Networks are important?

Universal Approximation Property:

A FFENN with sufficient number of hidden units and properly adjusted connection
weights can approximate most functions arbitrarily well.
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Example: Feed-Forward Neural Network
2) Why Feed-Forward Neural Networks are important?

Universal Approximation Property:

A FFENN with sufficient number of hidden units and properly adjusted connection
weights can approximate most functions arbitrarily well.

Theorem (Cybenko 1989, Hornik et al 1989)

Finite sums Y (X) = Zj\il a;W(XB;) are dense in the set of real continuous

functions on the p-dimensional unit cube.
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Example: Feed-Forward Neural Network
2) Why Feed-Forward Neural Networks are important?

Universal Approximation Property:

A FFENN with sufficient number of hidden units and properly adjusted connection
weights can approximate most functions arbitrarily well.

Theorem (Cybenko 1989, Hornik et al 1989)

Finite sums Y (X) = Zj\il a;W(XB;) are dense in the set of real continuous

functions on the p-dimensional unit cube.

Y=fX)+e ~ D={X1,"1),...,(Xn,Yn)}
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Example: Feed-Forward Neural Network
2) Why Feed-Forward Neural Networks are important?

Universal Approximation Property:

A FFENN with sufficient number of hidden units and properly adjusted connection
weights can approximate most functions arbitrarily well.

Theorem (Cybenko 1989, Hornik et al 1989)

Finite sums Y (X) = Zj\il a;W(XB;) are dense in the set of real continuous
functions on the p-dimensional unit cube.

Y=fX)+e ~ D={X1,"1),...,(Xn,Yn)}
F(X) ~ f(X) = 5 ay(XB))
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M

Example: Feed-Forward Neural Network
o Model:

i=1

}/z = ZQJ\I/(XlﬁJ) +¢&;

» M =2, p=2,
> 67;%1./\/'(0,0'2)
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Example: Feed-Forward Neural Network

@ Model:
M
Y = Zaj\ll(XiBj) + &
j=1

» M =2, p=2,
> & ”NdN(O,aQ)

@ Sample Space

= (a,B,logo"?) € X =R’
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Example: Feed-Forward Neural Network

@ Model:
M
Y = Zaj\ll(XiBj) + &
j=1

» M =2, p=2,
> & ”NdN(O,aQ)

@ Sample Space
= (a,B,logo"?) € X =R’

@ Prior Distributions
> a; ~ N(0,09)
> ﬁj ~ N(Ov 08]12)
> logo™2 ~ N(0,09)

> 0'025
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Example: Feed-Forward Neural Network

@ Model: @ “Training” Data
M
D={(X1,Y1),..., (XY,
Yizzaj\P(Xiﬁj)‘Fei {( 1 1) ( n n)}
j=1 > a1:5, a2:_5
> B=(5-1) f=(2,-3)

> M:2,p:2,

iid 2 » 0=0.1
> &~ N0, > X; = (1,i/10), fori=1,...,n
> =100

@ Sample Space
= (a,B,logo"?) € X =R’

@ Prior Distributions
> a; ~ N(0,09)
> ﬁj ~ N(07 08]12)
> logo™2 ~ N(0,09)

> 0'0:5
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Example: Feed-Forward Neural Network

@ Model: @ “Training” Data
M
D={(X1,Y1),..., (XY,
j=1 > a1 =5, apg = —5H
= 5 —]_ , = 2, _3
VT > b= (5,-1), 2= (2,-3)
. ‘ 1,1\51./\/_(0 02) » 0=0.1
& ’ > Xi=(1,i/10), fori=1,...,n
> n =100

@ Sample Space

(@, 8,1 -2y ¢ x R o Likelihood Function
r =\, O, OgO' = =

@ Prior Distributions
> a; ~ N(0,09)
> ﬁj ~ N(07 08]12)
> logo™2 ~ N(0,09)

> 0‘0:5

n M
L(z) = [[Mows | Vi = D ey ¥(Xi, 8))
i=1 j=1
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Example: Feed-Forward Neural Network

@ Model: @ “Training” Data

M p—
Yz‘:ZO‘j‘I’(XiBj)+€i D= {(X3, Y1), (X, Y}
j=1

> a1 =95, g =—9
> B =(5-1), B2 =(2,-3
» M=2,p=2 »51_0(1 ) B2 =(2,-3)
f—:i%i./\/'(()az) o=
’ » X; =(1,i/10), fori=1,...,n
> n =100

@ Sample Space

. . @ Likelihood Function
=(a,B,logoc™ ") e X =R

n
@ Prior Distributions L(x) = 111 (0,02) Z% (Xi, B5)
> aj ~ N(0,08)
> B; ~ N(0,0¢l,) @ Point Prediction X ~ Y = f(X)
> logo™? NN(O,US)
<Y |X] = dx
> 0pg =5 | fX )
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Example: Feed-Forward Neural Network

E.[Y|X] = /X FX, )z

1L
NZfXx“) O p——
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Example: Feed-Forward Neural Network

N
=Y |X] = /Xf(X,x)w Zf (X, 2y, 2O =7

@ AIMS parameters:
> y=1/2
» N =3 x 10 per level

> Qj(mvy) :N’(.T),CQ]I7)(y)
» c=0.5

Konstantin Zuev (Caltech) Asymptotically Independent Markov Sampling Probability & Statistics Seminar, USC 23 /25



Example: Feed-Forward Neural Network

N
=Y |X] = /Xf(X,x)w Zf (X, 2y, 2O =7

@ AIMS parameters:
> y=1/2
» N =3 x 10 per level

> qj (%, y) = N’(.T),C2]I7)(y)
» c=0.5

@ Total number of PDF’s

» m=10
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Example: Feed-Forward Neural Network

R 1L 4
=Y |X] = /Xf(X,x)w(x)dx sz (X, 2y, 2O =7

@ AIMS parameters:
> y=1/2
» N =3 x 10 per level

> qj (wv y) = Mm,c2ﬂ7)(y)
» c=0.5

@ Total number of PDF’s
» m=10
Red: Y = f(X),
(X,Y)eD
R VA A (%)
o Green: &> .0, f(X,zy7)
R ) 0 10 20 30 40 50 60 70 80 90 100
R ¥ (2)
Blue: > imy f(X,2;7) X
Probability & Statistics Seminar, USC 23 / 25

Y=£(X)




Konstantin Zuev (Caltech)

Summary

> Importance sampling
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Summary

@ Asymptotically Independent Markov Sampling
» Importance sampling
» MCMC
» Annealing
o Key idea:
© use importance sampling with 7;_1 as the instrumental density to construct
an approximation 7; ~ ;
@ employ 7; as the independent proposal distribution for sampling from 7; by

the independent Metropolis-Hastings algorithm
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Summary

@ Asymptotically Independent Markov Sampling
» Importance sampling
» MCMC
» Annealing
o Key idea:
© use importance sampling with 7;_1 as the instrumental density to construct
an approximation 7; ~ ;
@ employ 7; as the independent proposal distribution for sampling from m; by

the independent Metropolis-Hastings algorithm

@ Ergodic properties:

> under certain conditions, AIMS produces a uniformly ergodic Markov chain
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Summary

@ Asymptotically Independent Markov Sampling
» Importance sampling
» MCMC
» Annealing
o Key idea:
© use importance sampling with 7;_1 as the instrumental density to construct
an approximation 7; ~ ;
@ employ 7; as the independent proposal distribution for sampling from m; by

the independent Metropolis-Hastings algorithm

@ Ergodic properties:

> under certain conditions, AIMS produces a uniformly ergodic Markov chain

@ Examples:
» Multi-modal mixture of Gaussians in 2D

» Feed-Forward Neural Network
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Thank You for attention!
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