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ABSTRACT: In this paper, we introduce a new efficient stochastic simulation method, AIMS-OPT, for
approximating the set of globally optimal solutions when solving optimization problems such as optimal
performance-based design problems. This method is based on Asymptotically Independent Markov Sampling
(AIMS), a recently developed advanced simulation scheme originally proposed for Bayesian inference. Instead
of a single approximation of the optimal solution, AIMS-OPT produces a set of nearly optimal solutions where
the accuracy of the near-optimality is controlled by the user. Having a set of nearly optimal system designs can
be advantageous in many practical cases such as when there exists a whole set of optimal designs or in multi-
objective optimization where there is a Pareto optimal set. AIMS-OPT is also useful for efficient exploration
of the global sensitivity of the objective function to the design parameters. The efficiency of AIMS-OPT is
demonstrated with several examples which have different topologies of the optimal solution sets. Comparison
is made with the results of applying Simulated Annealing, a well-known stochastic optimization algorithm.

1 INTRODUCTION

Consider the general problem of optimal system de-
sign under uncertainty. Suppose that various possibil-
ities for the design of a system are defined by some
controllable design parameters ϕ ∈ Φ ⊂ RNϕ , where
Φ denotes the bounded space of possible designs. As-
sume that a single model class ((Beck 2010)) is cho-
sen to represent the uncertain system behavior and
its uncertain future excitation, where each probabil-
ity model in the class is specified by the model pa-
rameters θ ∈ Θ ⊂ RNθ . Since there is uncertainty in
which model best describes the real system behav-
ior, a probability density function π(θ|ϕ), which in-
corporates available knowledge about the system, is
assigned to the model parameters.

Let h : RNϕ × RNθ → R denote the performance
measure of the system, e.g. a utility or loss function.
In performance-based design optimization (PBDO),
the goal is then to find the optimal design ϕ? that min-
imizes (maximizes) the expected loss (utility) func-
tion

H(ϕ) = Eπ[h(ϕ, θ)] =

∫
Θ

h(ϕ, θ)π(θ|ϕ)dθ, (1)

where Eπ[·] denotes the expectation with respect
to the distribution π(θ|ϕ) for θ. For example,

in reliability-based design optimization (RBDO)
(Gasser & Schuëller 1997, Taflanidis & Beck 2008,
Jensen, Valdebenito, & Schuëller 2008), the perfor-
mance measure is h(ϕ, θ) = IF (ϕ, θ), where IF (ϕ, θ)
is the indicator function of the failure domain F ⊂
RNϕ × RNθ : IF (ϕ, θ) = 1 if the system model cor-
responding to θ and ϕ fails (i.e. the model output is
not acceptable according to the performance criteria)
and IF (ϕ, θ) = 0 otherwise. In this case, the objective
function for minimization is the probability of failure,
i.e.H(ϕ) = P(F |ϕ).

Assume for definiteness that the performance mea-
sure is interpreted as a loss function, i.e. lower val-
ues of h(ϕ, θ) correspond to better performance.
The performance-based design optimization problem
takes then the following form for the set of optimal
designs:

Φ? = {ϕ?} = arg min
ϕ∈Φ

Eπ[h(ϕ, θ)]. (2)

Solving the optimization problem (2) involves find-
ing the global minimum of H(ϕ) which is well-
known to be very challenging, especially when there
may be multiple optimal solutions. Various global
optimization algorithms have been devised, includ-
ing Genetic Algorithm (Holland 1975), Simulated
Annealing (Kirkpatrick, Gelatt, & Vecchi 1983),



Particle Swarm Optimization (Kennedy & Eberhart
1995), Generalized Trajectory Methods (Yang &
Beck 1998), etc. A survey of computational meth-
ods in optimization under uncertainties is given in
(Schuëller & Jensen 2008).

In this paper, we introduce a new efficient stochas-
tic simulation method for solving the optimization
problem (2) that can handle multiple optimal solu-
tions and that was motivated by optimal performance-
based design under uncertainty, although it can han-
dle general objective functionsH(ϕ), including those
that are specified deterministically. This method is
based on Asymptotically Independent Markov Sam-
pling (AIMS), a recently developed advanced simu-
lation scheme originally proposed for Bayesian infer-
ence (Beck & Zuev 2013). Instead of a single approxi-
mation ϕ̂≈ ϕ?, the new method, denoted AIMS-OPT,
produces a set {ϕ̂1, . . . , ϕ̂n} of nearly optimal solu-
tions. Having a set of nearly optimal solutions can be
advantageous in many practical situations. First, the
solution of problem (2) may not be unique, i.e. there
may exist a finite or infinite set Φ? ⊂ Φ of solutions,
then optimization methods that produce only a sin-
gle point estimate ϕ̂ ≈ ϕ? ∈ Φ? would not provide a
complete picture of the optimal solution set Φ?. Fur-
thermore, there may be a set of nearly optimal solu-
tions in Φ whose objective function values differ by
an inconsequential amount from the minimum value
H(ϕ?), ϕ? ∈ Φ?, that may be of interest for reasons
not quantified by the objective functionH(ϕ).

AIMS-OPT generates a set of nearly optimal so-
lutions {ϕ̂1, . . . , ϕ̂n} ⊂ Φ?

T approximately uniformly
distributed over a neighborhood Φ?

T of the optimal
solution set, Φ? ⊂ Φ?

T , where T is a user-specified
parameter controlling the size of Φ?

T ( lim
T→0

Φ?
T = Φ?),

and therefore defines the meaning of “nearly opti-
mal”. AIMS-OPT is also useful for efficient explo-
ration of the global sensitivity of the objective func-
tion to the parameters ϕ: at each stage k, the algo-
rithm generates a set {ϕ(k)

1 , . . . , ϕ
(k)
n } ⊂ Φ?

Tk
that con-

verges to the set of optimal solutions as k → ∞:
Φ ≡ Φ?

T0
⊃ Φ?

T1
⊃ . . . ⊃ Φ?

Tk
⊃ . . . ⊃ Φ?.

The rest of the paper is organized as follows. In
Section 2, the two special cases of the Metropolis-
Hastings algorithm that lie at the heart of the pro-
posed algorithm, are briefly reviewed. In Section 3,
the AIMS-OPT method is introduced. The efficiency
of AIMS-OPT is illustrated in Section 4 with several
examples. Concluding remarks are made in Section 5.

2 MCMC SAMPLING

Markov chain Monte Carlo (MCMC), a family of
stochastic simulation algorithms for sampling from
arbitrary probability distributions, lies at the heart of
AIMS-OPT. These algorithms are based on construct-
ing a Markov chain whose state probability distribu-
tion converges to any desired target distribution as its

stationary distribution.
The Metropolis-Hastings algorithm (Hastings

1970), the most popular MCMC technique, works as
follows. Suppose we want to generate samples from
a probability distribution p(ϕ) on Φ. Let q(ξ|ϕ) be a
distribution for ξ ∈ Φ, which may or may not depend
on ϕ ∈ Φ. Assume that q(ξ|ϕ) is easy to sample from
and it is either computable (up to a multiplicative
constant) or symmetric, i.e. q(ξ|ϕ) = q(ϕ|ξ). The
sampling distribution q(ξ|ϕ) is called the proposal
distribution. Starting from essentially any ϕ1 ∈ Φ, the
Metropolis-Hastings algorithm proceeds by iterating
the following two steps.

1. Generate a candidate state ξ from the proposal
density q(ξ|ϕj).

2. Either accept ξ as the next state of the Markov
chain, ϕj+1 = ξ, with probability

α(ξ|ϕj) = min

{
1,
p(ξ)q(ϕj|ξ)
p(ϕj)q(ξ|ϕj)

}
, (3)

or reject ξ and set ϕj+1 = ϕj with the remaining
probability 1− α(ξ|ϕj).

It can be shown (see, for example, (Robert & Casella
2004)), that under fairly weak conditions, p(ϕ) is the
stationary distribution of the Markov chain ϕ1, ϕ2, . . .,
i.e. the distribution of ϕj converges to p(ϕ) as j→∞.

The two main special cases of the Metropolis-
Hastings algorithm are Independent Metropolis-
Hastings (IMH), where the proposal distribution
q(ξ|ϕ) = qg(ξ) is independent of ϕ (so qg is a global
proposal), and Random Walk Metropolis-Hastings
(RWMH), where the proposal distribution is of the
form q(ξ|ϕ) = ql(ξ − ϕ), i.e. a candidate state is pro-
posed as ξ = ϕj + εj , where εj ∼ ql is a random per-
turbation (so ql is a local proposal). In both cases, the
choice of the proposal distribution strongly affects the
efficiency of the algorithms. For IMH to work well,
as with importance sampling, the proposal distribu-
tion must be a good approximation of the target dis-
tribution p(ϕ), otherwise a large fraction of the can-
didate samples will be rejected and the Markov chain
will be too slow in covering the important regions of
p(ϕ). When, however, it is possible to find a proposal
qg such that qg ≈ p, IMH should always be preferred
to RWMH because of better efficiency. Unfortunately,
such a proposal is usually difficult to construct when
the target distribution p(ϕ) is complex. This limits the
applicability of IMH.

Since the random walk proposal ql is local, it is
less sensitive to the target distribution. That is why,
in practice, RWMH is more robust and used more
frequently than IMH. Nonetheless, there are settings
where RWMH also does not work well because of the
complexity of the target distribution. Although con-
vergence of the Markov chain ϕ1, ϕ2, . . . to its station-
ary distribution p(ϕ) is true in theory, in practice, it
is often very difficult to check whether the chain has
reached its steady-state or not.



3 ASYMPTOTICALLY INDEPENDENT
MARKOV SAMPLING FOR OPTIMIZATION

Recently a new advanced stochastic simulation
scheme, called Asymptotically Independent Markov
Sampling (AIMS), was developed for computational
Bayesian inference (Beck & Zuev 2013). This scheme
efficiently combines importance sampling, Markov
chain Monte Carlo, and annealing for sampling from
any target distribution. In this paper, we extend the ap-
plications of AIMS to global optimization problems
by introducing AIMS-OPT for solving the optimiza-
tion problem (2).

The starting point of AIMS-OPT is the concept
of annealing (or tempering), which is based on the
following simple but important observation: find-
ing the global minimum of the objective function
H(ϕ) is equivalent to finding the global maximum of
exp(−H(ϕ)/T ) for any given “temperature” T > 0
(Kirkpatrick, Gelatt, & Vecchi 1983). Let us define
a “tempered” distribution on the bounded admissible
parameter space Φ as follows:

pT (ϕ) ∝ exp(−H(ϕ)/T )IΦ(ϕ), (4)

where IΦ(ϕ) is the indicator function of Φ. Note that
the tempered PDF (4) becomes flatter as the temper-
ature T increases, i.e. as pT (ϕ) gets “hotter”; and it
becomes spikier as T decreases toward zero, i.e. as
pT (ϕ) gets “cooler”. More precisely,

lim
T→∞

pT (ϕ) = UΦ(ϕ) and lim
T→0

pT (ϕ) = UΦ?(ϕ), (5)

where UΦ(ϕ) and UΦ?(ϕ) are the uniform distribu-
tions on the parameter space Φ and the optimal so-
lution set Φ?, respectively. UΦ?(ϕ) may be a discrete
or continuous distribution. In particular, if the opti-
mization problem (2) has a unique solution, i.e. the
optimal solution set Φ? consists only of a single point,
Φ? = {ϕ?}, then lim

T→0
pT (ϕ) = δϕ?(ϕ), where δϕ?(ϕ)

is the Dirac mass at ϕ?.
The key idea behind annealing is the following:

as the temperature T decreases, the tempered distri-
bution pT (ϕ) puts more and more of its probability
mass (converging to one) into the set of optimal solu-
tions Φ?. Therefore, when T is close to zero, a sample
drawn from pT (ϕ) will be in a neighborhood Φ?

T of Φ?

with a very high probability. Here, Φ?
T denotes the so-

called “practical support” of pT (ϕ), i.e. the region that
contains almost all probability mass of pT (ϕ) with the
property that lim

T→0
Φ?
T = Φ?.

Let ∞ = T0 > T1 > . . . > Tk > . . . be a se-
quence of monotonically decreasing temperatures
with lim

k→∞
Tk = 0, and

p0(ϕ) =UΦ(ϕ),

pk(ϕ) ∝ exp(−H(ϕ)/Tk)IΦ(ϕ), k = 1,2, . . .
(6)

be the corresponding sequence of tempered PDFs
on Φ. In AIMS-OPT, we sequentially generate sam-
ples from the tempered distributions in (6) in the fol-
lowing way. Importance sampling with pk−1(ϕ) as
the ISD is used for a construction of an approxima-
tion p̂k,n(ϕ) of pk(ϕ), which is based on samples
ϕ

(k−1)
1 , . . . , ϕ

(k−1)
n ∼ pk−1(ϕ). This approximation is

then employed as the global proposal distribution for
sampling from pk(ϕ) by the IMH algorithm. The
tempered distributions in (6) are constructed adap-
tively, using the essential sample size (ESS) to mea-
sure how much pk−1(ϕ) differs from pk(ϕ) (Beck &
Zuev 2013). When the number of samples n→∞, the
approximation p̂k,n(ϕ) converges to pk(ϕ), provid-
ing the optimal proposal distribution. In other words,
when n → ∞, the corresponding MCMC sampler
produces independent samples, which is the reason
for “Asymptotically Independent Markov Sampling”
in naming the algorithm.

We will refer to k and Tk as the annealing level
and the annealing temperature at level k, respectively.
In the next subsection, we assume that Tk is given
and therefore the tempered distribution pk(ϕ) is also
known (up to a normalizing constant). In Subsec-
tion 3.2, we describe how to choose the annealing
temperatures adaptively.

3.1 AIMS-OPT at annealing level k

First, we describe how AIMS-OPT generates sam-
ples ϕ(k)

1 , . . . , ϕ
(k)
n from pk(ϕ) based on the samples

ϕ
(k−1)
1 , . . . , ϕ

(k−1)
n ∼ pk−1(ϕ) obtained at the previous

annealing level.
Let Pk be any Markov transition kernel such that

pk(ϕ) is a stationary distribution with respect to Pk.
By definition, this means that

pk(ϕ)dϕ =

∫
Φ

Pk(dϕ|ξ)pk(ξ)dξ (7)

Applying importance sampling with the ISD pk−1(ϕ)
to integral (7), we obtain:

pk(ϕ)dϕ =

∫
Φ

Pk(dϕ|ξ)
pk(ξ)

pk−1(ξ)
pk−1(ξ)dξ

≈
n∑
j=1

Pk(dϕ|ϕ(k−1)
j )ω̄

(k−1)
j

def
= p̂k,n(dϕ),

(8)

where p̂k,n(dϕ) will be used as the global proposal
distribution in the IMH algorithm for sampling from
pk(ϕ), and

ω
(k−1)
j =

pk(ϕ
(k−1)
j )

pk−1(ϕ
(k−1)
j )

, ω̄
(k−1)
j =

ω
(k−1)
j∑n

j=1ω
(k−1)
j

, (9)

are the importance weights and normalized impor-
tance weights, respectively. Note that to compute



ω̄
(k−1)
j , we do not need to know the normalizing con-

stants of pk−1(ϕ) and pk(ϕ). If adjacent tempered dis-
tributions pk−1(ϕ) and pk(ϕ) are sufficiently close
(in other words, if the temperature change ∆Tk =
Tk − Tk−1 is small enough), then the variability of the
importance weights (9) will be mild, and, therefore,
we can expect that, for reasonably large n, approxi-
mation (8) is accurate. A simple illustrative example
of approximation (8) is given in (Beck & Zuev 2013).

From now on, we consider a special case where Pk
is the RWMH transition kernel. In this case, it can be
written as follows:

Pk(dϕ|ξ) =qk(ϕ|ξ) min

{
1,
pk(ϕ)

pk(ξ)

}
dϕ

+(1− ak(ξ))δξ(dϕ),

(10)

where qk(ϕ|ξ) is a symmetric local proposal density,
and ak(ξ) is the probability of having a proper transi-
tion from ξ to Φ \ {ξ}:

ak(ξ) =

∫
Φ

qk(ϕ|ξ) min

{
1,
pk(ϕ)

pk(ξ)

}
dϕ (11)

For sampling from pk(ϕ), we will use the Metropolis-
Hastings algorithm with the global proposal distribu-
tion p̂k,n(dϕ). To accomplish this, we have to be able
to compute the ratio p̂k,n(ϕ)/p̂k,n(ξ) for any ϕ, ξ ∈ Φ
as a part of the expression for the acceptance proba-
bility (3), which, in our case, reduces to

αk(ξ|ϕ) = min

{
1,
pk(ξ)p̂k,n(ϕ)

pk(ϕ)p̂k,n(ξ)

}
(12)

However, the distribution p̂k,n(dϕ) does not have a
density since it has both continuous and discrete
components and, therefore, the ratio p̂k,n(ϕ)/p̂k,n(ξ)
might not make sense. Nevertheless, this tech-
nical “lack-of-continuity problem” can be over-
come by replacing the sample space Φ with Φ \{
ϕ

(k−1)
1 , . . . , ϕ

(k−1)
n

}
(see details in (Beck & Zuev

2013)), and this leads to the following algorithm for
sampling from the tempered distribution pk(ϕ).

AIMS-OPT at annealing level k
Input:

B ϕ
(k−1)
1 , . . . , ϕ

(k−1)
n ∼ pk−1(ϕ), samples gener-

ated at annealing level k− 1;
B ϕ

(k)
1 ∈ Φ \

{
ϕ

(k−1)
1 , . . . , ϕ

(k−1)
n

}
, initial state

of a Markov chain;
B qk(ϕ|ξ), symmetric proposal density associ-

ated with the RWMH kernel.
Algorithm:

for i = 1, . . . , n− 1 do
1) Generate a candidate state

ξ ∼
n∑
j=1

ω̄
(k−1)
j qk(ξ|ϕ(k−1)

j ) (13)

a. Select j from {1, . . . , n} with respective
probabilities ω̄(k−1)

1 , . . . , ω̄
(k−1)
n given by (9).

b. Generate ξ ∼ qk(ξ|ϕ(k−1)
j ).

2) Update ϕ(k)
i → ϕ

(k)
i+1 by accepting or re-

jecting ξ as follows:
Set

ϕ
(k)
i+1 =

{
ξ, with prob. A(ϕ

(k)
i , ϕ

(k−1)
j , ξ),

ϕ
(k)
i , with the remaining prob.,

(14)

where

A(ϕ
(k)
i , ϕ

(k−1)
j , ξ) = min

{
1,

pk(ξ)

pk(ϕ
(k−1)
j )

}

×min

{
1,
pk(ξ)

∑n
j=1 ω̄

(k−1)
j qk(ϕ

(k)
i |ϕ

(k−1)
j )

pk(ϕ
(k)
i )
∑n

j=1 ω̄
(k−1)
j qk(ξ|ϕ(k−1)

j )

×
min

{
1,

pk(ϕ
(k)
i )

pk(ϕ
(k−1)
j )

}
min

{
1, pk(ξ)

pk(ϕ
(k−1)
j )

}


(15)

end for
Output:

I ϕ
(k)
1 , . . . , ϕ

(k)
n , n states of a Markov

chain with a stationary distribution pk(ϕ) ∝
exp(−H(ϕ)/Tk)IΦ(ϕ).

The proof that pk(ϕ) is indeed a stationary distri-
bution for the Markov chain generated by AIMS-OPT
will be given in the corresponding journal publication.

The choice of the local proposal density qk(ϕ|ξ)
associated with the RWMH kernel determines how
efficiently the Markov chain generated by AIMS-
OPT at level k explores local neighborhoods of sam-
ples ϕ(k−1)

1 , . . . , ϕ
(k−1)
n generated at the previous level.

This makes the choice of qk(ϕ|ξ) very important. It
has been observed by many researchers that the ef-
ficiency of Metropolis-Hastings based MCMC meth-
ods is not sensitive to the type of the proposal den-
sity; however, it strongly depends on its spread. For
this reason, we use a truncated Gaussian density as
the local proposal:

qk(ϕ|ξ) ∝ N (ϕ|ξ, ckI)IΦ(ϕ)IΦ(ξ), (16)

where ξ and ckI are the mean and diagonal covariance
matrix, respectively. The scaling parameter ck deter-
mines the spread of the local proposal distribution.
The optimal values for ck are, of course, problem de-
pendent. As a general recommendation, ck should de-
cay with k, since the tempered distributions pk(ϕ) be-
come more and more concentrated when k increases.



3.2 The full AIMS-OPT method

At the zeroth annealing level, k = 0, we generate
samples ϕ(0)

1 , . . . , ϕ
(0)
n uniformly distributed over the

admissible parameter space Φ. Then, using the al-
gorithm described in the previous subsection, we
generate samples ϕ(1)

1 , . . . , ϕ
(1)
n , which are approxi-

mately distributed according to tempered distribution
p1(ϕ) ∝ exp(−H(ϕ)/T1) and, therefore, are better
solutions if compared with ϕ

(0)
1 , . . . , ϕ

(0)
n . We pro-

ceed like this until the annealing temperature Tk
is small enough so that the corresponding samples
ϕ

(k)
1 , . . . , ϕ

(k)
n ∼ pk(ϕ) ≈ UΦ?(ϕ) are approximately

uniformly distributed over the optimal solution set Φ?.
To make the description of AIMS-OPT complete, we
have to explain how to choose the annealing temper-
atures Tk, for k = 1,2, . . ., and provide the stopping
criterion.

3.2.1 Adaptive annealing schedule
It is clear that the choice of the annealing tempera-
tures is very important, since, for instance, it affects
the accuracy of the importance sampling approxima-
tion (8) and, therefore, the efficiency of the whole
AIMS-OPT method. At the same time, it is difficult
to make a rational choice of the Tk-values in ad-
vance, since this requires some prior knowledge about
the optimal solution set Φ? and the global sensitiv-
ity of the objective function H(ϕ) to the parameters
ϕ, which is usually not available. For this reason, we
propose an adaptive way of choosing the annealing
schedule.

In importance sampling, a useful measure of degen-
eracy of the method is the effective sample size (ESS)
neff introduced in (Kong, Liu, & Wong 1994) and
(Liu 1996). The ESS measures how similar the im-
portance sampling distribution pk−1(ϕ) is to the target
distribution pk(ϕ). Suppose n independent samples
ϕ

(k−1)
1 , . . . , ϕ

(k−1)
n are generated from pk−1(ϕ), then

the ESS of these samples is defined as

neff =
n

1 + varpk−1
[ω(ϕ)]

=
n

Epk−1
[ω(ϕ)2]

, (17)

where ω(ϕ) = pk(ϕ)/pk−1(ϕ). The ESS can be
interpreted as implying that n weighted samples
(ϕ

(k−1)
1 , ω

(k−1)
1 ), . . . , (ϕ

(k−1)
n , ω

(k−1)
n ) are worth neff(≤

n) identically and independently distributed (i.i.d.)
samples drawn from the target distribution pk(ϕ). One
cannot evaluate the ESS exactly but an estimate n̂eff of
neff is given by

n̂eff =
1∑n

j=1(ω̄
(k−1)
j )2

, (18)

where ω̄(k−1)
j is the normalized importance weight of

ϕ
(k−1)
j .

At annealing level k, when the temperature Tk−1

is already known, the problem is to define Tk. Let
γ = n̂eff/n∈ (0,1) be a prescribed threshold that char-
acterizes the “quality” of the weighted sample (the
larger γ is, the “better” the weighted sample is). Then
we obtain the following equation:

n∑
j=1

(ω̄
(k−1)
j )2 =

1

γn
(19)

It is easy to see that this equation can be expressed as
an equation on Tk. Solving this equation for Tk gives
us the value of the annealing temperature at level k.

The threshold γ affects the speed of annealing. If
γ is very small, i.e. close to zero, then AIMS-OPT
will have very few tempered distributions, and this
will lead to inaccurate results for a moderate num-
ber of samples n. On the other hand, if γ is very
large, i.e. close to one, then AIMS-OPT will have
too many tempered distributions, which will make
the algorithm computationally very expensive. As dis-
cussed in (Beck & Zuev 2013), in the context of sam-
pling the posterior distribution, γ = 1/2 is usually a
reasonable choice of the threshold.

3.2.2 Stopping criterion
As k →∞, the adaptively chosen annealing temper-
ature Tk decreases toward zero, the tempered dis-
tribution pk(ϕ) converges to the uniform distribu-
tion UΦ?(ϕ) over the optimal solution set Φ?, and,
therefore, the generated samples ϕ

(k)
1 , . . . , ϕ

(k)
n be-

come more and more uniformly distributed over Φ?.
In practice, however, “absolute zero” Tk = 0 can-
not be reached, and the algorithm should stop using
some stopping rule. The proposed stopping criterion
is based on the sample coefficient of variation (COV)
of the objective functionH(ϕ). Let δk denote the sam-
ple COV ofH(ϕ

(k)
1 ), . . . ,H(ϕ

(k)
n ), i.e.

δk =

√
1
n

∑n
i=1

(
H(ϕ

(k)
i )− 1

n

∑n
j=1H(ϕ

(k)
j )
)2

1
n

∑n
j=1H(ϕ

(k)
j )

(20)

We use δk as a measure of sensitivity of the objective
function to the parameters ϕ in the domain Φ?

Tk
, the

practical support of pk(ϕ). If samples ϕ1, . . . , ϕn ∼
UΦ?(ϕ), then their COV is zero, since H(ϕj) =
minϕ∈ΦH(ϕ) for all j = 1, . . . , n. Therefore, δk con-
verges to zero, when k →∞. This suggests the fol-
lowing stopping criterion: run the algorithm until δk
becomes less than some fraction α of the initial sam-
ple COV δ0; in other words, stop when the following
condition is fulfilled:

δk < αδ0
def
= δtarget, (21)

where α ∈ (0,1) and δtarget is the target sample COV.



Combining the AIMS-OPT algorithm at a given an-
nealing level with the described adaptive annealing
schedule and stopping rule gives rise to the following
procedure.

The AIMS-OPT method
Input:

BH(ϕ), objective function in (2);
B γ, threshold for the ESS;
B α, threshold for the stopping rule;
B n, the number of Markov chain states to be

generated at each annealing level;
B q1(ϕ|ξ), q2(·|ξ), . . ., where qk(ϕ|ξ) is the sym-

metric proposal density associated with the RWMH
kernel at annealing level k.
Algorithm:

Set k = 0, current annealing level.
Set T0 =∞, current annealing temperature.
Sample ϕ(0)

1 , . . . , ϕ
(0)
n ∼ UΦ(ϕ).

Calculate δ0 using (20).
Set δtarget = αδ0, the target sample COV.
while δk > δtarget do
Find Tk+1 from equation (19).
Calculate normalized importance weights ω̄(k)

j ,
j = 1, . . . , n using (9).
Generate a Markov chain ϕ(k+1)

1 , . . . , ϕ
(k+1)
n

with the stationary distribution pk+1(ϕ)
using AIMS-OPT at annealing level k + 1.
Calculate δk+1 using (20).
Increment k to k + 1.
end while
Set K = k, the total number of tempered distri-

butions in the annealing schedule.
Set τ = Tk, the smallest annealing temperature.

Output:

I ϕ
(K)
1 , . . . , ϕ

(K)
n ∼̇UΦ?(ϕ), samples that are ap-

proximately uniformly distributed over the optimal
solution set Φ?.

4 ILLUSTRATIVE EXAMPLES

To illustrate the effectiveness of AIMS-OPT for solv-
ing the optimization problem (2), we consider the fol-
lowing three test functions defining objective func-
tions by (1):

h1(ϕ, θ) =1 +
(
ϕ1 −

a

2

)
θ1 +

(
ϕ2 −

a

2

)
θ2,

h2(ϕ, θ) =1 +
(
ϕ1 −

a

2

)(
ϕ2 −

a

2

)
θ1θ2,

h3(ϕ, θ) =4a− θ1sign
(
ϕ1 −

a

2

)
− θ2sign

(
ϕ2 −

a

2

)
,

where the admissible parameter space is the square
(ϕ1, ϕ2) ∈ Φ = [0, a] × [0, a], a = 10, and the
model parameters θ1 ∼ N

(
ϕ1 − a

2
,1
)

and θ2 ∼
N
(
ϕ2 − a

2
,1
)
.

4.1 Exact optimal solution sets

It is easy to evaluate the corresponding objective func-
tions analytically,Hi(ϕ) = Eπ[hi(ϕ, θ)], i = 1,2,3,

H1(ϕ) =1 +
(
ϕ1 −

a

2

)2

+
(
ϕ2 −

a

2

)2

,

H2(ϕ) =1 +
(
ϕ1 −

a

2

)2 (
ϕ2 −

a

2

)2

,

H3(ϕ) =4a−
∣∣∣ϕ1 −

a

2

∣∣∣− ∣∣∣ϕ2 −
a

2

∣∣∣ .
(22)

The optimal solution sets for these three case are,
therefore,

Φ?
1 =
(a

2
,
a

2

)
,

Φ?
2 =
{
ϕ ∈ Φ | ϕ1 =

a

2
or ϕ2 =

a

2

}
,

Φ?
3 = (0,0)∪ (0, a)∪ (0, a)∪ (a, a) .

(23)

We will refer to Φ?
1, Φ?

2, and Φ?
3 as “center”, “cross”,

and “corners”, respectively. Note that while “center”
is a relatively simple case — Φ?

1 consists of a single
point located at the center of Φ — “cross” and “cor-
ners” are quite challenging cases: Φ?

2 has complicated
geometry and Φ?

3 consists of four different points sit-
uated far from each other.

4.2 Approximation of optimal solution sets using
AIMS-OPT

To estimate the objective functions Hi(ϕ), for each
value of ϕ, N = 103 samples of the model parameters
θ were used in the following Monte Carlo estimator

Ĥi(ϕ) =
1

N

N∑
j=1

hi(ϕ, θj) ≈ Hi(ϕ). (24)

The left panels of Figures 1, 2, and 3 display the scat-
terplots of n = 103 samples of the design parameters
obtained from AIMS-OPT for “center”, “cross”, and
“corners”, respectively. In these figures, k denotes the
annealing level. The parameters of the algorithm were
chosen as follows: the threshold for the ESS γ = 1/2;
the threshold for the stopping rule α = 0.05 for “cen-
ter” and “corners” and α = 0.01 for “cross”; the local
proposal density qk(ϕ|ξ) ∝ N (ϕ|ξ, ckI)IΦ(ϕ)IΦ(ξ),
where c0 = 0.1 and ck+1 = ck/4. This implementa-
tion of AIMS-OPT leads to a total number of K = 6,
4, and 5 tempered distributions for “center”, “cross”,
and “corners”, respectively. Note that the total num-
ber of tempered distributions K can be considered as
a measure of the global sensitivity of the objective
function to the parameters ϕ: the larger K, the more
sensitive the objective function is.



Figure 1: Case “Center”: the left and right panels display the
scatterplots of n = 103 samples obtained from AIMS-OPT and
SA, respectively; k denotes the annealing level. Grey and black
dots represent ϕ

(k−1)
1 , . . . ,ϕ

(k−1)
n and ϕ

(k)
1 , . . . ,ϕ

(k)
n , respec-

tively.

The theoretical minimum values of the objective
functions are minϕ∈ΦH1(ϕ) = 1, minϕ∈ΦH2(ϕ) =
1, minϕ∈ΦH2(ϕ) = 3a = 30. The minimum and
the maximum values of the objective func-
tions computed for the samples generated at
the last annealing levels (K = 6, 4, and 5 for
for “center”, “cross”, and “corners”, respec-
tively) are [ min

j=1,...,n
H1(ϕ

(6)
j ), max

j=1,...,n
H1(ϕ

(6)
j )] =

[1.02,1.12], [ min
j=1,...,n

H2(ϕ
(4)
j ), max

j=1,...,n
H2(ϕ

(4)
j )] =

[1.01,1.03], [ min
j=1,...,n

H3(ϕ
(5)
j ), max

j=1,...,n
H3(ϕ

(5)
j )] =

[30.012,31.10].
Let us now compare the performance of AIMS-

OPT with Simulated Annealing (SA) (Kirkpatrick,
Gelatt, & Vecchi 1983, Robert & Casella 2004). Since
we are interested in optimization problems where
there may be multiple optimal solutions, we use a
population-based SA with adaptive annealing sched-
ule rather than the original algorithm that uses a single
thread where the temperature is changed after each
Markov chain update by using a pre-set annealing
schedule. Thus, the only difference between AIMS-
OPT and a population-based SA is in how samples
at a given annealing level are generated. In AIMS-
OPT, samples ϕ(k)

1 , . . . , ϕ
(k)
n are obtained using IMH

Figure 2: Case “Cross”: the left and right panels display the scat-
terplots of n = 103 samples obtained from AIMS-OPT and SA,
respectively; k denotes the annealing level. Grey and black dots
represent ϕ(k−1)

1 , . . . ,ϕ
(k−1)
n and ϕ

(k)
1 , . . . ,ϕ

(k)
n , respectively.

with the global proposal distribution p̂k,n(dϕ) which
is constructed based on the samples ϕ(k−1)

1 , . . . , ϕ
(k−1)
n

from the previous annealing level. In SA, RWMH
with the local proposal distribution qloc,k(ϕ|ξ) is used
instead. To capture the global structure of the target
distribution, the local proposal distribution is often
chosen to be Gaussian of the following form:

qloc,k(ϕ|ξ) ∝ N (ϕ|ξ, cΣk)IΦ(ϕ)IΦ(ξ), (25)

where Σk is the sample covariance matrix, Σk =∑n
j=1 ω̄

(k−1)
j (ϕ

(k−1)
j − ϕ̄(k))(ϕ

(k−1)
j − ϕ̄(k))T , where

ϕ̄(k) =
∑n

j=1 ω̄
(k−1)
j ϕ

(k−1)
j , and ω̄(k−1)

j are the normal-
ized importance weights from (9), and c is the scaling
factor. In all examples, we used an approximately op-
timal value of the scaling factor, c = 0.1.

The right panels of Figures 1, 2, and 3 display the
scatterplots of n = 103 samples obtained from SA
for “center”, “cross”, and “corners”, respectively. In
the first (simple) case “center”, both AIMS-OPT and
SA successfully generate samples in the vicinity of
the optimal solution set Φ?

1. In a more complicated
case “cross”, AIMS-OPT approximates Φ?

2 more ac-
curately than SA. Finally, in the most challenging
case “corners”, AIMS-OPT clearly outperforms SA:
while the AIMS-OPT algorithm successfully finds all
four optimal solutions (0,0) , (0, a) , (0, a) , and (a, a),



Figure 3: Case “Corners”: the left and right panels display the
scatterplots of n = 103 samples obtained from AIMS-OPT and
SA, respectively; k denotes the annealing level. Grey and black
dots represent ϕ

(k−1)
1 , . . . ,ϕ

(k−1)
n and ϕ

(k)
1 , . . . ,ϕ

(k)
n , respec-

tively.

SA finds only one, (0,0). Note also that in this case,
the tempered distributions pk(ϕ) “cool down” slower
under SA, and, as a result, SA requires six annealing
levels while AIMS-OPT requires only five.

5 CONCLUSIONS

In this paper, a new stochastic simulation method, de-
noted AIMS-OPT, is introduced for solving global op-
timization problems such as those that arise in opti-
mal performance-based design. AIMS-OPT is based
on Asymptotically Independent Markov Sampling
(AIMS), a recently developed advanced simulation
scheme originally proposed for Bayesian inference
(Beck & Zuev 2013). The main feature of AIMS-OPT
is that instead of a single approximation of the opti-
mal solution, the algorithm produces a set of nearly
optimal solutions. This can be advantageous in many
practical cases, e.g. in multi-objective optimization
or when there exists whole set of optimal solutions.
Also, AIMS-OPT can be used for exploration of the
global sensitivity of the objective function.

The efficiency of AIMS-OPT is demonstrated with
several examples, which have different topologies of
the optimal solution sets. A comparison is made with

Simulated Annealing (SA). If the optimal solution
set has a relatively simple geometry, then the perfor-
mances of AIMS-OPT and SA are comparable; how-
ever, in more complicated cases, AIMS-OPT outper-
forms SA. In the corresponding journal publication,
applications of AIMS-OPT to higher dimensional ex-
amples as well as to a reliability-based design opti-
mization problem will be considered.
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