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Abstract. Over the past decade, the civil engineering community has ever more realized the
importance and perspective of the reliability-based design optimization (RBDO), the selection
of a design that satisfies performance constraints with a specified probability. Snce then sev-
eral stochastic simulation algorithms for computing small failure probabilities encountered in
reliability analysis of engineering systems have been developed: Subset Smulation [1], Line
Sampling [2], The Auxiliary Domain Method [ 3], ALIS[4], etc.

In this paper we propose a novel advanced stochastic simulation algorithmfor solving high-
dimensional reliability problems, called Horseracing Smulation (HRS). The key idea behind HS
isasfollows. Although thereliability problemitself is high-dimensional, the limit-state function
maps this high-dimensional parameter space into a one-dimensional real line. This mapping
transformsa high-dimensional random parameter vector, which may represent the input load as
well asthe uncertain structural parameters, into a random variable with unknown distribution,
that representsthe uncertain structural response. It turnsout, that the corresponding cumulative
distribution function (CDF) of thisrandom variable of interest can be accurately approximated
by empirical CDFs constructed from specially designed samples. The accuracy and efficiency
of the new method is demonstrated with a real-life wind engineering example.
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1 INTRODUCTION

In reliability engineering our task isto calculate the reliability or equivalently the probability
of failure of a given structure under uncertain loading conditions. The mathematical models of
the uncertain input load = and the structure response g(z) are a random vector € RY with
joint probability density function (PDF) 7, and afunction g : RY — R, correspondingly. For
example, if the structure is a tall building, the stochastic input may represent wind velocities
along the building height and the response may represent the maximum roof displacement or
the maximum interstory drift (absolute value) under the given wind load.

Define the failure domain 2 C RY asthe set of inputs that lead to the exceedance of some
prescribed critical threshold z* € R, :

Q= {r e RY|g(z) > 2} (1)

In the above example the critical threshold z* represents the maximum permissible roof dis-
placement or maximum permissible interstory drift and the failure domain 2 represents the set
of al wind loads that lead to the exceedance of this threshold.

The structural reliability problem isto compute the probability of failure, that is given by the
following expression:

pr=PlreQ) = /m)(a:)dx = /Iﬂ(x)ﬂo(l")dx = Er,[lo] (2)

Q RN

where I, istheindicator function (= 1 if z € €2, = 0 otherwise) and E, denotes expectation
with respect to the distribution 7.

Throughout this work we assume we are dealing with probability integrals (2) under the
following context:

1. The computation of probability integral (2) is extremely challenging for real-world struc-
turesand can be done only in approximateways. A well established methodology (see, for
example, [5]) consists of introducing a one-to-one transformation T between the physical
space of variables x and the standard Gaussian space of variables y and then computing
the probability of failure as po = fT(m N (y)dy, where N denotes the standard Gaussian
joint PDF and Y(2) is the image of the failure domain in the standard Gaussian space.
Abusing the notation, we shall assume that the PDF 7 is the N-dimensional standard
Gaussian distribution, in particular we can evaluate 7y (x) for any given x and we can
generate random samples from r efficiently.

2. Thefunction I(x) is not explicitly known. Although for any = we can check whether it
isafailure point or not, i.e. calculate the value I () for agiven z, we cannot obtain an
explicit formula.

3. The computational effort for evaluating I () for each value of x is assumed to be sig-
nificant so that it is essential to minimize the number of such function evaluations. In the
context of thetall building examplethe last two statements mean the following. Since the
structure is too complex, we cannot directly predict whether a given wind load will cause
a damage or not. The only way to do so is by performing a dynamic analysis which by
itself is computationally demanding.
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4. The parameter space R" is assumed to be high-dimensional. As already mentioned,
for real-world structures the reliability problem has no exact analytical solution and one
has to rely on computer to obtain an approximate value of the failure probability. Any
continuous problem must be discretized before it can be treated computationally, and
thus the stochastic input load = is modeled as a random vector in RY. The larger N
the more precisely this discrete model describes the continuous random input. Thus, the
assumption of high dimensionality of parameter space comes from the aspiration to use
agood discrete model of areal continuous problem. Also, computational algorithms that
are applicable in high dimensions are generally more robust. In our examples we shall
consider N ~ 10*.

Among all procedures developed for estimation of pg, a prominent position is held by
stochastic simulation methods [1, 2, 3, 4, 6, 8]. In this paper we propose a novel advanced
stochastic simulation algorithm, called Horseracing Simulation, and demonstrate its accuracy
and efficiency with area-life example.

2 BASIC IDEA OF HORSERACING SIMULATION

Let us start with the discussion of the following auxiliary problem. Let z be a continuous
random variable with PDF f and CDF F', which are unknown. Suppose, that we can draw
samples from the distribution f. Our goal is, trying to use as few samples as possible, to
approximate F' in some neighbourhood of a given point z* € R. If the point z* is not very far
from the median Z, then we can just draw Monte Carlo samples from f and use the empirical
CDF F(©), constructed based on these samples, as an approximation of F', see Fig. 1. However,
if the probability p = 1— F(z*) isvery small p < 1, then the Monte Carlo method will require a
lot of samplesin order to get some information about F' in the neighbourhood of z*. Therefore,
since it is essential to minimize the number of samples, the direct Monte Carlo method is not
applicable.

Empirical CDF

CDF F

091, 2. 2, Empirical CDF A

0.8} © z
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Figure 1: Approximation of the standard Gaussian CDF by empirical CDF, constructed based on Monte Carlo
samples.

Assume now, that we can propagate our Monte Carlo samples towards the important region
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(neighbourhood of z*). Namely, for any sample (9 ~ f(z) We are ableto draw samples from
the conditional distribution f(z|z > 2(©), for any sample () ~ f(z]z > (V) we are able
to draw samples from the conditional distribution f(z|z > 2(1)), etc. It can be proven (see
Appendix), that the k" random variable =¥, defined by this process, has PDF

iz = 1) s - P @

It is well-known from the importance sampling theory (e.g. see [7]), that if z4,...,z,
are independently drawn from a trial distribution ~ and the weight w;/ >"" | w;, where w; =
f(z;)/h(x;), is assigned to each x;, then asn — oc this approach produces a sample that is
approximately distributed according to f. In standard terminology, the trial distribution £, the
weight w; and w;/ >~ , w; are called “the importance distribution”, “the importance weight”
and “normalized importance weight”, correspondingly.

So, if 2¥ ..., 2% are independently distributed according to the distribution f, then the

weighted samples(zim,wgk)),...,(z,ﬁ“,w,(z ), where

o JET !
1(5”) " fog(1 = F(z9))

2 (4)

)

are approximately distri buted according to f. Therefore, we can construct the empirical CDF
) based on { (=¥, w11 and use it for the updatl ng of the empirical CDF F(©, which

was constructed ba%d onM onte Carlo samples {z . Note, that the importance weightsin
(4) depend explicitly only on the CDF F' that we want to approximate and do not depend on the
unknown PDF f.

The above discussion suggests the following scheme of an algorithm (which is a prototype
of the Horseracing Simulation algorithm) for the approximation of F.

HORSERACING SIMULATION SCHEME

I. Sample 2\%, ..., 2 from f, = f,
Setk =0.

. Construct the empirical CDF F*) based on {z };?:1.

While the stopping criterion C'(z*) is not fulfilled do:

l1. Sample 2V from fy(z|z > 2¥)) foreachi =1..

IV. Construct the empirical CDF G*+) based on {(z\*™" w(’““)) n

)

V. Update CDF F(8) to F(k+1), (F(B), G+D) vy Flk+),
Set k=k+1. Goto lll.

Of course the steps of thisalgorithm should be specified and the stopping criterion C'(z*) should
be properly chosen. Then we can naturally expect that in some neighbourhood of z*

F® ~ F (5)
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Before we explain how this scheme can help to solve the reliability problem, let us strike
some life into notation and explain the name origin for this algorithm. One can think of
21, ..., %, 8 about horses participating in a race, where sz) denotes the position of the ith
horse at time instant k. The race is over when the finishing rule given by C'(z*) isfulfilled, for
example, when one of the horses (z\*)) reaches the finish line (2\*) > 2*).

Let us now relate the Horseracing Simulation scheme with the reliability problem. Recal,
that the structural reliability problem is to compute the probability of failure, that is given by
(2). Limit-state function ¢ : RY — R, maps the high-dimensional parameter space into a
one-dimensional real line. This mapping transforms the high-dimensional random parameter
vector z into a random variable z = g(x), which represents the structural response. Thisis
schematically shownin Fig. 2.

x; A A F(z)

Figure 2: Dimension reduction induced by the limit-state function.

Let f and F' be the PDF and CDF of z respectively, then the probability of failurein (2) can
be rewritten as follows:

po = /f(z)dz =1-F(z"). (6)
If the limit-state function ¢ is continuously differentiable, then
7o ()
= [ v, ™
IVg()]
{@: z=g(2)}

where Vg(z) = (dg/0x1, . ..,0q9/0x,) isthe gradient of the limit-state function, integration is
taking over the (N — 1)-dimensiond surface {z : 2z = g(z)} and the differentia volume dV/
must be replaced by a parametrization of this surface for a particular calculation. Although for
any given x we can calculate the value g(x), we cannot obtain any other information such as
explicit formula, gradient, and so on. As a consequence, neither f nor F' is known. Hence, the
limit-state function allows us to shift the difficulty of the reliability problem from geometry (in
(2) we haveto calculate the high-dimensional integral over acomplex domain that isonly known
implicitly) to probability ((6) isjust a one-dimensional integral, yet of an unknown function),
see Fig 2.

Thus, in order to use (6) for failure probability estimation one should find an approximation
of the CDF F' of the random variable z. In the rest part of this paper we shall show how the
Horseracing Simulation scheme can be successfully used for this purpose.
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3 IMPLEMENTATION ISSUES

In this section we discuss the details of the proposed Horseracing Simulation scheme in the
context of the reliability problem.
3.1 Sampling

According to step | of the scheme, we have to sample from the distribution f, = f. In other
words, we have to define the initial positions of the horses participating in a race. Although
the distribution £, is unknown, it is very simple to get a sample from it. Namely, Monte Carlo

samples x§°>, - ,x,({“”) ~ Ty, being transformed by the limit-state function, will automatically
provide independent samples from f:
z%o) = g(xgo)), 20 = g™y ~ fy. (8)

Based on these samples F° is constructed, according to the step I1.

Next, according to step I11 of the Horseracing Simulation scheme, we have to sample from
fo(z]z > zgk)), where z§k> ~ fr,1.e, we need to find the position of the ith horseat time k + 1.
The main ideaisthe same asin step 1: to sample in the high-dimensional parameter space and
then apply transformation, generated by the limit-state function.

Let z\*) be one of the previously generated samples, that correspondsto (", i.e., g(z\*) =
z§k>. Define the subset Q_«) C RY asfollows:

Qw = {z R |g(z) > 2"} 9)

Note, that {" belongsto the boundary of ), i.e. " € 9Q_u. Itisclear, thatif = issampled
from the conditional distribution ¢ (z|z € ZQz;k)), then 2 = &(x) is automatically distributed
according to fo(z|z > z§k>). So, the problem of sampling from fo(z|z > z§k>) reduces to
the sampling from 7o (z[z € Q_ ). It turns out, that the latter task can be done by using the
modified Metropolis-Hastings (I\7IMH) algorithm [1].

Let R & denotethe half-linein front of 2",

R =9(Qm) ={z €R[2> 24"}, (10
and 7 (?k) denote the set of all horse positions at time ¢, which are in front of zZ('“):

Z:?“) = {z](.t)};-bzl NR & = {z]@ | z§-t) >0 =1, ny, t=1,...,k. (12)

)

All samplesfrom Z (2,) are distributed according to the conditional distribution f;(z|z > zZ(’“)).

Therefore, the weighted samples { (", w") | 2\ € 2} }, where

(12)

w, X X

J ft(zjt)) log(l . F(Zy(t)))

o Joz") 1
(

t?

are approximately distributed according to the conditional distribution f(z|z > zf'“)). Note,
that instead of the unknown CDF F' in (12) we can useits approximation F'(¥), obtainedin step V

6



Lambros S. Katafygiotis, Konstantin M. Zuev

(orinstep 1) of thescheme. So, at time k wehave k + 1 sets of weighted samples approximately

drawn from the conditional distribution fo(z|z > z ) These sets are schematically shown in
Fig. 3.

LF'=() eeoeoe oo

L'Zl o0 000

k e 9000 0 0 o Zif;}

R)

“i

Figure 3: Conditionally distributed samples.

The following algorithm can be used for sampling from fy(z|z > zgk)):

SAMPLING ALGORITHM

1. Sdect 2" from 2"t = 1,..., k according to their samplesizes y', = #(2")).

2. Select z %) from Z ((k) according to the weights given by (12).

. (to) (to) (to)y _ (to)
3. Take previously generated sample z; ', that correspondsto z; ', i.e. g(x;,”) = 2;,”, and
perform the MMH update 2\ — & with invariant distribution 7, (z]x € Qz@).

4. Set 2D = g(2).

The way we select z; guarantees that it is distributed according to fy(z|z > z ) Therefore,
the corresponding samplea: ) has conditional distribution mo(z|r € Q (k)) Since the MMH
update preserves the invariant distribution, # has distribution 7 (z|x € Q (k)) aswell. From

the latter in turn, it follows, that ZEHI) = ¢() isdistributed according to fo( |z > z ) The
proposed sampling algorithm is schematically shownin Fig. 4.

3.2 Construction of the empirical CDF and itsupdating

In step |1 of the Horseracing Simulation scheme, we have to construct a zero™ approximation

0 of the CDF of interest ', based on the Monte Carlo samples 2\” | ..., z{” ~ f,. For this
purpose we use the following piecewise linear approximation:
2 (2i — 129 — (2 + 1)z

+
n (Zgr)l - ZEO)> 2n (Zz(?r)l - Z§O)>

FO(z) = Cforze 27,20, @
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X; ’ (k) _(to)  _(k+1)
% “ja <4

Figure 4: Sampling algorithm.

where: = 1,. n — 1. Samples zl - 20 are assumed to be ordered in (13), so that
A0 0 < 20 The zeroth apprOX|mat|onF isshown in Fig. 5. Note, that F(© isnot
defined for z € (— oo,zgo)) U (2, 00).

Next, in step 1V we have to construct the empi rical CDF G**1 pased on the weighted

samples { (2w If the weights {w!* 1", are given, then we can define the
empirical CDF G**1) in asimilar way asthe zeroth apprOX|mat|on
(k1) | (k1)
GEM () = i FWin
k+1 k+1
2 (7 - )
o D DY D) (omi D) D) (k) (14)
Zj:l w; - w; iyl T Zj:l w; twiy )%
k+1 k+1 ’
2 (=)

for z e [25) ¥ and i = 1,...,n — 1. Samples 2"V ... 2"V are assumed to be

ordered in (14), so that 2" < 20+ < 2V Note, that i all weights are equal, i.e.
w* ™ = 1/n, then (14) becomes (13).

1
0 :
(0 (o) _(0)
z.l ,..2 ~T
Figure 5: The zerot" approximation.
In order to use (14), the weights w*™, ... w{*™ should be calculated. Since the sam-
(k+1) (k+1)

plesz"" ... 2 are approximately distri buted according to fy. 1, thelr weights are given
by (12), wheret = k+ 1 and F is replaced by |ts approximation F'¥), obtained in step
V (or in step I1). However, the approximation F*), which was constructed using samples

8
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(P, 2 is defined only for z € [min; z\”, max; 2\¥']. So, in order to calculate
the weights of the “fastest” horses, i.e. of 2" such that 2*™ > max; 2", we have to in-

terpolate F¥) on the interval [max; 2", max; 29, Thus, the weights ! k+1) w gre
defined as follows:
1 H (k+1) . (k).
(k+1) [log(lfF(k)(z k+1)))] E+1 5 If Z; S max; Z; (15)
w; X 1 if Z(k-i—l) > max; Zz(k),

k
[log( F(k)(z(k+1)))] +1» )

int
where F¥) is the interpolation of the CDF F*). According to the notation introduced in
the sampling agorithm, X k“) 0 is the number of samples {z (k+1) }" , that are larger than
max; 2" Let 2" be the smallestfrom such samples, 2\**" = min;{z € Z(’“+1 o} Then,

the interpolation of the CDF F'*) is defined as the piecewise linear function shown in Fig. 6.
Note, that X, kH) 0= =n—jo+ 1.

1 — — — — - — = - — = — — — -

p k), N SO 3
1=F® (maxi 5 [ £ e

n—jot2 T ?ﬂt

F®) (max; ,:M) '/

T P :
2L£+1J max; z} ) __J_t:k+1,: ..-J’.l\k-f—l'.l
Jo—1 v Jo n

Figure 6: Theinterpolation of F(*).

Finally, in step V we need to update the CDF F'¥), using new information provided by
G*+1) | and construct a new approximation F*+1) of the CDF F. Suppose for convenience,

that samples 2\, . .., 2" are ordered for eacht = 1,..., k + 1 asfollows:
A0 <0< O
z%l) < zé”, < znl), (16)
zé’“‘“) < AR < U,

The CDF G+ isnot defined on theinterval [z\”), ¥, Thismeans, that at timet = k+1 we
do not get any new information about CDF F' on thisinterval relative to the information avail-
ableattimet = k, so F&+1(2) = F®(2) for z € [V, 2%Y). Ontheinterval [z 2],
the approximation F'*) is constructed using & + 1 sets of sampl&s{z( o 1,...,{sz) » ., While

the approximation G **1) is based only on one set {z (k+1) .- Therefore, it isnatural to define
anew approximation F*+1)(z) = ((k + 1) F®)(z2) + G (k+1) ( )/ (k +2), for z € [T 07,
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Using this line of reasoning, we define the new approximation F 1) as follows:

(P (2), for z e [27), 21y,
E)FDELGETIE) - for 5 ¢ [ L0,
k+2 J v
BF ) ()4 GO+ (5 ).
F+D () = Ll 3:;1 (2) for z € (zé),zé)], (17)
FE () +GE+D (2) forz e (2 (k=1) Z(/f)].
42 9 n ’
| GFHD(2), for z € (24, zT(fH)].

However since some of the weights in (15) are calculated using the interpolation function
mt , the CDF G*+1) approximates not exactly F'. More precisely, G*+1) can be decomposed

asfollows:
G+ — G(lc+1 4 gD (18)

int
where G isan approximation of F' and szb:’l Isaperturbation due to the slightly incorrect

weights. Therefore F*+1) "given by (17), also approximates not exactly F due to the pertur-
bation term G'* ™). Note, that the norm ||GF V|| is adecreasrng function of x'* '““) . the

int int (k)

less number of samples with weights cal culated with F’ mt in (15), the less the norm ||G2i;|-1 |-
So, if the number of such samplesisrelatively small, which is the case in applications, we can
assume, that the norm ||G“’f“t+1 || issmall enough. In order to completely eliminate the influence

of G we propose the following iterative updating algorithm:

int

(k+1)

UPDATING ALGORITHM

1. Sets=1,e =1,
Define H, according to (17).

Whilethe error ¢ > ¢, do:

Recal culate the weights {w (b +1) ', using (15) with H, instead of F*) and FZ

nt "

Recalculate G*+1 using (14) with new weights.
Define H, ., according to (17).

o d W D

Recdculate the error:

£ = max

t 1
ze{zP)ymEtl

{ ‘ Hs+1 (Z)

} (19)

Sets = s+ 1.
End while
6. Set F(k+D) = [

The error ¢, defined in (19), describes the relative change in two successive iterations H,; and
H, ... Note, that = is more sensitive to the changes in the important region, where H is close
to 1. When this error is smaller than some prescribed threshold =, (in the further example the
valuee, = 0.01 is used) we take the last H, as the new approximation F*+1) of the CDF F.

10
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3.3 Stopping criterion

The stopping criterion C'(z*) plays a very important role in the Horseracing Simulation al-
gorithm. As it was already mentioned, one of the possible choices for C'(z*) is the following
rule: the race is over when at least one of the horses (zl(k)) reaches the finish line (zgk) > z).
The main advantage of thisrule isthat it allows to obtain the estimate of the failure probability
pa = 1 — F(z*) with the minimum possible computation effort (as soon as we reach the thresh-
old z* we stop the algorithm). However, thisrule has a serious drawback: the estimate may be
very inaccurate. Indeed, if, for instance, po, = 0.01 and we use n = 100 samples, then in aver-
age 1 out of 100 Monte Carlo samples z§°>, cee 2 will be afailure sample. In this case, the
estimate for the failure probability will have coefficient of variation § = /(1 — pq)/npq ~ 1.

Another natural candidate for the stopping criterion is the following rule: the race is over
when r% of horsesreach »*. For atarget probability level of 102 to 10~?, choosing r = 10%
isfound to yield good efficiency.

The Fig. 7 summarizes the Horseracing Simulation Scheme and the discussed implementa-
tion issues into the Horseracing Simulation Algorithm.

Monte Carlo Sampling

(0) (0
Ty, ... ,:1.‘;!0-'
limit-state e — 1 — R *
function i g po=1-F"(27)
Failure probability
A0) ()] estimate
2 AR
Set k=0
e Updating (k1)
Fa Algorithm F+D) Set k=k+1
‘> —_—
> (k)th (k+1)th
approximation approximation
Sampling
Algorithm .
Updating
Y Algorithm
LE+1) (k1)
“1 PRIy
C:‘;I‘A-}—l"
e
 / Empirical CDF
(k+1) (
wy * S u-';,f‘H
(k) _ 407
While X, < 10%

Figure 7: Horseracing Simulation Algorithm.

11
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4 EXAMPLE

In this section we demonstrate the efficiency and accuracy of the Horseracing Simulation
algorithm with areal-life example which is taken from [8].

4.1 CAARC standard tall building model

We consider an along-wind excited steel building as showing in Fig. 8, which has the same
geometric shape as the Commonwealth Advisory Aeronautical Research Council (CAARC)
standard tall building model [9]. A 45-story, 10-bay by 15-bay rectangular tubular framework
is used to model this building. With story height of 4 m and bay width of 3 m, the building
has atotal height of 180 m and a rectangular floor with dimension 30 m by 45 m. Each floor is
assumed to be rigid and has lumped swaying mass of 6.75 x 10° kg and rotational mass moment
of inertiaof 1.645 x 10® kg.m? at the geometric center of the floor. The members of beams and
columns have standard AISC steel sections, and the details of the design are presented in Table
1. With the above configurations, the established building model has the following first three
modal frequencies: 0.197 Hz, 0.251 Hz and 0.422 Hz.

30m
45m

180m

R b R R R A R R T T T Y \x’

v

T
o

-l

Figure 8: CAARC standard tall building model.

12
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Floor zone Column members Beam members

1~ 9F W14X550 W30X357
10 ~ 18F W14X500 W30X 326
19 ~ 27F W14X370 W30X292
28 ~ 36F W14X257 W30X261
37 ~ 45F W14X159 W30X221

Table 1: Design of column members and beam members.

Excitation Acting height (m) Acting area (m?)

U (¢) 24 15 x 45
Us(t) 68 45 x 45
Us(t) 112 33.75 x 45
Ua(t) 136 22.5 x 45
Us(t) 156 22.5 x 45
Us(t) 176 11.25 x 45

Table 2: Acting heights and acting areas of 6 excitation forces in the discretization scheme.

4.2 Wind excitation

The along-wind excitation in the Y -direction of the building is considered. In our example
the excitation field is discretized using NV, = 6 excitation forces U, (¢), ..., Un, (t). Theacting
heights and acting areas for this discretization scheme are shown in Table 2, and the discretized
excitation field is schematically shownin Fig. 9.

At agiven point located at height /; from the ground, the wind velocity is

Vi(t) = Vi + (1), (20)
where V; isthe mean wind speed and v; () isthe fluctuating component of the wind velocity.
According to the Hong Kong wind code, the mean wind speed V; (m/s) is given by the power
law [10]:

B o\ 02
vj:41<ﬁ) . j=1,...,N, (21)

The generation of the fluctuating components is carried out by simulation of an N,,-variate
zero-mean stationary stochastic vector process v(t) = [v1(t),...,vy,|" using the spectral rep-
resentation method [11, 12, 13, 14]. In this method, the stochastic vector process is simulated
using its cross-power spectral density matrix

5?1(w) S S?Nu (W)
S%w) = : : : (22)
SR (@) SR, (W)

The cross spectral density matrix S°(w) is modeled by formulas proposed by Davenport in
[15, 16]. Namely, the power spectral density function S;(w) of v;(t), j = 1,..., N,, isgiven
by

VZK? 8ra(w)?
0 _ J
) )P e &
ho

13
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Figure 9: Discretized excitation filed.

600w
a(w) = —,
V1o

where w (rad/s) is the frequency, K = 0.4 is Von Karman's constant, s, = 0.05 m is the

roughness length, and V;, = 19.9 m/sis the mean wind velocity at height of 10 m. The cross-
power spectral density function 5%, (w) of v;(t) and v, (t) is given by

S(w) = /S (W) S (@)vje(w), Gk =1,..., Ny, j#F, (25)

w Cplhj — hy >
21 0.5(V; + Vi) )’

where v, (w) is the coherence function between v, (t) and v,(t), and C), is a constant that can
be set equal to 10 for structural design purposes[10].

To perform the generation of the wind velocity fluctuations the cutoff frequency is taken as
w. = 0.87 rad/s, so that the ratio r. of the neglected power spectrum content over the total
content is less than 10% for all components S7, (w), j,k = 1,..., N,. The frequency step is
set equal to Aw = 7/900, therefore, the period T, = 47/ Aw of the fluctuating wind velocity
components v(t) is3600 s.

(24)

Yik(w) = exp (— (26)

The wind excitation forces U, (), j = 1, ..., N,, can be expressed as follows:
1 2 1 r / 2
Ui(t) = 5p4;V; ()" = 5pA;(Vi +v;(1))%, (27)

where p isthe air density, taken to be 1.2 kg/m?, and A; is the area upon which the discretized
force Uj(t) is assumed to act (see Table 2).
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4.3 Geometric description of the failure domain

From the above chosen parameters, it follows that the number of standard gaussian random
variables involved in the simulation of wind excitation is

N =2X N, X N, =2 X Ny X w./Aw = 8640. (28)

In other words, the failure domain €2 isasubset of a high-dimensional parameter space) c R,
where N = 8640.

In this example we assumethat the displacement response Y'(¢) at the top floor of the building
is of interest. The relationship between the response Y'(¢) and the excitation forces U;, j =
1,..., N, isgiven by

N, %
v =S / 0 (4,7 () dr, (29)
0

j=1

where ¢; (¢, T) isthe response function for Y'(¢) at time ¢ due to a unit impulse excitation for U
at time 7. We assume that the system starts with zero initial conditions, is time-invariant, i.e.,
q;j(t,7) = ¢;(t — ), and iscausdl, i.e., ¢;(t,7) = 0 for ¢ < 7, so that (29) can be rewritten as
follows:

Y (t) = Z / 4t — VU (7) dr. (30)

The required impulse response functions ¢, (), . .., qn, (t) are obtained through N, dynamic
analyses of the established finite element model of the building using the software SAP 2000.

Summarizing the above discussion, the smulation schemeis shown in Fig. 10.

The failure event is defined as the response Y (¢) exceeding in magnitude a specified thresh-
old z* within one hour, i.e., the assumed duration time is7" = 3600 s. This duration time
is conventionally used in wind engineering, for consistence with the duration of actual strong
winds. Thus, in the discrete time formulation, where the sampling time interval is chosen to be
At = 0.01 s and the number of time instantsis N, = T/At = 3.6 - 10°, the failure domain
Q c RY isdefined asfollows:

Ny
Q=J{zeR" : V(i) >}, (31)

Thus, in the space of standard normal random variables, the failure domain €2 is a union of
2N, elementary failure domains: {z € RV : Y (i) > z*} and {z e RV : Y (i) < —2*}, for
i =1,..., N;. Thelimit-state function is given by

g(x) =max{|Y(i)], i=1,..., N;}. (32)

For each samplez € RY adynamic analysisis required in order to evaluate the corresponding
value ¢(z) of the limit-state function. We refer to the total number of such dynamic analyses
(or, equivaently, to the total number of limit-state function evaluations) used in a run of an
algorithm as the total computation effort of the algorithm.
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Figure 10: Simulation scheme.

4.4 Simulation results

Thefailureeventswiththresholdsz; = 1.25m, z; = 1.35 m, and 25 = 1.45 mare considered
in the ssimulation. The corresponding Monte Carlo (MC) estimates of the failure probabilities
arefoundtobepg, = 3.3x1072 (WithCV §; = 5.4%), pa, = 6.8x 1073 (WithCV 4, = 12.1%),
and po, = 1.5 x 1073 (with CV &3 = 25.8%), when using n,c = 10* samples.

The Horseracing Simulation agorithm (HRYS) is applied with n = 500 initial samples. The
total computational efforts (CE) required by the agorithm are CE; = 1000, CE, = 1500, and
CE; = 2000 for pq,, pa,, and pq, respectively. In order to get approximately the same CE,
Subset Simulation is applied with n = 530, n = 540, and n = 710 initial samples respectively.
The obtained mean values of the failure probability estimates and their CV's based on 25 runs
of these algorithms are shown in the Fig. 11 along with the CVs of the Monte Carlo estimates
(with the same CE) for comparison purposes. In thefirst case, when z; = 1.25 m, HRSand SS,
showing approximately the same accuracy and efficiency, outperform MC. In the second case
(25 = 1.35) aswell asin the third case (z; = 1.45) the HRS outperforms SS. The reductionsin
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Figure 11: The CV of estimates obtained by Horseracing Simulation, Subset Simulation and Monte Carlo method.

CV achieved are (65° — 61117%) /655 = 9.3% and (65° — 65175 /655 = 14.4% correspondingly.
Thus, the Horseracing Simulation algorithm clearly outperforms the standard Monte Carlo
Simulation as well as Subset Simulation in the considered rea-life example.

5 CONCLUSIONS

A new advanced stochastic simulation algorithm, called Horseracing Simulation, is proposed
for solving high-dimensional reliability problems. The key idea behind HS is to approximate
the cumulativedistribution function (CDF) of the random variable of interest by empirical CDFs
constructed from specially designed samples. The accuracy and efficiency of the new method
is demonstrated with areal-life wind engineering example.
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7 APPENDIX

Let z; be arandom variable with PDF f, and CDF Fy, and let £ ~ f, be its redization.
Define z; to be a new random variable with conditional distribution fo(z|z > £). In generd, if
¢ ~ fr isaredlization of the random variable z;, define z;,; to be a new random variable with
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conditional distribution fo(z|z > &). This procedure defines a Markov chain zg, z1, . . ., which,
as amatter of fact, is completely defined by the distribution of the random variable z.

Theorem 1. The PDF f; of therandomvariable z;, is

(=DF
k!

fie(z) = fo(2) llog(1 = Fy(2)]* (33)

Proof. We prove this theorem by induction on k. For & = 0 the statement of the theorem is
obvious. Suppose that (33) holdsfor k. Then for £ + 1 we have:

S (2 /fo z|lz > &) fr(§)dE

k/ﬁ h&>ﬂ(@mm—m@n%

1— F()
(=) log(1 — Fy(£))]" dFy(&) (34)
I 0(2)_/ =A@
L (CDE T log(1 = R(E)]d(1 - Fy(€)
= 0(2)_4 1= Fyl€)
= L) og( — Rl
Which proves the theorem. O
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