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Over the past decade, the civil engineering community has ever more realized the importance and
perspective of reliability-based design optimization (RBDO). Since then several advanced stochastic
simulation algorithms for computing small failure probabilities encountered in reliability analysis of
engineering systems have been developed: Subset Simulation (Au and Beck (2001) [2]), Line Sampling
(Schuéller et al. (2004) [3]), The Auxiliary Domain Method (Katafygiotis et al. (2007) [4]), ALIS (Katafygiotis
and Zuev (2007) [5]), etc. In this paper we propose a novel advanced stochastic simulation algorithm for
solving high-dimensional reliability problems, called Horseracing Simulation (HRS). The key idea behind
HS is as follows. Although the reliability problem itself is high-dimensional, the limit-state function maps
this high-dimensional parameter space into a one-dimensional real line. This mapping transforms a high-
dimensional random parameter vector, which may represent the stochastic input load as well as any
uncertain structural parameters, into a random variable with unknown distribution, which represents
the uncertain structural response. It turns out that the corresponding cumulative distribution function
(CDF) of this random variable of interest can be accurately approximated by empirical CDFs constructed
from specially designed samples. The generation of samples is governed by a process of “racing” towards
the failure domain, hence the name of the algorithm. The accuracy and efficiency of the new method are
demonstrated with a real-life wind engineering example.

© 2010 Elsevier Ltd. All rights reserved.

1. Introduction

In reliability engineering our task is to calculate the reliability,
or equivalently the probability of failure, of a given structure
under uncertain loading conditions. The mathematical models of
the uncertain input load x and the structural response g(x) are a
random vector x € RN with joint probability density function (PDF)
7o and a function g : RN — R, respectively. For example, if
the structure is a tall building, the stochastic input may represent
wind velocities along the building height and the response may
represent the roof displacement or the maximum interstory drift
(absolute value) under the given wind load.

Define the failure domain £2 C RV as the set of inputs that lead
to the exceedance of some prescribed critical threshold z* € R, :

2 ={xeRVgx) > z*}. (1)

In the above example the critical threshold z* represents the
maximum permissible roof displacement or maximum permissible
interstory drift and the failure domain £2 represents the set of all
wind loads that lead to the exceedance of this threshold.
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The structural reliability problem is to compute the probability
of failure, given by the following expression:

pr = P(x € 2) :/ o (x)dx

2
= / I ()mo(x)dx = Exy[le] (2)
RN

where I, is the indicator function (= 1if x € £2, = 0 otherwise)
and E,, denotes expectation with respect to the distribution 7.

Throughout this work we assume that we are dealing with
probability integrals (2) in the following context:

1. The computation of probability integral (2) in realistic appli-
cations cannot be performed analytically and can be done
only approximately. A well established methodology (see, for
example, [1]) consists of introducing a one-to-one transforma-
tion 7" between the physical space of variables x and the stan-
dard Gaussian space of variables y and then computing the
probability of failure as pr = fr(:z) N (y)dy, where & denotes
the standard Gaussian joint PDF and 7°(£2) is the image of the
failure domain in the standard Gaussian space. Therefore, with-
out loss of generality, we shall assume that the PDF g is the
N-dimensional standard Gaussian distribution. Thus, itis assumed
that we can evaluate g (x) for any given x and we can generate
random samples from 7q efficiently.
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2. The function Ig(x) is not explicitly known. Although for any x
we can check whether it corresponds to a failure point or not,
i.e., we can calculate the value I (x) for a given x, we cannot
obtain an explicit formula.

3. The computational effort for evaluating I (x) for each value of x is
assumed to be significant, so it is essential to minimize the number
of such function evaluations. In the context of the tall building
example presented later in the paper the last two statements
mean that since the structure is too complex, we cannot directly
predict whether a given wind load will cause failure. The only
way to do so is by performing a dynamic analysis which is itself
computationally demanding.

4, The parameter space RN is assumed to be high-dimensional.
As already mentioned, for realistic applications the reliability
problem has no analytical solution and one has to rely on
a computer to obtain an approximate value of the failure
probability. Any continuous problem must be discretized before
it can be treated computationally, and, thus, the stochastic input
load x is modeled as a random vector in RY. The larger N, the
more precisely this discrete model describes the continuous
random input. In our examples we shall consider N ~ 103-10%.

Among all procedures developed for estimation of pg, a
prominent position is held by stochastic simulation methods [2-7].
In this paper we propose a novel advanced stochastic simulation
algorithm, called Horseracing Simulation, and demonstrate its
accuracy and efficiency with an example involving a tall building
subjected to wind excitation.

2. The basic idea of Horseracing Simulation

Let us start with the discussion of the following auxiliary
problem. Let z be a continuous random variable with PDF f and CDF
F, whose explicit expressions are unknown. Suppose that we can
draw samples from the distribution f. Our goal is, trying to use as
few samples as possible, to approximate F in some neighbourhood
of a given point z* € R. If the point z* is not very far from the
median Z, then we can just draw Monte Carlo samples from f
and use the empirical CDF F@, constructed based on the drawn
samples, as an approximation of F. However, if the probability
p = 1—F(z*)is very small p « 1, then the Monte Carlo method
will require a lot of samples in order to get some information about
F in the neighbourhood of z*. Therefore, since it is essential to
minimize the number of samples, the direct Monte Carlo method
is not applicable in such a case.

Assume now that we can propagate our Monte Carlo samples
towards the important region (the neighbourhood of z*). Namely,
for any sample z©@ ~ f(z) we are able to draw samples from
the conditional distribution f(z]z > z®), for any sample z(V ~
fzlz = z©) we are able to draw samples from the conditional
distribution f (z|z > z1), etc. It can be proven (see Appendix) that
the kth random variable z®, defined by this process, has PDF

_ (—l)k v
fu@) = m f(@) [log(1 = F(2)]". (3)

It is well-known from the importance sampling theory (e.g. see
[8]) that if xq,...,x, are independently drawn from a trial
distribution h and if weights w;/ 2?21 w;, where w; = f(x;)/h(x;),
are assigned to x1, ..., X,, then as n — oo this approach produces
a sample that is approximately distributed according to f,
provided h(x) # 0 whenever f(x) # 0. In standard terminology,
the trial distribution h, the weight w; and the normalized
weight w;/ >, w; are called the “importance distribution”, the
“importance weight” and the “normalized importance weight”,
respectively. Note that if samples x1, ..., x, are not independent
(e.g.,x1, ..., x, are MCMC samples), they still can be used as if they
were i.i.d., although with some reduction in efficiency [9].

So, if ng) e, z,ﬁ’o are independently distributed according to
(k) (k))

the distribution fi, then the weighted samples (z;"”, w;

@, wk), where

*) f(Z,-(k)) 1
w® ™ [0 L
k(z; [log(] —F( ))]

are approximately distributed according to f. Therefore, based on
{2, w®)}I_,, we can update the empirical CDF F© and use it

for the updating of the empirical CDF F® which was constructed

based on Monte Carlo samples {z-(o)}f:]. Note that the importance

weights in (4) depend explicitly olnly on the CDF F that we want to
approximate and do not depend on the unknown PDF f.

The above discussion suggests the following scheme of an
algorithm (which is a prototype of the Horseracing Simulation

algorithm) for the approximation of F.

(4)

HORSERACING SIMULATION SCHEME

I. Sample zio), ...,z,(lo) fromfy = f,
Setk = 0.
II. Construct the empirical CDF F© based on {z”}I_,.
While the stopping criterion C(z*) is not fulfilled do:
IIl. Sample zi(kﬂ) from fo(z | z > zi(k)) foreachi=1,...,n.
IV. Construct the empirical CDF G**D based on {(z*"",
(k+1)\yn
wi )l
V. Update the CDF F® to F&k+D (F® GUk+Dy o pkt1)
Setk =k + 1.Go to IIL.

Of course the steps of this algorithm should be specified and the
stopping criterion C(z*) should be properly chosen. Then, we can
naturally expect that in some neighbourhood of z* we will have

FO ~F. (5)

Before we explain how this scheme can help us to solve the
reliability problem, let us strike some life into the notation and
explain the origin of the name for this algorithm. One can think of
Z1, ...,z as horses participating in a race, where zi(k) denotes the
position of the ith horse at time instant k. The race is over when the
finishing rule given by C(z*) is fulfilled—for example, when one of
the horses (sz)) reaches the finish line (zi(k) > z*).

Let us now relate the Horseracing Simulation scheme to the
reliability problem. Recall that the structural reliability problem
is to compute the probability of failure that is given by (2). The
limit-state function g : RY — R, maps the high-dimensional
parameter space into a one-dimensional real line. This mapping
transforms the high-dimensional random parameter vector x into
a random variable z = g(x), which represents the structural
response. This is shown schematically in Fig. 1.

Let f and F be the PDF and CDF of z respectively. Then the
probability of failure in (2) can be rewritten as follows:

(o 9]
pr= [ f@d=1-rFe. (6)
Z*
If the limit-state function g is continuously differentiable, then

7o (X)
= —d
1@ f{m:g(x)} IVe@) |

where Vg (x) = (dg/dx1, ..., 0g/0x,) is the gradient of the limit-
state function, and integration is carried over the (N — 1)-
dimensional surface {x : z = g(x)}. Although for any given x we can
calculate the value g(x), we cannot obtain any other information
such as an explicit formula for it or its gradient. As a consequence,
neither f nor F is known explicitly. Hence, the limit-state function

v, (7)
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Fig. 1. Dimension reduction induced by the limit-state function.

allows us to shift the difficulty of the reliability problem from
geometry (in (2) we have to calculate the high-dimensional
integral over a complex domain that is only known implicitly)
to probability ((6) is just a one-dimensional integral, but of an
unknown function); see Fig. 1.

Thus, in order to use (6) for failure probability estimation one
should find an approximation of the CDF F of the random variable
z. In the rest of this paper we shall show how the Horseracing
Simulation scheme can be successfully used for this purpose.

3. Implementation issues

In this section we discuss the details of the proposed
Horseracing Simulation scheme in the context of the reliability
problem.

3.1. Sampling

According to step I of the scheme, we have to sample from
the distribution f, = f. In other words, we have to define the
initial positions of the horses participating in a race. Although
the distribution f; is unknown, it is very simple to get a sample
from it. Namely, Monte Carlo samples x(o) .. ,x,(qo) ~ 19, being
transformed by the limit-state function, w1ll automatically provide
independent samples from fy:

7" =g ....z0 = g() ~ fo. 8)
Based on these samples F(© is constructed, according to step II.

Next, according to step Il of the Horseracing Simulation
scheme, we have to sample from fy(z|z > zi(k)), where sz) ~ f
i.e., we need to find the position of the ith horse at time k + 1.
The main idea is the same as in step 1: to sample in the high-
dimensional parameter space and then apply a transformation,
generated by the limit-state function.

Let xgk) be one of the previously generated samples, that

corresponds toz ", i.e., g(x') = ™. Define the subset 2w CRY
as follows: 1
K
20 ={xeR" | gx) =2} 9)
1
Note that x(k) belongs to the boundary of £2 20, ie., x € 082 20

It is clear that if x is sampled from the condltronal distribution
mo(x|x € sz"))' then z = g(x) is automatically distributed
according to fo(z|z > z(k)) So, the problem of sampling from
fo(zlz = z(‘)) reduces to that of sampling from 77y (x|x € 2 (k)) The

latter task can be done by using the modified Metropolis— Hastmgs
(MMH) algorithm [2].
LetR « denote the half-line in front of zi(k),

B =g(2,0) ={zeR|z>2zY), (10)

t=0 eooe ooon(O)
@
t=1 XX YY) .Zz(,z)

t=kFk oounoooooZg

(k) S
“i
Fig. 2. Conditionally distributed samples.

and Z(f,f) denote the set of all horse positions at a given time t,

K.

where t=0,1,...,k whichare in front of z

t ¢
Zw =g )}}’=1 NR,w
i 1

=iz 1" >z" j=1.....n), t=0,... k (11)

All samples from Z ((k) are distributed according to the conditional

l
distribution f;(z|z > zi(k)). Therefore, the weighted samples
© () (t) (9]
{7 w) |z € Z<k)} where

(t) fO(Z(t)) 1
w; o' T
f[(l ) [10g(1 - F(Zj(t)))]

are approximately distributed according to the conditional distri-
bution fy(z|z > zi(k)). Note that instead of the unknown CDF F in
(12) we can use its approximation F®, obtained in step V (or in
step Il when k = 0) of the scheme. So, at time k we have k + 1 sets
of weighted samples approximately drawn from the conditional
distribution fy(z|z > zi(k)). These sets are schematically shown in
Fig. 2. Note that the size of these sets is a non-decreasing function
of t. Also note that some of the earlier sets, i.e., sets corresponding
to lower values of t, may be empty.

The following algorithm can be used for sampling from
folzlz = z°):

(12)

SAMPLING ALGORITHM

1. Select Z (tO) from Z (f,f), t = 0, ..., k with probabilities propor-
tional to the sample sizes, i.e. set Z (f,‘f)) =7 (fk)) with probability
—)((,O/Zr Ox(fk)),wherex((ﬁg _|Z(<k)|andt_0 k.

l
2. Select z( ) from Z(f,‘j)) ={z (t‘)), ces z([")} s = x((,?)) with proba-

Js
bilities proport10r1a1 to the weights given by (12), i.e. set zj(ot") =

zﬁto} with probability p,, = w-(t")/ ) (t"), m=1,...,s
3. Take the previously generated sample x( 0) , which corresponds

to z("), ie g(x -(t")) = ([0) , and perform the MMH update
(fo)
Xjo

4. Setz*V = g(%).

I

— X with invariant drstrrbutron mo(x|x € 2 (k))
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Fig. 4. The zeroth approximation.

(to)

The way in which we select z; ** guarantees that it is distributed

according to fy(z|z > z,-(")). Therefore, the corresponding sam-
ple XJ%O) has conditional distribution mo(x|x € Qz(k)). Since the
i

MMH update preserves the invariant distribution, X has distribu-
tion mo(x|x € Qz(k)) as well. From the latter, in turn, it follows that
i

zi(kH) = g(®) is distributed according to fo(z|z > zi(k) ). The pro-

posed sampling algorithm is shown schematically in Fig. 3.
Recall thatin Subset Simulation [2], we generate a Markov chain
() (2), ... with stationary distribution my(x|x € .in*), where

X, X

$2; is the so-called “intermediate” failure domain, 27 = {x €
RN|g(x) > z''},z} < z*.The corresponding sequence of z-samples,

fk) = g(xgk) ), is, in general, not monotonically increasing, i.e. it
may not be true that z(kH) > zl-(k) for all k. The latter, in fact,
is a desirable property, since we want to reach the target failure
domain 2 C £ 2+ as fast as possible. In Horseracing Simulation,

the sampling algorithm guarantees that z(kH) > z( ) ,i.e., itensures

that the corresponding generated x- samples propagate forward,
towards the failure domain. This comprises the main feature of
Horseracing Simulation. This makes it potentially advantageous
over Subset Simulation where at a given step samples are allowed
to move backwards, away from the failure domain.

3.2. Construction of the empirical CDF and its updating

In step II of the Horseracing Simulation scheme, we have to
construct a zeroth approximation F® of the CDF of interest F,
based on the Monte Carlo samples z(o), .. .,zéo) ~ fo. For this
purpose we use the following piecewise linear approximation:

)
i—1/2 1 zZ—z
0) _ ) O
FP() = o L poL forz ez, 2,1, (13)
Ziy1 — 4
wherei = 1, ,n — 1. The samples z<0), .. (0) are assumed

to be ordered in (13) such that z(o) < 22(0)’ < z,,o) The zeroth

approximation F® is shown in Fig. 4. Note that F© is not defined
forz € (—o0, zlo)) U (z(o) 00).

Next, in step IV we construct the empirical CDF G**V solely
based on the weighted samples {(z(k’q) (k+l))}“ .If the weights

{w P} are given, then we can define the empirical CDF G+

1
1P (max; £ A Fe(ft)(z>
n—jo+2
F® (max; )
0 ; o
z](ffll) max; zl@ z§§+1) 28D

Fig. 5. Extrapolation of F¥),

in a similar way to the zeroth approximation:

1
(k+1) (k+1)
E w; + 5 w;

j=1
wkED (D 7 — kD

i i+1 i
+ 2 ’ Z(k+1) _ Z(k+1)’ (14)
i+1 i

G(k+1)(z) —

forz € [Zgl<+1) SktD)

i s “i+1
k+1
( 1 are assumed to be ordered in (

(kH), , < 28"V Note that if all weights are equal, i.e., w;

]/n then(l4 ) reduces to (13).
Also, note that G**D is defined only over the interval

[min; z(kH) max; z(k’H)] while F® is defined over the interval

[min; zi(o) ( ) < min; z (k“) and max; z( ) <

max; z*". The objectlve here is to combine the information con-
tained in G**? with that contained in F® to produce an updated
empirical CDF F**tV, which is defined over the extended interval
[min; z( ) max; z(k“)].

In order to use (14), the weights w!*", ..., w*" should be
calculated. Since the samples z(kﬂ), ce, (k“) are approximately
distributed according to fi 1, therr weights are given by (12), where

= k + 1 and F is replaced by its approximation F®, obtained
in step V (or in step Il if k = 0). However, the approximation

F®, which was constructed using samples {(z\", ..., z\")}*,, i
defined only for z € [min; z ©
the weights of the “fastest” horses ie. ofz
( )

(k+1)

landi = 1,...,n — 1. The samples z;

4), such that 2"V <

(k+1)

i
max; z (‘) ] where min; z

max»z.(k)] So, in order to calculate

®D such that 2V >

(k)

max; z;, we have to extrapolate F¥ on the interval [max;z;",
max; z (k'H)] Thus, the weights w(k“), R w,(qkﬂ) are defined as
follows:
1
, if 2" < maxz™;
[(aR)N L i
k1) log(1 —F® ("))

w; 0 1 (15)

o (k1) Q)

-,

k+1
[tog(1 = F 2" |

where F¥) is the extrapolation of the CDF F¥. According to the
notation introduced in the sampling algorithm, x< + )(k) is the

number of samples {z(k“)} . , that are larger than max; z ( ) Let

2%V be the smallest of such samples,z.(k“) = mini{z € Z(kﬂ)(k) }.
Zio Jo max; z;

Then, the extrapolation of the CDF F® is defined as the piecewise
linear function shown in Fig. 5. Note that X("H)(k) =n—jo+ 1
%

Finally, in step V we update the CDF F®, using new information
provided by G**?, and construct a new approximation F®+V of

the CDF F. Suppose, for convenience, that the samples z(t) e zr(,t)
are ordered for eacht = 1, , k + 1 as follows:

20 <z <. <20, (16)
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The CDF G**+V is not defined on the interval [z\”, z**"). This
means that at time t = k 4+ 1 we do not get any new information
about the CDF F on this interval relative to the information
available at time t = k. Therefore, F**D(z) = F®(z) forz e
[250), z§k+1)). On the interval [zikH), 291, the approximation F®
is constructed using k + 1 sets of samples {z,-(o)}ff’:], R {zi(k)}ff’:],
while the approximation G**1 is based on only one set {z*" "}, .
Therefore, it is natural to define a new approximation F &+ (z) =
((k + DF®(2) + ¥V (2))/(k 4 2), for z € [z, 2], Using
this line of reasoning, we define the new approximation F**? as
follows:

F(k+l)(z)
F®(2), forz € [zgo),zikﬁ));
k+ DF®(z) + G*D(z
(k+ 1DFY () + ( )’ forz e [ngﬂ)’zr(]m];
k+2
kF®(z) + G (z)
© (M.
— P s forz e (z;”7,2,”]; (17)

L
Y@ + @) forz € (%, 20);
) n L

2
G+ (2), forz e (zV, 2V,

Since some of the weights in (15) are calculated using the
interpolation function F., the CDF G**V does not approximate
F sufficiently well. More precisely, G¥*V can be decomposed as

follows:

k k
G =G+ G (18)

where G(Fk“) is an approximation of F and cg’;j” is a perturbation

due to the slightly incorrect weights. Therefore, F**V  given by
(17), approximates not exactly F, due to the perturbation term

GV Note that the norm [|GX || is a decreasing function of

“‘H)(k): the less the number of samples with weights calculated
max; z;
with F;,'ft) in(15), the smaller the norm || Ggi:rl) |I. So, if the number of
such samples is relatively small, which is the case in applications,

we can assume that the norm || Ggi:r]) || is sufficiently small. In order
&+ we propose the

to completely eliminate the influence of G,,;
following iterative updating algorithm:

UPDATING ALGORITHM
1. Sets=1,e =1,
Set H; to be equal to the right-hand side of (17).
While the error ¢ > g do the following:
2. Recalculate the weights {wi(kH)}l” ; using (18) with H; instead
of F¥ and F{Y).

3. Recalculate G**V using (14) with new weights.
4. Set H, 1 to be equal to the right-hand side of (17).
5. Calculate the error:
Hg11(z) — Hs(z
£=  max { % } . (19)
2L — K@
Sets=s+ 1.
End while

6. Set Fk+1) = H,.

The error ¢, defined in (19), describes the relative change in two
successive iterations Hs; and Hsyi. Note that ¢ is more sensitive
to the changes in the important region, where Hs is close to 1.
When this error is smaller than some prescribed threshold &g (in
the latter example the value ¢g = 0.01 is used), we take the last
H, as the new approximation F*+1 of the CDF F. As follows from

the updating algorithm, the CDF F**V (z) is a linear combination of
two previously obtained CDFs, F*t1(z) = a1 (2)F® + a5 (z) G*HD,
where o1(z) + a2(z) = 1 for all z. By the strong law of large
numbers, the empirical CDFs F® (z) and G**V(z) converge to F(z)
as n — oo almost surely, for every value of z [10], and, therefore,
so does Fk+1 (7).

3.3. The stopping criterion

The stopping criterion C(z*) plays a very important role in the
Horseracing Simulation algorithm. As was already mentioned, one
of the possible choices for C(z*) is the following rule: the race is

over when at least one of the horses (zi(k)) reaches the finish line

(zi(k) > z*). The main advantage of this rule is that it allows one to
obtain the estimate of the failure probability po = 1 — F(z*) with
the minimum possible computation effort (as soon as we reach
the threshold z* we stop the algorithm). However, this rule has a
serious drawback: the estimate may be very inaccurate. Indeed, if,
for instance, pr = 0.01 and we use n = 100 samples, then on
average 1 out of 100 Monte Carlo samples z%o), R z,(,o) will be a
failure sample. In this case, the estimate for the failure probability
will have coefficient of variation § = /(1 — pg)/npr ~ 1.

Another natural candidate stopping criterion is the following
rule: the race is over when r% of horses reach z*. For a target
probability level of 1072-10~>, choosing r = 10% is found to yield
good efficiency.

The Horseracing Simulation algorithm is summarized in Fig. 6.

4. An example

In this section we demonstrate the efficiency and accuracy of
the Horseracing Simulation algorithm with a real-life example
which is taken from [7].

4.1. The CAARC standard tall building model

We consider an along-wind excited steel building as shown in
Fig. 7, which has the same geometric shape as the Commonwealth
Advisory Aeronautical Research Council (CAARC) standard tall
building model [11]. A 45-story, 10-bay by 15-bay rectangular
tubular framework is used to model this building. With story
height of 4 m and bay width of 3 m, the building has a total height
of 180 m and a rectangular floor with dimension 30 m by 45 m.
Each floor is assumed to be rigid and has a lumped swaying mass of
6.75 x 10° kg and a rotational mass moment of inertia of 1.645 x
10® kg m? at the geometric center of the floor. The members of
beams and columns have standard AISC steel sections, and the
details of the design are presented in Table 1. With the above
configurations, the established building model has the following
first three modal frequencies: 0.197, 0.251 and 0.422 Hz.

4.2. Wind excitation

The along-wind excitation in the Y-direction of the building is
considered. In our example the excitation field is discretized using
N, = 6 excitation forces U; (t), . .., Uy, (t). The acting heights and
acting areas for this discretization scheme are shown in Table 2,
and the discretized excitation field is shown schematically in Fig. 8.

Table 1
Design of column members and beam members.

Floor zone Column members Beam members
1-9F W14X550 W30X357
10-18F W14X500 W30X326
19-27F W14X370 W30X292
28-36F W14X257 W30X261
37-45F W14X159 W30X221
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Fig. 6. Horseracing Simulation algorithm.

Table 2
Acting heights and acting areas of six excitation forces in the discretization scheme.
Excitation Acting height (m) Acting area (m?)
. Ui (t) 24 45 x 45
T B Up(t) 68 45 x 45
Rl Us(t) 112 33.75 x 45
:: Uy (t) 136 22.5 x 45
3 Us(t) 156 22.5 x 45
b} Us(t) 176 11.25 x 45
(]
B
by
o
K
E 180 =
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] 160
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Fig. 7. CAARC standard tall building model. 0 20 40
X

At a given point located at height h; from the ground, the wind ) o o
velocity is Fig. 8. Discretized excitation field.
Vi) = Vj + vi(t), (20)  process v(t) = [v4(t), ..., vy,]" using the spectral representation
method [13-16]. In this method, the stochastic vector process is

where \_/] is the mean wind speed and v;(t) is the fluctuating . ol : 8
simulated using its cross-power spectral density matrix

component of the wind velocity.
According to the Hong Kong wind code, the mean wind speed

\_/j (m/s) is given by the power law [12] 5?1 (@) ... S?Nu (w)
) B\ 025 $%(w) = . (22)

i =41 (18’0) , J=1..., Ny (21) Sw1(@) . Sy, (@)
The generation of the fluctuating components is carried out by The cross-power spectral density matrix S°(w) is modeled by

simulation of an N,,-variate zero-mean stationary stochastic vector formulas proposed by Davenport in [17,18]. Namely, the power
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Fig.9. Simulation scheme.

spectral density function SJ? (w) of vj(t),j = 1,..., Ny, is given by
V2K?2 8ra(w)?
SNw) = —2 , 23
N
0
600w
aw) = ——, (24)
Vi

where o (rad/s) is the frequency, K = 0.4 is Von Karman’s
constant, hyp = 0.05 mis the roughness length, and Vi = 19.9m/s
is the mean wind velocity at the height of 10 m. The cross-power
spectral density function Sj(,l(a)) of v;(t) and v (t) is given by

Sp(@) = /SN (@)SY(@)yi(@), Jjk=1,....Ny,j#k  (25)

o Gilhi — hyl
y]k(a)) = exp <_ u) ,

— =—— (26)
27 0.5(V; 4 V)

where yj(w) is the coherence function between v;(t) and vi(t),
and Cj, is a constant that can be set equal to 10 for structural design
purposes [12].

To perform the generation of the wind velocity fluctuations the
cutoff frequency is taken as w, = 0.87 rad/s, so that the ratio r.
of the neglected power spectrum content over the total content
is less than 10% for all components Sj(,)((a)),j, k = 1,...,N, The
frequency step is set equal to Aw = 7 /900; therefore, the period
T, = 4m /Aw of the fluctuating wind velocity components v(t) is
3600 s.

The wind excitation forces Uj(t), j =
expressed as follows:

1,...,Ny, can be

1 1 _
Ui(t) = Eijvj(t)2 = S AV + vi(0))?, (27)

where p is the air density, taken to be 1.2 kg/m?, and A;j is the
area upon which the discretized force U;(t) is assumed to act (see
Table 2).

4.3. Geometric description of the failure domain

From the above chosen parameters, it follows that the number
of standard Gaussian random variables involved in the simulation
of the wind excitation is

N=2x Ny, XN, =2Xx Ny, X o:/Aw = 8640. (28)

In other words, the failure domain £ is a subset of a high-
dimensional parameter space £2 C RN, where N = 8640.

In this example we assume that the displacement response
Y (¢t) at the top floor of the building is of interest. The relationship

between the response Y (t) and the excitation forces U;, j = 1,
..., Ny, is given by

Ny )
(CEDY / g(t, T)Uj(r)dr, (29)
j=170

where ¢;(t, ) is the response function for Y (t) at time t due to a
unit impulse excitation for U; at time 7. We assume that the system
starts with zero initial conditions, is time invariant, i.e., g;(t, ) =
qj(t — 7),and is causal, i.e., gj(t, T) = O for t < 7, so that (29) can
be rewritten as follows:

Ny t
Y(t) = Z/ qi(t — T)Uj(7)dr. (30)
j=10

The required impulse response functions q;(t), ..., qn,(t) are
obtained through N, dynamic analyses of the established finite
element model of the building using the software SAP 2000.

Summarizing the above discussion, the simulation scheme is
shown in Fig. 9.

The failure event is defined as the response Y(t) exceeding
in magnitude a specified threshold z* within one hour, i.e., the
assumed duration time is T = 3600 s. This duration time is
conventionally used in wind engineering, and is consistent with
the duration of actual strong winds. Thus, in the discrete time
formulation, where the sampling time interval is chosen to be
At = 0.01 s and the number of time instants is Ny = T/At =
3.6 - 10°, the failure domain £2 C R is defined as follows:

Nt
2=J{xer": v >z} (31)
i=1
Thus, in the space of standard normal random variables, the failure
domain £2 is a union of 2N; elementary failure domains: {x € R :
Y(i) > z*}and {x € RN : Y(i) < —z*},fori = 1,...,N;. The
limit-state function is given by

gx) = max{|Y()|,i=1,...,N}. (32)

For each sample x € RM a dynamic analysis is required in
order to evaluate the corresponding value g(x) of the limit-state
function. We refer to the total number of such dynamic analyses
(or, equivalently, to the total number of limit-state function
evaluations) used in a run of an algorithm as the total computation
effort of the algorithm.

4.4. Simulation results

The failure events with thresholds zj = 1.25m,z; = 1.35m,
and zj = 1.45 mare considered in the simulation. The correspond-
ing Monte Carlo (MC) estimates of the failure probabilities are
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Fig. 10. The CV of estimates obtained by Horseracing Simulation, Subset Simulation
and the Monte Carlo method.

found to be pr, = 3.3x 1072 (withCV §; = 5.4%),pr, = 6.8x 103
(with CV §; = 12.1%),and p, = 1.5 x 1073 (with CV §3 = 25.8%),
when using nyc = 10% samples.

The Horseracing Simulation algorithm (HRS) is applied with
n =500 initial samples. The total computational efforts (CE)
required by the algorithm are CE; = 1000, CE, = 1500, and
CE3 = 2000 for pf,, pr,» and pg, respectively. In order to get
approximately the same CE, Subset Simulation is applied with
n = 530, n = 540, and n = 710 initial samples respectively. The
mean values obtained for the failure probability estimates and
their CVs based on 25 runs of these algorithms are shown in
Fig. 10 along with the CVs of the Monte Carlo estimates (with
the same CE) for comparison purposes. In the first case, when
z{ = 1.25m, all three methods show approximately the same
accuracy and efficiency. In the second case (z; = 1.35) as well as
in the third case (z = 1.45), HRS outperforms SS. The reductions
in CV achieved are (85° — 85%)/85° = 9.3% and (85 — 84%)/85° =
14.4% respectively.

Thus, the Horseracing Simulation algorithm clearly outper-
forms the standard Monte Carlo simulation as well as Subset
Simulation for the example considered.

5. Conclusions

A new advanced stochastic simulation algorithm, called
Horseracing Simulation, is proposed for solving high-dimensional
reliability problems. The key idea behind HS is to approximate the
cumulative distribution function (CDF) of the response random
variable of interest by empirical CDFs constructed from specially
designed samples. The accuracy and efficiency of the new method
are demonstrated with a wind engineering example.
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Appendix

Let zo be a random variable with PDF f; and CDF Fy, and let
& ~ fo be its realization. Define z; to be a new random variable

with conditional distribution fy(z|z > £&). In general, if ¢ ~ f; is
a realization of the random variable z;, define z,; to be a new
random variable with conditional distribution fy(z|z > &). This
procedure defines a Markov chain zg, z1, ..., which, as a matter
of fact, is completely defined by the distribution of the random
variable z;.

Theorem 1. The PDF f; of the random variable z; is

(_ -l)k

f@) = —7=fo(@) llog(1 = R 21" (33)
Proof. We prove this theorem by induction on k. For k = 0 the
statement of the theorem is obvious. Suppose that (33) holds for k.
Then for k 4+ 1 we have

firn(@) = / fol@lz = £)fi(E)de
LD [ @kl > £) .
- RS los — Rt e

—1)k z [log(1 — F, k dF,
_ ( !)fo(z)[ [log( o(EN]*dFo(8)

k 1—Fy(§)
_(=pk! * [log(1 — Fo()]*d(1 — Fo(§))
= fo(2)
! o 1—Fo(&)
(_1)k+l
= G yro@ log( = Ro@)T (34)

which proves the theorem. O
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