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ABSTRACT
A slope % is called a characterizing slope for a given knot Ko C S if whenever

the %—surgery on a knot K C S? is homeomorphic to the %—surgery on Kp via an

orientation preserving homeomorphism, then K = Ky. In a previous paper, we showed
that, outside a certain finite set of slopes, only the negative integers could possibly be
non-characterizing slopes for the torus knot 75 2. More explicitly besides all negative
integer slopes there are 247 slopes which were unknown to be characterizing for 75 2,
including 89 nontrivial L-space slopes. Applying recent work of Baldwin—Hu-Sivek, we
improve our result by showing that a nontrivial slope B is a characterizing slope for 75 2

if p > —1and 2 ¢ {0,1 :I:2 ,+1 } In particular every nontrivial L-space slope of T5 2

is Characterlzmg for Tk 2. More exphcltly this work yields 121 new characterlzmg slopes
for T5 2. Another interesting consequence of this work is that if a nontrivial 7—surgery

on a non-torus knot in S3 yields a manifold of finite fundamental group, then \p\ > 9.
Keywords: Dehn surgery; characterizing slopes; T5 2; L-spaces.

Mathematics Subject Classification 2020: 57K18, 57K30

1. Introduction

For a knot K C S? and a slope £ € QU{l/O} let 53 ;1) be the manifold obtained

by the E-surgery on K. A slope 7 is said to be chamcterizmg for a given knot
Ko C S? if whenever Sg/q(K) &= Sz/q(Ko) for a knot K C S3, then K = K. Here,

stands for an orientation preserving homeomorphism. Obviously the trivial
slope % is never characterizing for any knot.

*Corresponding author.

2350023-1


https://dx.doi.org/10.1142/S0218216523500232

Y. Ni & X. Zhang

A long standing conjecture due to Gordon states that all nontrivial slopes are
characterizing for the unknot. This conjecture was originally proved using Monopole
Floer homology [I], and there were also proofs via Heegaard Floer homology [2] [3].
Based on work of Ghiggini [4], Ozsvéth and Szabd [B] proved the same result for
the trefoil knot and the figure-8 knot. To date, the unknot, the trefoil knot and the
figure-8 knot are the only knots for which it is known that all but finitely many
slopes are characterizing.

The next simplest knot is the torus knot 75 5. It is reasonable to expect that all
nontrivial slopes are characterizing for 75 2. It is proven in [6l, Theorem 1.4] that a

nontrivial slope § is characterizing for T5 o if it belongs to the set

{73 SE 33} U {73 < —6,1p| > 33.]q] > 2} U {13,|q| > 9}
q q q
p
o {Zlal23.2.< o) < 20— 3
1 1 1
oo 10,228 2 31 )

In addition by [7, Theorem 1.6] the slopes 8 and 12 are characterizing for T5 2. It
also follows from known results that the slopes 17/2 and 23/2 are characterizing for
T5 2. Indeed let p/q represent 17/2 or 23/2 and assume that Sg/q(K) = Sg/q(Tg),g),
then since by [§] S;’ /q (T5,2) is a Seifert manifold with finite non-cyclic fundamental
group, K cannot be a hyperbolic knot by [7, Theorem 1.3] or a satellite knot by [9]
Corollary 1.4; [10l Theorem 7 and Table 1]. Hence K is a torus knot in which case
one can easily see that K = T5 2 by applying [8, Proposition 3.1].

To give an explicit counting of the slopes which were unknown to be characteriz-
ing for T 2 (before the current work), we identify each slope p/q € QU{1/0} (where
we may assume ¢ > 0, and p, ¢ are relative prime) with the point (p, ¢) in the upper
half zy-plane. Then the set of slopes which were unknown to be characterizing for
T2 is the set of green colored points in the upper half zy-plane as illustrated in
Fig. Ml All these points are located in the region enclosed by the purple colored
curve and the part of the z-axis from —oo to 32 (the rest of the slopes in this region
are red colored points). To be exact, this set of slopes is the union of the following
nine mutually disjoint subsets:

(1) All negative integer slopes;

(2) {p|pef0,...,7FU{13,...,32}} (28 of them);

(3) {p/2|podd and p € {-31,...,15}U{25,...,31}} (28 of them);

(4) {p/3|gcd(p,3)=1,p# —2o0r2,and pe {-32,...,—1}U{l,...,26}} (38 of
them);

(5) {p/4|podd and p € {-31,..., =7} U{7,...,31}} (26 of them);

(6) {p/5|gcd(p,5) =1and p € {-32,...,—-8} U{8,...,32}} (40 of them);

(7) {p/6|gcd(p,6) =1and p € {-35,...,—11} U{11,...,31}} (17 of them);
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(8) {p/7|gcd(p,7) =1 and p € {—41,...,—-12} U{12,...,32}} (44 of them);
(9) {p/8|podd and p € {—47,...,—15} U{15,...,31}} (26 of them).

So besides all negative integer slopes, there are 247 nontrivial slopes which were
unknown to be characterizing for 75 ».

Recall that a rational homology 3-sphere Y is an L-space if the rank of its
Heegaard Floer homology ET-I\T(Y) is equal to the order of Hy(Y';Z). We call a slope
of aknot in S2 an L-space slope of the knot if the corresponding surgery on the knot
with the slope yields an L-space. For the knot T5 o, its L-space slopes are exactly
those slopes which are greater than or equal to 3 = 2¢(752) — 1. From Fig. [Il we
see that for the knot 75 o, there are 89 L-space slopes which were unknown to be
characterizing before this paper.

In this paper, we further narrow down the range of possible non-characterizing
slopes for 75 2. Our main result is the following theorem.

Theorem 1.1. A nontrivial slope £ is characterizing for Ts if% > —1 and

q
141
From this theorem, we get 121 new characterizing slopes:

(2) {plpe{2,...,7}U{13,...,32}} (26 of them);

(3) {p/2|podd and p € {3,...,15} U{25,...,31}} (11 of them);
(4) {p/3|gcd(p,3)=1and p € {4,...,26}} (16 of them);

(5) {p/4|podd and p € {7,...,31}} (13 of them);

(6) {p/5|gcd(p,5) =1and p € {8,...,32}} (20 of them);

(7) {p/6|gcd(p,6) =1 and p € {11,...,31}} (8 of them);

(8) {p/7|ged(p,7) =1and p € {12,...,32}} (18 of them);

(9) {p/8|podd and p € {15,...,31}} (9 of them).

Tt follows that all the slopes represented by green colored dots in Fig.[Il which lie
on the right-hand side of the line z = y are actually characterizing. It also follows
that all nontrivial L-space slopes of Ty 2 are characterizing.

Corollary 1.2. If a nontrivial p/q-surgery, with |p| <9, on a nontrivial knot K
in 83 produces a manifold of finite fundamental group, then K is one of the torus
knots T5 1o and Tk +o.

Proof. When SZ’/Q (K) has cyclic fundamental group, i.e., when it is a lens space,
K cannot be a hyperbolic knot [I1] Theorem 1.6] or a satellite knot [12 Corollary 1]
(note that |p| is the order of the lens space). Hence K is a torus knot 7 ;. Now it
can be deduced from [8, Propositions 3.1 and 3.4] that p/g-surgery on a nontrivial
torus knot T gives a lens space if and only if p = gst = 1. So 9 > |p| > |¢st| — 1
from which one can easily see that T ; is one of T5 12 and T5 +2.

When S;’ /q(K ) has finite but non-cyclic fundamental group, by changing K to its
mirror image, we may assume that p/q is positive. It is shown in [I3] Theorem 2]
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(Color online) Green colored dots are slopes which were unknown to be characterizing

Fig. 1.

for Tk 2.
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and its proof that either K is T2 or T52 unless p/¢ = 7 or 8 and S;’/q(K) is
homeomorphic to Sg/q(Tg),g).

In case of p/q = 7, we may apply [I4, Table 3 and Theorem 1.2] to see the
homeomorphism from S2(K) to S3(7T52) must be orientation preserving. Now we
can apply Theorem [[T] to conclude that K = T5 ».

In case of p/q = 8, we may apply [7, Theorem 1.6] to conclude that the
homeomorphism from Sg(K) to S3(T52) must be orientation preserving and
K = T572. O

The bound nine in Corollary [[L21appears to be the best one could get for hyper-
bolic knots in S with the current techniques. The 10-surgery on Ty 3 gives a mani-
fold with finite non-cyclic fundamental group, and the current techniques could not
rule out the possibility that the same surgery on a hyperbolic knot with the same
knot Floer homology as T} 3 yields the same manifold. Conjecturally on a hyper-
bolic knot K in S? if a nontrivial %—surgery yields a manifold of finite fundamental
group, then |p| > 17, a bound which can be realized on the (—2, 3, 7)-pretzel knot.

Our proof of Theorem [I.1] given in the next section, is mainly based on our
earlier work [6] and a recent paper of Baldwin-Hu-Sivek [I5].

Characterizing slopes for general torus knots have been studied in [6] [16H18].

2. Proof of Theorem [1.1]

~

The strategy of the proof of Theorem [l is as follows. Suppose that Sg/q(K) =

S5 4(T5,2) for some slope 2

work [6], we can conclude that the knot Floer homology HFK (K) of K is the same
as the knot Floer homology of T5 2. Hence K is a fibered knot by [19]. By a recent
paper of Baldwin-Hu-Sivek [I5], the monodromy of K is the lift of a map of the
disk to the two-fold branched cover of the disk branching over five points. Hence
K has an order-2 symmetry, which allows us to use results on Dehn surgeries on
periodic knots to determine K.

For a knot K in S3, Ag (T) denotes the symmetric Alexander polynomial of K.
The following theorem and remark are [0, Theorem 4.1] and the remark after the
proof.

in the range stated in the theorem. Using our earlier

Theorem 2.1. Suppose that S}, (K) = S}, (Is2) for a knot K C S° and a

nontrivial slope 2—7. Then one of the following two cases happens:
(1) K is a genus (n+ 1) fibered knot for some n > 1 with

Ag(T) = (T 1=y o 7= (T 4 TV (T + T — 1.
(2.1)

(2) K is a genus 1 knot with Ax(T) = 3T — 5+ 3T~ L.

2350023-5
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Moreover, if

Pe {1—9 > 1}u{73 < —6,q| 22},
q q q
then the number n in the first case must be 1.

Remark 2.2. We have the following addendum to Theorem 2Tk

(a) If p is even, then (Case 2) of Theorem 2] cannot happen and in (Case 1) of
Theorem 2.1l the number n must be odd.

(b) If p is divisible by 3, then (Case 2) cannot happen and in (Case 1), the number
n is not divisible by 3.

The following result is implicitly contained in [6] Sec. 4.1]. Background informa-
tion about Heegaard Floer homology can be found in [6, Sec. 3]. In particular, we
will use the invariants V;(K) which are nonnegative integers capturing the Z[U]-
module structure of the knot Floer chain complex. They are related to another
sequence of integers

ti(K) = Z @455
j=1

where a; are the coefficients of Ag (T') = > a;T7.

Proposition 2.3. Suppose that S;’/q(K) = Sg/q
P

nontrivial slope 7> 1. Then

(Ts2) for a knot K C S3 and a

HFK(S3 K) = HFK(S3, Ts.), (2.2)
as a bigraded group.
Proof. In [, Sec. 4.1}, it is proved that Ax = Ag,, and Vo(K) = Vi (K) = 1. By
[6, Proposition 4.2],

ts(K) = Vs(K) + rankHyeq (A7).
Since to(K) =t1(K) =1 and t5(K) = 0 when s > 1, we have

Hyeq(AT) =0, whenever s > 0.

So H.(AT) = Z[U,U/UZ[U] for every s > 0. By the large surgery formula [20,
Theorem 4.4], K admits an L-space surgery when the surgery slope is sufficiently
large, so K is an L-space knot. Since A = Ar, ,, using the fact that the knot Floer
homology of an L-space knot is completely determined by its Alexander polynomial

[21, Theorem 1.2], we get [22]). m|

Remark 2.4. In [6l Proposition 4.7], it is proved that if £ < —6 and |q| > 2,
then Ag = Ar, ,. However, we cannot conclude that (Z2) holds. Algebraically, it is

possible that HFK (S3, K, 1) has rank 3, while HF*(S3, (K)) = HF*(S3, (T5 ).
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For any hyperbolic knot K in S3, a result of Gabai and Mosher [22] states that
the complement of K contains an essential lamination A which has an associated
degeneracy locus d(\) in the form of d(\) = 2, (m,n) € Z*\{(0,0)}, such that if

n’

A (Z.d) = fpn il > 2
q

then \ remains an essential lamination in S}, (K). Since S7,(K) = S* does not
contain any essential lamination, it follows that d(A) = m/0 or m/1. Furthermore
we have the following two facts.

Fact (i). If A(L,d(})) = 3, then S;’/q(K) is an irreducible, atoroidal and non-Seifert
fibered manifold [23, Theorem 2.5].

Fact (ii). If K is fibered and d(\) = m/1 where A is the stable lamination of K,
then |m| > 2 [24], Theorem 8.8]. (Another proof of this was given in [25]).

We remark in passing that when K is a hyperbolic fibered knot, A is the stable
lamination of K, and d(\) = m/n, then

n/ged(m,n)
m/ged(m,n)’
is the fractional Dehn twist coefficient of the monodromy of K [26, Sec.[].

Proposition 2.5. Suppose that Sg/q(K) = Sp/q(T5 2), [ < 1 and L ¢
{0,421, 41}, Then K =Ty .
Proof. When K is a torus knot, Proposition [Z5] holds by [I7, Lemma 4.2].

Next suppose that K is a satellite knot. Let K’ be a companion knot of K. Since
Sy (K) = 83, (T5,2) is atoroidal and irreducible (since p/q # 10) [8], the work of
Gabai [27] implies that K is a 0-bridge or 1-bridge braid in a tubular neighborhood
V of K’ (the definition of 0- and 1-bridge braids can be found in [27]). If K is a
0-bridge braid, then K is a (r,s)-cable of K’ and the surgery slope p/q must be
(grs +£1)/q [28]. If K is a 1-bridge braid, then it follows from [29, Lemma 3.2] that
£ € Z. In both cases we get a contradiction with the assumption that [p/q| < 1.

So K is hyperbolic By Theorem 1] either K is fibered or g(K) = 1. If K is
fibered and d(A) = 7, since |q| = 3, A(d(A), £) > 3. Hence S;’/q( ) is not Seifert
fibered by Fact (i) above, which contradicts the assumption Sg/q(K) Sp/q (T5,2).
So we may assume that when K is fibered, d(A\) = m/1 for the stable lamination
A of K, and therefore [m| > 2 by Fact (i) above. Since [2] < 1 and [m[ > 2,
A(d(N), %) > 3. Again by Fact (i), we get a contradiction with the assumption
Sg/q<K) Sp/q(T5 2)-

So K is hyperbolic and g(K) = 1. By [30, Theorem 1.5] 0 < [p| < 3 since
S;’/q( ) = S;’/q(Tg) 2) is a Seifert fibered space. By Remark 22 |p| = 1. Since
L¢ {0,£3, 3}, we again have A(d()), £) = 3 (whether d(A) = ¢ or §), which
leads to a contradiction as in the preceding paragraph. O

2350023-7
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Proposition 2.6. Suppose that Sg/q(K) = Sg/q(T&Q) for a nontrivial slope 2—7 with
2—7 > 1. Then K =Tj 5.
Proof. To get a contradiction we assume that K # T5 .

By Proposition 23] we have ﬁﬁ((53,K) = EF‘?{(SS,IB,Q). In [I5 Sec. 3],
Baldwin-Hu-Sivek proved that if HFK (S% K) = HFK(S? Ts.) and K # Ts.,
then K is a hyperbolic, doubly-periodic (i.e., periodic of order 2), genus two fibered
knot, the degeneracy locus of the stable lamination of K is 4, and moreover there
exists a pseudo-Anosov 5-braid # whose closure B = B is an unknot with braid axis
A, such that K is the lift of A in the branched double cover ¥(S% B) = S3. Let
V be the exterior of A in S® and My the exterior of K in S%. Then V is a solid
torus and M is a double branched cover of V' with B as the branched set in V.
Let 7 be the corresponding covering involution on My and U the branched set in
My . Then U is the fixed point set of 7 which is a knot disjoint from dMg, and
(Mg, U)/7 = (V, B). The restriction of 7 on dMk is a free action — an order two
rotation along the longitude factor of OMy.

We also use Mg (p/q) to denote the surgery manifold S;’/q(K) and similarly
V(p/q) for S;’/q(A). Note that the involution 7 on My extends to an involution
Tp/q 00 Mg (p/q). In fact if we let N/, denote the filling solid torus in forming
Mgk (p/q) = Mg UN,,, and let K/, be the center circle of N/, then the fixed
point set of 7,4 is

) U, if p is odd,
Fix(1,/4) = (2.3)

UUK,, ifpiseven
and
V(p/2q),  if pisodd,
V((p/2)/q), if pis even.

To see how Eqgs. [23) and ([24) are obtained, let f : (Mg,U) — (V,B) be the
corresponding double branched covering, and let pu, A\ C Mg be the meridian and
longitude of K, and fi, A C OV the meridian and longitude of A. Then the restriction
f: OMy — OV is a free double covering such that f(\) = A\? and f(u) = fi. When p
is odd, f(uPA?) = P A\2?, which means a connected simple closed essential curve of
slope p/q in 9M is homeomorphic, under the map f, to a connected simple closed
essential curve of slope p/2¢ in V. This means that the involution 7 will send a
connected simple closed essential curve of slope p/q in M to a disjoint parallel in
OM . Hence the free action of 7 on M extends naturally to a free action on N, /,
(through the meridian disks of N,,/,). When pis even, f(uPA?) = gPA%? = (aP/2)7)2,
which means a connected simple closed essential curve of slope p/q in Mk double
covers, under the map f, a connected simple closed essential curve of slope (p/2)/q
in V. This means that the involution 7 will send a connected simple closed essential
curve of slope p/q in OM g to itself and the quotient curve in OV has slope (p/2)/q.

MK(?/Q)/Tp/q = { (2-4)

2350023-8
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Also when we extend the involution 7 naturally over the meridian disks of N/,
the center points of these disks become fixed points of the extended involution, that
is, the core curve K/, of N/, becomes a component of the fixed point set of the
extended involution 7, /4.

Let Y be the exterior of U in Mg and W the exterior of B in V. Then Y is a
free double cover of W. Since B is the closure of a pseudo-Anosov braid in V', W
is hyperbolic. Hence Y is also hyperbolic.

Note that My (p/q) = Mr, ,(p/q) is a Seifert fibered space whose base orbifold
is S%(2,5,d) with d = |p — 10q| if p/q # 10, and is a connected sum of two lens
spaces of orders 2 and 5 if p/q = 10 [8, Propositions 3.1 and 3.4]. Since K is a
hyperbolic periodic knot, by [31] Mk (p/q) is irreducible and thus p/q # 10, by [32]
Mg (p/q) is not a lens space, and by [33, Theorem 1.3] Mk (p/q) is not a prism
manifold. Thus Mg (p/q) is a Seifert fibered space whose base orbifold is S?(2,5, d)
with d = [p—10g| > 2 (Note that d = 1 if and only the manifold is a lens space, and
d = 2 if and only if the manifold is a prism manifold. But we have ruled out these
two possibilities). So there is a unique Seifert fibered structure on Mg (p/q) (see
e.g., [34, Theorem 2.3]) We may assume that the unique Seifert fibered structure on
M (p/q) is 7, /q-invariant (see, e.g., [30, Lemma 4.1}), i.e., 7,/ sends every Seifert
fiber to a Seifert fiber preserving the order of singularity.

Since the base orbifold of the Seifert fibered space My (p/q) is orientable, the
Seifert fibers of Mk (p/q) can be coherently oriented. If 7,,, preserves the orien-
tations of the Seifert fibers of Mg (p/q), then Fix(7,,,) consists of Seifert fibers
(see [30, Lemma 4.3]). Since K is hyperbolic, K/, cannot be a component of
Fix(7,/q). Thus by Eq. @3), p is odd and Fix(7,,,) = U, and by Eq. (Z4),
Mk (p/q)/mp)q = V(p/2q). Moreover, if we let Y(0Mg,p/q) denote the Dehn
filling of Y along the component My of dY with the slope p/q, and similarly
define W (0V,p/2q), then Y (OM,p/q) is Seifert fibered and is a free double cover
of W(9V,p/2q). So the latter manifold W (9V,p/2q) is also Seifert fibered. But
W (dV,1/0) is a solid torus (it is the exterior of the unknot B in S®). We get a
contradiction with [35, Corollary 15].

Hence 7,/, reverses the orientations of the Seifert fibers of My (p/q). Since
p/q > 1, we may assume that both p and g are positive. Let u be the meridian of K,
then [u] generates Hy(Mg) = Z and Hi(Mk(p/q)) = Z/pZ. Clearly 7.[u] = [u], so

T =id on Hy(Mk), (7p/q)« =id on Hi(Mg(p/q)). (2.5)

To apply a homological argument, we describe the Seifert fibered structure of
Mr, ,(p/q) explicitly as follows. Let V5 U Vi be a standard genus one Heegaard
splitting of S®. We may assume that 75 2 is embedded in 9V} and is homologous to
5L+ 2M, where L is the canonical longitude of Vg, and M the meridian of V4. Let
po C OMr, , be the meridian of T5 2, let Ag be the canonical longitude of T5 > and
let C; be the core of Vi, i = 0, 1. Then M7, , is Seifert fibered with Cy and Cy as two
singular fibers of order 5 and 2, respectively. A regular fiber F of Mr, , in OMr; ,
has slope 10p0 + Ao. If p/q # 10, the Seifert structure of Mr, , extends to one on

2350023-9
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Mt ,(p/q) such that the core C" of the filling solid torus is an order d = [p — 10¢]|
singular fiber if d > 1. In Hy(Mr, ,(p/q)), we have

[F] = 10[uo],  [Co] = 2[no], [C1] = 5[mo], [C'] = £4'[10], (2.6)

where ¢’ € Z satisfies that g¢’ =1 (mod p).

Since 7,/, sends a regular fiber to a regular fiber reversing its orientation, we
see, using (28) and (26), that 10{ug] = —10[uo] in Z/pZ. So p|20. We claim that
p = 1 or 2. Suppose otherwise that p > 2. We already know that My (p/q) has
three singular fibers of orders 2,5,d = |[p — 10g| > 2. If d # 5, then 7,,, sends the
order d singular fiber C’ to itself with opposite orientation. Hence ¢'[po] = —¢'[10]
in Z/pZ. Since ged(p,q') = 1, we get p|2, which is not possible. So we must have
d = 5, which, together with the condition p|20, implies that p/q = 5. By (2.6) the
two order 5 singular fibers Cy,C’ are homologous to 2[uo] and %[uo], respectively.
By @3), 7,/ must send Cy to itself, and C" to itself. So 2[ug] = —2[uo] in Z/5Z,
which is not possible.

Recall that K has a degeneracy locus 4. Since § < 2, we have A(Z—’, 4) > 3 unless
2—7 = 2. By Fact (i), we only need to consider the case £ = 2.

By Eq. [23) the fixed point set of 75 is U U Ky and by Eq. 24), Mk (2)/m2 =
V(1) which is S3. Hence the branched set B U K3 in Mg (2)/m2 = V(1) = S3 is a
Montesinos link of two components [36], where K3 is the image of K> under the
map Mk (2) — V(1), which is also the core of the filling solid torus of V(1). Note
that K3 is an unknot in S® while B is the closure of a 5-braid in the exterior of
K3 which is a solid torus. Hence the linking number between B and K3 is 5 (well
defined up to sign).

On the other hand, the involution 75 on Mr, ,(2) and the quotient space S* with
the branched set can be explicitly constructed as follows. The knot 75 2 is strongly
invertible. Figure [2 shows the strong involution of T5 5, its axis (colored red), a
regular neighborhood N of T5 2 in S, a pair of canonical longitudes of Ts 5 in N
(colored green), all invariant under the involution. Note that the restriction of the
involution on the exterior Mty , preserves the Seifert structure of My , and reverses
the orientations of the Seifert fibers. The quotient of each of these items under the
involution is shown in Fig. Bl part (a) (and part (b) after an isotopy). Also the
involution on Mr, , obviously extends to an involution on Mrp, ,(2) preserving its
Seifert structure and reversing the orientations its Seifert fiberes. Furthermore the
quotient space of Mr; ,(2) under the extended involution is S* whose branched set
can be obtained by replacing the rational 1/0-tangle in Fig. Bl(b) with the rational
2-tangle. The resulting branched set is the two-component Montesinos link shown
in Fig. @

Recall that Mg (2) = Mr, ,(2) has a unique Seifert fibered structure (it restricts
to the Seifert fibred structure on Mr, ,) and the base orbifold of the Seifert fibered
structure is S2(2,5,8). Hence it has a unique orientation preserving involution,
which preserves the Seifert fibered structure and reverses the orientations of the
Seifert fibers (in particular each of the three singular fibers is invariant but with
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a longitude and its image under the involution )
a regular neighborhood of Ts »

invariant under the involution

the involution of Ts »

the fixed point set of the involution
which is an unknot in S

Fig. 2. The strong involution on (S3,T5 2).

) 900000,

=

(b)

Fig. 3. The quotient.

G
oo

00V 0.000

Fig. 4. The branched sets for the 2-surgery on 75 2.
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orientation reversed under the involution), such that the quotient space is S3. There-
fore the link shown in Fig.@lshould be the link BU K. However the linking number
between the two components of the link in Fig. @ is 3 (well defined up to sign), yield-
ing a final contradiction with the early conclusion that the linking number between
B and K3 is 5 up to sign. O

Remark 2.7. Proposition can be also proved without using the degeneracy
locus condition.

Now the combination of Propositions and gives Theorem [Tl

Acknowledgments

The first author was partially supported by NSF Grant No. DMS-1811900. The
authors would like to thank the referee for suggestions which improved the presen-
tation of this paper.

References

[1] P. Kronheimer, T. Mrowka, P. Ozsvath and Z. Szabé, Monopoles and lens space
surgeries, Ann. Math. 165(2) (2007) 457-546.

[2] P. Ozsvdth and Z. Szabd, Holomorphic disks and genus bounds, Geom. Topol.
8 (2004) 311-334.

[3] P. Ozsvdth and Z. Szabé, Knot floer homology and rational surgeries, Algebra Geom.
Topol. 11(1) (2011) 1-68.

[4] P. Ghiggini, Knot Floer homology detects genus-one fibred knots, Amer. J. Math.
130(5) (2008) 1151-1169.

[5] P. Ozsvéth and Z. Szabd, The Dehn surgery characterization of the trefoil and the
figure eight knot, J. Symplectic Geom. 17(1) (2019) 251-265.

[6] Y. Ni and X. Zhang, Characterizing slopes for torus knots, Algebra Geom. Topol.
14(3) (2014) 1249-1274.

[7] Y. Ni and X. Zhang, Finite Dehn surgeries on knots in 5’37 Algebra Geom. Topol.
18(1) (2018) 441-492.

[8] L. Moser, Elementary surgery along a torus knot, Pacific J. Math. 38 (1971) 737-745.

[9] S. Boyer and X. Zhang, Finite Dehn surgery on knots, J. Amer. Math. Soc. 9(4)
(1996) 1005-1050.

[10] S. A. Bleiler and C. D. Hodgson, Spherical space forms and Dehn filling, Topology
35(3) (1996) 809-833.

[11] K. L. Baker, Small genus knots in lens spaces have small bridge number, Algebra
Geom. Topol. 6 (2006) 1519-1621.

[12] S. C. Wang, Cyclic surgery on knots, Proc. Amer. Math. Soc. 107(4) (1989) 1091—
1094.

[13] M. L. Doig, Finite knot surgeries and Heegaard floer homology, Algebra Geom. Topol.
15(2) (2015) 667—-690.

[14] L. Gu, Integral finite surgeries on knots in S3, preprint (2014), available at
https://arXiv.org/abs/1401.6708.

[15] J. A. Baldwin, Y. Hu and S. Sivek, Khovanov homology and the cinquefoil, to appear
in J. Bur. Math. Soc. (2021) available at https://arXiv.org/abs/2105.12102.

2350023-12



[16]
[17]
(18]
[19]
[20]
21]
22]
[23]

24]

[25]
[26]

[27]
[28]

[29]
[30]

31]
32]

(33]

[34]
[35]

(36]

Characterizing slopes for torus knots, 11

D. McCoy, Surgeries, sharp 4-manifolds and the Alexander polynomial, Algebra
Geom. Topol. 21(5) (2021) 2649-2676.

D. McCoy, Non-integer characterizing slopes for torus knots, Comm. Anal. Geom.
28(7) (2020) 1647-1682.

Y. Ni, Exceptional surgeries on hyperbolic fibered knots, preprint (2020), available
at https://arXiv.org/abs/2007.11774.

Y. Ni, Knot Floer homology detects fibred knots, Invent. Math. 170(3) (2007) 577—
608.

P. Ozsvéth and Z. Szabd, Holomorphic disks and knot invariants, Adv. Math. 186(1)
(2004) 58-116.

P. Ozsvath and Z. Szabd, On knot floer homology and lens space surgeries, Topology
44(6) (2005) 1281-1300.

L. Mosher, Laminations and flows transverse to finite depth foliations. Part I:
Branched surfaces and dynamics, preprint.

Y.-Q. Wu, Sutured manifold hierarchies, essential laminations, and Dehn surgery,
J. Differential Geom. 48(3) (1998) 407-437.

D. Gabai, Problems in foliations and laminations, in Geometric Topology (Athens,
GA, 1998), AMS/IP Studies in Advanced Mathematics, Vol. 2 (American Mathe-
matical Society, Providence, RI, 1997), pp. 1-33.

R. Roberts, Taut foliations in punctured surface bundles. II, Proc. London Math.
Soc. 83(2) (2001) 443-471.

W. H. Kazez and R. Roberts, Fractional Dehn twists in knot theory and contact
topology, Algebra Geom. Topol. 13(6) (2013) 3603-3637.

D. Gabai, Surgery on knots in solid tori, Topology 28(1) (1989) 1-6.

C. M. Gordon, Dehn surgery and satellite knots, Trans. Amer. Math. Soc. 275(2)
(1983) 687-708.

D. Gabai, 1-bridge braids in solid tori, Topology Appl. 37(3) (1990) 221-235.

S. Boyer, C. M. Gordon and X. Zhang, Dehn fillings of knot manifolds containing
essential once-punctured tori, Trans. Amer. Math. Soc. 366(1) (2014) 341-393.

C. Hayashi and K. Shimokawa, Symmetric knots satisfy the cabling conjecture, Math.
Proc. Cambridge Philos. Soc. 123(3) (1998) 501-529.

S. C. Wang and Q. Zhou, Symmetry of knots and cyclic surgery, Trans. Amer. Math.
Soc. 330(2) (1992) 665—676.

K. Miyazaki and K. Motegi, Seifert fibering surgery on periodic knots, in Proc.
First Joint Japan-Mexico Meeting in Topology (Morelia, 1999) Topol. Appl. 121(1-2)
(2002) 275-285.

A. Hatcher, Notes on basic 3-manifold topology, unpublished book manuscript, avail-
able at (2007), https://pi.math.cornell.edu/™ hatcher/3M/3Mdownloads.html.

W. Menasco and X. Zhang, Notes on tangles, 2-handle additions and exceptional
Dehn fillings, Pacific J. Math. 198(1) (2001) 149-174.

J. M. Montesinos, Seifert manifolds that are ramified two-sheeted cyclic coverings,
Bol. Soc. Mat. Mexicana 18 (1973) 1-32.

2350023-13




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 900
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


