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Thurston norm and cosmetic surgeries
Yi Ni

ABSTRACT. Two Dehn surgeries on a knot are called cosmetic if they yield
homeomorphic manifolds. For a null-homologous knot with certain conditions
on the Thurston norm of the ambient manifold, if the knot admits cosmetic
surgeries, then the surgery coefficients are equal up to sign.

1. Introduction

Heegaard Floer homology is a powerful theory introduced by Ozsvath and
Szab6 [0Sz1]. One important aspect of Heegaard Floer homology is that it behaves
well under Dehn surgeries. In fact, if one knows about the knot Floer complex of
a knot, then one can compute the Heegaard Floer homology of any surgery on
the knot as in Ozsvdth-Szab6 [0Sz3, OSz5] and Rasmussen [R]. This makes
Heegaard Floer homology very useful in the study of Dehn surgery.

In this paper, we will use Heegaard Floer homology to study cosmetic surgeries.
We first recall the definition of cosmetic surgeries.

DEFINITION 1.1. If two Dehn surgeries on a knot yield homeomorphic mani-
folds, then these two surgeries are cosmetic.

Cosmetic surgeries are very rare. More precisely, one has the following Cosmetic
Surgery Conjecture.

CONJECTURE 1.2. [K, Problem 1.81] Suppose K is a knot in a closed manifold
Y. If two surgeries on K yield manifolds which are homeomorphic via an orienta-
tion preserving homeomorphism, then there is a homeomorphism of Y — K which
takes the slope of one surgery to the slope of the other.

The main theorem of this paper is an analogue of Ozsvath-Szabé [0Sz5, The-
orem 9.7] and Ni [Ni, Theorem 1.5]. See also Wu [W].
All manifolds in this paper are oriented, unless otherwise stated.

THEOREM 1.3. Suppose Y is a closed 3—manifold with b1(Y) > 0. Let K be
a null-homologous knot in Y, then the inclusion map ¥ — K — Y induces an
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isomorphism Ho(Y — K) = Hy(Y), so we can identify Hao(Y) with Hy(Y — K).
Suppose v € Q U {oo}, let Y,.(K) be the manifold obtained by r-surgery on K.
Suppose (Y, K) satisfies that

(1.1) xy(h) < zy_g(h), for any nonzero element h € Ha(Y).

Here xp is the Thurston norm [T] in M. The conclusion is, if two rational numbers
7,5 satisfy that Y,.(K) =2 £Y,(K), then r = +s.

Sometimes the condition (1.1) can be weakened if there is a certain additional
condition. For example, we can prove the following theorem.

THEOREM 1.4. Suppose Y is a closed 3—manifold with b1(Y) > 0. Suppose K
is a null-homologous knot in Y. Suppose xy = 0, while the restriction of xy _x on
H5(Y) is nonzero. Then we have the same conclusion as Theorem 1.3. Namely, if
two rational numbers r, s satisfy that Y, (K) = Y, (K), then r = +£s.

2. Non-triviality theorems

In this section, we will state some non-triviality theorems in Heegaard Floer
homology. We first set up some notations we will use in this paper.
Let Y be a closed 3-manifold. Suppose & is a subset of Spin®(Y), let

HF°(Y,6) = @ HF°(Y,s),
s€6

where H F*° is one of ﬁ', HF*® HF* HF~. Furthermore, if h € H5(Y), then

HF°(Y, h,i) = D HF°(Y,s).
s€Spin®(Y),{c1 (s),h)=2i

Similarly, if F' is a Seifert surface for a knot K C Y, then

HFR(Y, K, [F),i) = D HFE(Y,K,¢),
geSpin® (Y. K).(e1 (§),F)=2i

see Ozsvéth-Szab6 [0Sz3] for more details. Following Kronheimer and Mrowka
[KM10], let

HF°(Y|h) = HF°(Y, h, %x(h)).

A very important feature of Heegaard Floer homology is that it detects the
Thurston norm of a 3-manifold. In Ozsvdth-Szabé [0Sz2], this result is stated
for universally twisted Heegaard Floer homology. Nevertheless, this result should
also hold if one uses untwisted coeflicients. In fact, the analogous result for Mono-
pole Floer homology is stated with untwisted coefficients in Kronheimer—Mrowka
[KMO7, Corollary 41.4.2]. In order to state our results, we first recall two defini-
tions.

DEFINITION 2.1. Suppose M is a compact 3—manifold, a properly embedded
surface S C M is taut if z(S) = =([S]) in H2(M,dS), no proper subsurface of
S is null-homologous, and if any component of S lies in a homology class that is
represented by an embedded sphere then this component is a sphere. Here z(-) is
the Thurston norm.
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DEFINITION 2.2. Suppose K is a null-homologous knot in a closed 3—manifold
Y. An oriented surface F' C Y is a Seifert-like surface for K, if OF = K. When F
is connected, we say that F' is a Seifert surface for K. We also view a Seifert-like

surface as a proper surface in Y—zg(K).

As in the proof of Hedden—Ni [HN, Theorem 2.2], using the known non-
triviality results for twisted coefficients stated in Ni [Ni] and the Universal Co-
efficients Theorem, we can prove the following theorems. (The same results can

also be proved via the approach taken by Juhdsz [J] and Kronheimer—-Mrowka
[KM10].)

THEOREM 2.3. Suppose Y is a closed 3—manifold, h € Ha(Y'), then
HFH(Y|h)@Q#0, HE(Y|h)@Q#0.

THEOREM 2.4. Suppose K is a null-homologous knot in a closed 3—manifold
Y. Let F be a taut Seifert-like surface for K. Then

w)@)(@?gg.

HFE(Y, K, [F|, ==

3. A surgery formula

Suppose K C Y is a null-homologous knot. Let Y, ,(K) denote the manifold
obtained by gfsurgery on K. Note that there is a natural identification

Spin®(Y,/4(K)) = Spin®(Y') x Z/pZ.

Let 7: Spin®(Y,/4(K)) — Spin®(Y’) be the projection to the first factor.
The goal of this section is to prove the following theorem, which is a (much
easier) analogue of Ozsvath-Szabé [0Sz5, Theorem 1.1].

THEOREM 3.1. Suppose K C Y is a null-homologous knot. If ﬁ'(Y, s5) =0,
then there exists a constant C = C(Y, K, s), such that

rank }/IF(YP/Q(K)vﬂfl(ﬁ)) =qC.

3.1. Large surgeries on rationally null-homologous knots. Suppose K C
Y is arationally null-homologous knot. Construct a Heegaard diagram (%, e, 3, w, 2)
for (Y, K), such that 31 = p is a meridian of K. Moreover, w, z are two base points
associated with a marked point on f; as in Ozsvath-Szabé [0OSz3]. There is a
curve A C X which gives rise to the knot K. Doing oriented cut-and-pastes to A
and m parallel copies of pu, we get a connected simple closed curve supported in
a small neighborhood of U A. We often denote this curve by mu + A. The m
parallel copies of u are supported in a small neighborhood of p. We call this neigh-
borhood the winding region for mpu + . (X, a, 7, 2) is a diagram for Y, (K),
where 73 = mu + A and all other ~;’s are small Hamiltonian translations of j;’s.

DEFINITION 3.2. As in Ozsvath—Szabé [0Sz5, Section 4], one defines a map
=: Spin®(Yin a0 (K)) — Spin“(Y, K)

as follows. If t € Spin®(Y,u4a(K)) is represented by a point y supported in the
winding region, let x € T, N Tg be the “nearest point”, and let ¢ € ma(y, ©,x) be
a small triangle. Then

(3.1) E(t) = §w,z(x) + (nw(7/}) - ﬂz(1/))) K-
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When we construct the Heegaard triple diagram
(Ea a7ﬁ777w7 2)7

the position of the meridian f; relative to the points in A Ny, may vary. Our next
lemma says that the choice of the position of 81 does not affect the definition of =.

LEMMA 3.3. Suppose we have two Heegaard triple diagrams as above
Fl:(27a561’77w1721)’ F2:(E?a752777w2522)'

The two sets B* and B° differ at the meridian, where the meridian 3% € B2 is a
parallel translation of the meridian Bt € B, still supported in the winding region.
The two base points are moved together with the meridian.

Using these two diagrams, we can define two maps

=122 Spin®(Yynua(K)) — Spin®(Y, K).
Then =t = =2.

Proor. Without loss of generality, we may assume there is only one intersec-
tion point of A N ~v; between 8} and B7. See Figure 1 for an illustration.

Suppose y',y2 € T, N T, are two intersection points supported in the winding
region, and suppose their v;—coordinates are y!, 42, respectively. Assume 5,1 (y*) =
$.,2(y?) = t, we want to prove that Z!(t) = Z2(t).

By Ozsvath-Szabé [0Sz1, Lemma 2.19],

sur(y') =51 (y?) = PD(e(y*,yh),

5,2(y?) —su1(y?) = PD(n).
Hence e(y?,y!) = p. Let y' € T, N T, be the point whose coordinates coincide
with the coordinates of y', except that its v;—coordinate is the next intersection
point to y! on the same a—curve, denoted §*. Then (3!, y!) = p, so y* is in the

same equivalence class as y?2.
Now we only need to prove that

(3.2) Elsur (yh) = EX (52 (1))

Let x! € T, N T517§c1 € T, NTg= be the nearest points to y', 3!, respectively. It
is clear that s, 1 (x') = (x!). Moreover, the small triangle for y' in I'y is
just a translation of the small triangle for y! in I';, so they contribute the same

B2 22

Ny () — n,(¢¥) term in (3.1). So (3.2) follows. O
wl Zl 'LU2 Z2
x [ % x| %
R i , i i «
Y z?
N 5 “

FIGURE 1. Local picture of the two triple Heegaard diagrams
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REMARK 3.4. In Ozsvith-Szabé [0Sz5], in order to define Z(t), one places
the meridian in a position such that the equivalence class of intersection points
representing t is supported in the winding region. The above lemma removes this
restriction.

LEMMA 3.5. Suppose € € Spin®(Y, K). For all sufficiently large m, there exists
t € Spin®(Yo, 42 (K)), such that Z(t) = €.

ProOOF. Let s € Spin°(Y) be the underlying Spin¢ structure of £&. We can
choose a Heegaard diagram for (Y, K') such that some x € T, N Tg represents s,
then £ =5, .(x) +n - p for some n € Z. Now our desired result follows from the

definition of =. O
The following proposition is a part of Ozsvath-Szab6 [0Sz5, Theorem 4.1].

PROPOSITION 3.6. Let K C Y be a rationally null-homologous knot in a closed,
oriented three-manifold, equipped with a framing A. Let

Ae(Y,K) = C¢{ max{i, j} = 0},

where C¢ = CFK>®(Y, K, &) as in Ozsvdth-Szabd [OSz5]. Then, for all sufficiently
large m and all t € Spin®(Yp, 42 (K)), there is an isomorphism

Uim: OF Yopuia(K), ) = Az (Y, K).

3.2. Rational surgeries on null-homologous knots. Let K be a null-
homologous knot in Y. As in Ozsvdth-Szabé [0Sz5, Section 7], Ye (K) can be

realized by a Morse surgery with coefficient a on the knot K" = K#0,/,, CY' =
Y#L(q,r), where O/, is a U-knot in L(q,r), p = aq +r. Let

=" Spin®(Yy,ra) — Spin“(Y', K')
be the map defined in Definition 3.2.

(0%
w| 2
x| x Bg+1
A
A

FIGURE 2. The left hand side is a piece of a Heegaard diagram
for (Y, K). The right hand side is a genus 1 Heegaard diagram for
(L(q,7),04/y). The boundary of the oval is capped off with a disk,
and the boundaries of the two rectangles are glued together via a
reflection. Here we choose ¢ = 3,r = 2.
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CONSTRUCTION 3.7. Let

S, a={ar,...,a5},B8={B1,..., B4}, w, 2)

be a doubly-pointed Heegaard diagram for (Y, K), such that 8; is a meridian for
K and the two base points are induced from a marked point on ;. Suppose A C X
represents a longitude of K.

Let

(T7 {ag-i-l}v {ﬁg-‘rl}a w/a Z/)

be a genus 1 Heegaard diagram for (L(q,r),O,4/,). As in Figure 2, 34, intersects
ag41 exactly g times and intersects the boundary of each rectangle exactly r times.
Suppose AT C T represents a longitude of Og/r-

We perform the connected sum of ¥ and T by identifying the neighborhoods
of z and w’, hence we get a new genus (g + 1) surface ¥/. Then

(2/7 o' =au {O‘g+1}7ﬁ/ =pBu {ﬁngl}vw? ZI)

is a Heegaard diagram for (Y’ K’). The longitude X of K’ is a connected sum of
A and AT, (]

We define
II;: Spin“(Y’, K') — Spin“(Y, K)
as follows. Given ¢’ € Spin®(Y’, K'), suppose x’ € T, N Tps represents the under-
lying Spin® structure of £, then

5/ = gw,z/ (X/) +n- /.L/
for some n € Z. Now let x be the projection of x’ to T, N Tg, then
Hl(fl) = §w7z (X) +n-p.

The following proposition is obvious. (See also Ozsvath-Szabé [0Sz5, Corol-
lary 5.3].)

PROPOSITION 3.8. For any &' € Spin“(Y’, K'), we have
CFK>®(Y' K' &)= CFK®(Y, K,I(¢))
as Z & Z—filtered chain complexes.
LEMMA 3.9. When m is sufficiently large, we have
7=Gygollj o=
Here Gy,ic: Spin®(Y, K) — Spin®(Y) is the map defined in Ozsvdith-Szabé [OSz5,
Section 2.2].

Proor. We follow the notation in Construction 3.7. Since ) intersects (31
exactly once, we can slide 8441 over 51 r times to eliminate the intersection points
in By41 N A, The new curve is denoted ;; as in Figure 3. Then

(2/7 a/7 /8,/ = ﬂ U {B;+1}7 w, Z/)
is also a Heegaard diagram for (Y, K'). Let v; = a1 + X/, then

(2/7 a/771 = {Wlaﬁ?u sy Bgu B;#»l}u ’U})
is a Heegaard diagram for Y, ,,(K').
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il | ]

!
g+1

’
Yg+1

—¢
2 Qg+l
B
71

FIGURE 3. A Heegaard diagram for Y, , ., (K’). Here we choose
a=3.

v

/)

FIGURE 4. After ¢ handleslides, we get a Heegaard diagram for Y/, (K).

71

The curve a4 intersects v exactly once. We can slide 3, over 7 ¢ times
to eliminate its ¢ intersection points with ag41. The new curve is denoted y441 as
in Figure 4. Now

(Z/, a/772 = {717 527 ceey Bg/.}/ngl}? w)
is a Heegaard diagram for Y, ., ,,(K') =Y, /4(K). Moreover, we may slide other
a—curves over g1 to eliminate their intersection points with v;. A destabilization
will remove a4 and ;. Now we get a diagram

(3, 0t 7", w)
which is isomorphic to

(27 «, {527 v 7ﬁg7’y‘:;+1}7w)7

where ;. is the image of 7,41 under the destabilization.

We want to show that v, is isotopic to pu + gA, the curve obtained by doing
cut-and-pastes to p parallel copies of p and g parallel copies of A. In fact, 77,4
is supported in a small neighborhood of U A, so it must be isotopic to p’p + ¢’ A
for some p’,¢’. It is easy to compute the intersection numbers of v441 with A and
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p = B1, which are p = aq +r and ¢. The intersection numbers of 7, with x4 and
A remains the same, so v, = pp + gA.
Suppose t € Spin®(Y,/4(K)). We want to prove

(33) 7T(t) = GY7K ] Hl ] E/(t)

We first consider the right hand side of (3.3). Let y’ be a point in T N'T,,
which is supported in the winding region and represents t (Figure 3). Suppose the
y1—coordinate of y’ is y; and the 3, ;—coordinate is g ;.

Let x' € T,» N'Tgr be the nearest point to y’, then (3.1) implies that

=(6) = 5,0 ()t
for some n € Z. Let x be the projection of x’ to T, N Tg, then
I o E,(t) = gw,z(x) +
Hence
Gy, ik o1 0 Z'(t) = 5 (x).

Now we consider the left hand side of (3.3). As in Figure 4, we get another
Heegaard diagram for Y, /,(K) by ¢ handle slides. In this diagram, we can find a
point y € T, NT,, which represents t as y’ does. In fact, since a,41 intersects y;
exactly once and is disjoint from other y—curves, y must contain the intersection
point of og11 and 71, denoted y441. The y;—coordinate of y, called ¥, is determined
by y; and y;H: it is one of the ¢ intersection points on 7,41 near yj, and the choice
among these g points is specified by the position of y; +1- Other coordinates of y
are the same as y’.

After handleslides and one destabilization, we get a point y* € T~ NT,~ whose
coordinates are the same as x except that its y;—coordinate is y;. So its nearest
point in T, NTp is x, hence x represents 7 (t). This proves (3.3). O

LEmMMA 3.10. Let H(gg(Y, K)) be the homology of gg(Y, K). For a fized &,
when |n| >0,
H(Ag (Y. K)) = HE(Y, Gy, (€)).
PROOF. By the definitions
Agin (Y. K) = Cepny{max{i,j} = 0}
= C¢{max{i,j —n} =0}.
By the adjunction inequality, H(C¢{i,j}) = 0 when |i — j| > 0. So
H(Ce fmax{i,j — n} = 0}) = H(Celi = 0})
when n > 0. The latter group is isomorphic to EF(Y, Gy k(§)) by Ozsvath-Szabd

[0Sz5, Proposition 3.2].
When n <« 0, we have

H(Ce {max{i, j —n} = 0}) = H(Ce{j = n}) = H(Ce{j = 0}),

which is isomorphic to ﬁ(Y, Gy,—k(€)) by Ozsvéth and Szab6 [0Sz5, Proposi-
tion 3.2]. Now by [0Sz5, Equation (4)] and the fact that K is null-homologous,
we have GY,K(f) = Gy7_K(§). O

LEMMA 3.11. Suppose H?(Y7 5) =0, then H(A\g (Y',K'")) # 0 for only finitely
many &' € (Gy,k o)~ (s).
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PROOF. For each £ € Spin®(Y, K), there are exactly ¢ relative Spin® structures
in Hl_l(g). Moreover, by Proposition 3.8, if ¢’ € Hl_l(g), then
Ac (Y K') = A¢(Y,K).

Hence we only need to show that H (ﬁg(Y, K)) # 0 for only finitely many £ €
Gy (5).
Pick any & € G;}K(s), then

Gy(s) ={¢+i-pulieZ}.
By Lemma 3.10, H(A\gﬂ-.# (Y, K)) is isomorphic to ﬁ‘(Y, s) when |i| is large, hence
is 0. This finishes the proof. O

PrROPOSITION 3.12. When m is sufficiently large,

HFE (Y} n (K, 774 (s)) = P H(Ag (Y, K"))
{¢'| Gy, koll1(&)=s}
q

b P HAWK).

{¢l Gy, k (§)=s}

1%

PROOF. By Proposition 3.6, when m is sufficiently large
PV (K7 ) 2 @ H(Azo (Y, K)).
ter—1(s)
By Lemma 3.9,
E/(ﬂ'il(ﬁ)) == (5/71 o (GY,K o Hl)il(ﬁ)) C (GyﬁK o Hl)il(ﬁ).
Consider the map
E;Z 71'71(5) — (GYJ{ o Hl)il(ﬁ).

By Ni [Ni, Lemma 2.4], Z, is injective. Moreover, by Lemmas 3.5 and 3.11, when

s
m is sufficiently large, the range of =, contains all £’ € (Gy,k o Il)~!(s) satisfying

H(A\g/(Y’, K')) # 0. This proves the first equality.
In order to prove the second equality, we note that for each £ € Spin®(Y, K),

there are exactly ¢ relative Spin® structures in Hfl(ﬁ). Moreover, by Proposi-
tion 3.8, if & € I (€), then

Ac (Y K') = A¢(Y,K).
So the second equality easily follows. O

PROOF OF THEOREM 3.1. Let

C =rank @ H(ﬁf(Y,K))
{€l Gy,x (§)=s5}
By Proposition 3.12,
rank ﬁ’(Yp/q, 77 1(s)) = qC

when p is sufficiently large.
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Since I/{T“(Y,s) = 0, we have ﬁ'(Y’,s’) = 0 for any s’ that extends s. By
Ozsvéth-Szabé [0Sz2, Theorem 9.12], we have the long exact sequence

HE(Y', Py M (s)) —————= HE (Y}, 0 (K'),1,1(s))

L

HE (Y0 (K, 13214(9))
where
Py : Spin“(Y') — Spin®(Y),
T+ Spin®(Y,, o1 a (K')) — Spin‘(Y')
are the natural projection maps. Since ﬁ(Y’, P '(s)) = 0, we have

HE (Y 3 (K'), 10 () = HE (Y050 (K'), 7w, (9))

a v a s 'm,
for m sufficiently large. Hence its rank is always qC'. (]

4. Cosmetic surgeries

. 1 D2
PROOF OF THEOREM 1.3. Assume there are two rational numbers p—, P2 sat-

41 g2
isfying that there is a homeomorphism
f: Yp_1 — iYP_z,
q1 a2
. P1 p2
then |p;1| = |p2| for homological reasons. If — # +==, then we can assume
q1 a2
0<q1 <qo.

Without loss of generality, we may assume Y — K is irreducible. By (1.1)
and the adjunction inequality, we conclude that HF (Y, h, 3zy_g(h)) = 0. It then
follows from Theorem 3.1 that there is a constant C,, such that

rank HF(Y,,(K), h, %xy,K(h)) = qCh.
Since (1.1) holds, a result of Gabai [G, Corollary 2.4] implies that
zy -k (h)= pr/q(K)(h)
for any nonzero h € Ho(Y) and g € Q. Theorem 2.3 then implies that

rank HF(Y,,,(K)|h) = ¢Cj, # 0.

Since K is null-homologous, the inclusion maps ¥ — K — Y. induce isomor-
phisms on Hj for each r € QU {oco}\{0}. Hence we can identify Ha(Y,(K)) with
Hy(Y). Now fi.: Ha(Yer) — Ha(Yr2) can be regarded as a map

a1 a2

Fix a nonzero h € H2(Y'), we have
rank HEF (Yo |f7(h)) = Lrank HF(Yez |f7(h)) # 0
“ 42 2
for any n € Z. Moreover, since f: Yri — £Y»r. is a homeomorphism, we have
q1 a2

rank HE (Yo | /77 (h)) = rank HF (Yez | f7(h)).
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Thus we get

rank ﬁ'(YgL [f2(h)) = (Z—l) rank ﬁ(Yu |h) # 0.
q1 2

q1
So 0 < rank ﬁ'(Yp_l |h) < 1 when n is sufficiently large, which is impossible. [
a1

PROOF OF THEOREM 1.4. Since zy = 0, the adjunction inequality implies
that HF(Y, h, 3y (h)) = 0 for any h € Hy(Y) satisfying oy (h) # 0. Using
Theorems 3.1, 2.3 and Gabai [G, Corollary 2.4], we have

rank HF(Y,,,(K)|h) = ¢Cy,

for some nonzero constant Cj,. Now the argument is the same as in the proof of
Theorem 1.3. 0
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