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HEEGAARD FLOER HOMOLOGY AND FIBRED 3-MANIFOLDS

By Y1 N1

Dedicated to the memory of Xiao-Song Lin.

Abstract. Given a closed 3-manifold Y, we show that the Heegaard Floer homology determines
whether Y fibres over the circle with a fibre of negative Euler characteristic. This is an analogue of
an earlier result about knots proved by Ghiggini and the author.

1. Introduction. Heegaard Floer homology was introduced by Ozsvath and
Szabé in [11]. This theory contains a package of invariants for closed 3-manifolds.
A filtered version of these invariants, called knot Floer homology, was defined by
Ozsvath—Szabd [13] and Rasmussen [16] for null-homologous knots. This theory
turns out to be very powerful. For example, it detects the Thurston norm [15], and
a result due to Ghiggini [4] and the author [9] states that knot Floer homology
detects fibred knots.

In fact, given a compact manifold with boundary, the information from knot
Floer homology tells you whether this manifold is fibred. (See the proof of [9,
Corollary 1.2].) Now it is natural to ask whether a similar result can be proved for
closed manifolds. In the current paper, we will answer this question affirmatively.
Our main theorem is:

THEOREM 1.1. Suppose Y is a closed irreducible 3-manifold, F C Y is a closed
connected surface of genus g > 2. Let HF*(Y,[F),g — 1) denote the group

D HF*(Y, 5).

s€Spin“(Y), (c1(s),[F])=2g—2

IfHF*(Y,[Fl,g — 1) £ Z, then Y fibres over the circle with F as a fibre.
The converse of this theorem is already known, see [14, Theorem 5.2].

Remark 1.2. When g = 1, there is no chance for HF*(Y,[F],0) to be Z;
some arguments in this paper also break down. Nevertheless, it is reasonable
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to expect that Heegaard Floer homology still detects fibrations in the case of
g = 1. As suggested by Ozsvith and Szabd, in this case one may use some
variants of Heegaard Floer homology, for instance, Heegaard Floer homology
with twisted coefficients [12, Section 8] or with coefficients in the Novikov ring
[11, 11.0.1], [5].

This paper is closely related to the previous works of Ghiggini [4] and of
the author [9]. We briefly recall the main ingredients in the proof of the case of
knots from those two papers. There are three main ingredients:

(I) The construction of two different taut foliations under certain conditions.
This part is contained in [9, Section 6] and the proof uses an argument due to
Gabai [3]. This part was also obtained by Ian Agol by a different method, and
the genus 1 case was proved in [4].

(I) The existence of a taut foliation implies the nontriviality of the cor-
responding Ozsvath—Szabd contact invariant. This part was almost proved by
Ozsvath and Szabd [15]. But there are some technical restrictions in the cases es-
tablished by Ozsvath and Szabé. For example, one needs the condition b(Y) = 1
or the use of twisted coefficients. The case that is used in [4], [9] was proved by
Ghiggini in [4]. Basically, he proved a result in contact topology, which, com-
bined with some results of Ozsvéth and Szabd, implies the desired nontriviality
theorem.

(IIT) Two decomposition formulas for knot Floer homology, one in the case of
horizontal decomposition [9, Theorem 4.1], the other in the case of decomposition
along a separating product annulus [9, Theorem 5.1]. The second formula is
essential and more technical. The proof of this part uses the techniques introduced
in [8].

Now if (I) can be done, then (II) implies that the two distinct taut foliations
give rise to two linearly independent contact invariants in the topmost term of
the Heegaard Floer homology, so the Floer homology is not monic. If (I) cannot
be done, then the topology of the knot complement is very restricted. One can
then use (IIT) to reduce the general case to the known case.

As we will find in this paper, the above ingredients (I) and (II) can be applied
to the case of closed manifolds without essential changes. However, we are not
able to prove an analogue of [9, Theorem 5.1] for closed manifolds. Instead, we
will construct a knot K in a new manifold Z, and show that the pair (Z, K) has
monic knot Floer homology by using twisted coefficients and a simple argument in
homological algebra. Then we can apply [9, Theorem 1.1] to get our conclusion.

Remark 1.3. Juhasz [6] proved a very general decomposition formula for the
Floer homology of balanced sutured manifolds, based on the techniques intro-
duced by Sarkar and Wang [17]. In the case of knots, the above ingredients (II)
and (IIl) can be deduced from this formula. This approach avoids the use of
contact and symplectic topology, but it is not clear to the author how to use it to
study closed manifolds.
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2. Twisted Heegaard Floer homology. For technical reasons, at some
point in the proof of our main theorem we will use twisted Heegaard Floer
homology with coefficients in a Novikov ring. In this section, we will collect
some basic materials on this version of twisted Heegaard Floer homology. More
details about twisted Heegaard Floer homology can be found in [12], [5], [1].

2.1. Twisted chain complexes. Let Y be a closed, oriented 3-manifold.
(Z, o, B,72) is a Heegaard diagram for Y. We always assume the diagram satisfies
a certain admissibility condition so that the Heegaard Floer invariants we are
considering are well-defined (see [11] for more details).

Let

L=Q[T 1= {Z a;T'

aiEQ,nEZ}

be a Novikov ring, which is actually a field.

Let w C Y be an immersed, possibly disconnected, closed, oriented curve.
One can homotope w to be a curve w’ C X, such that w’ is in general position
with the a- and [3-curves, namely, w’ is transverse to these curves, and w’ does
not contain any intersection point of «- and J3-curves.

Let CF>*(Y,w; L) be the L-module freely generated by [x,i], where x €
ToNTg, i€ Z. If ¢ is a topological Whitney disk connecting X to y, let J,¢ =
(09) NT,. We can also regard J,¢ as a multi-arc that lies on £ and connects x
to y. We define

A(@) = (0ad) - '
Geometrically, if two Whitney disks ¢, ¢, differ by a periodic domain P, then
A(¢1) —A() = H(P) - w,

where H(P) € Hy(Y) is the homology class represented by P.
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Let

0: CF>*(Y,w; L) — CF>*(Y,w; L)
be the boundary map defined by

Alxi1=>" > #(M(@)/R) T"ly.i— n (o).

y ¢€7T2 (xvy)
Iz

The chain homotopy type of the chain complex
(CE>*(Y,w; £),0)

only depends on the homology class [w] € H{(Y). When w is null-homologous
in Y, the coefficients are not “twisted” at all, namely,

CF*(Y,w; £) = CF*(Y; Q) ®qg L.

The standard construction in Heegaard Floer homology [11] allows us to
define the chain complexes @ (Y,w; L) and CF*(Y,w; L). When K is a null-
homologous knot in ¥ and w C Y — K, we can define the twisted knot Floer
complex @(Y ,K,w; L). The homologies of the chain complexes are called
twisted Heegaard Floer homologies.

2.2, Twisted chain maps. Let (Z, «a, 3,7,2) be a Heegaard triple-diagram.
Let w’ C X be a closed immersed curve which is in general position with the a-,
(- and y-curves.

The pants construction in [11, Subsection 8.1] gives rise to a four-manifold
Xa,ﬁ,'y with

8Xaﬁ’,y =—Yqp — Y/g’,y + Ya,'y .
By this construction X, g, contains a region X x A, where A is a two-simplex

with edges eq,es,ey. Let ' X [0,1] = w’ X eq C X, g, be the natural properly
immersed annulus such that

W' x {0} CYapg, W x{1}CVYay.
Suppose x € T, NTg,y € TgNT,w € T,NT,, 1 is a topological Whitney

triangle connecting them. Let 9,1 = 0y N T, be the arc connecting x to w. We
can regard 0,1 as a multi-arc on X. Define

A3(1) = (Da) - W'
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S
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Figure 1. A Heegaard diagram for $> x S'. The Heegaard surface is the torus obtained by gluing the opposite
sides of the rectangle.

Let the chain map
fccfﬁ;y, W' xI+ QOO(YQ,B, W' x {O}, E) ®Q CFOO(Y[?,V; Q) - QOO(YOJ,’Y’ W' x {1}, E)
be defined by the formula:

[ woa(X @0y, D=>" > #MWOTH P w,i+j — n()].

W pem(xy,w)
wu(p)=0

The standard constructions [11], [12] allow us to define chain maps introduced
by cobordisms. We also have the surgery exact triangles. For example, suppose
K C Y is a knot with frame A\, w C Y —K is a closed curve, then w also lies in the
manifolds Y and Y),,, obtained by surgeries. The 2-handle addition cobordism
W from Y to Y, naturally contains a properly immersed annulus w x I. We can
define a chain map induced by W:

W wxi: CEX(Y,w; L) — CFX(Y),w; L).

Similarly, there are two other chain maps induced by the cobordisms Yy — Yy,
and Yy, — Y. We then have the long exact sequence [1]:

(1) oo = HF(Y,w; £) — HF*(Yy,w; £) = HF*(Yauwi £) = -
2.3. Some properties of twisted Heegaard Floer homology. Many prop-
erties of the untwisted Heegaard Floer homology have analogues in the twisted

case. For example, the connected sum formula for @ is the following:

HE(Y\,wi; L) @ HE (Y2, w); £) = HE(Y\#Ys,w; U wy; L).
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LEMMA 2.1. Suppose Y contains a nonseparating two-sphere S, w € Y is a
closed curve such that w - S # 0. We then have

HE(Y,w; L) =0, HF*(Y,w;L)=0.

Proof. As in Figure 1, @ (5% x S',w; £) has two generators x,y. There are
two bigons Dy, D, connecting x to y. If w - (S? x point) = d # 0, we can assume
A(Dy) = d,A(D5) = 0, then Ox = £(T¢—1)y. This implies that HF(S! x §2,w; L) =
0 since T — 1 is invertible in L.

If Y contains a nonseparating two-sphere S and w - S # 0, then Y has a
summand S? x S! such that w - (S? x point) # 0. The connected sum formula then
shows that @(Y,w; L£)=0.

For HF*, it follows from the long exact sequence

U —
- —— HF" —— HF" HF

that U is an isomorphism. For any element x € HF*(Y,w; £), U"x = 0 when n is
sufficiently large, so HF*(Y,w; L) = 0. O

The following theorem is a twisted version of [9, Theorem 1.1].

THEOREM 2.2. Suppose K is a null-homologous knot in a closed, oriented,
connected 3-manifold Y, Y — K is irreducible, and F is a genus g Seifert surface
of K. Let w C Y — K be a closed curve. If@(Y, K,w,[Fl,g;: L) = L, then K is
fibred, and F is a fibre of the fibration.

Proof. We could prove this theorem by repeating the whole proof in [9], but
we would rather choose to apply [9, Theorem 1.1] directly.

Let (M, ~y) be the sutured manifold (see [9, Definition 2.1]) obtained by cutting
Y —K open along F. The proof of [9, Proposition 3.1] shows that M is a homology
product. Hence we can glue R, (y) to R_(y) by a suitable homeomorphism to get
a manifold with torus boundary, which is the exterior of a knot K’ in a manifold
Y’ with b;(Y’) = 0. This cut-and-reglue process can be realized by Dehn surgeries
on knots in F, so w can be regarded as a curve in Y’ — K’. As in [8, Proposition
3.5, the second proof], using a filtered version of the exact sequence (1) and the
adjunction inequality, we can show that @(Y "K' w,[Fl,g; L) = L.

Since b1(Y’) = 0, there is no real “twisting” at all, namely,

CFK(Y',K',w; L) = CFK(Y',K';Q) ®q L.

So we get Iﬁ(Y’,K/, [F1,g;Q) = Q. Now [9, Theorem 1.1] implies that K’ is
fibred with fibre F, hence so is K. O

3. A homological version of the main theorem. The goal of this section
is to prove the following homological version of the main theorem.
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PRroPOSITION 3.1. Suppose Y is a closed 3-manifold, F C Y is a closed non-
separating connected surface of genus g > 2. Let M be the 3-manifold obtained
by cutting Y open along F. The two boundary components of OM are denoted by
F_,F,. IfHF*(Y,[Fl,g — 1) ¥ Z, then M is a homology product, namely, the two
maps

s Hi(Fy) — H (M)

are isomorphisms.

We will make use of the fact that the Euler characteristic of HF* is Turaev’s
torsion function. A Heegaard diagram for Y will be constructed, and will be used
to study the torsion function of Y. Then Proposition 3.1 can be proved using the
same argument as [9, Proposition 3.1].

3.1. A Heegaard diagram for Y.

Construction 3.2. We will construct a Heegaard diagram for Y in a similar
manner as in [9, Construction 2.10].

Step 0. A relative Morse function. Let M be the compact manifold obtained
by cutting open Y along F’; the two components of M are denoted by F_, F,. Let
1: Fy — F_ be the gluing map. Consider a self-indexed relative Morse function
u on M. Namely, u satisfies:

(1) utM) =1[0,3], u'(0)=F_, u='(3) = F..

(2) u has no degenerate critical points, #~!{critical points of index i} = i.

(3) u has no critical points on F_.

Let Fy=u"'(3).

Suppose u has r index 1 critical points. Then the genus of Fy is g+ r. The
gradient —Vu generates a flow ¢, on M. There are 2r points on F,, which are
connected to index 2 critical points by flowlines. We call these points “bad”
points. Similarly, there are 2r bad points on F_, which are connected to index 1
critical points by flowlines.

Step 1. Construct some curves. Choose two disjoint disks D¢, D% C F,. Flow
the two disks by ¢, their images on Fy and F_ are Dy, D* ,Dﬁ, Db . (We choose
the disks generically, so that the flowlines starting from them do not terminate at
critical points.) We can suppose the gluing map ¢ is equal to the intersection of
the flow ¢, with F_ when restricted to D¢ U D?. Let AL = Fy — int(D%. U D%.),
Ay = Fy — int(D$ U D).

On Fy, there are r simple closed curves asg.1, . . ., Qpg4r, Which are connected
to index 1 critical points by flowlines. And there are r simple closed curves
B2g415 - - - » B2g+r» Which are connected to index 2 critical points by flowlines.

Choose 2¢g disjoint arcs &;,...,&, C A, such that their endpoints lie on

OD” , and they are linearly independent in Hi(A_,0A_). We also suppose they



1054 YI NI

are disjoint from the bad points. Let & = 1 ~1(£;7). We also flow back £, . .. &0
by ¢_, to Fy, the images are denoted by &%, . .. ,fgg.
Choose 2g disjoint arcs 77, .. .,ngg C A,, such that their endpoints lie on

0D¢, and they are linearly independent in H;(A+, 0A;). We also suppose they are
disjoint from the bad points. Flow them by ¢, to Fy, the images are denoted by

# #
M5 T

Step 2. Construct a diagram. Suppose [cy,c>] is a subinterval of [0, 3], let
(0D%) x [c1,c2] be the annulus which is the image of dD? inside uY([e1, cal)
under the flow ¢,. Similarly, define (8D’i) X [c1,c¢2]. Let

T=A,UAsU ((aDg’) X B3]> U <(aD’;) X [0, ;D .

Let

o =& UETU{2 arcs),

where the 2 arcs are vertical arcs connecting & to &F on a corresponding annulus,
i=1,...,2g. Similarly, let

B =nf Unf U {2 arcs}.

Let o = 81)2, Bo = 8D§
Let

o = {Oél, ceey Oézg} U {Oézg+1, R Oézg+r} U {Oé()},

/3 = {,81, ce ,ﬂZg} U {62g+1, v ’52g+r} U {/80}

Step 3. Check that (Z, o, ) is a Heegaard diagram for Y. This step is quite
routine, we leave the reader to check the following

(A) X separates Y into two genus (2g + 1 + r) handlebodies Uj, U,. Every
curve in « bounds a disk in Uy, every curve in 3 bounds a disk in Us.

(B) £ — « is connected, ¥ — 3 is connected.

Then

&, o, 8)
is a Heegaard diagram for Y.

3.2. Preliminaries on Turaev’s torsion function. The Euler characteristic
of HF* is equal to Turaev’s torsion function 7. In this subsection we will briefly
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review the definition of 7. The readers are referred to [19] if more details are
desired.

Suppose Y is a closed oriented 3-manifold. The group H = H{(Y;Z) acts
on Spin°(Y). As in [11], we denote this action by addition. Fix a finite CW
decomposition of Y, Y is the maximal abelian cover of Y with its induced CW
structure. A family of cells (of all dimensions) in Y is said to be fundamental
if over each cell of Y lies exactly one cell of this family. Choose a fundamental
family of cells ¢ in ¥, we get a basis for the cellular chain complex C,(Y) over
the group ring Z[H]. As shown in [19], e also gives rise to a Spin® structure
s € Spin“(Y).

Let F be a field and ¢: H — F* be a group homomorphism, s € Spin°(Y),
and ¢ be a fundamental family of cells which gives rise to 5. Then one can define
7%(Y,s) € IF to be the Reidemeister—Franz torsion of C*(I?) as in [19, Section
2.3].

Let Q(H) be the classical ring of quotients of the group ring Q[H]. Q(H)
splits as a finite direct sum of fields:

O(H) = i, Fi.

[F; is in the form K;(¢, %, ..., 1), where K; is a cyclotomic field and b = b (Y).
Since H C Q[H] C Q(H), there are natural projections ¢;: H — [F;. Turaev
defined

T(Y.5) =Y 7¥i(Y,8) € &L, F; = Q(H),
i=1

and showed that 7(Y,s) € Z[H] when bi(Y) > 2. The coefficients of 7(Y,s)
gives the torsion function 7. More precisely, when b;(Y) > 2, T is defined by
the following formula:

() T(Y,8) =Y T(Y,s —

heH

and when b{(Y) = 1, one can define T;: Spin(Y) — Z in a similar way, once a
chamber ¢ of H{(Y;R) is chosen.

Suppose the CW decomposition of Y has one O-cell, m 1-cells, m 2-cells
and one 3-cell. The chain complex C*(I7) =(C3 — Cy; — C; — (Cp), where
Co,C1,Cy,C3 are free Z[H]-modules with ranks 1,m,m,1, respectively. Let
hi,...,h, be the generators of H represented by the 1-cells, and gy,...,g, € H
be the elements which are dual to the 2-cells.

Denote by A, s the determinant of the matrix obtained from the m x m-matrix
(over Z[H]) of the boundary homomorphism C, — C; by deleting the rth row
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and sth column. Turaev proved the following equation (see (4.1.a) in [19]):
(3) 7(Y,8)(gr — D(hy — 1) = £A, 5 € Z[H].

When s is a nontorsion Spin® structure, Ozsvith and Szab6 showed in [12]
that

“4) X(HF*(Y,s)) = +T(Y, s).

3.3. Proof of the homological version. We deal with the case of b;(Y) > 2
first. We will use the Heegaard splitting in Construction 3.2 as the fixed CW
decomposition of Y. Each «; corresponds to a 1-handle in Y, let a; be the 1-cell
which is the core of the 1-handle; each (; corresponds to a 2-handle in Y, let b;
be the 2-cell which is the core of the 2-handle.

Let 0: H — Z be the group homomorphism given by counting the intersec-
tion number with [F]. We construct the universal abelian cover Y of Y in two
steps. First we take the infinite cyclic cover of Y dual to o, denoted by Y, which
is the union of infinitely many copies of M:

Y7 =---Up_, M_y Ugy Mo Up, My Up, M2 UF, - - -,

where Fy, F are identified with F_, F, respectively, if My is identified with M.
Then we take the cover m: Y — Y°.

We choose a lift of the O-cell, a lift of the 3-cell, and q;, l;, which are lifts of
the 1-cells and 2-cells. All lifts are chosen in 7~ (Mj). This fundamental family
of cells gives rise to a Spin® structure s € Spin“(Y).

We extend the group homomorphism o to a map of the group rings

o1 ZIH) — ZIZ] = Zlq.q"'].
By Equation (2), Equation (4) and the assumption that
HF'(Y,[Fl.g — 1) ® HF*(Y,[F],1 - g) ¥ Z,

we conclude that o(7(Y,s)) is a Laurent polynomial of g with degree 2g — 2,
and the coefficients of the highest term and the lowest term are £1. Here the
degree of a Laurent polynomial is defined to be the difference of the degree of
the highest term and the degree of the lowest term.

In Equation (3), we choose g, € H to be the element dual to the 2-cell corre-
sponding to (3, and kg to be the element represented by the 1-cell corresponding
to . Note that if we cap off 0A; = ag U Gy, we get the surface F from A,. We
thus have o(g,) = qil,a(hs) = qil. So o(LHS of (3)) is a degree 2g Laurent
polynomial with leading coefficient 1. Here the leading coefficient of a Laurent
polynomial is defined to be the coefficient of its lowest term.
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Now we analyze the boundary map 0: C, — Cj. Suppose 1 <i,j <2g+r,
and the coefficient of g; in 813,- is ¢;; € Z[H]. If x € o N B; lies in Ay C Fy, then
x contributes a lift of @; in 7~ '(Mp) to 85] since Z;J c 7Y Mp); if x € oy N B;
lies in A, C F,, then x contributes a lift of a; in 7~ ' (M) to 613,. Let c’g- (or c;;-
be the intersection number of «; and f; inside the domain Ay (or A,), then we
conclude that

# +
o(cyj) = ¢ + ;4.

If i or j is bigger than 2g, then cj; = 0.

Consider the matrix C = (c¢;j)1<ij<2g+r- The result in the last paragraph im-
plies that o(det(C)) is a polynomial of degree at most 2g, and its constant term
is det (cg)lgi j<2g+r- By (3), o(det(0)) is a degree 2g Laurent polynomial with
leading coefficient +1. Hence

(5) det () 1<ij<ager = 1.
In Construction 3.2, let
N =M — (in(D}) x [0,3]), ~=(8D}) % [0,3].
(N, ) is a sutured manifold. We claim that (N, ) is a homology product, namely,
H.(N,R_(7)) = H(N,R.(7)) = 0.

The proof is the same as [9, Proposition 3.1]. In fact, as in [9, Lemmas 3.2 and
3.3], using (5), one can show that Hy(NV;F) = 0 and the map

iv: Hi(R_(7),0R_(7);F) — H{(N,~;F)

is injective for any field FF. Then the homological argument as in [9, Proposition
3.1] shows that (V, ) is a homology product. Since M is obtained by capping
off v by D? x I, M is also a homology product.

For the case of b1(Y) = 1, the proof is essentially the same.

4. Characteristic product pairs. Using the surgery exact sequence and the
adjunction inequality, one can prove the following result. Details of the proof can
be found in [14, Lemma 5.4] and [8, Proposition 3.5, the second proof].

LemMA 4.1. (Ozsvdth—Szabd) Suppose F is a closed connected surface in a
closed manifold Y, and the genus of F is g > 2. Let Y' be the manifold obtained
by cutting open Y along F and regluing by a self-homeomorphism of F. Let HF°
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denote one of HF and HF*. Then we have
HF°(Y,[Fl,g — 1) = HF°(Y',[F],g — 1).

We also need the following two simple lemmas.

LemMA 4.2. Suppose M is a compact 3-manifold with two boundary compo-
nents F_,F,, and M is a homology product, namely,

H.M,F_)=H,M,F,) = 0.

Suppose Fo C M is a closed surface that is homeomorphic to F_, and Fy splits
M into two parts M_, M., OMy = Fy U F. Then both M_ and M, are homology
products.

Proof. From the exact sequence
= HM,F_) - Hi(M,M_) — HM_,F_) — - -

we conclude that Hy(M,M_) = 0, thus the inclusion map Hi{(M_) — H{(M) is
surjective. Similarly, H;(M,) — H;(M) is surjective.

Let g be the genus of F_. Since M is a homology product, Hy(M) = 7Z is
generated by [F_] = [F4]. So the maps Hy(ML) — H(M) are surjective. We
then have the short exact sequence

0 — Hi(Fo) — Hi(M-) ® Hi(M,) — H\(M) — 0.

Both H{(M_) and H{(M,) surject onto H{(M) = H|(F_) = 7?8 = H(Fp), so
H{(M_) = H{(M,) = Z28. It follows that the surjective maps H{(M+y) — H{(M)
are actually isomorphisms. So we have the exact sequences

0 — Hy(M+) — Hy(M) — Hy(M,M+) — 0.

We already know that the maps Hy(My) — H,(M) are surjective, hence
HyM,M1) = 0.

Now we have H.(M_,Fy) = H.(M,M,) = 0. The equality H.(M_,F_) =
0 then follows from Poincaré duality and the Universal Coefficients Theorem.
Hence M_ is a homology product, and so is M, by the same argument. O

The next lemma is well-known, proofs of it can be found in [7], [18].

LemmMmA 4.3. A homology class on a closed, orientable surface is represented
by a simple closed curve if and only if it is primitive.
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Definition 4.4. Suppose S is a compact surface. The norm of § is defined by
the formula:

x($) =Y max{0, —x(S)},

Si
where S; runs over all the components of S.

The next theorem is an analogue of [10, Theorem 6.2]. Here we just sketch
the proof, and refer the readers to [9, Section 6] and [10] for more details.

THEOREM 4.5. Suppose Y is a closed irreducible 3-manifold, F C Y is a closed
connected surface of genus g > 2. Suppose {F| = F,F,...,F,} is a maximal
collection of mutually disjoint, nonparallel, genus g surfaces in the homology class
of [F]. Cut open Y along F,...,F,, we get n compact manifolds My, ...,M,,
OM;, = F; U Fy41, where F,,| = F\. Let & be the subgroup of H{ (M) spanned by
the first homologies of the product annuli in M.

IfHF*(Y,[F),g — 1) ¥ Z, then for each k, &, = H{(My).

Sketch of proof. By Proposition 3.1 M is a homology product. Lemma 4.2
implies that each My is also a homology product.

Assume that & # H(M}). By Lemma 4.3, we can find a simple closed curve
w C FY, such that [w] ¢ &. Let w_ =w C Fy. Since My is a homology product,
by Lemma 4.3 there is a simple closed curve w, C Fy4; which is homologous to
w in M. We fix an arc ¢ C M}, connecting Fy to Fiy. Let S;,(+w) be the set of
properly embedded surfaces S C My, such that S = w_LI(—w,), and the algebraic
intersection number of § with o is m. Here —w, denotes the curve w,, but
with opposite orientation. Similarly, let S,,(—w) be the set of properly embedded
surfaces § C My, such that S = (—w_) U w,, and the algebraic intersection
number of § with o is m. Since M is a homology product, S,,( & w) # 0. Let
x(S,u( £ w)) be the minimal value of x(S) for all S € S,,( £ w), where x(S) is the
norm of S.

Claim. For positive integers p, q,

(6) X(Sp(+w)) +x(Sy(—w)) > (p + Px(Fi).

Proof of Claim. Suppose S; € Sy(+w),S2 € Sy(—w). Isotope 1,5 so that
they are transverse, then perform oriented cut-and-paste to S;, S, we get a closed
surface P C int(My), with x(P) = x(S1) + x(S»). Using standard arguments in 3-
dimensional topology, we can assume P has no component which is a sphere or
torus.

Since M is a homology product, one can glue the two boundary components
of M together to get a manifold Z, which has the same homology as F x S', so
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Hy(Z) = H\(F)® Hy(F). Thus if a closed surface H C Z is disjoint from one Fy,
then H must be homologous to a multiple of F.

P is homologous to (p + g¢)F in Z; in fact, as shown in [9], P is the disjoint
union of p + g surfaces Py,..., P,.,, where each P; is homologous to Fj. Since
HF*(Z,[F],g— 1) #0, F is Thurston norm minimizing in Z. So we have x(P;) >
x(F) = x(Fy). So if x(P) < (p + q)x(Fy), then the equality holds, and each P; has
x(P;) = x(Fy).

Next we claim that P; has only one component. Otherwise, suppose P; =
01 U Q», then

x(Q1), x(Q2) < x(Pi) = x(Fy).

[01], [Q>] are multiples of [F}] in H>(Z). Since Fy is Thurston norm minimizing
in Z and [Fy] is primitive, we must have [Q1] = [Q>] = 0, which is impossible.

Since {F},...,F,} is a maximal collection of disjoint, nonparallel, genus g
surfaces, each P; is parallel to either F or Fi,1. Thus there exists r € {0, 1,...,p+
q}, such that Py, ..., P, are parallel to Fy, Py, ... , Ppyq are parallel to Fi,. Let

C, = P,NSy. Then C, x I is a collection of annuli which connect P, to P,,i,
while C, is homologous to w. This contradicts the assumption that [w] ¢ &. Now
the proof of the claim is finished. O

As shown in [9, Lemma 6.4], when m is sufficiently large, there exist con-
nected surfaces S| € Sp,(+w) and S, € S,,(—w), such that they give taut decom-
positions of M. By the work of Gabai [2], one can construct two taut smooth
foliations .7}, 7% of My, such that Fy, Fy are leaves of the two foliations; one
can also construct a taut smooth foliation .% of Z — int(M}) with compact leaves
Fi, Fre1. Let Z; = Z7U.Z be a foliation of Z. Let R be a connected surface in Z,
whose intersection with Fj is w. As in [4] or [9], using (6), one can prove that

(c1(Z 1), [R]) # (c1(F2), [R]).

Thus [4, Theorem 3.8] can be applied to show that rank(HF* (Y, [F],g — 1)) > 1,
a contradiction. This finishes the proof of Theorem 4.5. O

COROLLARY 4.6. Suppose (I, Vy) is the characteristic product pair [ 10, Def-
inition 6] for My, then the map

it Hi(Iy) — Hi(My)
is surjective.

Proof. The proof is the same as [10, Corollary 7]. O

LemmaA 4.7. Notation is as above, then each 11y contains a product manifold
Gy, X I, where Gy, is a once-punctured torus.
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Proof. This is an easy consequence of Corollary 4.6. In fact, let E; = [T, N F},
E{ = F} — E, we can construct a graph I as follows. The vertices of T correspond
to the components of E; and Ej. E; N Ej consists of simple closed curves. For
each of such curves, we draw an edge connecting the two components of E; and
Ej that are adjacent along the curve. No component of E; N E} is a nonseparating
curve in Fy, otherwise there would be a closed curve ¢ C F; which intersects the
component exactly once, thus [c] ¢ H;(IT). It then follows that the I" contains
no loop, so I' is a tree.

Consider a root of the tree, it corresponds to a component H of Ej or E. H
has only one boundary component since it corresponds to a root. H is not a disk,
so it contains a once-punctured torus Gy. Since H{(Gy) contributes to H;(Mj)
nontrivially, H must be a component of Ej. O

5. Proof of the main theorem. In this section, we will use Heegaard Floer
homology with twisted coefficients to prove Theorem 1.1.

LeMMA 5.1. Suppose Z is a closed 3-manifold containing a nonseparating two-
sphere S, K C Z is a null-homologous knot, H is a genus g(> 0) Seifert surface for
K. Let Zy(K) be the manifold obtained by doing 0-surgery on K, H be the extension
of Hin Zo(K). Let w C Z — K be a closed curve such that w - S # 0. We then have

HFK(Z.K,w,[H].g: L) = HF*(Zy(K),w, [H], g — 1; L).

Proof. As in [13, Corollary 4.5], when p is sufficiently large, we have two
exact triangles: (we suppress [H], [H] and £ in the notation)

. — HFK(Z,K,w,g) —— HF*(Zp,w,[g — 11) = HF*(Z,w) — -+,

- — HF*(Zy,w,[g — 11) —— HF*(Zy,w,[g — 1]) = HF*(Z,w) — - --.

By Lemma 2.1, HF*(Z,w) = 0, so the maps o, ¢’ are isomorphisms, hence our
desired result holds. O

Proof of Theorem 1.1. Notation is as in Section 4. By Lemma 4.7, we have
the product manifolds Gy x I C My. By cut-and-reglue along Fy’s, we can get a
new manifold Y; such that the Gy x I’s are matched together to form an essential
submanifold G x S' in ¥}, where G is a once-punctured torus in F.

Since each M} is a homology product, we can construct a new manifold Y,
with b{(Y,) = 1 by cutting Y| open along F and then regluing by a homeomor-
phism of F.

By Lemma 4.1,

HF'(Y1,[Fl,g — 1) ® HF'(Y2,[Fl,g — 1) ® HF'(Y,[Fl,g - ) ¥ Z.
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Let D C G be a small disk. We remove D x S' from Yy, then glue in a solid
torus V, such that the meridian of V is p x S! for a point p € OD. The new
manifold is denoted by Z, and the core of V is a null-homologous knot K in Z.
F = F —int(D) is a Seifert surface for K. Conversely, Y| can be obtained from Z
by O-surgery on K.

Z contains nonseparating spheres. In fact, pick any properly embedded non-
separating arc ¢ C G — int(D), such that dc C 9D, then d(c x S') bounds two
disks in V. The union of the two disks and ¢ x S! is a nonseparating sphere in
Z. Suppose S is such a nonseparating sphere. Let w C Z — F be a closed curve
such that w - § # 0. The curve w can also be viewed as lying in Y; and Y, and
w is disjoint from F.

Since b1(Y2) =1 and w - [F] = 0, w is null-homologous in Y>, so

HF*(Y2,w,[Fl,g — 1;£) € HF (Y2, [Fl,g — Q) ®q L = L.
A twisted version of Lemma 4.1 then implies that
HF*(Y),w,[Fl.g — ;L) = L.
By Lemma 5.1, @(Z,K,w, [F],g;ﬁ) HF*(Y1,w,[Fl,g — 1,L) = L.

Now by Theorem 2.2 K is fibred with fibre F, hence Y, is fibred with fibre F,
and so is Y. O
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