Advanced Quantum Mechanics Part III: Group Theory and Its Applications

Ph225a Problem Set #6 (Chapters I11.1. & I11.2.) December 1, 2004

L.

(due at Noon on December 10, 2004)

In the following we define R as the elements of the group G(R), & the order of the group, D' an
irreducible representation of G(R) with dimension /,, 7“(R) the character of D'®, and the operators
O, that transform functions f (7 )according to the relation O, f (R¥) = f (7).

(a) Using the character table of the cubic group O, and the projection operators
. / .
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P —;ZRZ (R) Oy,
show that the functions (x* — »*) and (22> — x* — )*) are a set of basis functions for the irreducible
representation I'j,, and that the functions z(x* — y?), y(z* — x*) and x(* — z%) are a set of basis functions
for the irreducible representation I[,s.
(b) Find all the (2 x 2) matrices for the representation I'j, by using the basis functions (x* — y*) and (22 —
x* —).
(c) Find all the (3 x 3) matrices for the representation I"",5s by using the basis functions xy, yz and zx.

2. Consider a molecule AB¢ where the A atom lies in the center of an octahedron, as shown in the figure,

3.

with the coordinates of the atoms specified, and a and ¢ being positive constants.
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(a) Find the symmetry elements and their classes for the molecule, assuming thatc = a/~/2 .

(b) Identify the appropriate character table. Use the basis functions in the character table to construct two
sets of (2 x 2) matrices which are irreducible representation of the symmetry group.

(c) What additional symmetry operations can result from the condition ¢ = a/+/2 ? Find the corresponding
symmetry group and the character table.

(a) Prove that SO(4) is locally‘ isomorphic to SO(3)®SO(3) by considering the algebra of the combinations
('t g J’d), where J” and &, are the generators and the anti-symmetric constant tensor of SO(4),

respectively. {Hint: By definingJ} = (J23 + J”)/Z JJl = (J31 + J24)/2 , andJ] = (J12 + J34)/2 , you
may show that [Jj,Jj] =ig™Jt, [Jf,.]f} =ig"J", and [Jj,Jf] =0.}
(b) Prove that the tensor representation 5 and 5* in SU(5) satisfy the following relations:

5®5=10®15 and 5®5 =1®24.
What does the product representation 5 ®5 in SU(5) decompose into in the subgroup SU(3)?
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