Advanced Condensed Matter Physics Part V: Superconductivity

Ph223b Problem Set #4 (Parts V.3—V.4) February 28, 2007
(Due: March 16, 2007)

1. Tunneling spectroscopy of a superconductor with p-wave pairing symmetry

In Part V.3 and Part V.4 we have primarily focused on singlet superconductors whose orbital pair
wavefunctions are of even angular momentum quantum numbers 1 = 0, 2, ... due to symmetry consideration,
and the corresponding pairing symmetries are therefore s-wave, d-wave, etc. Similar symmetry consideration
suggests that for triplet superconductors (such as certain heavy-fermion superconductors discussed in Part
V.5) the orbital pair wavefunctions must be associated with odd angular momentum quantum numbers | = 1,
3, ... so that the pairing symmetries are p-wave, f-wave, etc. In this problem, you are asked to derive the
quasiparticle tunneling spectrum of certain triplet superconductors by means of numerical analysis.

(a) Using the generalized BTK formalism derived in Part V.3, find the quasiparticle tunneling spectrum (i.e.,
the tunneling conductance o versus quasiparticle energy E) of a superconductor with a pure p-wave
pairing potential A(k) =A, cos¢,, provided that quasiparticles are tunneling along the nodal direction

(i.e. the ky-axis) of the superconductor. Here cos 6, s(kx/

K|), [k =kZ+k?, and we have assumed a
two-dimensional superconductor.

(b) Suppose that the time-reversal symmetry is broken in the p-wave superconductor by the presence of a
small imaginary component in the pairing potential so that A(k) =A, [cos 6, —iosin ek] where §< 1.

Find the quasiparticle spectrum of this (px — ip,)-wave superconductor for quasiparticles tunneling along
the k,-direction. It is worth mentioning that the quasiparticle wavefunctions associated with the vortex
state of a (px— ipy)-wave pairing superconductor in fact exhibit non-abelian statistics, and are therefore of
interest in the possible construction of qubits for quantum computation.

2. The one-band t-J model of the cuprates and the slave-boson formalism for pairing in the cuprates

We have described in Part V.4 the primary assumptions and key steps required to derive a microscopic
model Hamiltonian for the strongly correlated cuprates from the Mott insulator limit where no double
occupancies at the same site are allowed. Specifically, we may apply the Gutzwiller projection operators
Pg to the one-band Hubbard Hamiltonian of the CuO, plane so that

d'.P=d (1-n_,), (V.312)

which is only non-trivial if the i-th site is not occupied. This procedure effectively reduces the Hilbert
space associated with the original Hamiltonian of the Hubbard model to a no-double occupancy Hilbert
space of a t-J Hamiltonian. Assuming hole doping into the CuO, plane so that there is strong p-d orbital

hybridization and keeping to the lowest order in (t 2/U) = J in the nearly half-filling limit, we want to

derive the effective one-band t-J Hamiltonian for the CuO, plane given by EQ. (V.311) from the one-band
Hubbard model in EQ. (V.307). That is, we want to show that under the Gutzwiller projection, the one-

band Hubbard model in EQ. (V.307) that consists of a kinetic term Hy and an interaction term JH:

H= Y tdld +Ud n.n =H +H, (V.307)

ijYi,oc"j,o

(i.j).o

can be projected out into the one-band t-J Hamiltonian given by EQ. (V.311) (which is reproduced below)
in the half-filling limit:
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(i5)

. . 1 . . . .
where the spin operators S; are given by S, = zwsz ¢, d; with ¢, denoting the Pauli matrices, the

i pv v

di di, (i,j) refers to sum over nearest neighbors,

o oo !

charge operators are given by n; zz

0

0 0 2
U=e¢g, —¢4, t:thd (5p

0 — &, ) z denotes the hole doping level and tyq is the hopping coefficient in the
two-band model, and the cross terms involving (l—ni,_a)nj'_a and n; (1—nj’_0) can be removed

from the second line of EQ. (V.311).

(a) Before making the Gutzwiller projection, let us consider a more general projection procedure for the
one- band Hubbard model. For an arbitrary projection operator P, that satisfies the condition P, = Py, if
we define a second projection operator P, = 1 — P4, we find that P,2 = P, and P;P, = P,P; = 0. Next, the

eigen-value problem Hy = Ey for the Hamiltonian 7 can be rewritten into the following:

}[(Pl-'-PZ)W:E(Pl_'_PZ)W’
1

= RH(R+R)y=RE(R+R)y = le//=—m
2 2

PRHPy .
From PH (P +P,)y =PE(R +P,)y and the above expression for P, , show that we can define an
effective Hamiltonian Hes so that H P,y = ER,y , where

1

H - -
o (sz{Pz_E)

RIH P ~RH PR,

This effective Hamiltonian Fe therefore reduces the Hilbert space of the original Hamiltonian # into
that of the projection operator P;.

(b) Now if we specify the projection operator Py in Part (a) as the Gutzwiller projection operator Pg where

R= Hi(l_ n; 4 ni,L) ’

we find that PH P =0 = PHP =P,JH,P,,
PH,P=0 = PHP=PH,P,
and PH P =0 = PHP =PH,P,.

Using the above identities and taking the half-filling limit, show that in the lowest order of (E/U), the
effective Hamiltonian becomes
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(c) Now consider the numerator in the second term of He and show that it can be expressed as

PHPH P = D tt,Pedd, Pzd,Tsd P,

Ijlj GYi,sTj,s
i,j,i'j.s,s

<.,> ‘t”‘ P.d/d, . dl.d; P

‘t”‘Pd d,,d,,dlon,Py

G Yi,si,s' JSJS]

<I J)ss
where we have used the condition j = j* because of the constraints on Pg and P, and have ignored terms

with i =i".

(d) Given the results in Part (c) and the identity for the multiplication rule of the Pauli matrix elements
CopOry =28,,6,,—8,,06,, witha=1,2,3, show that

P.H P, H P, = p2y \ ‘P( =28, SJP
i

where we have used the relations

1 1
d’ d. :Egss,niJrsaajs, and d df _(1——nj5 -S%2,

i,s7i,s' i,s7i,s’ 2 ss' "

Finally, verify the validity of EQ. (V.311) using the results derived from Part (a) to Part (d).

(e) In the mean-field limit the exchange interaction term in the one-band t-J model can be rewritten by means
of the slave-boson formalism into the following form for pseudo fermions d and d":

_JZ( .S ——ndlndjj

The relation given in EQ. (V.316) is essential for “finding attraction from repulsion” in the CuO, plane.
That is, the repulsive antiferromagnetic exchange interaction can lead to an effective Cooper pairing due
to a special “quantum choreography” of the pseudo fermions imposed by the slave-boson formalism.
Prove that EQ. (V.316) is indeed correct.

- z(d gt +dd]_,d,d;_,), (V.316)
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