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Ph223b           Problem Set #1  (Parts III.7 – III.8)             January 11, 2006 
                      (Due: February 1, 2006) 
 
1. Lehmann representation of the density fluctuation operator  
 

The density fluctuation operator of a fermionic many-body system is a useful physical quantity for such 
consideration as the system response to external fields and the density-density correlation near phase 
transitions. Specifically, the density fluctuation operator is defined as 
 

( ) ( ) ( ) ( ) ( )†
† 0 0

0 0

n α α
α α

ψ ψ
ψ ψ

Ψ Ψ
≡ −

Ψ Ψ

r r
r r r� , 

 

where ( )αψ r  denotes the fermion field operator, α is the spin index, and 0Ψ  is the exact ground state of 
the many-body system.  
 
(a)  Derive the Lehmann representation for ( ),D ωk , which is the Fourier transformation of the density-

density correlation function ( ),D x x′  defined as 
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Here T is the time-ordering operator, x is a four-vector, and ( )Hn x�  denotes the density fluctuation 
operator in the Heisenberg picture.  

 
(b)  Show that ( ),D ωk  has poles in the second and fourth quadrant of the complex ω-plane and construct 

the corresponding retarded and advanced functions similar to those associated with the Green’s 
functions. 

 
2. Application of Wick’s theorem to particles and holes of a fermionic many-body system  
 

The fermion operator ck (ignoring spin for now) of a many-body system can be expressed in terms of the 
particle and hole operators as  
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where θ (k) is the step function in momentum space, kF is the Fermi momentum, and a and b are the particle 
and hole operators, respectively. By applying Wick’s theorem, prove the following relation: 
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where ( )N "  represents the normal-ordered product of operators within the parenthesis.  

 
3. Spin-dependent interaction potential and Dyson’s equation of a fermionic many-body system  
 

Consider a uniform many-body system of spin-1/2 fermions with a spin-dependent pair interaction 
potential given by: 

( ) ( ) ( ) ( ) ( ) ( ) ( )1 2 0 1 2 1 1 21 2 1 2V V V− = − + −r r r r 1 1 r r σ σi , 
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where 1 refers to the unit spin matrix and σ denotes the Pauli matrices.   
 
(a)  The exact interaction potential ( ) ,U q αβ ρτ  can be expressed in terms of the bare interaction potential 

( ) ,0U q αβ ρτ and the proper polarization insertion ( )*
, qμν κλΠ  by the following relation  
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*
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Assuming that the proper polarization insertion ( )*
, qμν κλΠ  can be approximated by ( )0 / 2q νκ μλδ δΠ , 

prove that the interaction potential becomes 
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(b)  Find Dyson’s equation for the polarization insertion Π in terms of the proper polarization insertion Π∗ 

and U0, and then solve this Dyson’s equation to prove the following relation 
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4. The proper self-energy of a degenerate electron gas  
 
(a)  For a degenerate (i.e. high-density) electron gas with a Fermi momentum kF, show that the proper self-

energy ( )*Σ q  to first order in the Coulomb interaction is given by: 
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(b)  Using the proper self-energy given in (a), find and sketch the corresponding single-particle spectrum. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 


