Advanced Condensed Matter Physics Part I. INTRODUCTION

Ph223a Problem Set #1 (Part I) September 28, 2005

1. Second-quantizing the interaction Hamiltonian of fermions

Consider the field operator i defined by z//(r) = Zkgok(r)ck , Where gok(r) are a complete set of single

particle states characterized by the quantum number K, r is the spatial coordinate, and cy is the fermion
annihilation operator.

Show that the second-quantized expression for the interaction Hamiltonian of a system of N interacting
fermions, H ' = z:jﬂ V(ri,rj )/2 , is given by EQ. (1.28):
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where V (rl , r2) describes the interaction potential between fermions at r; and r,.

2. Second-quantization of the Zeeman interaction

As an example to second-quantize a Hamiltonian that involves spin operations, we consider the Zeeman
interaction, which is defined as the interaction of an electron spin with an external magnetic field H.

Assuming a spatial variation in the applied magnetic field so that H = H cos(q-r)i where Z denotes the

unit vector along the z-direction, show that the interaction Hamiltonian H ' = y,0,H, cos(q+r) can be

second-quantized into the following expression:
1
r_ t i i i
H' = o He HOZ(CM,T it 7 Chigt Gt T Cq Gt G g1 Gy ) ;
k

where 5 is the Bohr magneton, o; is the Pauli matrix:

I 0
o, = ,
0 -1
and T and ¥ denote the spin states parallel and anti-parallel to the applied magnetic field, respectively.

3. The interaction picture for a spin-1/2 particle in a time-dependent magnetic field

When we consider the interaction picture for various physical systems, it occurs at times that the best
choice for JH, in the total Hamiltonian H = Hy + JH ' is not necessarily the entire familiar or constant part.
As an example, consider the following Hamiltonian for a spin-1/2 particle with gyromagnetic ratio y in a
time-dependent magnetic field B (t) =b [cos(a)t) X+ sin (a)t) )7] +B,Z2 rotating about the z-axis with

frequency w so that

H(t)= —7/[b1 cos(wt)S, +bsin(wt)S, + BOSZ]
=§[—7b1 cos(awt)o, — ybysin(ot)e, +a)|_oz},

where oy, represent the (2 x 2) Pauli matrices, and o, = yB,.
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(a) A seemingly straightforward choice for H; and #H ' in the above Hamiltonian is:

—iot
H, = hg)" c,, ﬂ'(t):—%bl[cos(a)t)cx+sin(a)t)oy}:—hLbl( 0 ¢ j

2 e ot 0

With the FH, and H ' given above, find the corresponding FH'(t) in the interaction picture, and show that
it does not even commute with itself at different times.

(b) The situation in Part (a) is certainly not desirable for considering the time evolution of the system. On the
other hand, a different choice of H, and ' can lead to much simplified solutions. Specifically, consider

H, :hTQ)oz, H'(t) :g[(a)L ~w)o, - b, (cos(at)s, +sin(a)t)cy)].

Find the corresponding JH,'(t) and use it to solve for U(t,0) explicitly.

4. Low-energy excitations of a weakly interacting bosonic system

Consider a system of a large number of weakly interacting bosons with a repulsive interaction potential Vy
that is a function of the wave vector k. The total number of particles N in the system is given by

N=N, +Z a/a, , where a/ and a,_ denote the creation and annihilation operators for the bosons,
k=0

respectively, and N, = ag a,. If we limit the boson-boson interaction to the first order, which is justified if the

interaction is sufficiently weak, the Hamiltonian J{ of the system may be expressed by the following:
g =Ny NV, )(al a, +a' NV, val) =Ny e S
=3 0+Z[(gk+ J(ala +al, a, )+ k(aka_k+a_kak)]=5 VY H,
k=0 k=0

where & is the eigen-energy of the unperturbed boson system in the absence of the interaction potential V.
(a) Explain the physical significance of each term in the above Hamiltonian of weakly interacting bosons.

(b) To understand the low-energy excitations of the interacting bosons, we need to diagonalize F and find

the energy dispersion relation of the system. The strategy is to introduce new boson operators ¢, and «,

that are linear combinations of a’and a:
_ t t—y at :
ay = ukak _Vka—k’ ay = ukak _Vka—k’

so that & and e, satisfy the following commutation relations:

I:alt"’]—[k:lz_ﬂ’kali; [aka‘g{kaﬂkak; [ak’a;’}Zé‘kk"

Using the above relations, show that H, can be diagonalized if

NV

k

u, =cosh y,, Vv, =sinhy,, and tanh(2;(k) = TNV
gk + k

(c) The expectation value of the low-energy excitations with wave vector k can be expressed in terms of the
number operator a,a, and the ground state ®:
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<a§ak>0 =(d,|ala, |D@,),

and the ground state satisfies the condition o, @, = 0. Using the boson operators introduced in part (b),

show that the expectation value of the low-energy excitations is given by
! —y? =l h(2y,)—1
<akak>0 =V —EI:COS (27)-1].

(d) Assuming Vy = constant, sketch the expectation value <a£ a, >o as a function of k, the magnitude of the

wave vector, and explain the physical significance of a diverging expectation value as kK — 0.
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