Special Topics for Quantum Field Supplement 1: Groups and Representation Theory
Theory in Condensed Matter

Supplement 1: Groups and Representation Theory

Here we provide a general description for the basic properties of groups, including theory of group

representations, using largely point groups as examples.

[Definition] A collection of elements {R;} are said to form a group G if they satisfy the following

requirements:
1. The product of any two elements is in the set; i.e., the set is closed under group multiplication. In
other words, if R, = R;R;and R, R; € G, then R, € G.
2. The association law holds. That is, for R;, R;, Ry € G, (RiR)Ri = R{RRy).
3. There is only one unit element E in G such that ER,= R,E for all R; € G.
4. Every element R; € G has a unique inverse R; ' such that RR, ' =Eand R € G.

[More Definitions]

If a group contains a finite number 4 of group elements, the group is said to be a finite group, and the
number of group elements is called the order of the group.

If group multiplication in G is commutative, then the group G is called commutative or Abelian.

A group constituted from a sequence of elements R, R, ..., R" = E is said to form a cyclic group of
order n generated by R. All cyclic groups are Abelian.

Two groups of elements are isomorphic when it is possible to establish a one-to-one correspondence
between their elements. That is, for R,R; € G(R) and R; R;’e G(R"), R:R; = R implies that R,'R;" =
R;" and vice versa.

A group S of order / is said to be the subgroup of a group G if all elements {E, S,, S,..., S;} in S
belong to G and / < h. The set of [ elements {EX, S)X, S;X,..., S,X} is called a right coset SX if X is
not in S. (If X were in S, SX would have been S itself.) Similarly, we can define the set XS as a left
coset. These cosets cannot be subgroups because they do not contain the identity element. In fact, a
coset SX or XS contains no identical element to S itself.

A complex is a collection of elements in a group. For two complexes A = A4, A,..., A, and B = B,
B,,..., B,, the product of these two complexes A -B denote the set of elements 4,8, 4,By,..., A,B1,
AIBZ: A2BZ,- .o A,,Bz,. cey Ale: A2Bma- ces Aan-

An element R; is said to be conjugate to R; if R, R;, X € G(R) and R, = X 'R:X, or equivalently, R; =
XRX .
A class of a group is an ensemble of all mutually conjugate elements in the group. The elements of a

group can be divided into classes by considering for every element R; all its conjugate elements R, =
X 'R.X, and X € G(R).
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e The product of two classes C; and C; is composed of a number of classes in the group. That is, we

have C; -G = 2 ¢;sC..

e If a subgroup S of a larger group G consists of complete classes of G, it is said to be an invariant
subgroup or a normal divisor of G. That is, if A€ S, all elements X 'AX €S for Xe G even if X is not
inS.

e A subgroup is defined by the property of closure. That is, SS = S. If S is an invariant subgroup of a
larger group G, then X 'SX = S for all XeG. Hence, SX = XS. In other words, the left and right
cosets of an invariant subgroup are identical.

Let’s consider an example of the O, group, a point group that contains the symmetry elements of a cube.
There are 48 symmetry operations associated with the group, as illustrated in Fig. S1.1.1:

-- The identity (E).

-- The 3 rotations by © about the principle axes %, 7, Z, (3Cj),

-- The 6 rotations by tm/2 about the principle axes %, , 2, (6C,).

-- The 6 rotations by © about the bisectrices in the planes xy, yz, zx, (6C2 )
-- The 8 rotations by +27/3 about the 4 diagonals of the cube, (8C,).

-- The combination of the inversion operation (/) with the above 24 rotational symmetry operations,
(1, 3IC;, 6IC,, 61C,, 8IC, )

O4t----] --—1— (6C,.3C;)

Fig. S1.1.1 Rotational Symmetry operations of the Oj, point group.

We define the classes of O, as follows:

EoC 32> C;, 6C, > C3 6C,<> Cqy 8C,«> Cs
1 & C6 3[Cj (—)C7 6IC4 (—)Cg 6[C2 (—>C9 8IC3 (—)Cm

To see how multiplication among classes is done, consider C, - C»:
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2y° 2y°

Cy+ C2 = (8,,,6,,.0,.) (8341 65,. 6. ) =(E. 8,., ), 8,., . 8,,, 85, 0y,0 E) = 3C1 +2C

where the symmetry operations &, , &, ,» 0, are defined below:

8,, transforms (x, y, z) to(x, ¥
8, transforms (x, y, z)to(x, y, 2);
y

8, transforms(x, y, z)to(x, y

Similarly, you can verify that C, - C3 = C3 + 2C4 by using Table S1.1.1 that lists all symmetry operations
of the cubic group O,.

We can also consider various subgroups of Oy;:

(1) A subgroup O composed of the 24 pure rotational symmetry operations. In fact, the O, group is the
direct product of O and I: O, = O x I.

(2) An invariant subgroup T, of order 24, formed by the classes ( E,3C;,6IC,,6IC,, 8C3)_ The group 7,

contains the symmetry operations of a regular tetrahedron, which corresponds to the point symmetry
group for diamond and zincblende structures, as illustrated in Fig. S1.1.2.

— 5 (3C7)

Fig. S1.1.2 The symmetry operations of the T; point group preserve the tetrahedron structure defined
by the points a, b, ¢, d indicated above.

(3) The symmetry operations that interchange x, y, z among themselves constitute a subgroup Cs,.

(4) If we add an inversion operation to Cjs,, we have Dj3,. That is, D3, = C3, % I.

4x 2

(5) The rotations about one of the principal axes ( E,5,.68,7.6, ) constitute a subgroup C,.

(6) The subgroups that changes x to itself is called Cy,.

(7) The subgroups that changes x to (—x) is called D, and Dy, = Cy, % 1.
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We shall return to more detailed discussions of the aforementioned subgroups of O, in Part S1.5 when we
consider the point groups in depth.

Table S1.1.1 Symmetry operations of a cubic group O,. Notations for the classes are given in
columns 1 and 4, notations for the 48 operations of the group are given in columns 2 and 5, and columns
3 and 6 indicate the coordinate transformations. The notations of the symmetry operations can be

understood by considering an example /6, ., which indicates a rotation by (27/2) about the axis whose

director cosines on the x, y, z axis are in the ratio 0: 1: —1, followed by the inversion.

Class Symmc?try Coordinat.e Class Symme.:try Coordina@
operation transformation operation transformation
E(C)) E Xy z I1(Co) 1 Xy z
C; (C2) S,. Xy z IC; (C?) 16,. Xy z
0,, Xy z 1o, X y z
0,, Xy z 16,, Xy z
C,(C3) 3. y x z IC,(Cy) 15, y Xz
0,, y X z 16, y z
J,, Xz y 15,! Xz 5y
0,, Xz Yy 1o, X z y
54": z y X [54"; zZy x
04, Z y x 16,, zy X
C,(Cy) Oy, Yy x z 1C,(Cy) 16, y X z
0. zy x 16,,, zZyx
0y, X zy 16,, xzy
Oy y X z 16, Yy x z
Oz zZyx 16y, zyx
0,z XzYy 16, X zy
C,(Cs) 55 z x y IC,(C o) 15, zZ Xy
. y z x 16;,,. y zx
O zxy 1655, Zxy
53@2 y z x 153):)72 y zXx
53;172 zZ Xy 153;172 z xy
53xy‘z y x 153)0,‘2 y zZ X
O Zxy 165, z Xy
53xyz yzXx 153xyz y X

Nai-Chang Yeh 4 NTU-222D5220 (Summer 2007)



Special Topics for Quantum Field Supplement 1: Groups and Representation Theory
Theory in Condensed Matter

Now that you have acquired a good sense for what the symmetry operations are from explicit
examples of the O, group, we are ready to consider the theory of group representations. We begin with
descriptions of basic definitions and properties:

[Definitions]

o A representation of a group is a collection of square non-singular matrices associated with the elements of
a group and obeying the group multiplication rules. That is, if D(R) is the representation of the symmetry

operation R, then for R;, R, R, € G(R), RR; = R, implies that D(R;)-D(R)) = D(R;). Moreover, from
D(E)-D(E) = D(E) for the identity operator £, we find that D(E) is the unity matrix.

e The number of rows (or columns) of D(R) is called the dimension of D(R).

e For a non-singular matrix X, if D(R) is a representation for R € G(R), then D(R) = X 'D(R)X denotes an
ensemble of matrices that also constitute representations of the group G(R). Hence, the representations for
a group G(R) are not uniquely determined.

e If D'(R) =X 'D(R)X for a non-singular matrix X and for R € G(R), the representations D (R) and D(R) are
said to be related by a similarity transformation and are equivalent.

e The equivalent matrices have the same trace, y'“(R), where y“(R)= z/“ [D(")(R)} .

m=1

e A representation is reducible if it is equivalent to a representation with the block form:

7 bl

where DY(R) and D®(R) are squared matrices. <> D(R) = D'(R) + DP(R).

e A representation is called irreducible if it is not possible to reduce all matrices representing the elements
of the group into block forms by a similarity transformation.

Having defined various basic terms, we are ready to introduce the central theory of group representations, the
Great Orthogonality Theorem. We shall begin with proofs of several lemmas that lead to the orthogonality
theorem.

[Lemma]

Any representation by matrices with non-vanishing determinants is equivalent through a similarity
transformation to a representation by unitary matrices.

Proof: We assume that the matrix that represents a symmetry operation of a group is given by 4,, and we can
construct a Hermitian matrix H as follows:

H=Y" 44/

=1 it

because H' = H. It is known that any Hermitian matrix can be diagonalized by the unitary transformation
made up from the orthonormal eigenvectors obtained by solving the associated secular equation. Thus, we
can express the diagonalized matrix d in terms of the unitary transformation of H:

d=U'HU =Y U'4AU=3 (U'4U)(U"'4U)=) 44"

If the matrix d is not only diagonal but also has real diagonal elements, we can rewrite the above equation
into the following, with 7 representing the unit matrix:
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I=d™?(Y 44 )d ™.

We can further define a new set of matrices Aj’.’zar”2 A d"?, and we find that these matrices A7 are

unitary because of the following:
A;Ajr_rr — (d_l/zAj'. dl/z)[(dl/zA;-r d—l/z) :(d—I/ZA; d1/2)|:d—1/2 ZiA;Ai/j-d—l/z}(dl/zA}j— d—1/2)
=dil/ZZiA;A;A;%A;Tdil/z =dﬁl/zzl_A;.A,'(A;.A;)Tdfllz Edil/zzkA];A;dil/z -7.

Consequently, we have proven that for any representation 4;, we can always construct a unitary
representation via the following relation:

" -1/2y7-1 1/2
A=d"UT AU

[Schur’s Lemma]

Any matrix that commutes with all the matrices of an irreducible representation must be a constant matrix,
(i.e., the matrix must have the form cdy, where c is a constant, and ¢ is the Kronecker symbol). Thus, if a
non-constant commuting matrix exists, the representation is reducible, whereas if none exists, the
representation is irreducible.

Proof: Based on the aforementioned lemma, we can focus our discussion on unitary representations. Let M
be a matrix that commutes with all matrices 4; of the representation, so that ;M = MA; fori=1, 2,..., h.
Taking the adjoint of both sides, we find M'4," = 4, 'M', which is equivalent to A:M'A'4; = 4,4 M 4.
Since we have chosen A; as unitary matrices, we have A4, = 4,4, = T and AM™ = M 4;. In other words,
M' also commutes with 4,. It follows that the Hermitian matrices H, = (M + M") and H, = i(M — M")
commute with 4;. If we can show that a commuting Hermitian matrix is a constant, then we can prove that
M = H, — iH, is also a constant. We already know that a Hermitian matrix can be diagonalized by a
unitary transformation, so that d = U 'MU. If we define 4’ =U "' AU , we find that

Ad=(U"4U)d = (U 4U)(U'MU)=U"AMU =U"'"MA,U = (U"'MU)(U"'4,U) = d4; .
This is equivalent to the following expression:

1 i

(4),d,=d,(4),,. > (4),(d,~d,)=0for i=1,2..h

Ifd,, #d,,so that M is not a constant matrix, then ( Al.’)#v must be zero for all 4'. However, we have used

unitary transformation U to bring all 4; to the block form. Therefore 4; must be reducible. On the other
hand, if all 4; matrices of the representation are irreducible, we must have d,, = d,,, so that M is indeed a
constant matrix.

[Lemma]

Given two irreducible representations D'"(4;) and D®(4;) of the same group with dimensionality /,
and /,, respectively, if a rectangular matrix exists such that

MDY(A4)=D?(4)M  i=12,...h (S1.1)
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then 1) if [y # ,, M = 0; 2) if [, = I, either M = 0 or |M] # 0. In the latter case of 2), M has an inverse, and
MD"(4)M™" =DP(4,), so that DW(4;) and D?(4;) are equivalent.

Proof: As shown in the first lemma, we may focus on unitary representations only. We may also assume that
[} £ I, without losing generality. Thus, we have

[MDV(4)] =DV(4) M =[D¥(4)M] =M D*(4)".
Moreover, the unitary property of the representations implies D®(4,)" = D"(4)" = D"(4™"). Therefore
DY(4™ M =M"DP(47). (S1.2)
Noting that 4~ is also a representation of the same group, EQ. (S1.1) also holds for 4" . That is
MD“)(A,.’I )=D?(4" )M . (S1.3)
Thus, from EQs. (S1.2) and (S1.3), we have
M[D(47 )M | =M [ M'D(47)|=[ DV (47 )M M. (S1.4)

Equation (S1.4) implies that MM commutes with all the matrices of the representation and hence must be
a multiple of the unit matrix 7 with

MM"=cI . (S1.5)
Now if /; = [, M is a square matrix. Taking the determinant of EQ. (S1.5), we have|M|2 =ch. Ifc =0,
M| =0 and M has an inverse, so that D'"(4;) and D'”(4;) are equivalent. On the other hand, if ¢ = 0, then

MM'=0 — > M,M,"=> M, M, =0 forall gand v.

Specifically, if we take x= v, we have Zl M, =0, which is only possible if all M, = 0. In other words,

M = 0. Finally, we consider the case /; </, so that M has /; columns and /, rows. We can construct a
square [, x [, matrix N by inserting (/, — /;) columns of zeros, and the determinant of N is clearly zero.
Moreover,

12 12
MM =" M, M, =" N,N,"=NN'=0. (S1.6)

However, from EQ. (S1.5) we know that MM is a constant matrix. Therefore from EQ. (S1.6) we have ¢
= 0. which implies that M = 0.

[The Great Orthogonality Theorem]

All the non-equivalent, irreducible, and unitary representations of a group satisfy the following relation

S [DUR)], [DR)],, = 6B 17

Z aa' Y mm' ~ nn'
a
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with R running over all the elements of G(R), & being the order of G(R), and [, denoting the dimension of
D'Y(R).

Proof: We first consider the case of two non-equivalent representations D" and D®. We may construct a
matrix M that satisfies our third lemma given in EQ. (S1.1) by forming

M=% D?R)XD"(R), (S1.8)

where X is a completely arbitrary matrix having /; columns and /, rows. To see how M defined in EQ.
(S1.8) in fact satisfies EQ. (S1.1), we consider a symmetry operation S of the group G(R):

DA(S)M =3 DP(S)DP(R)X DV(R)=3 DP(S)DP(R) X D"(R)DV(S™)DV(S)
=Y ,DP(SR) X D"(R'S™")D(S) = [ZRD(”(SR)XD“KSR)"}D“)(S)
= [ZR D(Z)(R)XD(”(R)_lJD(”(S) =MD"(S).

Based on the third lemma, we have M = 0 for two non-equivalent representations D" and D, which
means

M,, =0= ZR Z//'[D(Z)(R)]m'/ Xy [D(l)(R_l ):|,,m )

Since X is a completely arbitrary matrix, we can set all elements X, =0 except X,, =1. Thus, we have

%[00 [0 )], =5, [0 [0 (w)], =o. 519

nm

Next, we consider the case when D'V = D®, so that we can form a matrix M that commutes with all
matrices of the representation D"

M= D"(R)XD"(R"). (81.10)
By Schur’s lemma M must be a constant matrix, M = c¢l. Hence,

M, =2,2D"R)]| X, [Dm(Rq )lm =S, . (S1.11)

Again we can choose X, =0 except.X,, =1, so that EQ. (S1.11) can be rewritten into

> POR)] [ DO(RT)] =680 (S1.12)

nm

where we have inserted subscripts on the constant ¢ to indicate a specific choice of X. Now if we choose
m' =m so that from EQ. (S1.12) we have

> o2 PR [DUR)] =D S =i =2 [ DU(RTR)]

nn

=Y [P"(E)] =h[DY(E)] =hs,,. (S1.13)

Therefore EQ. (S1.13) gives ¢, =43, /I, ,» which can be substituted into EQ. (S1.12), yielding

nn
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S [0, [0 )] = 0t = T [0R)] [0(R)],, - s1.14

nm

Combining EQs. (S1.9) and (S1.14), we obtain the great orthogonality theorem as given in EQ. (S1.7).

The great orthogonality theorem may be viewed as stating the orthogonality of a set of vectors in an
h-dimensional vector space where the axes are labeled by the % elements in group G, and each vector is

labeled by three indices, the representation « and the subscript mn, indicating the row and column within the
representation matrix. The theorem states that all these vectors are mutually orthogonal in this 4-dimensional
space. From this observation we can draw a very important conclusion. That is, if we add up the number of

these orthogonal vectors, we obtain Z (, )2 where a runs over all the distinct irreducible representations of

the group. Therefore we obtain the dimensionality theorem:

> (L) =h, (S1.15)

which is essential for working out the irreducible representations of any group. For instance, if the group of
consideration is of order 6, we can immediately conclude that there are three irreducible representations, one
of dimensionality 2 and two of dimensionality 1, because 6 = 2% + 1* + 1%,

Given that matrix representations related to each other through unitary transformations are all
equivalent, there is a large degree of arbitrariness in the forms of the matrices. It is therefore desirable to find
a way to characterize any given representation such that the characterization can be invariant under similarity
transformations. A natural choice is to consider the traces of the matrix representations because they are
invariant. We therefore define the character of the ath representation as being the set of 4 numbers ¥*(E),
2“UA4), ..., #“U4,) for the group elements (E, A, ..., A4), where

2 (R)=Tr{D“(R)} =" [D“(R)] R=E, 4,4, (S1.16)

Having defined the character, we find that all elements in the same class have the same character, because
the matrix representations of all elements in the same class are related by similarity transformations with
their traces invariant under such transformations. Thus, we can specify the character of any given
representation by simply giving the trace of one matrix from each class of group elements. For the kth class
of the ath representation, we denote the corresponding character by #“(C). In the special case of #'“)(E),

the character is equal to the dimension of the representation D'*)(E).

Various important properties associated with the characters can be obtained by applying the great
orthogonality theorem. For instance, from EQ. (S1.7), we find that

S SR [R5 R 2R 0= 5 0

This orthogonality relation for the characters

DA UR) Y (R)=hS,, (S1.17)

implies that the characters form a set of orthogonal vectors in the group-element space. Moreover, if we
define the number of elements in the class C; as n;, we can rewrite EQ. (S1.17) as follows:

> 7 NC) (C)=h3,,. (S1.18)
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where the sum now runs over all classes. The expression in EQ. (S1.18) suggests that the characters of the
various irreducible representations also form an orthogonal vector system in the space where the axes are
labeled by classes C; rather than group elements R. Since the number of mutually orthogonal vectors in a
space cannot exceed its dimensionality, from EQ. (S1.18) we find that the number of representations cannot
exceed the number of classes. In fact, it can be shown that the number of irreducible representations is
always equal to the number of classes. Following this rule, we can derive the second orthogonality relation
for characters as follows. Since the number of classes is equal to that of irreducible representations, we may
construct two square matrices Q and Q" using the characters for different irreducible representations below:

x(C)n xP(C)'m

O O h . h .
0= ?”EC’S ?z)icﬁ o= 2C)n, G, | (S1.19)

Using EQ. (S1.19) we find that
(a) (02)] *
: 2(C) 2 7(C) n,

; " (S1.20)

i

so that Q" = O0”'. Hence, we should also have (Q'Q),s = Iy so that

(a) * (a)
(Q'Q)M:Zl (Ck)”ZZ (C() =0y

which can be rewritten into the following expression known as the second orthogonality relation for
characters:

> 29(C,) Zm)(cj):nﬁgy. (S1.21)

i

We can also use the characters to decompose a reducible representation into irreducible representations of a
group: For a reducible representation D = %, ne,D', with n, denoting the times that the irreducible
representation D' is contained in D, the character y(R) of D can be expressed as #(R) = Yo 14 ¥ ‘“(R), and
the coefficient n, can be determined according to the following:

n, =%ZR: 7“(R) AR). (S1.22)

Moreover, from G - G = X ¢;s G , with ¢, = positive integers, it follows that 7“(R) of an irreducible
representations D“(R) satisfies the relation:

mn; y“(C, )*;((“)(Cj) = Eazscijs n, x'(C,). (S1.23)

Now we have all the necessary tools for constructing the character table of a group, which displays
the characters of the irreducible representations of a group. Although it gives less information than a
complete set of matrices would, the table is sufficient for classifying the electronic states and allows us to
derive an explicit set of unitary matrices. In the following, we shall use group O to illustrate how a character
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table is constructed in steps, and we recall from earlier discussions that there are 24 elements in the group, so
that the order 4 = 24, and there are 5 classes E (C ), 3C4* (C1), 6C4 (C3), 6C, (C4), and 8Cs5 (C's).

(1) From z (4, )2 = ) =24 and the fact that there are 5 irreducible representations (because of 5 classes) in
the group, we have zs:l([a )2 =24=1"+1>+2%+3*+3%. Thus, in the O group there are 2 one-
dimensional, 1 two-dimensional, and 2 three-dimensional irreducible representations.

(2) Using the fact that “(E) is equal to the dimension of D'“(E), we may fill in the first column of the

character table in Table S1.1.2. Moreover, the character of the one-dimensional identity representation is
1 for all classes.

Table S1.1.2 Construction of the character table for Group O using the orthogonality relations for

characters.
Class | (C)) (Cy (Cy)  (Cy (Cy
Representatio E 3C4 6Cs 60> 8Cx

4) Ty 1 1 1 1 1
(42) T 1 (1) - D (1)
() T 2 (2) 0) 0) =1
(T)) Tas| 3 (=D =D (1) (0)
() Tis 3 (=1 (1) =1 0)

(3) From the orthogonality relation of characters Zi 2(C) r(C ) n,=hd,,in EQ. (S1.20), we find that

Z Z(Fl) (Fz) C,)* n, =1'1‘1+1'Z(F2)(C2 )* .3+1.I(Fz)(c3)* '6+1-;((r2)(C4)* '6+1~;((r2)(C5 ) .8=0.
Similarly,
3 2"(C) £™(CY =1 ‘1+3[Z(r2)(C2 )]2 n 6[;(””(@ )]2 + 6[;(“”(@)]2 +8[z“2)(C5 )]2 —94.
By inspection, we can obtain:
Z(FZ) C :l’ Z(FZ) C :Z(FZ) C :_1’ Z(FZ) C :1.
2 3 4 5
(4) From)" #'/(C,) "(C,)n, =3, we find that

Z Z(r] ) (rlz) )n _1 2 1+1 Z(FIZ)(C )'3+1'l(r]2)(c) 6+1 (T, (C4)'6+1'Z(r12)(cs)'8
= 243,5(C, )+ 62 7(C,) +67(C, )+ 877(C, ) =0.
)2
)=-

N

. z Z(m Cz ( )n —2+3;((r”)(C2)—6)((r”)(C )_6Z(r12)(c4)+81(r12)(cs):0.
= 7"N(C)=—2"(C,) & 2+3x"(C,)+8x"(C;)=0.
)2 2E)
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¢ Zi[z(ru)(q)]z n, = 4+3|:Z(r]2)( 2 T [ (r”)( 3)]2 +6[}((r12)(c4 ):'2 +8|:Z(r12)(C5 )]2 _24.

—4+3-(2) [Zmz) 3] [Z(rlz>(c4)}2+g.(_1)2
- 7"(C)=0 & ;((F‘~(C4):O.

(5) Againusing " »“/(C) x)(C,)n, =h5,,, we find that

¢ B LC)T =3 [ CT e[ (E)T o) T s[4 (C ] 24
[(rw ] [(ro ] [(rzs) ]2 & (rzs)(cs):().

o > [2"(C ][ T(C) ] =1-2-3+3-2:[ x™(C,) ] =0.

S

. z,[}((r')(c‘i)][l(réj)(q)}”i:1‘1‘3+3‘1‘(_1)+6‘1‘[Z(r55)(c3)]+6‘1‘[10'“)(@)]=0,-
- 2(C)=—2"(C,)=1.

e Obviously the characters for representations I'';s and I's satisfy the following:

Class 5
> E 3C, 6C, 6C, 8C;
Representatio
Tisor Tas| 3 -1 -1 1 0
T'is0r T s 3 -1 1 -1 0

e To determine which set of characters represents I'j5, we may consider the class 6C, that involves
rotation by (m/2) relative to principal axes. Since (x, y, z) are the basis functions for the I'is
representation, we know that the operation d, transforms (x, y, z) to (y, —x, z). Hence, we can obtain
a matrix representation for I'y5 as follows:

y 0 1 0)x 0 10
—x|=[-1 0 0|y| » D"(5,.)=|-1 0 0| > x"9(C,)=1.
z 0 0 1)z 0 0 1

o Consequently, y"(C,)=-1, which is consistent with the following transformation for the basis

functions (yz, zx, xy) of I';s:

—zX -1 0 0)\(yz , -1 0 0 ,
yz |=[0 1 0fzx| > D™(5.)=[0 1 0| < x"(C,)=-1.
-xy) L0 0 —-1){xp 0 0 -1

Thus, we have completed all entries in the character table of group O.

Now that we have good understanding of the character tables, we are ready to consider product
representations of a group G(R) and their decompositions into irreducible representations in the group. The
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product representations are essential to the determination of selection rules in quantum mechanical
applications.

[Definition] The direct product of two matrices A and B of order n, and n; is a matrix C = A4 x B of order n, =

nan, whose elements are Cyj; = 4;B,. The indexes “ik” label the rows and “j/”” label the columns. The product
matrix C can be written in the block form:

(S1.24)

11
C:AxB:( 4, B 4,
The character of C is equal to the product of the characters of matrices 4 and B.

The above definition can be generalized by considering two matrix representations D'*’ and D’ of a
group G(R). The matrices D'*’ and D%’ constitute a representation D'“?) of the group G(R), and D'“#) is
called a product representation. The character “#)(R) of D'“*#)(R) is #“P(R) = #*'(R) #*(R).

It is often useful to decompose the product representation D'*#) into irreducible representations D%’
of the group G(R). As mentioned before, the character y(R) of a group G(R) can be written as y(R) = 2, g
@(R), and the coefficient n, is given by EQ. (S1.22): n,= ZR ;/‘”(R)* 7(R)/h. Hence, we have

2PR) = 7R (R =) c(u,a.f) x(R),
c(u.a,p)= %ZR [2“@®] 7R 2P (R). (S1.25)

The above descriptions can be made more tangible by considering an explicit example of the cubic group O,
whose character table is given below in Table S1.1.3.
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Table S1.1.3 Character table for the cubic group O, (m3m).

Class |E 3CY 6C; 6C, 8Cs I 3ICY 6IC, 6IC, 8IC;
Representation Basis functions |(E  3Cy 6Cy 6C> 8C; I 30, 68y 604 8S)
(A1) T 1 1 1 1 1 1 1 1 1 1 1
(A) T XDy | 1 1 -1 -1 1 1 1 -1 -1 1
+ 2 07
(Ee) T ™), 07" | 2 2 0 0 -1 2 2 0 0 -1
(Thg) Tis’ (x5, yz0°=2) ,| 3 -1 1 -1 0 3 -1 1 -1 0
2x(Z—x%)
(Tng) Ts  xy,yzzx 3 -1 -1 1 0 3 -1 -1 1 0
(A1) Ty xpzix*0-2%) . 1 1 1 1 1 -1 -1 -1 -1 -1
)+ ()]
(A2n) T2 2z 1 1 -1 -1 1 -1 -1 1 1 -1
(Ev) T xpz(x®o9), 2 2 0 0 -1 -2 =2 0 0 1
xyz(22°—x"—y7)
(Tw) Ths  xpz 3 -1 1 -1 0 -3 1 -1 1
(Ty) Tas . z(xz—yz), y(zz—x2), 3 -1 -1 1 0 -3 1 1 -1
x(*—2%)

As an example, let’s consider the decomposition of the product representation D) x DU2) . We
multiply the characters of the representations I'j, x I'j; and obtain the following:

E 3C# 6Cy 6C, 8C; I 3ICY 6IC; 6IC, 8IC;

I 1 1 1 1 1 1 1 1 1 1
I 1 1 e 1 1 1 -1 -1 1
', | 2 2 0 0 -1 2 2 0 0 -1
F]z X F]z 4 4 0 0 1 4 4 0 0 1

Using EQ. (S1.25), we obtain the following coefficients:

C(FI,FD,FU)=i[(1-4)+3(1-4)+8(1-1)+(1-4)+3(1-4)+8(1-1)]=1,

48
C(Fz,l"u,l"u)=ﬁ[(1-4)+3(1-4)+8(1-1)+(1-4)+3(1-4)+8(1-1)]:1,
C(Fu,l“lz,l“u)=%[(2-4)+3(2-4)+8(—1-1)+(2-4)+3(2-4)+8(—1-1)}=1.

Hence, we find that

D(FIZ) XD(FIZ) :D(Fl) +D(r2) +D(F12) .
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Similarly, for the decomposition of the product representation D) x D), we find that

D) 5 pl'=) = plfis) . pls) according to the following :

E 3C3 6Cy 6C, 8C; I 3ICY 6IC, 6IC, 8IC;
' | 2 2 0 0 -1 2 2 0 0 -1
I's | 3 —1 -1 1 0 -3 1 1 -1 0
I'is 3 -1 1 -1 0 -3 1 -1 1
Fox I | 6 =2 0 0 0 -6 2 0 0 0

The product representations D" x D" are known to be particularly useful for the optical selection rules,
because the electromagnetic field in a cubic crystal can be associated with the representation I'js and its
direct product with the symmetry representation of an initial state I'; yields the allowed final states for the
optical transition. We list in Table S1.1.4 the decomposition of (I', x I'y5) for the O, group:

Table S1.1.4 Product representations of (I'; x I'y5) in cubic group Oy, .

_____ Lol b e he s s
I x I'is I's I'2s [is+Iys [+ T+ Dis+ Dos|Uy '+ T+ Tis+ Das
_____ RN NN S O NN A
I x T's s Iys” [s"+Tos" | Do+ Dip+ Dis+0os"| i+ Dt Dys™+s”

Next, we introduce the product representations of a product group, which are important for the
consideration of spin degeneracy and spin-orbit interaction.

[Definition] A group G is the direct product of two groups Gi(R) and G,(S) when the elements of G are
obtained as the products of all elements of G;(R) by those of G,(S), and all the elements in G;(R) commute
with those in Gy(S), with the identity being the only common element.

The irreducible representations of a product group G can be obtained directly from the product
matrix representations of G;(R) and G,(S) as follows:

D'“P(RS)=D'“(R) x D(S), (S1.26)

where D'“(R) denotes an irreducible representation of Gy(R) and DY(S) denotes that of G»(S). This
definition of a product group leads to the following relation for the characters:

Z(axﬂ)(Rs) — Z(a)(R)Z(IB)(S) . (8127)

Examples of product groups amongst the point groups include
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0,=0 x1 D, =C, xI D,,=C,, xI S,=C, x1I.

We shall return to more detailed discussions of the point groups in Part S1.5.

[Definition] Generally speaking, an irreducible representation in a group G often becomes reducible in a
subgroup S, and may be decomposed into a number of irreducible representations in S. The irreducible
representations thus obtained in S are said to be compatible with the given irreducible representation in G.

If the symmetry of a Hamiltonian is represented by a group G, a perturbation that lowers the
symmetry of the Hamiltonian will split the level of a given symmetry into sublevels that belong to the
irreducible representations of a subgroup S defined by the symmetry operations of the new Hamiltonian.
How the splitting occurs is determined by the compatibility relations between G and S. On the other hand, all
irreducible representations in G will remain irreducible in its invariant subgroup.

Let’s consider an example involving the compatibility relations between group O), and its subgroup
Cy,, with the character table of C,, given in Table S1.1.5:

Table S1.1.5 The character table of point group Cj, (4mm).

Representation  Basis E G, 2C, 20, 204
(A4) Ay, z; 2 X7 1 1 1 1 1
(4>) Ay’ R, 1 1 1 -1 1
(B1) A2 =% 1 1 -1 1 -1
(B,) Ay’ X 1 1 1 1 1
(E) As (x, »); (xz, yz2) 2 -2 0 0 0

To see how I'i5 in O, can be decomposed into the irreducible representations of Cy,, consider the
character

;((F‘S)(R):
O, | E 3C* 6Cy 6C, 8C; [ 3ICY 6IC, 6IC, 8IC;
cyz) Iis | 3 -1 1 -1 0 -3 1 -1 1 0
C4v E G Cy Oy Odq
z A 11 1 1
(x,y) As 2 2 0 0 0

Therefore the compatibility relation isI' ;s — A, + A

Similarly, I'5s satisfies the following:
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O, | E 3C¢ 6C:s 6C, 8C; [ 3ICY 6IC, 6IC, 8IC;
29T | 3 -1 -1 1 0 -3 1 1 ~1 0
C4v E G Cy Oy Odq
3% A 1 1 -1 1 -1

As 2 2 0 0 0

Therefore the compatibility relation isI",; — A, +A,.

The compatibility relations between O, and Cs, are summarized below in Table S1.1.6.

Table S1.1.6 Compatibility relations between Oy, and Cj,.

_____ Lo T Te T D
A Ay A+ Ay A+ As A+ A5
rl FZ rlz’ r25 rlS
Al Az Al + Az A2+ AS A1+ AS

On the other hand, if we consider the compatibility relations between the cubic group O, and its invariant
subgroup 7, (see Table S1.1.7 for the character table), we find that there is no lifting of degeneracy, as

exemplified below for the I'5s and 5" representations:

O, | E 3C¢ 6C:s 6C, 8C; I 3ICY 6IC, 6IC, 8IC;
cyz) Iis | 3 -1 1 -1 0 -3 1 -1 1 0

T, E 3C2 8C; 6IC, 6IC,
x,y,2) Ps 3 -1 0 -1 1

Apparently there is no lifting of the degeneracy for the I'js representation. Similarly, for the I’
representation, we also find no lifting of the degeneracy by considering the following compatibility relations:
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O, | E 3C¢ 6C:s 6C, 8C; [ 3ICY 6IC, 6IC, 8IC;

3 -1 -1 1 0 3 -1 -1 1 0
Vol ! Voo

T, E 3C4 8C; 6ICs  6IC,
(xy, yz, zx) Pa 3 -1 0 -1 1

(Xy, Yz, ZX) FZS ’

Table S1.1.7 Character table for Group 7, (Z3m>

Representation Basis E 3¢, 8C; 61C, 61C,

Py (4) 1; xyz 1 1 1 1 1

Py (4))  X'0P-2D)+y'(EE-x) 1 1 1 -1 -1
+2'(=)%)

Ps (E) (= %), xpz(x* = %) 2 2 -1 0 0

Py (Ty) X, V, 2y XY, VZ, ZX 3 -1 0 -1 1

Ps (Ty) 2(x* - yz), y(z2 — xz), 3 -1 0 1 -1
x(y2 - Zz)

To apply group theory to quantum mechanics, we need to understand how the Hamiltonian operator
H(r) transforms under the symmetry operation of a group. We define an operation of symmetry with

respect to an operator J{(r) as a linear transformation of coordinates r'=Rr (R: a real and unitary
operator) that does not change the form of the operator H{(r). That is, H(r')=2{(r). In this case, the
collection of all distinct symmetry operations of ZF(r) constitutes a symmetry group {O,}, and
[_’}-[ , OR] =0. Moreover, R operates on the coordinate I whereas O, operates on a function f (r) .GivenR a
real and unitary matrix, the operator O, is defined as: O, f(Rr)=f(r), - O, f(r):f(R’lr). It

follows that the ensemble of the operations O, associated with every element R in the group G(R)

R
constitutes a group isomorphic to G(R).

For the eigenvalue problem F(r) f(r)= f(r), if G(R) denotes the symmetry group of H(r), we
find that O, H(r)f(r)=F0, f(r), and that H(r)o, f(r)=H(r) f(R'r)=F f(R'r)=EF 0, f(r)
because H(r)=H (R"r). Therefore, f(r) and O, f(r) are both eigenfunctions to the same eigenvalue Z.
The group of operators {0, } is called the group of the Schrodinger’s equation.

Let (fi, f5,..., fr) be a set of linearly independent eigenfunctions associated with an eigenvalue of
degeneracy ¢. Since OR f; (G=12,---,0) are also eigenfunctions belonging to the same eigenvalue T, we
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find that OR fi= Z[D(R)] f; (i=1,2,---,¢) with D(R) being a representation of G(R). The representation
; i ij

D(R) is said to have (f1, f5,. .., fr) as basis _functions.

In general, one can construct another set of basis functions (f;", f2,..., ;") by means of linear
combinations of (fi, f2,..., fr). The representation D’'(R) of basis functions (f;’, f2',..., f¢") is related to the
representation D(R) of basis functions (f;, f5,..., f;) by D'(R) = M"' D(R) M, where M is the matrix that
transforms f; to f;". Hence, D’(R) is equivalent to D(R), and only one distinct representation of G(R) is
associated with a given eigenstate. The space expanded by the basis functions (fi, f2,..., f7) is said to be
irreducible (reducible) if the representation D(R) is irreducible (reducible). The dimensions of the irreducible
representations determine the essential degeneracy of the eigenvalues.

Next, we introduce projection operators for partner functions and the related orthogonality theorems.

[Definition] Any set of functions (f,*’, £“),..., £;/*’) that transform into each other according to the relation

O f) " =2 [DO®)] £ (S1.28)

i

are called partner functions, provided that D'“)(R) is an irreducible unitary representation of G (R). In this
case, f; @) belongs to the jth row of the irreducible representation D'*)(R).

Using EQ. (S1.28) and the great orthogonality theorem, we find that:

ZR [D(ﬂ)(R)*]MORf,-(Q) — ZI_ZR[D(/J)(R)*]N [D(a)(R)lff"(a)
_ z{% 5a55[i5[j} £ = ééaﬁ@j £,
N %ZR[D(ﬁ)(R)*LOR [0 =68,6,1. (S1.29)
From EQ. (S1.29), we can define a projection operator

P = %ZR[DW(R)*]MOR, (S1.30)

so that
P,(/’)f_/.(“’ = 96,68, (S1.31)

In general, a function can always be expanded in a sum of functions belonging to the different rows of the
irreducible representations of G(R). Specifically, for a given functiony, the linearly independent components

of (V/’ORZV/:"',ORJ//) form a basis for a representation D, and D can be decomposed into one or more

irreducible representations through similarity transformations. Consequently, we can express i as:

=3, T 13

where w;a) is the part of the function y that belongs to the jth row of the irreducible representation D®.

It follows from EQs. (S1.31) and (S1.32) that
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POy =P@Y 3y =y, (S1.33)

In other words, the projection operator P].(“) can project out the part of any function  that belongs to the jth

row of the irreducible representation D'®. Moreover, from EQ. (S1.30), we have

a) _ a) _ fa a * _ Ka a *
P=3 G W] o G R [ w e,

P(a)f(a') — f(a)é‘m’, (S1.35)

where 1 is a function belonging to the representation D'®, and is a linear combination of ﬁ(“) where j =
1,..., £, Hence, we find that

= w' and y'* =Py, (S1.36)

With the definition of the projection operator in EQ. (S1.34), we can construct the matrices of the
irreducible representations D'® explicitly by the following procedure. We take a functiony and use the

character table to obtain the projection operator P using EQ. (S1.34), and then apply P'“ to v to obtain
. From ¥/ we can find the ¢, linearly independent functions in (WW),ORZ,//(“),...,OR,W“’)). The £,-

independent functions form a set of orthonormal basis functions for D'“.

Our understanding of the basis functions for irreducible representations leads to the following
orthogonality theorems for basis functions:

1. <f,-(a)

Q/(ﬁ)>=c 5.5

a“affTijo

(S1.37)
where £ and (oj(ﬁ ) denote functions belong to the ith row of D'® and the jth row of D, respectively.
2. The matrix elements of an operatorI:I satisfy the relation

<f,-(a) 5—[‘(2/(/”)>:c’ 5.5

a“af i

(S1.38)

where ¢/, is a constant independent of i. In other words, the matrix elements of an operator JH can be different

from zero only among functions belonging to the same row of the same irreducible representation of the
symmetry group of .

Let’s consider in the following a few examples to familiarize ourselves with the construction of basis
functions for different irreducible representations of a symmetry group.

[1] Consider the group C;:

Ci E 1
g 1 1
u 1 -1
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Using EQ. (S1.34): p@* :%ZR[ 1(00( R)*}OR, we obtain two projection operators for the two

irreducible representations P'® = (E +1 )/ 2 and P“ = (E I )/ 2. Therefore for any arbitrary function
w, we have y'“ = P““y , so that

l//(g)( ) Py __[,// 7] and W(")( ) Py =—[W

\l

)]

[2] Consider the group Cy, given in Table S1.1.5. The projection operators for the irreducible representations
can be obtained by using EQ. (S1.34) and the character table reproduced below.

Cay E G 206 20, 20
AT 1 1 1
Al I
Al 1T A 1 -1
J VS I S R R
As 2 2 0 0 0
P(AI):%:E+$2X+A4x1+$4x+i$22+]§2 +I§2vz+j$2yf_’
P = S[B4, 4 8,48, ~18,-18, - 15,15,
e -
P :g_E+ 26 7): =06, +10,, +1§2} _152}’2 _152)’7_ ’
P<A2>=g_E+52x_ =0, — 106, — 15, +I§2}Z+15 ,
2rF A ~
o) =§_2E—25ZXJ

Here we note that the symmetry operations 2o, and 2 oy may be explicitly given by the combinations of a
two-fold rotation and an inversion as follows:

(Assuming the high . aaNZ
symmetry axis = X ) o, =15,
o, = 16,, )
y
Jyz =[ 2yz GyE :[ 2yz

Hence, the symmetry operations associated with each class of Cj, group are summarized below:
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CI 6, 20,-(8,.8,) 20,5(18,.18,.) 20,-(15,..15

2yz? Zy?)'

Having obtained the projection operators for all irreducible representations of Ci,, let’s consider the
projection of these operators on functions x, y, z. We find that

1
P(A”x=§[x+x+x+x+x+x+x+x]:x.

Thus, x belongs to the irreducible representation A;. Moreover, P x = phly = pMly = pAx =0,
On the other hand, operating the projection operators on y, we obtain

P(Al)y=%[y—y—z+z+y—y—z+z]=0=P(A{)sz(Az)yzP(Aé)y,
and P(Ai’y=§[2y—2(—y):|=y-

Consequently, y belongs to the irreducible representation As. Similarly, one can easily verify that z also
belongs to the irreducible representation As. Therefore (y, z) form a set of basis functions for the two

dimensional irreducible representation As, and we can construct a set of matrices for D(AS)(R):

. (As) _ 1 0 (Ag) /& _ -1 0 (A9) ;& _ 0 1 (Ag) f S=1N _ 0 -1
(;).D <E>—(o 1) D (@»—(0 _1) D (54x>—(_1 0) D (54)—(1 0)
: a 10 22 -1 0 2 0 -1 2 0 1
D‘AS’(MZZ):(O —1) D(A”(’%):(o 1) D(AS)U%):(—l 0) D(A”(”zyz):(l o)

[3] As the third example, we consider functions x, y, z in the O, group. Using the character table of the O,
group in Table S1.1.3 and EQ. (S1.34), we find that

P(r,)x:i[f;_i_(é‘zx+5‘2y+5‘22)+(54x+54; +0, +0,) +$4Z+ *1)4—(5

+(5A3xyz +8, + 8y + 0y, Ty, +0, 8, +5AW)+IA+(IA5AZX +16,, +f$22)
+(IA5‘4X+IA5A;;+IA5A4y+IA5A4’;+f$4z+f§:;;)+(f$2xy+IA5AZ},Z+f$22X+IA5AM+IA5AM+IA§AM)
+(i5 + 16, +16, . +16,, +18, +16,..+15,, +16

3xyz 3xyz 3xyz 3xyz 3xyz 3%z 3xyz 3xz ):| ’

and therefore from Table S1.1.1, we find that

P(F"x:2—14[x+(x—x—x)+(x+x—z+z+y—y)+(y—x+z—y+x—z)+(z+y+z—y—z—y—z+y)

—x+(—x+x+x)+(—x—x+z—z—y+y)+(—y+x—z+y—x+z)+(—z—y—z+y+z+y+z—y)]

:0 :P(Fz)x:P(rlz)xzP(r'zs)xzp(r{)xzp(ri)xzP(F[z)xzp(rzs)xzp(ris)x.

On the other hand,

A A A A A

+$2Z)+($4x+ —1+54y+5;“,+§42+54‘Zl)—($2xy+$ +5 +5AM+5A2},E+5A2Z;)
I

=

2yz 2zx
—3f+(f32x +15, + 322)—(f$4x +18,!+16,,+18,! +15,, +f$;z‘)

Nai-Chang Yeh 22 NTU-222D5220 (Summer 2007)



Special Topics for Quantum Field Supplement 1: Groups and Representation Theory
Theory in Condensed Matter

A

+IA5AZ},Z +16,. +16 ,+f$2ﬁ+fc§m)}

+ (] 52xy 2xy

so that from Table S1.1.1, we obtain

P(F'S)x=%[3x—(x—x—x)+(x+x—z+z—y+y)—(y+z—x—y—z—x)
+3x+(—x+x+x)—(—x—x+z—z+y—y)+(—y—z+x+y+z+x)]:x.

Similarly, it can be shown that
P(rls)y:y’ P(FIS)Z:Z,

so that (x, y, z) belong to the irreducible representation I'y5. Using (x, y, z) as the basis functions, we can
derive all matrices for D(r‘s)(R). For instance, we find that

X 1 0 0 X -1 0 0 X -1 0 0
D"(5,)=[0 -1 0|, D"(,)={0 1 0| D", )=0 -1 0
0 0 0 0 0 0 1

Finally, concerning the basis functions of a product group G, x G,, if /1% (i = 1,..., £,,) are the basis functions
for the irreducible representation D' of G, and goj(ﬂ’ (/ = 1,..., {p) are the basis functions for the irreducible
representation DY of G,, then the tLp functions, [ﬁ("‘)q)jw)], form a basis for the irreducible representation
D'%DP of the group G= G, x G,.

In the following few pages, we list additional character tables for representative point groups.

Ci(1) E
A 1
C2 (2) E C2
X, v, 2% xy R,z A 1 1
Xz, yz X,y } B 1 -1
Ru R,
C3(3) E G G
Xy, 7 R,z A 1 1 1 e
(xz, y2) ) E { 1 @ o
=%, xp) (R, R) 1 o w
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C~’4 (4) E C 2 C 4 C 43
x2+y2, 2 R,z A 1 1 1 1
X7, xy B 1 1 1
(xz, y2) ) E { 1 -1 i i
(Rxa Ry) 1 - 1 — l l
C5 (5) E C5 C52 C53 C54
x2+y2, 2 R,z A 1 1 1 1 1
(xz, yz) (x, ) E { 1 1) & & o o215
(Rxa Ry) 1 (U4 603 a)z w
El l { 1 a)z a)4 @ a)?,
=%, x) 1 o o o
C6 (6) E C6 C3 C2 C32 C65
7 7 R,z A 1 1 1 1 1 1
B 1 -1 1 -1 1 =1
(xz, y2) () E { 1 0o o & o o /2716
(Rxa Ry) 1 a)S a)4 a)3 a)z W
(=", xy) E” { 1 o o' 1 o o
1 o o 1 o
C,, (2mm) E G oy o'y
002 z A, 1 1 1 1
Xy R: A 1 1 -1 -1
Xz Ry, x B 1 -1 1 —
y Z Rx> y B 2 1 - 1 - 1 1
C3 v (3 m) E 2 C 3 3 Oy
xyt, 2 z 4 1 1 1
Rz A2 1 1 — 1
(=72 1) (x, ) } E 2 -1, 0
(xz, yz) (R R)
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Cs, (5m) E 2Cs 2Cs 5o,
X4, 2 z A, 1 1 1 1
R. A, 1 1 1 -1
(x, ) E; 2 2 cosB, 2 cos20 o
(xz, yz) (R., Ry) 0="—
=7, xp) E 2 2c0s20. 2cosdd 0 5

C6v (6mm) E Cz 2C3 2C6 3Gd 30\,
X+, 2 z A 1 1 1 1 1 1
R. A 1 1 1 1 -1 -1
B, 1 -1 1 -1 -1 1
B, 1 -1 1 -1 1 -1
(x,) E 2 -2 -1 1 0 0
(XZ, yz) (Rxa Ry)
(=7, xp) E, 2 2 -1 -1 0 0
Cin (m) E Oh
x5 %, 2 xy R.,x,y A’ 1 1
Xz, yz R, R,z A 1 -1
Co (2/m) E () o I
%4 2 xy R. A, 1 1 1 1
z A, 1 1 -1 -1
Xz, yz R. R, B, 1 -1 -1 1
X,y B, 1 -1 1 -1
_ ~ 2 2
C3h— C3 X O} (6) E C3 C3 Oj, S3 (GhC3 )
Xy, 2 R, A’ 1 1 1 1 1 1
z A" 1 -1 1 -1 1 -1
(=%, xp) *, ) E { 1 o & 1 o & 2703
1 o w 1 d o ¢
(xz, y2) (R, R)) E” { 1 w s -1 -0 -&
1 o w -1 -& -w
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C4h:C4><I

(4/m)

Csp=Cs x oy (E)
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C6h = C6 x [ (6/m)
S (1) E I
Xy, 2 Xy, Xz, yz, R R, R, Ag 1 1
X, Y,z Au 1 _1
S+ (4) E G S 8
2, 2 R, A 1 1 1 1
z B 1 1 -1 -1
(xz, y2) (x, ) E { 1 -1 i —i
=, x) (R, R) 1 -1 - i
D, (222) E Cy cy  GF
X0, 7 A, 1 1 1 1
Xy R,z B, 1 1 -1 -1
Xz R,y B, 1 -1 1 -1
yz R, x B; 1 -1 -1 1
D3 (32) E 2C3 3 Cz ’
X, 2 A, 1 1 1
R,z A, 1 1 -1
=%, x) } () E 2 -1 0
(xZ > y Z) (Rx’ Ry)
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D4 (422) E G=C&  2G 20, 2Gy”
22, x*+y? A 1 1 1 1 1
R,z A 1 1 1 -1 -1
«*=y B, 1 1 -1 1 -1
Xy B, 1 1 -1 -1 1
(xz, y2) (x,») E 2 -2 0 0 0
(Rxa Ry)
Ds(52) E 2Cs 2Cs&  5CY
X, 2 A, 1 1 1 1
R.z Ay 1 1 1 -1
(x,) E 2 2 cosB, 2 cos20 0 27
(xz, y2) (R, R,) o=
(=7, xp) E, 2 2c0s20, 2cos40 0
De (622) E G, 2C; 2C¢ 3Gy 3Gy
X, 2 Ay 1 1 1 1 1 1
R,z Ay 1 1 1 1 -1 -1
B 1 -1 1 -1 1 -1
B, 1 -1 1 -1 -1 1
(x,y) } E, 2 -2 -1 1 0 0
(xz, y2) (R R)
(=7 xp) E, 2 2 -1 -1 0 0
Dy (42m) E C, 284 20y 204
2, X 4, 1 1 1 1 1
R, A 1 1 1 -1 -1
=) B, 1 1 -1 1 -1
Xy z B, 1 1 -1 -1 1
(xz, yz) (x,y) } E 2 -2 0 0 0
(R, R)
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D3d:D3 x [ (gm)

Dop=Dyx I  (mmm)

D3h = D3 X Oy (61’1’12) E Op 2C3 2S3 3C2’ 3Uv
x2+y2, 2 Ay 1 1 1 1 1 1
R. Ay’ 1 1 1 1 -1 -1
A7 1 -1 1 -1 1 -1
z A 1 -1 1 -1 -1 1
=7, xy) (. ) E 2 2. -1 -1 0 0
(xz, y2) (R, R) E’ 2 -2 -1 1 0 0
D4h = D4 x I (4/mmm)
Ds;,= Ds x oy, (1_0m2)
Den=D¢x 1  (6/mmm)
T(23) E 3C, 4C5 4C5°
A 1 1 1 1
E 1 1 Q) o’
1 1 o’ 0
(x, v, 2) T 3 -1, 0 0
(Rx: Rya Rz) o= e27l'i/3

Ty=TxI  (m3)
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