Special Topics for Quantum Field Part I1: Quantum Field Theory for Many-Body Systems
Theory in Condensed Matter

222D5220 Problem Set #3 (Parts 11.8 - 11.10, 111.1) August 30, 2007
(Due: September 6, 2007)

1. Plasma oscillations in an electron gas

We have shown in Part 11.9 that the linear response function of the density of an electron gas to an
external perturbation is the retarded polarization propagator I17(q,«), and that the poles of IT°(q,®) are
associated with the excitation energies of collective modes in the interacting electron gas. In this problem we
want to investigate a specific type of collective excitations of the degenerate electron gas known as the
plasma oscillations. We shall restrict our consideration in the following to the ring diagrams.

(&) In the random phase approximation (RPA), the dielectric constant associated with the linear response of
the density perturbation to an external impulsive potential ¢(x,t)=¢€"""p, 5(t) is given by

(9, @) =1-V(q)1°*(q, @), where T1%(q, @) is the lowest order retarded polarization propagator. For
w=Q, —iy, representing the poles so that V(q)l'IOR(q,Qp —iyp) =1, verify that in the limit of very
small damping of the collective modes y <« Q_ the following conditions are satisfied:

V(a)Re{T1"(q,2,)} =V(q)Re{I1’(a.2, )} =1,
8Re{H°R(q,a))}| )
ow

7o =Im{1™ (0,2, )}

Q,
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oRe{11(q, )|

=sgn(Q, ) Im{’(a.2, )} dw

Q,

(b) Using the results derived for I1°(q,®) in the limit of a fixed frequency @ and for |g| = q — 0, show that
for a three-dimensional spherical Fermi surface, the dielectric constant associated with the RPA is real

and is given by
47ne’/m 2
Iimé‘f(q,a)):l—wzl_(&j .
q—0 w W

Here n and m denotes the carrier density and mass, respectively, and a, is the plasma frequency.

(c) From the expression for Re{I1°(q, )} in EQ. (11.524), show that in the small g limit
k*g? B(k qu
Re{IT°%(q,0)} = ———|1+=| | +--|,
{ (a )} 37r2ma)2[ 5\ mew

where kg is the Fermi momentum, and the dispersion relation for the plasma oscillation is given by

2 2
Qq:iw{li[q_sz}..}zmp 1+3[1J ol
10\ 67zne 10\ g,

where gre is known as the Thomas-Fermi wave number. We remark that in the RPA, Im{HO(q,Qq)} =0
if ‘Qq‘ > (qu /m)+(q2 /2m) , which implies that these plasma collective modes at long wavelengths are

undamped in the lowest-order approximation. In reality, it can be shown that plasma oscillations are
damped at all wavelengths if higher-order corrections are included.
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2. Linear response, fluctuation-dissipation theorem & correlation functions
We have seen in Part 11.9 that the general theory of linear response can be applied to the collective
excitations of a system in response to external perturbation and also to the fluctuation-dissipation

theorem. To investigate these issues further, we define a generalized retarded Green’s function G* and a
generalized time-ordered Green’s function G for operators A and B as follows:

GR (1) =-i0(t){[AW).BO)]). G1)=-i(T[ADB(O)]).

For a system with a Hamiltonian 74 and a complete set of eigen-states {|n)} such that 7 |n) = &, |n), the
thermal average (A(t)B(0)) is given by

(A®B(0))=Z ' Tr{e e’ Ae ‘B =Z )" (n[e el Ae"'B]n),
where Z is the partition function.

(a) If we denote the Fourier transform of (A(t)B(0)) by J,(w), which is also known as the spectral density
function associated with the time-ordered Green’s function (A(t)B(0)), show that the Fourier transforms
of the equivalent retarded Green’s function G and the time-ordered Green’s function G at T = ' have
the following forms (with n =0"):

» da' B J (CU’) « do' 1 e_ﬂa)’
R)=| —(1-e#)—2—L_ and = J (o -
G" (@) =] ) G(@) =], (@)

w—'+in o-o'+in 0-o'—-in

(b) If Aand B are hermitian conjugates so that J,(w) is real, verify that

Im{gR(a))} - _%(1_6—&0)\]1(@) = tanh(%ﬂa)j Im{G (@)},

The last line is a form of the fluctuation-dissipation theorem. In other words, the spectral response of the
system (i.e. fluctuations) to an external perturbation at t > 0 gives rise to dissipation manifested by the
imaginary part of the retarded Green’s function.

= J(0#0)=-

3. Magnetic susceptibility in the generalized Hartree-Fock approximation

We have introduced the transverse magnetic susceptibility " in Part 11.9 as the linear response function
of a spin system to an external magnetic field. Here we want to evaluate y explicitly under the generalized
Hartree-Fock approximation, which involves summing over the ladder diagrams containing repeated
interactions of electron and hole lines, as shown in Fig. 11.9.1. Thus, for

7 (x=xt-t")=io(t —t')<[o‘(x,t),a+(xr,tr)]> _ zeiq-(x—x')l_Jr(p, Git-t)
= %eiq-(x—%)i&(t —t’)<[ag+q¢(t —t') apT(t —t'), oj(O, O):'> ,

where o'(x)=Y€""*> al .a and o (x)=) e'"*> a’  a ., the equation of motion for z *(p,q;t)
q p q p

under a Hamiltonian /H becomes:
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H a —+ . + H +
=7 (pait)= ~5(t){[ ). 02,0, 07(0.0)]) + |0(t)<[[a;+q¢(t)aw(t),3—[], o (o,o)]> .
(a) Now let’s consider a model Hamiltonian (known as the Hubbard model)

U
_ _ T ~ T t
H=H +H, _{Za}papgapg}{ N Zapmap?ap,qiap,i],
po ppq

where U represents an on-site repulsion potential. Under the generalized Hartree-Fock approximation
where one sums over all Wick contractions and using the expectation value

t _
<apaap'ﬂ> = op 9 Tpar

show that the following relation holds:

|8 (Dag(0),H |=—(0p.q-a,)a) .3,
U t

;
+WZ {( pr B fp+qi ) By paqlBpipt T ( fp’i B fp’T ) ap+q¢apT} '
>

(b) From the result in part (a) and the definitions
U

Ho)=[ dtx(Oe”,  #a)=2x(pa). G, =0- D,

>
verify that the Fourier transform of the transverse magnetic susceptibility satisfies the following relation:
M 1 pr B fp+q¢

1 —
—x (@)= - , Where T"7(q,0)=— .
N ( ) 1-ur +(q,a)) ( ) N ;w—(&)w—cbmﬁ)-l—in

We note that ;[*(q,a)) given above is the general expression for the frequency- and momentum-

dependent magnetic susceptibility of an interacting electron gas, whereas the function F‘+(q,a)) is the
same unperturbed particle-hole polarization propagator as appeared in the Coulomb interaction. It is
worth noting that for w=0and q =0, F’*(q, a)) reduces to the well known Pauli susceptibility, which is
proportional to the density of states at the Fermi level.

4. Equation of motion of phonon field operators under electron-phonon interaction

Given the general relation 00, /at =i[3-[,OH] for the Heisenberg operators Oy, we consider in this
problem the Heisenberg phonon field ¢ for the electron-phonon interaction Hamiltonian F:

H :‘g-[el +‘7—[ph +deSX l//:ia(x)l//Ha(X)(pH(X)’

where y,, and y/,:a represent the electron Heisenberg operators, FHg and H{ph are the Hamiltonians for the
electrons and phonons, respectively, and yis the electron-phonon coupling coefficient.

(a) Prove that the Heisenberg phonon fields satisfy the following relations in the limit of an infinite Debye
frequency (@p — ).

Nai-Chang Yeh 143 NTU-222D5220 (Summer 2007)



Special Topics for Quantum Field Part I1: Quantum Field Theory for Many-Body Systems
Theory in Condensed Matter

[24(x), 2u(X)]., =0, [(pH(X),a%—(X')} =iV2 5(x=X).

at!
(b) From the relations given in (a), derive the following equation of motion for the phonon fields:

1 8°

{Vz___}%m:—wi [V (0v(x)],

u? ot?
where Uy is the speed of sound.
(c) Defining the exact phonon Green’s function
iD(x=x') =(0[T [ @ (x) 2 (x)]|0).

where |0> denotes the exact Heisenberg ground state of the coupled electron-phonon system, show that
the following relation is satisfied:

[Vi _uizaat_zz} iD(x—x')=-iV25(x—x")(t-t") -y V2 {0|T [WL&(X)V/Ha(X) (PH(X,)] 0).

0

(d) How are the relations given in (a) — (c) modified for a finite Debye frequency ap?

5. Magnetic critical fields of thin-film type-1 superconductors

In this problem you are asked to apply Landau-Ginzburg theory to evaluate the magnetic critical fields of
type-1 superconductors. You’ll find that the phase transition at the critical field of a type-1 superconductor
changes from first order to second order when the thickness of the sample becomes sufficiently small.

Consider a type-I superconducting slab of thickness d < &£(T) defined by the planes z =+(d/2), where
E(T) is the Landau-Ginzburg coherence length. An external magnetic field H=H ¥ is applied parallel to
the surface of the superconductor.

(a) If the film is sufficiently thin so that the superconducting order parameter y is approximately a constant
within the superconductor, show that the application of the boundary condition h(z=+d/2)=HYy

yields the following expression for the local field inside the superconductor h(|z|<d/2):
cosh(zF/2)

h(z)=H ————= F u, P

cosh(eF/A)’ v,

N o8

: )

where A is the magnetic penetration depth.

(b) Having obtained the spatial dependence of the local field, we are ready to find an expression for the
superconducting order parameter by averaging the kinetic energy of the supercurrent over the thickness
of the film and then minimizing the corresponding Landau-Ginzburg free energy density of the
superconducting film relative to F%. Following the aforementioned procedure, show that the normalized
order parameter F satisfies the following relation:
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m*<v§> o\ 1 pdr 1 2eAH i sinh(&F)
Fiets 200 <VS>:EL’/2dZ(VS)_E{m*Fcosh(gF/Z)} { cF _1} @

(c) From EQs. (1) and (2), show that the order parameter F and the external magnetic field H are related as

follows:
HY . , cosh? (¢F/2)
(H_] =4F'(1-F ){[sinh(gF)/(gF)]—l} )

c

where H. is the thermodynamic field.
(d) From EQ. (3), find F(H) in two extreme cases ¢F <1 and ¢F >1.

(e) To derive the critical field Hy for the thin-film superconductor, we note that at the critical field the Gibbs
free energy density of the superconductor, gs, becomes equal to that of the normal state gy, where

g, = f, [ H?/(87)], (4)

and fy is the Helmholtz free energy density in the normal state. Using the results derived thus far, show
that the Gibbs free energy in the superconducting state satisfies the following relation:

= f —M=|:fN —H—°2F4+<h—2>}_<hﬂ

Az 87 87 Ar
2| sinh(eF)+eF HZ
= f, S (sF)+e —itanh(ij -—CF*, (5)
87 | éF (1+cosh(eF)) &F 2 87

(F) Using the condition gs = gy at H = Hy and EQs. (3) and (5), show that the critical field Hy can be obtained
by solving the following equation for the normalized order parameter F(H):

_, 1 F* ) 1&F[cosh(sF)-1] _
Yl(F)_He(l—sz_s sinh(eF)-eF =Y.(F). ©

(g) Discuss why the phase transition at H = Hy is first order if & > x/gand is second order if ¢ < \/E (Hint:
You may plot Y; and Y; in EQ. (6) as a function of F and also consider F as a function of &.)
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