Special Topics for Quantum Field Part I: Introduction & Overview of Modern Condensed Matter Physics
Theory in Condensed Matter

222D5220 Problem Set #1 (Parts I & I1.1 —11.2) August 10, 2007
(Due date: August 17, 2007)

1. Second-quantizing the interaction Hamiltonian of fermions

Consider the field operator y defined by :// Z gok , Where gok(r) are a complete set of single

particle states characterized by the quantum number k, ris the spatial coordinate, and ay is the fermion
annihilation operator.

Show that the second-quantized expression for the interaction Hamiltonian of a system of N interacting
fermions, H'=Y"" V(r, r;)/2. is given by EQ. (1.28):

i, j=i

H'= ; > (kI|'V|st) aja/aa, _E Udrldr2 (pk(rl)gol(rZ)V(rl,rz)gos(rl)(pt(rz)] a'a'aa,,

k,I,s,t k,I,s,t

(P1.1)
where V(rl,rz) describes the interaction potential between fermions at r; and r,. To simplify this problem

without going over all possible combinations of the indices k, |, s, t, you may consider two special cases, one
is for k <1 <s<t, and the other fork =sand | > t.

2. The interaction picture for a spin-1/2 particle in a time-dependent magnetic field

When we consider the interaction picture for various physical systems, it occurs at times that the best
choice for 7, in the total Hamiltonian JH = FH, + JH ' is not necessarily the entire familiar or constant part.
As an example, consider the following Hamiltonian for a spin-1/2 particle with gyromagnetic ratio » in a
time-dependent magnetic field B(t)=b,[cos(wt)X+sin(wt)y]+B,Z rotating about the z-axis with
frequency @ so that

H (t)=-y[ b cos(at)S, +bsin(wt)S, +BS, |
=g[—yblcos(a)t)cx—;/blsin(a)t)oy+a)LGZ] (P1.2)
where oy, represent the (2 x 2) Pauli matrices, and o, = B, .

(a) A seemingly straightforward choice for FH; and ' in the above Hamiltonian is:

hao, , h 0 e™
H,= ;)cz, H'(t)=- 7b1[cos(a)t)c +sin(awt)e }— %bl(eiwt 0 ] (P1.3)

With the H, and FH ' given above, find the corresponding ,'(t) in the interaction picture, and show that
it does not even commute with itself at different times.

(b) The situation in Part (a) is certainly not desirable for considering the time evolution of the system. On the
other hand, a different choice of H, and 4’ can lead to much simplified solutions. Specifically, consider

H, :h7a)62' H'(t) =§[(a)L -w)o,— b (Cos(a)t)crX +Sin(a)t)oy)]. (P1.4)

Find the corresponding JH,'(t) and use it to solve for U(t,0) explicitly.
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3. Gell-Mann & Low Theorem

In deriving the Gell-Mann & Low theorem, we have used the following identity
.\ -1 -\N
—I 1 . -1) 1
(—] 9" = Ihgi(—j —q", (P1.5)

where g represents the coupling constant associated with the Hamiltonian in the interaction picture J4,'(t), n
denotes positive integers, and the total Hamiltonian J{ is given by H = 5—[0 +H". Using EQ. (P1.5) and
EQ. (1.106):

(5{0_50)|\P5>:_§(‘;‘J“1 .. [ et [i@ijf[ (1) (4)] @),

n=1

prove that the following formalism in EQ. (1.107) indeed holds:

, 0
(H,—E))|¥,)=-H |\P5>+|hgg£|‘Pg>.

Here E, denotes the eigen-energy of |@ ) =|¥, (-»)) so that H|®;) = E,|®,), and |\¥,) is the state
vector in the interaction picture defined by |¥,) =|¥,,(0)).

4. Noether’s theorem for a system of SO(N) symmetry

As discussed in Part 11.1, the Noether’s theorem states that there is a conserved current associated
with each generator of a continuous symmetry. In this problem we want to find the conserved currents of a
specific system with continuous SO(N) symmetry and a Lagrangian density L given by the following:

1 2 2 2 Al ooy
=>[(@9)' ~m'g" |- (o")" (PL6)

Here m denotes the mass of the N-component scalar field ¢ = ((pl,---,qJN) with ¢, (a=1,---,N) transform

like vectors, @° =@-@ =g,¢, is invariant under SO(N) symmetry, and A is a positive coupling constant. If
we consider an infinitesimal change in the field so that

5p,(x) = 19“(x)(TA)alb »,(x), (PL.7)

where HA(X) denote parameters that depend on the 4-vector x, and T represent the N(N-1)/2 independent

generators. In the special case of 9A(x) = constant, we expect the action S = Id“x L to be invariant under

the infinitesimal transformation of the fields. In other words, &S = 0 for #* = constant. On the other hand, for
arbitrary 6"(x), 5S does not necessarily vanish, and we expect that for arbitrary %(x), &S takes on the
following form

58 = [d*x[34(x)]" 2,04(x), (P1.8)
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so that 5S = 0 for constant 6%, and |:J A(x)]ﬂ denote conserved currents that are effectively the coefficients
of 0,0"(x) according to EQ. (P1.8).

Using the Lagrangian given in EQ. (P1.6) and the transformation specified in EQ. (P1.7), verify the
Noether’s theorem and find an explicit expression for the conserved current [J A(x)]“ .

5. Wick’s theorem

Wick’s theorem described in Part 1.2 will become very important in our subsequent consideration of
Feynman diagrams. The following two problems are examples for the application of Wick’s theorem.

(a) Find the expectation value of (X; X; X X| Xm Xn) using Wick’s theorem, where (x; X; X Xi Xm X») is defined as:

+00 @ +00 ~+00 —%x.A.x
~ LO LO ...LO dx,dx,...dx e XX X X X X
(oxxxx,x,) = , (PL9)

[ onog0n e

and A denotes a real symmetric N x N matrix. (Hint: your answer should contain 15 different terms.)

(b) Wick’s theorem can also be applied to operators. As an example, consider the operator O = aaa'a’,
where a and a" are the annihilation and creation operators of a free boson system. Apply Wick’s theorem
and show that it does produce the correct result.
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