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2 Superconductivity

2.9 Unconventional superconductor

2.9.2 p-wave superconductor

In One Dimension

The Hamiltonian for 1D p-wave superconductor is

H =
∑
j

−µc†jcj − tc
†
j+1cj − tc

†
jcj+1 + ∆c†j+1c

†
j + ∆∗cjcj+1 (1)

Phase Diagram

To further simplify this Hamiltonian, we can map the c and c† operators to Majorana operators γ
as

γ2j−1 = c†j + cj , γ2j = i(c†j − cj) (2)

so that the Majorana operators are Hermitian and satisfy the simple relations

{γs, γs′} = 2δss′ (3)

We can then rewrite this Hamiltonian using the γ operators and the form of the Hamiltonian
becomes particularly simple when µ = 0, t = ∆ so that

H = t
∑
j

iγ2jγ2j+1 (4)

As shown in this figure, we decomposed each electron mode into two Majorana modes, and with the
special choice of parameters, the Majorana modes couple into non-overlapping pairs. The ground
state is then the ground state of all coupling terms simultaneously.

To find the ground state, we recombine the Majorana modes as

b†j =
γ2j + iγ2j+1

2
, bj =

γ2j − iγ2j+1

2
(5)

so that the hamiltonian is equal to

H = t
∑
j

(1− 2b†jbj) (6)
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When t > 0, the ground state has one fermion per each b mode satisfying

b†j |Ψ〉 = 0 (7)

When t < 0, the ground state is a vacuum state for the b modes satisfying

bj |Ψ〉 = 0 (8)

These two cases have the same kind of topological order and we will focus on the second case in
the following discussion.

Note that the b modes are combinations of creation and annihilation operators of the c modes,
therefore, the vacuum state of the b modes is very different from the vacuum state of the c mode.
In fact, it does not even have a fixed particle number in terms of the c modes. As the ground state
satisfies

iγ2jγ2j+1|Ψ〉 = −|Ψ〉 (9)

We can get the ground state by applying the projectors 1 − iγ2jγ2j+1 to a generic wave function
(as long as it has nonzero overlap with the ground state). In particular we can write

|Ψ〉 ∝
∏
j

(1− iγ2jγ2j+1)|0〉 =
∏
j

(1+ c†jc
†
j+1− cjc

†
j+1 + c†jcj+1− cjcj+1)|0〉 =

∏
j

(1+ c†jc
†
j+1)|0〉 (10)

If we expand the terms out, we will see that the wave function is a superposition of all configurations
with an even number of c fermions, which is a pretty complicated wave function in terms of the c
fermions. We will come back to talk more about this wave function later.

The most striking feature of this model shows up when we consider an open chain. In an open
chain, the left most and right most Majorana modes γ1 and γ2N are not coupled to anything so
that the ground state (the whole spectrum actually) is two fold degenerate. Local operators that
can induce transition between states in this degenerate space are γ1 and γ2N , neither of which can
be added to the Hamiltonian because they are fermionic. Therefore, there is no way to split this
two fold degeneracy. The degeneracy is inherently nonlocal, hence topological!

The two degenerate states can be distinguished by measuring iγ2Nγ1 which takes value ±1 in the
two states respectively. With the ground space being the eigenvalue 1 state of all iγ2jγ2j+1, we find
that the two degenerate states can be distinguished by their eigenvalue under

Pf = iNγ2Nγ1γ2...γ2N−1 = −iNγ1γ2...γ2N−1γ2N (11)

This operator measures the total fermion parity in the system. To see this, map the γ operators
back to the c operators, we see that

−iγ2j−1γ2j = −(cj + c†j)(cj − c
†
j) = 1− 2c†jcj (12)

which takes eigenvalue 1 if there is no fermion in the c mode and eigenvalue −1 if there is one
fermion. Therefore, −iγ2j−1γ2j measures the fermion parity on each site. Put together

Pf = −iNγ1γ2...γ2N−1γ2N = −(−)N (−iγ1γ2)...(−iγ2N−1γ2N ) (13)

measures the fermion parity of the whole system (up to a sign). Therefore, the two ground states
have different total fermion parity.
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Even if the Hamiltonian moves away from this commuting limit, the topological order in the system
still remains. For example, we can allow µ 6= 0 while still restricting t = ∆. The Hamiltonian then
reads

H =
∑
j

−µc†jcj + t(cj − c†j)(cj+1 + c†j+1) =
∑
j

−µ
2
iγ2j−1γ2j + tiγ2jγ2j+1 +

−µ
2

(14)

When µ 6= 0, the different terms in the Hamiltonian stop to commute with each other. It is still a
quadratic Hamiltonian and the eigen-modes are going to be linear combinations of the γj modes.
In particular, when |µ| < |2t|, on an open chain, there is going to a zero mode near each end of the
chain. The zero mode is going to be a linear combination of modes near the end and the weight in
the combination decays exponentially with the distance from the ends.

When |µ| > |2t|, the system is in a different phase. A representative point of this phase is at
∆ = t = 0, µ < 0 such that the Hamiltonian becomes

H =
∑
j

−µ
2
iγ2j−1γ2j + const. =

∑
j

(−µ)c†jcj (15)

and the ground state is the vacuum state of the c modes. In this case, if we put the system on an
open chain, there is not going to be an edge mode and the ground state is going to be non-degenerate
even on an open chain.

What does Topological mean?

We talked about how one phase of the 1D p-wave superconductor is ‘topological’. But what exactly
does topological mean here?

One way to see the topological nature of the phase is to use the momentum space formulation. In
terms of the Fourier modes, the Hamiltonian reads

H =
∑
k

(2t cos k − µ)c†kck + ∆ sin kc†kc
†
−k + ∆∗ sin kc−kck (16)

=
1

2

∑
k

(
c†k c−k

)(2t cos k − µ ∆ sin k
∆∗ sin k −2t cos k + µ

)(
ck
c†−k

)
(17)

To solve the Hamiltonian, we write the matrix as

Hk =

(
2t cos k − µ ∆ sin k

∆∗ sin k −2t cos k + µ

)
= (2t cos k−µ)σz+Re(∆) sin kσx+Im(∆) sin kσy = ~dk ·~σ (18)

where the σ’s are the Pauli matrices

σz =

(
1 0
0 −1

)
, σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
(19)

The matrix hence effectively describes a spin 1/2 in a magnetic field pointing in direction ~dk. The
ground state of the spin hence points in the opposite direction as ~dk with eigenvalue −|~dk|.

Depending on the parameters t, µ, ∆, the vector ~dk may trace out trajectories with different
topologies as k varies in the Brilliouin Zone. Without loss of generality, we will consider the case
where ∆ is real, so that(

2t cos k − µ ∆ sin k
∆∗ sin k −2t cos k + µ

)
= (2t cos k − µ)σz + ∆ sin kσx = ~dk · ~σ (20)
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When |2t| < |µ|, the ~dk vector traces out a circle which does not contain the origin. On the other
hand, when |2t| > |µ|, the ~dk vector traces out a circle which does contain the origin. These two
cases correspond respectively to the trivial and topological phase. When |2t| = |µ|, the ~dk passes
through the origin, indicating the existence of gapless modes at critical point.

This criteria for topological phase is easy to apply, but it only works when we have a quadratic
Hamiltonian. What if we add a quartic or even higher order terms to the Hamiltonian? How can
we tell if a phase is topological or not?

Our previous discussion based on edge modes provides such an approach. It works for any local
Hamiltonian. Given a Hamiltonian, we can solve for its ground state and check if there is a two fold
degeneracy (two lowest energy states with energy difference that is exponentially small in system
size). Moreover, we want to make sure the degeneracy comes from the edge states. To see that,
we can check the difference between the two ground state wave functions. If the difference only
appears on the edge, and decays exponentially into the bulk, then the two fold degeneracy has to
come from the edge Majorana modes. This degeneracy is stable to arbitrary local perturbation to
the Hamiltonian.

The edge state hence provides a concrete signature for the topological phase in a Majorana chain. In
the topologically trivial phase of the Majorana chain, there is no edge state. But not all topological
phases have edge states. A more general definition of topologically trivial phase is given in terms
of ground state entanglement. That is, in a topologically trivial phase, there is always one point
such that the ground state is a product state and hence not entangled. Consider the ground state
wave function for the Majorana chain, we can see that this is exactly the case. In the topologically
trivial phase, the non-entangled ground state happens when t = ∆ = 0. The ground state wave
function is a vacuum state for all c modes. In the topologically nontrivial phase, there is no such
point. To see this, we observe that the correlation length of the ground state wave function is zero
only when µ = 0, t = µ, but the wave function is far from a product state in terms of the c modes.
Therefore, this phase is topologically nontrivial.
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