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2 Superconductivity

2.8 Josephson Junction

Here are some of the main approaches for making a qubit out of Josephson circuits.

Charge qubit

This is also called the “Cooper-Pair Box”. In a charge qubit, a Josephson junction is connected to
a capacitor which is biased by voltage Vg from the ground. The part in the dashed box is called
a superconducting island. It is connected to the ground through two parallel capacitors (Cg and
the Josephson Junction), with total capacitance Cg + CJ . The total number of charges on the
superconducting island is 2e(N −Ng), where N is the number of Cooper pairs that have tunneled
the junction and Ng = VgCg/2e. The Hamiltonian of the system reads (up to a constant)

H =
(2e)2

2(Cg + CJ)
(N −Ng)

2−E0
J cosφ = E1

C(N −Ng)
2|N〉〈N | −E0

J(|N〉〈N + 1|+ |N + 1〉〈N |) (1)

To use the system as a qubit, we can set Ng = 1/2 (mod 1). When E0
J << E0

C , the lowest two
degenerate states are |N = 0〉, |N = 1〉, which are connected through the EJ term.

Flux qubit

The flux qubit (also called the RF SQUID) is in some sense the dual of the charge qubit where
the two levels of the qubit is formed from eigenstates of the phase operator instead of the number
operator. In the flux qubit, a Josephson junction is connected to an inductor with inductance
L (instead of a capacitor). The flux through the inductor is controlled by a transformer. The
Hamiltonian of the system is given by

H = E0
CN

2 − E0
J cosφ+

1

2L

(
Φ0

2π

)2(
φ− Φ

2π

Φ0

)2

(2)
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The qubit is obtained in the regime where E0
J >> E0

C and Φ is set to be Φ = Φ0
2 . The potential

part of the Hamiltonian (related to φ) has two minimums on the two sides of φ = π, which forms
the two levels of the qubit. Tunneling between the two levels is induced by the EC term.

2.9 Unconventional superconductor

2.9.1 Pairing symmetry

The BCS theory for superconductivity is a successful theory, but it does not cover everything. It
was realized that not all superconductors result from electron-phonon interaction and their gap
structure and order parameter field may look very different from the case we have seen above.

In particular, let’s consider what other forms of pairing there can be between electrons near the
Fermi surface. Recall that the interaction term can be written as

Hint =
∑
k,k′

Vk,k′c†kαc
†
−kβck′αc−k′β (3)

As we are considering electrons near the Fermi surface, we still restrict the sum to pairs with
opposite momentum (zero center of mass momentum), but the spin state can have more possibilities.
Note that the spin labels of the two annihilation operators match that of the two creation operators
to ensure that total z direction spin is conserved.

The mean field Hamiltonian is obtained by assuming that the operator

∆̂kαβ =
∑
k′

Vk,k′c†k′αc
†
−k′β (4)

has a small quantum fluctuation and can be replaced by its average value in the ground state

∆kαβ = 〈∆̂kαβ〉 = 〈
∑
k′

Vk,k′c†k′αc
†
−k′β〉 (5)

The ∆ function as defined satisfy the condition

∆−kβα = 〈
∑
k′

V−k,k′c†k′βc
†
−k′α〉 = 〈

∑
−k′

V−k,−k′c†−k′βc
†
k′α〉 = −〈

∑
−k′

Vk,k′c†k′αc
†
−k′β〉 = −∆kαβ (6)

where we have used the condition that V−k,−k′ = Vk,k′ which for k and k′ near the Fermi surface
is well justified.

This property of ∆ put a very strong constraint on its symmetry. Recall that for the BCS case,
V = V0, ∆k is a constant. The anti-symmetry of ∆kαβ comes purely from the spin part – the spin
has to be in a singlet state. But it does not always have to be case. In particular, the spin can be
in a triplet symmetric state

↑↑, ↓↓, ↑↓ + ↓↑ (7)

Now the anti-symmetry has to come from the spatial part so that

∆k = −∆−k (8)
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In general, we can approximate ∆k by ∆Ω where Ω is the angular direction of k. This is justified
because we are considering states near the Fermi surface. Then we can expand ∆Ω into components
with different angular momentum. For total angular momentum 0, ∆ is uniform which is the BCS
case we saw before.

∆k = ∆−k = ∆ (9)

When total angular momentum is 1, ∆Ω can be a superposition of three components corresponding
to z direction angular momentum 1, 0 and −1. In this case, ∆Ω = −∆−Ω, or

∆k = −∆−k (10)

In general, for all even angular momentum components, we have

∆k = ∆−k (11)

while the spin part has to be singlet and the pairing channel is called a singlet pairing channel. For
all odd angular momentum components, we have

∆k = −∆−k (12)

while the spin part has to be triplet and the pairing channel is called the triplet pairing channel.

2.9.2 p-wave superconductor

In Three Dimensions

Let’s consider a superconductor with pairing in the p-wave channel. The Hamiltonian with triplet
pairing looks like

H =
∑
k,σ

(εk − µ)c†kσckσ +
∑
k

∆k↑↑c
†
k↑c
†
−k↑ + ∆k↓↓c

†
k↓c
†
−k↓ + ∆k↑↓

(
c†k↑c

†
−k↓ + c†k↓c

†
−k↑

)
+ h.c. (13)

where
∆kαβ = −∆−kαβ (14)

The Hamiltonian can be written in a matrix form as

H =
(
c†k↑ c†k↓ c−k↑ c−k↓

)
(εk − µ) 0 ∆k↑↑ ∆k↑↓

0 (εk − µ) ∆k↑↓ ∆k↓↓
∆∗k↑↑ ∆∗k↑↓ (−εk + µ) 0

∆∗k↑↓ ∆∗k↓↓ 0 (−εk + µ)



ck↑
ck↓
c†−k↑
c†−k↓

 (15)

If we write the ‘gap’ matrix ∆k as

∆k =

(
∆k↑↑ ∆k↑↓
∆k↑↓ ∆k↓↓

)
=

(
−dx(k) + idy(k) dz(k)

dz(k) dx(k) + idy(k)

)
(16)

we will be able to find the energy of the eigen-modes to be

Ek =
√

(εk − µ)2 + |d(k)|2 ± |d(k)× d∗(k)| (17)

Whether Ek is gapped then depend on the details of d(k) in contrast to the s-wave case which is
always gapped.
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