
Physics 223b Lecture 9 Caltech, 04/30/18

2 Superconductivity

2.7 Landau-Ginzburg theory

2.7.4 Spatially non-uniform and with external field

Meissner Effect

The full Landau Ginzburg free energy density is given by

fs = fn + a|ψ|2 +
1

2
b|ψ|4 +

1

2m∗
|(−i~∇+ 2eA)ψ(r)|2 +

B2

2µ0
+ ... (1)

In the last lecture, we derived London’s second equation simply using the relation between current
j and the superconducting order parameter field ψ

∇× j = −(2e)2

m∗
|ψ|2

2
B (2)

Now to obtain Meissner effect, we only need Ampere’s law, which can be derived by varying the
functional with respect to A. We have

δfs =
2e

2m∗
(ψ∗(−i~∇+ 2eA)ψ + ψ(i~∇+ 2eA)ψ∗) δA +

1

µ0
(∇×∇×A)δA (3)

where for the last term we have used integration by parts. At the minimum, δfs = 0 and we have

e

m∗
ψ∗(−i~∇+ 2eA)ψ +

e

m∗
ψ(i~∇+ 2eA)ψ∗ +

1

µ0
(∇×B) = 0 (4)

Therefore, we have
∇×B = µ0j (5)

which is exactly the Ampere’s law.

Combining this with London’s second equation re-derived above, we find that in a uniform external
magnetic field, the penetration depth into the superconductor is

λ =

(
me

µ0|ψ|2e2

)1/2

(6)

Beyond this length scale, no magnetic field can exist inside a superconductor. Close to the critical
temperature, we have

|ψ|2 =
−a
b

=
ȧ(Tc − TT )

b
(7)

Therefore, we have
λ ∼ (T − Tc)−1/2 (8)
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Landau Ginzburg theory hence predicts that the penetration depth diverges at critical temperature
and with an power of −1/2.

One more comment regarding the minimal coupling of gauge field: The need to change −i~ to
−i~∇ − qA can also be understood as coming from the requirement of local symmetry. Before
coupling the electromagnetic field, the system has global U(1) symmetry. That is, if ψ is rotated
to eiαψ uniformly across the whole system, the free energy does not change. However, this is no
longer true if we want local symmetry. That is, the system is no longer invariant if ψ changes to
eiα(r)ψ with a spatially dependent α. In particular

− i~∇ψ → −i~∇
(
eiα(r)ψ

)
= −i~eiα∇ψ + ~∇αeiαψ (9)

and the norm of this term is no longer invariant. In order to restore invariance, we need to add
another term whose transformation under the spatially dependent symmetry cancels the second
term. And this is achieved exactly by

− i~∇ → −i~∇− qA (10)

if A(r) transforms as

A→ A +
~
q
∇α (11)

This form of transformation matches exactly with the so-called ‘gauge transformation’ of A so that
the physical electric and magnetic field strength does not change at all with this transformation of
A. Therefore, by coupling a system with charge to the electromagnetic field, we can promote the
global charge conservation symmetry to a local symmetry.

Higgs Mechanism

Now let’s come back to the question of where did the Goldstone mode go in a superconductor.
In a system with continuous symmetry and when the continuous symmetry is spontaneously bro-
ken, Goldstone theorem says that there is always gapless excitation which corresponds to smooth
variation of the order parameter field. Let’s see what happens in a superconductor.

Suppose that due to symmetry breaking, the ground state has a uniform order parameter φ0 (which
is chosen to be real without loss of generality). Suppose on top of that we make a smooth variation.
If the variation is only in the magnitude of the order parameter field, i.e. φ = φ0 + δφ with δφ
being real, then the change in free energy is

δfs = aδφ2 + 3bφ20δφ
2 +

1

2m∗
[(−i~∇+ 2eA)δφ]2 (12)

Note that the change in free energy contains to leading order only terms quadratic in δφ because
the terms linear in δφ should sum to zero near the ground state given by φ0. Because the change
in energy is not only related to the derivatives ∇δφ but also to δφ itself, field theory analysis shows
that the excitation induced by the variation in magnitude is going to be gapped. (From the form of
δfs, we can see that the system looks like Harmonic oscillator, which has an energy gap determined
by the coefficient in front of the kinetic term δφ2 and the potential term φ2. Careful analysis shows
that the system is actually composed of a series of Harmonic oscillator modes. The energy gap of
all of them are bounded from below by a finite value.)

If instead, we make smooth variations in the phase factor of the order parameter field φ0e
iθ. To

lowest order in θ, the change in free energy is

~2

2m∗
φ20

∣∣∣∣i∇θ +
2ei

~
A

∣∣∣∣2 (13)
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Without the A field, this corresponds to gapless excitations whose energy goes to zero as the change
in θ becomes more and more smooth. However, in the presence of A, the change in free energy due
to the phase factor always comes in the combination of

(
i∇θ + 2ei

~ A
)
. But a mapping

A→ A +
~
2e
∇θ (14)

absorbs such changes without inducing any change in physical electromagnetic field. That is, the
mapping on A is a gauge transformation and is always allowed due to the gauge symmetry of A.
Therefore, the gauge field A can ‘eat up’ any variation in the phase factor of the order parameter
field. After the mapping, the dynamics of the gauge field now contains the term

2e2

m∗
φ20A

2 (15)

Such a term, which is directly related to the A field itself rather than derivatives of A is going to
open up a gap in the electromagnetic field. Therefore, no gapless excitation exist any more.

Without going through all the derivation and calculation, we can roughly explain the appearance of
this gap as follows. The electromagnetic field, once quantized, contains a bunch of photon modes,
labelled by their momentum k and polarization (whose label is suppressed here). We can think of

each photon mode as a simple harmonic oscillator with creation and annihilation operator a†k and
ak. The total energy of the EM field is given by

H =
∑
k

ωka
†
kak (16)

a†k and ak are linear combinations of Fourier modes Ek and Ak.

When there is no A2 term in the Hamiltonian, ωk goes to zero as k goes to zero. The EM field is
gapless. An A2 term opens up a gap because∫

d3rA2 =

∫
d3r[

∑
k

(αka
†
k + βkak)]

2 (17)

and contributes a term
∑

k a
†
kak to the Hamiltonian with a constant coefficient. Therefore, the

energy of each mode gets increased by a finite amount, the EM field becomes gapped.

A more careful derivation of the Higgs mechanism can be found in for example http://philsci-archive.
pitt.edu/9295/1/Spontaneous_symmetry_breaking_in_the_Higgs_mechanism.pdf page 24.

While in a superfluid, the fact that the fluid can flow without dissipation is related to the linear
dispersion of the gapless excitation. In a superconductor however, there are no gapless excitations.
This provides a even better protection to the superflow. Once it is set into motion, it cannot scatter
with any perturbation of energy smaller than the gap.

3

http://philsci-archive.pitt.edu/9295/1/Spontaneous_symmetry_breaking_in_the_Higgs_mechanism.pdf
http://philsci-archive.pitt.edu/9295/1/Spontaneous_symmetry_breaking_in_the_Higgs_mechanism.pdf

	Superconductivity
	Landau-Ginzburg theory
	Spatially non-uniform and with external field



