
Physics 223b Lecture 8 Caltech, 04/25/18

2 Superconductivity

2.7 Landau-Ginzburg theory

2.7.1 Spatially uniform and no electromagnetic fields

As with the usual Landau’s approach to symmetry breaking phases, it assumes that superconductors
are described by an order parameter field and the free energy of the system can be written as a
functional of the order parameter field including simple polynomial terms of the field or derivatives
of the field. The key requirement in writing down the functional is symmetry – the U(1) charge
conservation symmetry here.

As in the case of the superfluid, the order parameter field is a complex field ψ(r) which changes its
phase factor under the U(1) symmetry transformation. From the previous discussion of the BCS
model, we know that this is exactly the ∆ field

ψ(r) ∼ ∆(r) = 〈c†r↑c
†
r↓〉 (1)

such that ψ is mapped to ei2αψ under symmetry transformation by α.

The free energy density functional, in the simplest form without spatial variation or EM field but
only the possibility of different temperatures, reads

fs(T ) = fn(T ) + a(T )|ψ|2 +
1

2
b(T )|ψ|4 + .... (2)

so that fs is invariant under the U(1) symmetry transformation. This has exactly the same func-
tional form as in the superfluid phase and we know what would happen: b(T ) always has to be
positive to ensure the system is stable. a(T ) can be positive or negative. When a(T ) is posi-
tive, the minimum of the free energy is achieved at ψ = 0 so that there is no symmetry breaking
and no superconductivity; when a(T ) is negative, the minimum is achieved at |ψ|2 = −a(T )

b(T ) . The
phase factor of ψ is arbitrary. There is spontaneous symmetry breaking and the system is in the
superconducting phase.

The subscript s and n refers to the superconducting and normal phase respectively, which makes
sense because when ψ = 0, the system goes back to the normal phase.

At the critical temperature Tc, a(Tc) = 0. Around Tc, we can expand it to lowest order as

a(T ) ≈ ȧ(T − Tc) (3)

while b(T ) is mostly a constant b. So that when T > Tc, |ψ| = 0; when T < Tc

|ψ|2 =
ȧ

b
(Tc − T ) (4)
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We can define the ‘condensation energy’ by comparing how much free energy is saved by going
superconducting as compared to the normal state with ψ = 0 when T < Tc. Close to Tc, we have

fs(T )− fn(T ) = − ȧ
2

b
(Tc − T )2 +

1

2

ȧ2

b
(Tc − T )2 = − ȧ

2

2b
(Tc − T )2 (5)

Taking the derivative of f(T ) with respect to T , we get the entropy of the system

ss(T )− sn(T ) =
ȧ2

b
(T − Tc) (6)

which is zero at Tc . So in going across the phase transition, there is no discontinuity in entropy and
hence no latent heat. This just confirms that the Ginzburg Landau theory describes a second-order
phase transition.

2.7.2 Spatially non-uniform, no EM fields

Next, let’s add one more feature to the Ginzburg Landau theory – spatial variation, which leads to
one more term in the free energy functional which was also there for the superfluid case.

fs(T ) = fn(T ) + a(T )|ψ|2 +
1

2
b(T )|ψ|4 +

~2

2m∗
|∇ψ(r)|2 + .... (7)

As ψ describes the coherent state of the Cooper pairs, m∗ is the mass of the Cooper pair which is
twice the mass of a single electron.

To get the total free energy of the system, we integrate over the whole space

Fs(T ) = Fn(T ) +

∫
d3r

(
a(T )|ψ|2 +

1

2
b(T )|ψ|4 +

~2

2m∗
|∇ψ(r)|2

)
(8)

If the system has a spatially uniform configuration, the free energy would be minimized by a spatially
uniform ψ. However, in systems with spatially non-uniform configurations, like a domain wall or
interface, we need to consider ψ of the general form and subject to certain boundary conditions.
To find the minimum, consider an infinitesimal variation in ψ(r)

ψ(r)→ ψ(r) + δψ(r) (9)

The corresponding change in free energy is (to the first order in δψ and δψ∗)

δFs(T ) =

∫
d3r

[
~2

2m∗
(∇δψ∗)(∇ψ) + δψ∗(aψ + bψ|ψ|2) +

~2

2m∗
(∇ψ∗)(∇δψ) + (aψ∗ + bψ∗|ψ|2)δψ

]
(10)

Integrating by part we get

δFs(T ) =

∫
d3r

(
− ~2

2m∗
∇2ψ + aψ + bψ|ψ|2

)
δψ∗ +

(
− ~2

2m∗
∇2ψ∗ + aψ∗ + bψ∗|ψ|2

)
δψ (11)

At the minimum, δFs(T ) = 0 and we get the condition on ψ to be

− ~2

2m∗
∇2ψ + aψ + bψ|ψ|2 = 0 (12)
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Notice the similarity between this equation and the Gross-Pitaevskii equation for superfluids.

Now we can try to solve for this equation in some special situations and see the power of the Landau
Ginzburg theory. Consider a situation where we have an interface between a normal metal and a
superconductor. Suppose that the interface lies in the yz plane separating the normal metal in the
x < 0 region from the superconductor in the x > 0 region. In the normal region ψ = 0. In the
superconducting region, ψ has to satisfy the equation

− ~2

2m∗
∇2ψ + aψ + bψ|ψ|2 = 0 (13)

subject to the boundary condition ψ(x = 0) = 0. Assuming that there is no spatial variation in
the y and z direction, we can simplify the equation to

− ~2

2m∗
d2ψ(x)

dx2
+ aψ(x) + bψ(x)|ψ(x)|2 = 0 (14)

One possible solution is

ψ(x) = ψ0 tanh

(
x√
2lc

)
(15)

where tanh a = ea−e−a

ea+e−a and lc =
√

~2
2m∗|a| . The tanh function satisfies that tanh(0) = 0, therefore,

the boundary condition is satisfied. At x → ∞, tanh saturates to 1 and ψ(x) saturates to ψ0,
the value deep in the superconductor. Moreover, this saturation happens over a relatively short
distance of lc, which is called the coherence length of the superconductor. Notice that we have
used the same name and notation as we have used for the size of the Cooper pair. Indeed at zero
temperature, the coherence length is the size of the Cooper pair. This can be roughly understood
as: within a distance lc to the boundary, there is no room to accommodate Cooper pairs and the
superconducting order parameter decays.

2.7.3 Spatially uniform and with EM field

The full power of the Ginzburg Landau theory only comes if we consider superconductors with
electromagnetic field.

Let’s first consider the case where external magnetic field is added in a spatially uniform way and
the free energy functional is minimized by a spatially uniform ψ. The free energy functional looks
pretty much like the spatially uniform case we talked about above, with the difference that we need
to include a term to account for the energy of the magnetic field B2

2µ0
. Moreover, in the presence of

external magnetic field, we need to modify the free energy by subtracting µ0M ·H (a generalized
force times generalized displacement) and minimize

gs(T,H) = gn(T ) + a|ψ|2 +
1

2
b|ψ|4 +

B2

2µ0
− µ0M ·H (16)

We know that superconductivity can be killed by adding a large enough magnetic field. Below such
a critical field, Meissner effect is present and the external magnetic field is completely canceled by
induced magnetization. Beyond such a critical field, superconductivity is destroyed, the system
returns to normal metallic state with very small magnetization. Let’s see how this happens from
gs(T,H).
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(It might seem problematic to assume a uniform order parameter field. After all, the reason that
magnetic field is zero inside a superconductor is because there are circulating current around the
superconductor which comes from spatial variation of the order parameter field. What we are
doing here is to separate the boundary circulating current from the bulk. The bulk is described by
a more or less uniform order parameter field; the boundary is more complicated, but we are only
concerned with the magnetization that is generated by the circulating current which is represented
by M . Later we are going to see how EM field enters the microscopic motion of the Cooper pairs
and induces the circulating current and hence the Meissner effect.)

In a superconducting state, due to Meissner effect, M = −H, B = 0. |ψ|2 = −a
b minimizes the

functional. Therefore, we have

gs(T,H) = gn(T )− a2

2b
+ µ0H

2 (17)

In a normal state, ψ = 0, M ≈ 0 and B ≈ µ0H. We have

gs(T,H) = gn(T ) +
µ0H

2

2
(18)

At a particular temperature, if H is increased from 0, at some point, the normal state free energy
becomes lower than the superconducting state free energy and a phase transition happens. At the
transition, we have

gn(T )− a2

2b
+ µ0Hc

2 = gn(T ) +
µ0Hc

2

2
(19)

Therefore,
a2

2b
=
µ0Hc

2

2
(20)

a2

2b is the free energy difference between a normal state (ψ = 0) and a superconducting state
(|ψ|2 = −a

b ) in the absence of external fields. Therefore, we can relate the critical field to such a
‘condensation energy’ at zero field.

This type of transition happens in the so called type I superconductor. There is also a type II
superconductor which responds to external magnetic field in a different way. We are going to see
in the homework how a Abrikosov flux lattice can form in a type II superconductor.

2.7.4 Spatially non-uniform and with EM field

Meissner Effect
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The above treatment of the magnetic field is actually over simplified. We know that in order to have
the Meissner effect, there needs to be screening current at the surface of the superconductor, which
generates the magnetization that cancels the external magnetic field. Therefore, the microscopic
origin of the Meissner effect necessarily involves current and hence non-uniform ψ. Moreover,
electromagnetic field gets involved in the dynamics of the system in a nontrivial way. The moving
electrons generate electromagnetic field which in turn affects the motion of the electrons. Therefore,
we should really think of it as a dynamical field. This leads us to the full Landau Ginzburg free
energy which involves the order parameter field, its spatial derivative, as well as electromagnetic
field.

In single particle quantum mechanics, when there is external magnetic field in the system, the
Hamiltonian needs to be revised by modifying the momentum operator

−i~∇ → −i~∇− qA (21)

where q is the charge of the particle. In a superconductor, as ψ describes the coherent state of the
Cooper pairs, q = −2e and we get

fs = fn + a|ψ|2 +
1

2
b|ψ|4 +

1

2m∗
|(−i~∇+ 2eA)ψ(r)|2 +

B2

2µ0
+ ... (22)

This functional is to be minimized with respect to both ψ and A. We have kept the B2

2µ0
term and

not assuming it to be automatically zero. In fact, we are going to derive the fact that B = 0 inside
a superconductor as a result of minimizing the free energy.

Let’s first see how London’s second equation can come as result of nonzero ψ. The current operator
is given by

j = − e

m∗
[ψ∗(−i~∇+ 2eA)ψ − ψ(−i~∇− 2eA)ψ∗] = − e~

im∗
(ψ∗∇ψ − ψ∇ψ∗)− 2e2

m∗
|ψ|2A (23)

This is similar to the case of the superfluid except we have replaced −i~∇ by −i~∇− qA. Writing
ψ = |ψ|eiθ and assuming that there is no spatial variation in |ψ|, we have

j = −2e~
m∗
|ψ|2

(
∇θ +

e

~
A
)

(24)

The fact that the current comes from the motion of a Cooper pair condensate explains the real
origin of London’s equation. Taking the curl on both sides we find

∇× j = −2e2

m∗
|ψ|2∇×A = −2e2

m∗
|ψ|2B = −(2e)2

m∗
|ψ|2

2
B (25)

Comparing this to London’s second equation

∇× j = −ne
2

m
B (26)

we can find the microscopic origin of the parameters.

m→ m∗ = 2me, n→ |ψ|
2

2
, e→ 2e (27)

which makes perfect sense because we know the current is carried by Cooper pairs with charge 2e,

mass 2me and density |ψ|
2

2 . (Note that |ψ|2 is the electron density, so the Cooper pair density is
|ψ|2
2 .)
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