
Physics 129b Homework 5 Due 02/13/20 by 5pm

1. Coupled oscillator with translation symmetry.

Consider a system of N mass blocks coupled to each other with springs along a ring, as shown in
the following figure. The mass blocks are constrained to move along the ring. The masses and
springs are all the same. At equilibrium, all the springs are relaxed and they have the same length.
The system has discrete translation symmetry.

Now consider small oscillation around the equilibrium configuration shown in the figure.

(1) How many degrees of freedom are there in the system? What are they?

(2) Write down the matrix T which represents elementary translation transformation on the degrees
of freedom. (Hint: if the system is in equilibrium, the elementary translation maps one mass block
to the next.)

(3) What symmetry group does translation form? List all the irreps of the symmetry group.

(4) What is the character of the representation found in (2)? When decomposed into irreducible
blocks, what irreps does it contain?

(5) Find the eigenvector corresponding to each irrep. (Use the fact that the eigenvector transform
under translation as the corresponding irrep.)

(6) If springs are added to connect second nearest-neighbor blocks while preserving translation
symmetry, how do the eigenvectors change?

(7) Now take into consideration that the system is also symmetric under reflection. How do the
eigenvectors transform under the reflection symmetry?

(8) What can we conclude about the eigen-frequencies when both reflection and translation sym-
metries are preserved?

2. Coupled oscillator under perturbation

Consider the coupled oscillator as shown in the figure. The blue mass blocks all have the same
mass and can move in the 2D xy plane. The black bars represent walls. Consider small oscillations
around this equilibrium configuration.

(1) When k1 = 0, the system has full D3 symmetry. According to what we discussed in class, what
conclusion can we draw about the eigenmodes of the system?
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(2) When k1 6= 0, reflection symmetry is broken while rotational symmetry is still preserved. How
could the eigenmodes of the system change? (Use symmetry arguments. Do not solve the equation
of motion directly)
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