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1 Percolation Basics

Let G = (V, E) be a countable, locally finite graph. Here “locally finite” means that every vertex
has finite degree.

Definition 1 (Bernoulli bond percolation). Fix p € [0, 1]. Bernoulli bond percolation on G with
retention probability p is the random subgraph obtained by retaining each edge independently with
probability p, and deleting it with probability 1 — p.



We call retained edges open and deleted edges closed. The connected components of the open
subgraph are called clusters. We write P, and [, for probability and expectation with respect to
Bernoulli bond percolation with parameter p.

The standard monotone coupling. Let (U,).cp be independent random variables, each uniform
on [0, 1]. For p € [0, 1], define a configuration

wp(e) = 1{U. < p}, ec E.
Then w), has law P,. Moreover, if ¢ > p, then
wq(e) > wp(e) for every e € E.
Exercise 1. Is this the only coupling of w, and wy with this property?

Thus the open configuration at larger p contains the open configuration at smaller p. As a
consequence, if &7 C {0,1}¥ is an increasing event (meaning that if w € &/ then w’ € & for every
w' > w), then

pr— Pp()

is increasing. More generally if F' : {0,1}¥ — [0, oc] is any increasing function then p — E,F(w) is
increasing.

Definition 2 (Critical probability). Suppose that G is infinite. Define
pe(G) = inf{p € [0, 1] : Py(there exists an infinite cluster) > 0}.
We will later prove the following proposition as an immediate consequence of Kolmogorov’s 0-1
law (which we will prove).

Proposition 3. If p > p.(G), then Py(there exists an infinite cluster) = 1.

1.1 Non-Triviality of p.

Note that if G = Z is the infinite line graph then p.(G) = 1: If we delete any positive density of
edges, then no vertex is connected to infinity. We next discuss why p. is neither 0 nor 1 in less
degenerate examples.

A lower bound from bounded degree. We begin with the following very general lemma yielding
positivity of p.(G) when G has bounded degrees.

Lemma 4. If G has degrees bounded by A, then

1
> —.

Proof. Fix a vertex x € V. Let Ny (x) be the number of open simple paths of length n starting at
x. The number of simple paths of length n starting at x is at most

A(A —1)" L

where a simple path is a path in the graph that does not visit any vertex more than once. (At
the first step we have at most A choices, while at each subsequent step we have at most A — 1
choices to continue the path.) Each such path is open with probability p"™. Hence

E,Nn(z) < A(A —1)"1p™,



If p<1/(A—1), this tends to 0 as n — co. If x is in an infinite cluster, then for every n there is
an open simple path of length n starting from z. Therefore

Py(z <+ 00) =0 when p <

A—-1
Taking a countable union over all vertices gives
[P, (there exists an infinite cluster) =0

for every such p. Hence p.(G) > 1/(A —1). O

For Z, this gives the concrete bound p.(Z¢) > 1/(2d — 1). This is not optimal. (We will later
see that it is optimal for trees.)

Exercise 2. Prove that p.(Z%) > 1/(2d — 1) for every d > 2.

The Peierls argument. We now prove that p.(Z%) < 1 when d > 2.
Theorem 5. p.(Z%) < 1 for every d > 2.

Proof. Since Z? is a subgraph of Z? for every d > 2, it suffices to prove the claim with d = 2. We
use planar duality. If 0 is not connected to infinity in the open configuration, then there exists a
closed simple dual loop surrounding 0. Figure 1 illustrates this obstruction.
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Figure 1: A finite open cluster of the origin in Z2. The thin grey grid is the primal lattice and the
dashed blue grid is the dual lattice. The cluster may have internal holes, but the Peierls argument
counts an outer closed dual loop surrounding the whole cluster.

To count the number of dual loops of length n surrounding the origin, note that each such loop
must cross one of the first n edges of the positive z axis. Once this edge is chosen there are at
most 3 ways to continue the path at each step, so that the total number of paths is at most n3™.
Meanwhile, the probability that a fixed such loop is closed is (1 — p)", so that

P,(0 «» 00) < Z n3" (1 —p)".
n>1
This sum is finite when p > 2/3 and small when 1 — p is sufficiently small. In particular, if p is
sufficiently close to 1 then » -, n3"(1 — p)" is strictly smaller than 1 and Py(0 <> o0) > 0 as
required. O
Exercise 3. Sharpen this argument to show that p.(Z*) < 2/3.

Exercise 4. Prove that p.(Z4") < p.(Z%) for each d > 1.



1.2 Ergodicity and Tail Triviality

We now introduce the basic zero-one laws relevant to percolation, which we will use to prove
Proposition 3. Let E be a countably infinite set and let (X¢)eep be a family of random variables.

Definition 6 (Tail event). An event &7 C {0,1}” is a tail event! if changing finitely many coor-
dinates cannot change whether & occurs. That is, for every finite F' C FE, if w and w’ agree on
E\ F, then

wed < Jed.

The collection of all tail events is called the tail o-algebra and is denoted by 7.

Definition 7 (Tail triviality). The family (X.).cp is tail trivial if every tail event has probability
0 or 1.

Theorem 8 (Kolmogorov’s 0-1 law). Independent random variables are tail trivial.

Proof of theorem 8. Let </ be a tail event. Recall (from introductory measure theory, and more
specifically the monotone class theorem) that every event can be approximated by a cylinder event:
for every € > 0, there exists an event /. depending on only finitely many coordinates such that

P(of ANA.) < e.

Since & is a tail event, and @ depends only on finitely many coordinates, the events &/ and </
are independent. It follows that

P(of Not) = P(o/)P(f)  and Pl Usl) = 1— (1— B(e/))(1 — P(sr).

and hence that
P(of D) = P(ef) (1 — P()) + (1 — P(/ ) P(2).

Letting € | 0 we get that 2P(e/)(1 —P(</)) = 0 and hence that P(2/) € {0,1} as claimed. O

Proof of Proposition 3. The event &7 = {there exists an infinite cluster} is a tail event since chang-
ing finitely many edges cannot create or destroy the existence of an infinite open cluster. By Kol-
mogorov’s 0-1 law, Pp(«7) € {0,1} for every p. If p > p.(G), then by the definition of p.(G) and
monotonicity there is some ¢ < p such that Pg(e/) > 0, and hence P,(2/) > 0. Since Pp() is
either 0 or 1, it must be 1. O

Ergodicity. The other important 0-1 law for percolation comes from ergodicity of product mea-
sures. Let E be a countable set, and let I" be a group acting on E. The main example you should
keep in mind is when F is the edge set of a transitive graph G = (V, F) such as Z¢ (meaning that
for every two vertices u,v € V there is a graph automorphism mapping u to v). The action induces
an action on configurations by
(Yw)(e) = w(ye).
Similarly, given an event .7 C {0,1}¥, we define v.¢/ = {yw : w € &}. A measure p on {0,1}¥ is
said to be invariant under the action I' ~ FE if whenever w has law p, the random variable yw also
has law u, or equivalently if u(v.e/) = u(2/) for every event o7 C {0,1}¥. An event o/ C {0,1}F
is invariant (or, more accurately, invariant under the action I' ~ FE) if vo/ = o/ for every v € T,
or equivalently if
weog — ywed for every v € I'.

We write Z = Z(I' ~ E) for the sigma-algebra of invariant events.

!By an “event” we mean a measurable subset of {0, 1}¥. Usually this will mean Borel measurable.



Definition 9. We say that a measure y on {0,1}¥ that is invariant under the action I' ~ E is
ergodic (with respect to the action I' ~ E) if every invariant event has probability in {0, 1}.

Proposition 10. Suppose that for every finite F' C E there exists v € I' such that yYF N F = &.
Then T'-invariant product measures {0, l}E are ergodic with respect to the action of I.

Proof of proposition 10. Let &/ be an invariant event. Choose a cylinder event o7, depending only
on a finite set F' C FE, such that
P Net) <e.

By assumption, choose v € " with vyF' N F = @. Then o and v4% depend on disjoint sets of
coordinates, and hence are independent. Since &/ and P are invariant,

P(of Ayat) = P(v(d D)) = P(of D) < €.

It follows that
P(AAyet,) < P(de Ayl ) + P(od Avyal.) < 2e.

Since @7 and 7.9/ are independent, the same calculation as in Kolmogorov’s 0-1 law gives
2P(e/)(1 —P(e7)) =0
after sending ¢ | 0. Thus P(7) € {0,1} as claimed. O

Exercise 5. Prove under the hypotheses of Proposition 10 that every tail-trivial measure that is
tnvariant under I' is ergodic.

Exercise 6. Let E = Z, and let I' = Z act on Z by translations. Is every ergodic process tail
trivial?

Exercise 7. Let (X,)nez and (Yn)nez be ergodic sequences, and suppose that these two sequences
are independent of each other. Must

(nrlau((Xn,Yn))n€Z

be ergodic?

1.3 The number of infinite clusters

Our next goal is to understand the number of infinite clusters in the supercritical regime. We begin
with the following easy and general theorem.

Theorem 11 (Newman—Schulman). If G is transitive, then the number Noo of infinite clusters is
almost surely equal to a constant in {0,1,00}.

Proof of Theorem 11. For every k € {0,1,2,...} U{oo}, the event { Ny, = k} is invariant under the
automorphism group of G. (Note that this event is not a tail event.) Since Bernoulli percolation
on a transitive graph is ergodic under this action, there exists some k € {0,1,2,...} U {oco} such
that

Py(Noo = k) = 1.

It remains to rule out 1 < k& < oo.



Suppose for a contradiction that P,(Noo = k) = 1 for some 1 < k < co. Fix a root vertex o € V,
and let B, be the ball of radius r around o. Since there are exactly & infinite clusters almost surely

P, (B, intersects all k infinite clusters) — 1 as r — 00.

and hence
P, (there is an infinite cluster disjoint from B,) — 0 as r — oo.

Note that the second event depends only on the edges outside B, so that the state of the edges
in B, is independent of it. Thus, for all sufficiently large r, with positive probability B, intersects
every infinite cluster and all the edges of B, are open. On this event, the k infinite clusters are
connected together inside B,, so Ny, = 1. This contradicts the assumption that N, = k almost
surely. Hence no finite value k > 2 is possible and Ny, € {0, 1, 00} almost surely. ]

Remark 12. The proof of Newman—Schulman works for any percolation process (i.e., an invariant
measure on {0,1}¥) on a transitive graph that is both ergodic and insertion tolerant, meaning
that if w is a sample of this process then the law of w U {e} is absolutely continuous with respect
to the law of w.

The following two exercises show that the hypotheses of Newman-Schulman are necessary.

Exercise 8. Give an example of a connected graph and a percolation process on it such that the
number of infinite clusters is random.

Exercise 9 (Harder). Give an evample of an automorphism-invariant random subgraph of Z2 with
exactly k infinite clusters almost surely.

Uniqueness of the Infinite Cluster on Z¢. Our next goal is to prove the following theorem.

Theorem 13 (Aizenman-Kesten-Newman; Burton-Keane). For Bernoulli bond percolation on 72,
there is at most one infinite cluster almost surely.

This theorem was originally proven by Aizenman, Kesten, and Newman. We follow the simpler
and more general proof of Burton and Keane (although we note that the Aizenman-Kesten-Newman
proof is quantitatively stronger and has been highly influential in several recent works on percola-
tion.)

Proof of Theorem 13. By the Newman—Schulman theorem, it remains to rule out the possibility
that Ny = oo almost surely. Suppose for a contradiction that

Py(Noo = 00) = 1.
In this case there exists r such that, with positive probability, the box
A, = [-r,r]%nzd

intersects at least three infinite clusters. By changing only the states of the finitely many edges
inside A, we can connect the origin to these three infinite clusters and arrange that the origin is
a trifurcation point, meaning that it belongs to an infinite open cluster and that deleting the
origin and all open edges incident to it from this cluster breaks the cluster into exactly three infinite
connected components.

Exercise 10. Prove this in detail.



Since Bernoulli percolation is translation-invariant, this implies that
¢ :=P,(x is a trifurcation point)

is positive and does not depend on x. Letting Y be the set of trifurcation points, it follows by
linearity of expectation that
E, Y NAy| = c|Ay].

We now use a deterministic counting lemma.

Lemma 14. Let T' be an infinite tree with no leaves, and let A C V(T') be finite. Then there are
at least

2+ (degp(a) —2)

a€A

edge-disjoint paths from A to infinity in T.

Proof of lemma 14. Let I' be the smallest connected subtree of T' containing A, and let I be the
set of edges incident to A but not contained in I'. Each edge of I begins an edge-disjoint path from
A to infinity. Let W be the vertex set of I'. Every vertex in W \ A has degree at least 2 inside T',
since otherwise it could be pruned without disconnecting A. Since I' is a finite tree,

> degp(w) =2|W| - 2.
weW

It follows that

> degp(a) < 2/W|—2—2[W\ Al = 2|A| -2
a€A

and hence that

1] = (degyp(a) — degr(a)) =2+ (degp(a) - 2)

acA acA

as required. O

We now resume the proof of Theorem 13. For each infinite open cluster, choose a spanning tree
and then prune leaves until no leaves remain. In the resulting forest, each trifurcation point has
degree at least 3. Applying lemma 14 with A =Y N A,., we deduce that there exists a collection of
|Y N A,| edge-disjoint paths from Y N A, to infinity. Each such path must cross the boundary of
A;, so the number of such paths is at most a constant times |0A,|. It follows that

Y NA,| < ClOA].

Taking expectations gives
clAr| = Ep|lY NA,| < C|OA,.

This is impossible as r — oo, since |A,| = O(r?) and |0A,| = O(r?~1). O

Remark 15. The Burton—Keane argument extends to any ergodic, insertion-tolerant percolation
process on an amenable transitive graph, where a graph is said to be amenable if there exists a
sequence of finite sets F), such that |0F,| = o(|F},]|). It is a well-known conjecture of Benjamini and
Schramm that the converse is also true, that is, every nonamenable transitive graph has a phase in
which there are infinitely many infinite clusters.



1.4 Sharpness of the phase transition
The goal of this section is to prove the following theorem.

Theorem 16 (Sharpness of the phase transition, weak form.). Let G = (V, E) be a transitive graph
and let K be the open cluster of a fized root vertex o. Then the following hold.

1. E,|K| < oo for every p < pe.
2. There exists ¢ > 0 such that P,(|K| = 00) > ¢(p — p¢) for every p > pe.

Later we will improve the conclusion of part 1 of this theorem to state that |K| has an expo-
nential tail when p < p.. This is easy to prove by counting arguments p < 1/(A — 1); the point
is to extend this to the entire subcritical regime [0, p.). This rules out a pathological intermediate
regime in which the cluster of the origin is finite but heavy tailed.

There are now many different proofs of this theorem: It was first proven in independent work
of Menshikov and Aizenman and Barsky in the mid 1980s. Simpler proofs were discovered by
Duminil-Copin and Tassion in 2015 and more recently by Vanneuville, while a proof generalizing
to certain dependent percolation models was found by Duminil-Copin, Raoufi, and Tassion. We
follow the method of Duminil-Copin and Tassion.

Proof. Although our graphs are unoriented, it will be convenient to think of each edge as corre-
sponding to a pair of oriented edges, one in each direction, and we will write e™ and e~ for the
head and tail of an oriented edge e. Given a finite set S C V containing o, write

OpS={ecE:e €8, e ¢S5}

for the oriented edge boundary of S, and write

S
0

for the event that o is connected to by an open path using only vertices of S. Define

op(S) =p 2 Pp(o & e_),
e€dgS

and
De = sup{p: inf ¢, (5) < 1}.
S>o
S finite
We will prove that
E,|K| < oo for every p < p.

and that there exists a positive constant ¢ such that
Py(|K| = 00) > c(p—pe) for every p > pe.

Together these imply that p. = p., and hence give the claimed sharpness statement.

Step 1: Finite susceptibility below p.. Fix p < p., and choose a finite set S 3 o such that
©p(S) < 1. We first give a slightly incorrect argument. Let Kg be the cluster of o inside S, and let
A be the set of edges in 0 S such that e is open e~ € Kg. Observe that if we condition on Kg
and A and let e™ € A, the probability that e™ is connected to some vertex x by an open path that
does not visit the explored set Kg is at most the unconditional probability P,(e™ <« z): Indeed,



this conditional connection probability is just the connection probability in the subgraph of G in
which all edges incident to Kg are deleted. Now observe that if the origin is connected to x but x
does not belong to Kg then there must exist an edge e in A such that e is connected to = by an
open path disjoint from Kg. It follows from the preceding discussion that

Py(o <> z) <P,(x € Kg) + ZIF’ e € A)P,(et > 1) ZpIP’ 0 e Py(e’ > ),
e€dy e€dy

where we used that {e open} is independent of Kg in the second equality. Summing over = € V', it
follows that

S _
Ep|K| < Ep|Kg| + Z pPp(o <= €7) Z Pp(e™ > x) = Ep|Ks| + p(S)Ep| K.
e€oy zeV

(Everything we have done so far is correct.) What is tempting to do next, but not fully justified,
is to subtract ¢,(S)E,|K| from both sides and rearrange to conclude that
Ep| K| 5]
K < T (8) S Togp(8) =™

Unfortunately these algebraic manipulations are not valid if E,|K| is infinite, which is precisely
what we want to prove is not the case.

One way we can avoid this issue is using the ghost field, i.e., introducing a random subset G of
V independent of our percolation configuration w in which each vertex is included independently at
random with probability 1 —e™" < h. Writing [P, for the joint law of w and G, this has the property
that P, ,(ANG = 0) = e "4l for every set A C V and hence that P, (0 <+ G) = E,[1 — e "] is
related to the Laplace transform (or moment generating function) of |K|. In particular, it follows
from standard properties of the Laplace transform (that you should prove yourself if you haven’t
seen before) that

o1
Ep|K| = llgf)l E}Pp,h(o < G).
Now, essentially the same argument given above yields that

Ppn(0 ¢ G) < Pyi(0 4> G)+ Y Byle € AByulet 5 G) =Pyu(o ¢ G) + 0p(S)Pplo ¢ G).

e€oy

We may now safely rearrange to obtain that

Ppn(o <> G) __ HlS
1—p(S) 7 1—p(5)

Ppn(o < G) <

where we used Markov’s inequality to bound P, 5, (o S G) <E|GN S| < h|S| in the final inequality.
Dividing both sides by h and taking h | 0 yields that
5]
K< —— <X
B
as claimed.

Step 2: Lower bound on the percolation probability above p.. We next prove that there
exists a positive constant ¢ such that

Pp(o A OO) > C(p - ﬁc) for p> ﬁc-



The main input is Russo’s formula: If F : {0,1}* — R depends on finitely many edges, then

iE Fw) = 3 By(F(wU {e}) — Fw\ {e}).

eeE
In particular, if &/ is an increasing event depending on finitely many edges, then

d 1
—P, (o) = Z P, (e is pivotal for &) = ——E,#{e : e is closed and pivotal for ./},

dp eck 1-p

where we say that e is pivotal for o if wU {e} € & and w\ {e} ¢ 7; the second equality follows
from the observation that the events {e is open} and {e is pivotal for <7} are independent.

Exercise 11. Prove Russo’s formula.

Exercise 12. Give an example of an increasing event </ (depending on infinitely many edges) and
a value of p € [0,1] such that ) . Py(e pivotal for o) is finite but is not equal to the derivative
of P,(e). Bonus: Can the function be taken to be differentiable?

Let A be a finite set containing o, and consider the probability fa(p) = Pp(0 <+ A¢). Consider
the random set S of vertices of A that are not connected to A€, which contains o if and only if
o «» A°. Observe that, conditional on S, the edges with both endpoints in S remain distributed
as Bernoulli percolation on this graph. (Indeed, we can reveal S by exploring the cluster of every
vertex in A¢, and when doing this exploration we do not reveal the status of any edge with both
endpoints in S.) Moreover, an edge e is a closed pivotal for the event {0 <+ A} if and only if
0 € §, e is in the boundary of S, and the endpoint of e in § is connected to o inside S. That is, the
expected number of closed pivotals for {o <+ A°} conditional on S is precisely p~1p,(S). It follows
that if p > p. then

d 1 1 — fa(p)
CTpfA(]?) = ——E,[1(0 € S)pp(5)] > W

l—p
This differential inequality can be analyzed using Gronwall’s lemma; we will do it “by hand” but
the same computation we do can be used to prove the general lemma. (Exercise: read up on
Gronwall’s lemma if you haven’t heard of it before.) We observe that

T s R A
PR

for every p > p. and hence, integrating, that

oo [ et 02 [ g [ s

for every p > p.. Since the integrand is bounded in a neighbourhood of p., this is easily seen to
imply that there exists a positive constant ¢ (not depending on A) such that fa(p) > c¢(p — p.) for
all p > p.. Since this bound holds for all finite A it follows that Pp(o <> 00) > ¢(p — p¢) for all
p > P as claimed. ]

10



Exponential decay of the radius. As an easy consequence of the same argument, if p < p,,
then there exists ¢, > 0 such that

P,(rad(K) > 1r) < e " for every r > 1.

Indeed, choose a finite set S 3 o with ¢, (S) < 1. If the cluster of o reaches distance r +rad(S) + 1,
then it must first leave S and then continue for distance at least . Thus

Py(rad(K) > r +rad(S) + 1) < ¢p(S)Py(rad(K) > 1),

and iterating gives the exponential bound. We will return later to prove an analogous bound on
the volume tail.

Exercise 13. Prove that if G = (V, E) is transitive then E, |K| = co.

1.5 Consequences for Z?

We now apply the theorems we have proven so far to prove the following theorem of Harris and
Kesten.

Theorem 17. p.(Z?) = 5 and there is no infinite cluster on Z? when p = p. = 1/2.

Remark 18. For non-planar graphs like Z3 there is no apparent reason to expect p. to have an
explicitly computable value.

Historically, Harris proved that there is no infinite cluster on Z? when p = 1/2, which implies
that p. > 1/2, while Kesten proved the complementary inequality p. < 1/2. The fact that p.(Z?) =
1/2 is ultimately a consequence of the fact that Z? is (isomorphic to) its own planar dual, with one
important consequence of this duality encapsulated in the following proposition:

Proposition 19. Let R, be the rectangle {0,...,n+ 1} x {0,...,n} in Z%. The probability under
Py /o that the left edge of Ry, is connected to the right edge of Ry, by an open path in Ry is exactly
1/2.

To prove p.(Z?) = 1/2, it suffices to prove that the crossing probability must converge to zero
when p < p. and to 1 when p > p.. To also prove there is no infinite cluster at 1/2, it suffices
to prove that the crossing probability converges to 1 under the weaker assumption that an infinite
cluster exists.

Proof of Proposition 19. Let (Z*)' be the planar dual of Z2?, whose vertices are the pairs of half-
integers {(z +1/2,y+1/2) : x,y € Z} and in which two vertices are connected by an edge if and
only if they differ by 1 in a single coordinate. There is a bijection between the edge set of (Z2)T
and the edge set of Z? defined by mapping each primal edge e (i.e., edge of Z?) to the unique dual
edge el that crosses it orthogonally. We define a dual percolation configuration w' on (Z2)' by
wi(el) =1 — w(e), which is distributed as Bernoulli 1 — p percolation on (Z?)" when w is Bernoulli
p percolation on Z2.

If we consider the rectangle Ry = {1/2,...,n+ 1/2} x {=1/2,...,n+1/2} in (Z2)', we can
map the pair (R, R;rl) to (RL, R,,) by rotating the whole picture by 90 degrees around the middle
of the two rectangles, see Figure 2. It is a topological fact that w contains a path in R,, connecting
the left boundary of R, to the right boundary of R, if and only if w' does not contain a path in
R}, connecting the top boundary of R}, to the bottom boundary of Rl,. When p = 1/2, it follows
by symmetry that these two events have the same probability, which must be 1/2 since exactly one
of the two events occurs. O
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Figure 2: Left: The dual rectangles R5 (black) and R;r) (grey). Right: A percolation configuration
(blue) and its dual configuration (red). In this case there is a top-bottom crossing but no left-right
crossing.

We now use the sharpness of the phase transition to prove the Kesten part of the Harris-Kesten
theorem.

Proposition 20. p.(Z?) > 1/2.

Proof. Tt suffices to prove that if p < p.(Z?) then the probability of a left right crossing of R,
tends to zero as n — oco. If p < p.(Z?), it follows by the sharpness of the phase transition that
P,(rad(K) > r) < e~ for some constant ¢ = ¢, > 0. If there is a left right crossing of R,,, then at
least one of the vertices in the left hand side of R, must belong to a cluster of radius at least n,
and it follows by a union bound that

P, (LR crossing of R,,) < (n+ 1)e”“".
This clearly tends to zero as n — oo, completing the proof. O
We now prove the Harris part of Harris-Kesten.
Proposition 21. Percolation on Z? with p = 1/2 has no infinite clusters almost surely.

The proof of this proposition will apply the Harris-FKG inequality, which states that if
F,G : {0,1}¥ — [0,00) are both increasing then F(w) and G(w) are non-negatively correlated
under P, in the sense that

E,F(w)G(w) > E, F(w)E,G(w).

In particular, if & and & are both increasing events then
Py(/ N ) > Byl P, (B).

The same inequality also applies when &/ and % are both decreasing by symmetry. Moreover, it
follows by induction that

Pp(Miz1 %) > H Py ()
i=1

for any family of increasing events &, ..., .%%,. We defer the proof of Harris-FKG to Section 1.6.

Remark 22. It follows from the Harris-FKG inequality that the two-point function 7,(z,y) =
P, (x < y) for Bernoulli bond percolation on any graph satisfies the supermultiplicative inequality
Tp(x, 2) > Tp(x,y)Tp(y, 2) for all x,y,z € V. This can be interpreted as stating that —log7,(x,y)
defines a metric on V for each 0 < p < 1.
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For the proof of Proposition 21, we will apply the Harris-FKG inequality via the following
corollary known as the square root trick.

Lemma 23. If @,...,9, are increasing events then

maXPp(fQ{i) >1-(1- Pp(Uglzlﬂfi))l/n

K3
for every p € [0,1].

The main takeaway of this lemma is that if n is fixed and |J;'_, <% holds with high probability
then there must be a specific event 7 holding with high probability.

Proof of Lemma 23. We apply the Harris-FKG inequality to the complementary events

3

Pp(Mima ) = | | Bp(«7) = (minPp(«7%))".

=1

Rearranging we obtain that min P, (%) < P,(N7_,.«°)!/™ which is equivalent to the claim. O

Proof of Proposition 21. It suffices to prove that if p is such that an infinite cluster exists almost
surely under PP, then the IP)-probability of a left-right crossing of R,, converges to 1 as n — oco. Fix
p € (0,1] such that this holds, and note (by continuity of measure) that for each £ > 0 there exists
k < oo such that Pp({—k,...,k}? <3 00) > 1 —e.

Let n = 2m be even and consider the two boxes A,, = {0,...,2m} x {0,...,2m} and A}, =
{1,....2m+1} x{0,...,2m} in R,. Given 1 < k < m, the boxes Ay = {m—Fk,.... m+k} x{m—
k,...,m+k}and Al ={m—k+1,.... m+k+1} x{m—k,...,m+k} are centered in A,, and Aj,
respectively, so that the probabilities Ay is connected to the left, right, top, or bottom boundaries
of A, inside A,, are all equal. On the other hand, if Aj is connected to infinity then at least one of
these connection events must occur, and it follows by the square root trick and by symmetry that
for each € > 0 there exists k such that

P, (A is connected to the left boundary of A,, inside A,
and A}, is connected to the right boundary of A/, inside A}) > 1—¢

for every n > k. On the other hand, it follows from the uniqueness of the infinite cluster that the
probability that this event occurs but the two relevant clusters in R,, can be taken to be distinct
tends to zero as n — oo with k fixed. If the clusters are the same them we have a left-right crossing
of R,, and it follows that the probability of such a left-right crossing converges to 1 as n — oo as
claimed. O

Exercise 14. Consider Bernoulli percolation on Z*. Prove that if p > 1/2 then there exists cp >0
such that
Pp(z <>y, @ » 00) < exp [—cpllz — yl]

for every x,y € 72, and
P,(n < |K| < 00) < e~V

for every n > 1.

13



1.6 Proof of the Harris-FKG inequality

We now prove the Harris-FKG inequality.

Theorem 24 (Harris-FKG inequality). If w is a random element of {0,1}¥ with independent
coordinates for some countable E and F,G : {0,1}¥ — [0,00] are both increasing measurable
functions then

E[F(w)G(w)] > EF(w)EG(w).
That is, increasing functions are non-negatively correlated under product measure.

The proof we give applies more generally to any product of totally ordered sets.

Proof of Theorem 24. 1t suffices to consider the case that F' and G are bounded, the unbounded
case following by applying this inequality to min{F, M} and min{G, M}, taking M — oo and using
monotone convergence.

We first prove that the inequality holds for finite sets E, proceeding by induction on |E|. The
base case n = 1 follows from the identity

E[FG] - E[FIE[G] = %E DE[(F(w) - F())(G(w) - GW)],

where EQE is the law of two independent copies of the configuration w, together with the observation
that (since {0,1}} is totally ordered) the random variables F'(w) — F(w’) and G(w) — G(w') have
the same sign when F' and G are both increasing. Now suppose that the claim has been proven for
finite sets with at most n — 1 < n = |E| coordinates, fix e; € F, and for each y € {0,1} define

Fi(y) =E[F |w(e1) =y,  Gi(y) =E[G |w(er) =y], and (FG)i(y) =E[FG |w(e1) = yl.
The induction hypothesis implies that
(FG)1(y) > Fi(y)Gi(y)

for every y € {0,1}. Taking expectations over w(e;) and applying the one-coordinate case to F}
and G yields that

E[F(w)G(w)] = E[F(@)G(w)w(er)] = E[(FG)1(w(er))]
> E[F1(w(e1))G1(w(er))] = E[F1(w(e1))| EG1(w(e1)) = EF(w) EG(w)

as claimed, where we used the tower property of conditional expectations twice. This completes
the induction step and hence the proof of the finite case.
Now suppose that E = {ej1,e2,...} is countable, and for each n > 1 define

E, =E[F |w(e1),...,w(en)] and G, =E[G | w(er),...,w(ey)].

The functions F;, and G, are increasing functions of the finitely many coordinates w(ei),...,w(ey)
and hence satisfy EF,(w)Gp(w) > EF,(w)EG,(w). Since F' and G were assumed to be bounded,
it follows from the martingale convergence theorem that F,, — F and G,, — G almost surely.
We also have by bounded convergence that EF (w) = lim,, o0 EF,,(w), EG(w) = limy, 00 EG,(w),
and EF(w)G(w) = limy,_o0 EF;,(w)Gp(w), so that the infinite statement follows from the finite
statement. t

Remark 25. This inequality was discovered for product measures in the work of Harris, who used
it to prove that there are no infinite clusters for percolation on Z? at the self-dual point p = 1/2.
Fortuin, Kastelyn, and Ginibre later developed a more systematic theory of which measures satisfy
this property (often known as non-negative association), leading the inequality to often be referred
to as the FKG inequality.
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2 Introduction to Percolation Critical Phenomena

We now begin the part of the course focussed on understanding percolation at, and very close to,
the critical point p.. A longstanding conjecture stated that there is no infinite cluster at criticality
on Z% for every d > 2. This was proven for d = 2 by Harris and Kesten and in high dimensions by
Hara and Slade. The general case was resolved very recently by an autonomous Al agent following
using a reduction due to Kozma and Nitzan. Our focus is instead on understanding quantitative
questions: What do large critical clusters look like?

Broadly speaking, we expect the critical point to be characterised by interesting (meaning non-
degenerate) large-scale behaviour. Indeed, if we fix p and consider a large box [—r,7]?, it can be
proven that the largest cluster in this box will have volume O(log r) with high probability if p < p,,
while if p > p. then there exists a cluster occupying a positive density of the box whose geometry is
in some senses very close to that of the Euclidean box itself.? Meanwhile, at the critical point, we
expect to have clusters whose diameter is of the same order as that of the box, but whose volume
is much smaller than that of the box. Some parts of this picture are reasonably easy to verify given
what we already know:

Exercise 15. Prove that if p < p.(Z?) then the largest cluster in the box [—r,r]% has volume
O(logr).

Exercise 16. Consider critical percolation on Z%. Prove that the probability that there exists a
cluster intersecting both [—r,r]? and 79\ [2r,2r]% does not converge to zero as r — oco.

Remark 26. For critical percolation Z? we saw that the probability of crossing an n x n square
does not converge to zero or one as n — oco. As we will discuss later, the analogous probability
should converge to 1 for high-dimensional percolation.

In order to understand critical percolation in detail, we would like to be able to take scaling
limits, i.e., to zoom out, looking at the lattice on larger and larger scales, and attempt to describe
the fractal-like continuum limit of the random geometry that we see.

One way we can understand this fractal geometry is through critical exponents: We expect that
many quantities of interest are governed by power laws, and the exponents in these power laws
encode various kinds of “dimensionality” of the model. For example, we expect that there exist
exponents 7 and p such that

Pp(z ¢ y) ~ |z —y| ="

and
P,.(0 < O[—r, r]d) ~ r_l/p,

where the meaning of the symbol = is left intentionally vague for use in heuristic arguments. We
will discuss conjectures describing these and other exponents in detail below.

Why power laws? Before proceeding further, let us explain why the existence of scaling limits is
so closely tied up with power laws. One way to take scaling limits is by taking limits of re-normalized
k-point connectivity functions 7, (x1,...,25) = Pp.(z1,..., 2 all connected). In particular, it is
natural to hope that we have a well-defined continuum two-point function 7' : {(x,y) : x,y €
R% 2 # y} — (0,00) defined by

r(e4) = P00 Do)

2Proving that a precise version of this claim holds for all p > p. is non-trivial. In the case d > 3 it is related to
the Grimmett-Marstrand theorem.
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Figure 3: The largest cluster in Bernoulli bond percolation in a box of side length 3% with k =
3,4,5,6 on the square grid with p = 0.45, 0.49, 0.5, 0.51, and 0.55. A single simulation of the
monotone coupling of percolation on the box of side length 3% was used to generate all images, with
the box at each smaller scale taken from the center of the larger scale. In each picture the largest
cluster is represented as its set of vertices.
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Figure 4: We can represent the entire partition of a box into clusters visually by giving every
cluster a random colour. As before, we have taken a single simulation of the standard monotone
coupling of Bernoulli bond percolation on the box of side length 37 in Z? and plotted the associated
configurations at the scales 3* with k = 4,5,6,7 and p = 0.45,0.49,0.5,0.51,0.55. The random
colouring was done separately for each image.



for some normalizing function f, where [z] denotes the lattice point closest to x. (E.g. we could
take f(A) =P, (0 <> [Azg]) for some fixed unit vector xg.) If this limit is well-defined as a function
to (0,00) then for each a > 0 we must have that

iy Bee(Paal o Pay) L fad) By ((Aaz] ¢ [Aay))
(i LN 7,
= (Jm 5y ) 70

Thus, the normalizing function f must have a well-defined and positive asymptotic ratio f(a\)/f(A),
making it a function of regular variation.

T(ax, ay)

Definition 27 (Regular variation). A function f : (0,00) — (0, 00) is regularly varying if

lim f(Az)
% (@)

exists in (0, 00) for every A > 0.

Fact 28. If f is reqularly varying and measurable, then there exists o € R such that
A

lim J(z)

z—oo  f(x)

The number « is called the index of regular variation of f. Moreover, the convergence (1) holds
uniformly for compact sets of A in (0,00).

=\ for every A > 0. (1)

Regularly varying functions of index 0 are said to be slowly varying. Examples include

log z, loglog x, exp(y/log x).
Note that ™ is regularly varying of index o and that the product of two regularly varying functions
of index « and S is regularly varying of index « + 3, so that every regularly varying function of
index a can be written in the form
f(z) = z°L(x),
where L is slowly varying. The following exercise relates regular variation to asymptotic growth
estimates.

Exercise 17. Prove that every regularly varying function of index « satisfies f(x) = zote) gg
x — 00. Does the converse hold?

Thus, if the continuum two-point function T'(x,y) = limy s f(A) 7P, ([A2] <> [Ay]) is well-
defined as a function from pairs of distinct points in R? to (0, 00) for some measurable function f
then f must be regularly varying of some index d — 2 + 1, so that

Ppc(o o x) ~ f(||lz])T(0,z/||z]) = ||$||—d+2—n+o(1)
as r — OQ.

Similarly, we could try to take a scaling limit by conditioning on the cluster of the origin having
radius at least some large number r, rescaling the cluster by a factor of r, and taking its weak limit
as a random closed subset of R%. If this weak limit exists and is supported on bounded sets of
radius strictly larger than 1, the following exercise shows that the radius of the cluster of the origin
must have a power law in the sense that P, (rad(K) > r) is regularly varying.

Exercise 18. Let X be a non-negative random variable. Prove that the measures P(X/x € - | X >
x) have a weak limit as x — oo that is not a single atom at 1 if and only if P(X > z) is regularly
varying of strictly negative index.
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2.1 Conjectures regarding critical exponents and scaling limits

We now describe the main conjectures regarding critical exponents and scaling limits for percolation
on Z% and briefly survey the progress that has been made on them.

The expected picture.
In high dimensions the critical behaviour is expected to be the same as that of branching random
walk. More precisely, when d > 6 one expects

1
EP|K‘%p asprc,

.
Pp.(0 ¢ z) ~ ||z =2 as [|lz]| = oo,
Pp4e(0 > 00) = ¢ ase 0,

and

P, (0 < Z3\ [—r,7]%) = 72 as r — 00.

c

Thus the high-dimensional values are

Below six dimensions the exponents are expected to be different. In two dimensions their values
are

43 5 5 48
w 1T T P

The physics prediction near the upper-critical dimension is expressed by the e-expansion, which
gives for example

"y:

e 206
N6 =€) =—57 ~ 561°
and 2 565
§(6—c) =24 Zep 22
(6—¢) + 7€+6174€ +

[This section to be fleshed out.]

2.2 Heuristic scaling theory

A little nonsense now and then
is relished by the wisest men.

—Anon.

In this section we discuss heuristic scaling theory: non-rigorous arguments giving conjectural rela-
tionships between different critical exponents. As we will see in the exercises in this section, several
of the arguments can be made into rigorous one-sided inequalities between critical exponents as-
suming these exponents exist in appropriate senses. Note that most of the heuristic arguments in
this section have nothing to do with Bernoulli percolation per se and should apply to a very wide
class of critical models.

Scaling theory for the two-point function. The central assumption underlying our heuristic
derivation of the scaling relations will be that we can interpolate between critical (power-law) and
off-critical (exponential or stretched-exponential) rates of decay in simple ways in the near-critical
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Quantity Behaviour Exponent HD 2d

Percolation probability 6(p) = P,(|K| = 00) = (p — pe)” as pl pe B 1 5/36
Susceptibility x(p) = E,|K]| ~|p—pe 7 as p 1T pe ~y 1 43/18
Cluster volume tail P, (K| > n) ~n /0 as n T oo 4] 2 91/5
Two-point function Py, (0 <> x) ~ ||z~ as ||z 1 oo n 0 5/24
Correlation length ¢(p) ~|p—pe| " as p 1 pe v 1/2 4/3
One-arm probability P,.(0 < 0[—7,7]9) ~ /e as r 1T oo p 1/2  48/5
Characteristic volume  ((p) ~ |p—pe| ™2 as p T pe A 2 91/36
((pe, ) ~ rds as r 1 oo dy 4 91/48

Table 1: Some of the most important critical exponents for nearest-neighbour percolation and their
values in high dimensions and in two dimensions. We write K for the cluster of the origin.

regime. We begin by explaining this in the case of the two-point function. Recall that the critical
two-point function is conjectured to be described by

Py (@ ¢ y) ~ |z —y| =20

as ||z — y|| — oo.

for some 1 € R, where the notation =~ remains intentionally vague and may suppress logarithmic
terms. To derive the scaling relations, for each p < p. we posit the existence of a correlation
length £(p) and a rapidly decaying function f such that

- le—=yll\ _ . _ —dr2 <Hw yl!)

By )~ o s p)f (L) m o=z (B2, 2
Here “rapidly decaying” means decaying faster than any power; as we will see in the exercises,
the most important content of this assumption is that the scale on which the subcritical two-point
function begins to become smaller than the critical two-point function by a constant factor is (up
to constants) the same scale on which the subcritical two-point function begins to decay much more
rapidly than the critical two-point function. The correlation length £(p) is itself expected to have
a power-law divergence as p T p. (with possible logarithmic corrections), and the traditional name
for this exponent is v:

Ep)~(Pe—p)"  aspTpe

Note that we have not yet given any precise definition of the correlation length, but we think
of it intuitively as the scale at which the model “begins to look subcritical”. As we will soon
see, there are different ways of making this precise that are not obviously equivalent, and proving
the equivalence of these different definitions is closely entwined with proving the scaling relations
rigorously.

Let us now see how the ansatz (2) leads to our first scaling relation: Summing the two-point
function gives

K| = S B0 0 a)~ 3 a4+ f(é'f'ﬁ) S e s (3)

x€zd z€7d l|=]|<&(p)

where we applied the following exercise in the third equality:
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Exercise 19. Let f : [0,00) — (0,00) be decreasing and satisfy f(t) = O(t=4) as t — oo for every
A < o00. Let g be regularly varying of index o« > —d. Prove that

S alef (151) = 3 atlel)

as A — 00.
Writing the relation (3) in terms of critical exponents yields the (non-rigorous) scaling relation
=2 -nv. (4)

Two precise definitions of the correlation length for p < p. that are compatible with this
calculation are the radius of gyration (a.k.a. correlation length of order 2)

¢ Dseze [17]3Pp(0 <> @)
orl? Ep| K]

and the stability radius

]P’ 0 1

c

The following exercise shows that the scaling relation v = (2 — n)v is rigorously justified under
the assumption that these two notions of correlation length are the same order (which would be a
consequence of the ansatz formula (2).)

Exercise 20. In this question we investigate the scaling relation v = (2—n)v under different precise
definitions of the correlation length. We will assume that the exponents v and n are well-defined in
the sense that P, (x <> y) = ||x —y|| " 271 g5 ||z —y|| — o0 and By, | K| == 7H°M) ase | 0.

1. Prove that if the exponent v is well-defined in the sense that Egyr(pe — €) = g=vto) gse ] 0
then

v < (2-nr.

2. Prove that if the exponents v is well-defined in the alternative sense that Esap(pe—e) = g=vto()
as € | 0 then

¥ > (2=n)r.

Deduce that if these two measures of the correlation length gy and Esar, are equal to within constant
factors then the scaling relation v = (2 — n)v holds whenever all three exponents are well-defined.

Scaling theory for cluster volumes. We can also formulate a scaling hypothesis for the volume
of the critical cluster. Recall that the critical exponent for the volume tail is traditionally written
as

Py, (| K] >n) ~n” 0 as n — oo,

where this notation may hide logarithmic corrections to scaling. For p < p., our scaling hypothesis
for the cluster volume tail posits the existence of a characteristic volume ((p) and a rapidly
decaying function g such that

P,(K| > n) ~ nl/gg%)) . (5)
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We further posit that ((p) has power-law divergence as p 1 p¢; the exponent for this divergence is
known as the gap exponent and traditionally denoted by

(p)~ (pe—p)™  asptpe

Using these assumptions, a similar calculation to before yields a relationship between the exponents
v,6, and A: Indeed, we can write

¢(p)

_ n _ _

EP’K‘ - § PP(’K‘ Zn) ~ g n 1/5g<€(p)) ~ E n UJ%C(}))(& 1)/6.
n>1 n>1 n=1

which yields the (heuristic) scaling relation

5—1
A
¥ 5 (6)

Note moreover that the same computation for higher moments gives that

¢(p)
Ep|K|F ~ ) nF Py (|K| = n) & Y nf V0 R ¢(p) 0 & (pe — p) DA
n>1 n=1
or equivalently that
Ep| K" ~ Ep|K]| - ¢(p)" . (7)

Again, we have not yet given a precise definition of the characteristic volume ((p) not relying on
an appeal to the guessed formula (5). One reasonable definition is to take ((p) = E,|K|*/E,|K| to
make (7) vacuously true in the case k = 2.

The following exercise explores how the scaling relation §y = A(d — 1) can be proven rigorously
under the assumption that this characteristic volume coincides with the first volume scale at which
the subcritical volume tail becomes significantly smaller than the critical volume tail.

Exercise 21. In this question we investigate the scaling relation A = 6/(0 — 1) under different
precise definitions of the characteristic cluster volume ((p) for p < p.. We will assume that the
exponents vy and & are well-defined in the sense that By _o|K| = e 771 as ¢ | 0 and P, (|K| >
n) =n~"1/9M) a5 n — co. We will also assume that § > 1.

1. Prove that if we define

Ey| K |*
C(p) = =
Ep| K]
for p < p. and the exponent A is well-defined in the sense that ((p. — €) = g=At+o) gse 10
then 5
g
A>——.
—o0-1

(Hint: First prove that if X is a positive random variable then the function a — log EX? is
convex on the set where it is finite.)

2. Prove that if we instead define ((p) for p < p. to be the minimal volume for which P,(|K| > n)
becomes significantly smaller than it is at criticality:

C(p) = win {n > 13 By((K] > n) < 5By (K] 2 )}
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Prove that if the exponent A is well-defined in the sense that ((p. —¢) = g=Ato) gse | 0

then 5
v

<

A‘&—l

Deduce that if these two measures of the characteristic volume are equal to within constant factors
then the scaling relation A = 6/(6 — 1) holds.

Open Problem 29. Is it true that

E |K|2 k—1
IRl = Byl ()
P

for Bernoulli percolation on Z? for every integer k > 1 (where the implicit constants may depend
on k)? What about on an arbitrary transitive graph?

The percolation probability. We now include the percolation probability exponent P, (0 <>
o00) & €8 into our scaling relations, which will require a somewhat greater leap of faith than our
other heuristic derivations. Finally, one can use the same characteristic-volume picture on both
sides of the critical point. First, we suppose that our scaling hypothesis (5) can be extended to
both sides of the critical point via

~n Yoo (T
P < K] < o0) g ().
where the sign depends on whether p is below or above p. and the two functions g_ and g4+
are rapidly decaying but possibly distinct. We now suppose (without any strong argument in
favour) that the characteristic volume is roughly symmetric between the subcritical and supercritical
regimes:
C(pe +¢) ~ ((pe —¢) as e 0.

For p > p., the infinite cluster should arise from the finite clusters at criticality whose volume is at
least the characteristic volume, giving

Py(| 5| = 00) = Py (|| > ¢(p)) = (p — pe) >

and hence that A
= —. 8
p=5 (3)
Again, the heuristic argument behind this scaling relation may seem weaker than the other argu-
ments presented in this section, but it is still expected to be broadly correct.

The fractal dimension and arm exponent. Further scaling relations can be derived from
scaling hypotheses in which, rather than taking p off-critical, we instead work at criticality but
restrict to finite volume. In particular, we may posit the existence of a rapidly decaying function A
and a characteristic volume ((p.,r) such that

P,. (| K N [—r, r]d] >n) = n_1/5h<<(p7; r)) . (9)

Again, the main content of this assumption is that the volume scale at which the tail P, (|K N
[—7,7]% > n) begins to become significantly smaller than P,_(|K| > n) is the same volume scale at
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which the same tail begins to decay rapidly. Again, we posit further that the characteristic volume
((pe, ) has power-law divergence in r described by the fractal dimension exponent d:

C(pe,r) .

We think of the exponent (pe,r) ~ r% as describing the “characteristic volume of a large cluster
n [—r,7]%” Using the same argument as for the relations v = (2 —n)v and 6y = A(6 — 1), we can
immediately write down a relation between dy, 7, and 6. Indeed, we can express the expected size
of the cluster inside a box both as

Ep KN [-rrlll= Y B 0ea)~x Y | 7~

z€[—r,r]d w€[—rr]d
and as
p67
NITIRETE WIS SPSTAE)
n=1

and writing this in terms of exponents yields that

§—1
2-n=dj——. (10)

Another scaling relation for d; concerns the arm exponent P, (0 ¢ 9[—r,7]?) =~ r~'/7 and arises
from somewhat different reasoning. In this case, we suppose that the best strategy for a cluster to
have volume at least n is to have diameter at least r where ((p.,7) = n and therefore r ~ n'/.
This yields that

w0 R By (K| 2 n) ~ By (065 [ (n), ¢ () e M0
and hence that
5 = pdy, (11)
where we write (~! for the inverse of the function r — ((pe, 7).

Note that at this stage we have introduced eight exponents 7,6, 5,7, A, v,ds, and p and (non-
rigorously) derived five relations between them (4), (6), (8), (10), and (11) leaving us with three
degrees of freedom to specify these exponents.

Hyperscaling and the upper-critical dimension. Recall that we think of ((p., ) as being the
typical volume of a large cluster in the box [—r,7]?. We now want to understand how many such
clusters exist. We write N (pc,r) for the (as yet undefined) number of large clusters in [—r,7]%, and
posit the existence of an exponent # such that

N(pe,r) =~ r#,

Whatever the precise definition of N(pc,r) is, we will want that the moments of the volume of the
cluster of the origin can be described accurately (up-to-constants) by N(p.,r) and ((p.,r) in the

sense that N \( )
Dec, 7))\ Pe, T
B, |K 0 [, r)?) e ST (12)

Here r~%N(pe,7)C(pe, ) should be thought of as the probability that the cluster belongs to a
characteristic large cluster of scale r (this quantity being the ratio of the number of points in
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characteristic large clusters to the volume of the box), while the term ((p,r)* is the contribution
to the kth moment from this event. Note that the cases k = 1,2 of this relation can be solved to
give two reasonable definitions of ((p.,r) and N(p.,r), namely

_ EPC‘KO [_T7 T]d‘Q

C( ) TdEpc|K N [_Tv T]d| rd(Epc|K N [_Tv T]d|)3
r)=
Pl T By KA [

and  N(pc,r) = C(per7)? = (Ep. | K N [—r,r]4?2)2 "

As before this is certainly not the only reasonable definition of these quantities, and proving the
validity of the scaling relations is closely related to proving that different definitions of these quan-
tities are equivalent within constant factors. Writing the case k = 1 of (12) in terms of exponents
yields the scaling relation

2 —n=#+2ds —d. (13)

Thus, we have introduced one additional exponent and one additional relation, leaving three degrees
of freedom in total as before.

The relation (13) is unlike the others we have (non-rigorously) derived so far in that it involves
the dimension d and can be used to give our first non-rigorous derivation of the fact that the critical
dimension is 6. Taking on trust for now that the critical exponents 1 and dy should take the values
n =0 and dy = 4 when d > d. (these are the values of these exponents for branching random
walk as we will show later), we get that if d > d. then # = d — 6. Since # cannot be negative,
this already shows (non-rigorously) that d. > 6. On the other hand, for d = 2 it is not too hard
to show using proposition 19 that the number of clusters crossing an n x n square is tight for all
n > 1, which suggests that # = 0 when d = 2. As such, it is reasonable to guess that there is some
dimension at which # becomes positive and stays positive, and it is also reasonable to guess that
this critical dimension should coincide with the dimension at which the exponents begin to take
their mean-field values. Indeed, the scaling relation (13) is usually stated as the hyperscaling
relation

2-n=2d;—d for d < d, (14)

with the term “hyperscaling relation” referring to an additional scaling relation true only below
the upper critical dimension. If this is the case (and one assumes that exponents are continuous,
so that at d = d. the exponents both take their mean-field values and satisfy the hyperscaling
relations) then the critical dimension must be d. = 6. That is:

d. = 6 is the unique dimension for which the mean-field
exponents satisfy the hyperscaling relation 2 —n = 2d; — d

Later we will explain why we expect the mean-field values n = 0, dy = 4 in high dimensions and
give two further explanations of why d. = 6 for percolation.

Note that when d < d., the scaling and hyperscaling relations we have stated give six relations
for eight exponents, leaving two degrees of freedom. A further hyperscaling relation states that for
d < d., the probability that two points at distance r are connected should be roughly the same as
both points being connected to distance /2 (say), so that

—d+2— d —
|z = ylI=H277 = By (2 42 y) = By (0 ¢ Ol=lz — g, o = yll])* ~ [|lz — yI|7>/*

c

and hence 5

Unfortunately this does not really give a new constraint on the exponents since it follows from the
scaling relations (10) and (11) and the hyperscaling relation (14).
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2.3 Percolation on the binary tree

In this section we analyze critical branching random walk (and the related topic of critical percola-
tion on trees) and explain the heuristic relating this to Bernoulli percolation in high dimensions. We
will focus on the binary tree (and random walks with binary branching) to allow for quick explicit
computations; extensions to k-regular trees and other branching distributions will be outlined in
the exercises.

We begin by noting the following simple exact formula for the susceptibility, yielding in partic-
ular that v = 1 once we prove that p. = 1/2.

Lemma 30. Let K be the cluster of the root in Bernoulli-p percolation on the binary tree. Then

1
— <1/2
Ep|K| = % P /
00 p>1/2.

Proof of lemma 30. Since there is only one possible open path between any two vertices, the proba-
bility that two vertices z and y are connected is equal to p*¥) | where d(z,y) is the graph distance.
Since there are 2" vertices at distance n from the root, it follows that

Ep|K| = ZPnQn
n=0

which is equivalent to the claim. ]
Corollary 31. The critical probability of the binary tree is 1/2.

We will give a quick proof from the sharpness of the phase transition. Using this theorem to
compute the critical probability of the binary tree is completely unnecessary, and a hands-on proof
will be given as an exercise below.

Proof. For the 3-regular tree the same computation yields that E,|K| = 11%21; when p < 1/2 and

Ep| K| = oo when p > 1/2. Since this graph is transitive, it follows from the sharpness of the phase
transition that the critical probability of the three-regular tree is 1/2. Since the probability that
the origin is connected to infinity in the 3-regular tree is the same as in the binary tree up to a
factor of 3, it follows that 1/2 is also the critical probability in the binary tree. O

Our next goal is to study the volume tail. In the case of the binary tree the volume distribution
admits a fairly explicit formula:

Proposition 32. Let K be the cluster of the root in Bernoulli-p percolation on the binary tree.
Then

1 2n
P.(K|= — -1 1— n+1 |
p([K|=n)=p"""(1-p) e

for every p € [0,1] and n > 1.

Proof. Every n-vertex subtree of the binary tree containing the root has 2n edges of the binary
tree incident to it and n — 1 edges contained in it, so that the number of edges incident but not
contained in it is n 4+ 1. Thus, every n-vertex subtree containing the root has the same probability
to be the cluster of the root, namely p"~*(1 — p)"*!. To compute the probability that the cluster
of the root has n vertices, it suffices therefore to compute the number of n-vertex subtrees of the

26



binary tree containing the root. Denoting this number by C),, we observe that C,, satisfies the
recurrence

Co=1 CnJrl = Z CrCnk
k=0

since we can first choose the number of vertices in the subtree descended from each child of the
origin before choosing what this subtree is. It is a well-known fact that this recurrence is solved by

the Catalan numbers
o 1 2n
" n4+1\n)/)

which also count many other combinatorial sequences (see https://en.wikipedia.org/wiki/
Catalan_number). (The fact that the Catalan numbers solve the recurrence above is perhaps
easiest to verify using generating functions: If G(X) = "> ; C,, A" is the generating function of our
sequence then the recurrence relation above becomes the quadratic equation G(\) = 1 + AG(\)2.
Solving this equation using the quadratic formula then expanding the radical with the generalized
Binomial theorem yields the above formula for C,,.) O

Using Stirling’s formula, the Catalan number can be expressed asymptotically as
1 2 .
ny 1 n-3/24m
n+1\n NZS

BIK] = m) = (14 62) L 0= 2 ap(1 )"

so that

for some d,, converging to zero as n — oo. This yields in particular that
P (|K|:n)~i-n*3/2 and hence P (]K|>n)~i~7fl/2
1/2 N 1/2 =z N
as n — 0o, and also yields the explicit off-critical estimate

By oo (K] = n) = (146, + O(€))—= - n~*/2 exp [log(1 — 4¢>)n]

I

— (146, + 0(5”\/17?

Thus, for percolation on the binary tree the exponents § and A are well-defined and satisfy § =
A = 2. It follows in particular that there are no infinite clusters almost surely at the critical point.

032 exp [—(452 + 0(54))71] .

Exercise 22. Prove that percolation on the binary tree satisfies Py /o, .(|K| = 00) < e ase ] 0, so
that the exponent 8 is well-defined and equal to 1.

Exercise 23. We now sketch an alternative analysis of the critical volume tail, which is better
suited to more general branching processes. Consider a ghost field of intensity h on the binary tree
independent of the percolation configuration, write P, 5 for the joint law of percolation and the ghost
field, and let M(p,h) be the probability that the root is connected to the ghost field.

1. By conditioning on the number of open edges incident to the root, find a quadratic equation
satisfied by M(p, h).

2. Use this equation to give an alternative proof that p. = 1/2, being careful to justify how you
know which root of the quadratic equation is equal to M (p,h).
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3. Prove that M (1/2, h) is asymptotic to a constant multiple of \/h and that limy_,o M(1/2+€, h)
is asymptotic to a constant multiple of €.

4. Look up Karamata’s Tauberian theorem, then use it together with part 3 to compute the
asymptotics of Py ;5(|K| > n) and Py 9, (| K| = 00).

The tail of the radius. We now move on from the cluster volume to instead study the radius of
critical clusters in the binary tree.

Proposition 33. For each r > 0 let Q(r) be the probability that the root is connected to distance
r in critical percolation on the binary tree. Then Q(r) ~ 4r=! as r — co.

Proof of Proposition 33. Conditioning on the number of edges incident to the root yields that

Qr+1) = 5Q0) + 11— (1= Q)P),

where the first term accounts for the probability that the root has exactly one child in its cluster
and this child is connected to height r, while the second accounts for the probability that the root
is connected to both its children and at least one of these children is connected to height r. This
equation can be rearranged to yield that

1
Qr +1) = Q(r) ~ ;Q(r)?
for every r > 1. We first give some heuristic analyses of this recurrence relation before giving a
rigorous argument.

Heuristic 1: Power-law ansatz. Since we are at criticality, it is reasonable to suppose that Q(r)
has power-law decay. Let us suppose therefore that Q(r) ~ Ar~® for some A,a > 0. Assuming that
this asymptotic holds with a small enough error that Q(r+1)—Q(r) ~ A(r+1)"%—Ar=% ~ aAr—2=1
we must have that aAr—21 ~ iA2r_2a and hence that a =1 and A = 4.

Heuristic 2: ODE. The difference equation Q(r + 1) — Q(r) = —1Q(r)? reminds us of the ODE
f' = —f?/4. This ODE can be solved by noting that

I |
(f) I

so that

and hence f(z) ~4/z as © — 0.

Rigorous analysis. We use a similar algebraic manipulation as in our analysis of the analogous
ODE, observing that

1 1 Q(r)—Q(r+1) Q(r)

Qr+1 Q)  QMAr+1)  4Q(r+1)
where we used the recurrence relation in the second equality. Now, it follows from the recurrence
relation and the fact that Q(r) — 0 as r — oo that Q(r+1) — Q(r) = o(Q(r)) as r — oo and hence
that Q(r +1) ~ Q(r) as r — 0o. As such we have that

1 1

— ~

1
Qr+1) Q(r) 4

28



as r — oo and hence that

1 = [ 1 1 R
1= Z _ ~
QR Z ey Qi1
as R — oco. This is easily seen to imply the claim. O

Large critical clusters are two-dimensional. We now explore various senses in which large
critical clusters on the binary tree are “two-dimensional”. A hint of this two-dimensionality is
already provided by the ratio of the volume exponent 1/2 to the radius exponent 1; we start by
sharpening this to show that a critical cluster of volume n typically has radius of order n'/? and
vice versa.

Proposition 34. Consider critical percolation on the binary tree. For each e > 0 there exists d > 0
such that
Pyjp(|K| > n.rad(K) < 0n'/?) < ePyjp(|K| 2 n)

for everymn > 1 and
Py jp(rad(K) > r, |K| < 6r%) < Py jp(rad(K) > 1)

for every r > 1.

We write L, for the set of vertices of the binary tree at distance r from the root and write
LT,R = UZR:rLi-

Proof of Proposition 34. For the first claim, we note that for each n,r > 1 we have that

1 r+1
Pyjo(|K| > n,rad(K) < 1) <Pyjo(|KN Loyl 2 n) < EE1/2|KQ Los| = —

where in the last line we used that the expected number of vertices in K N L; is 1 for every
1 > 0 in critical percolation on the binary tree. This bound easily implies the first claim since
Pyjo(|K| > n) =< n~1/2. For the second claim, note that if rad(K) > 3r but |K| < n then there
must exist a level iy between r and 2r such that |[K N L;,| < n/r. If we explore the cluster of
the origin level-by-level until first finding such a level ig, the conditional probability that we reach
height 37 is at most 7Py j5(rad(K) > 7) by Markov’s inequality. Since the probability we find the
scale g is itself at most Py jo(rad(K) > r), it follows that

Py jo(rad(K) > 3r, [K| <n) < E]P)1/2(1r8ud(K) >r)? < %7
r r
which again is easily seen to imply the claim since Py /5 (rad(K) > 3r) = =L O

We now explore another sense in which large critical clusters on the tree are two-dimensional,
focussing on the small-scale geometry around the root when the cluster of the root has large radius.

Lemma 35. Consider critical percolation on the binary tree. We have that
Pyjo(|[KN Ly =n|rad(K) > R) ~nPyo(|K N Ly| =n)

as R — oo with n,r > 1 fized.
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In general, if we take a random variable X with law P then define a random variable X with
law P by
_ EXF(X)

EF(X) =
(X) EX
then X is known as the size-biasing of X. Thus, this lemma shows that conditioning the cluster

of the root to reach a very high level has the effect of size-biasing the distribution of the cluster of
the origin in each constant level.

Proof of Lemma 85. Conditional on what happens in the first r levels, each vertex in |K N L,| is
connected to Lr independently at random with probability Q(R — r). Markov’s inequality yields
that

Pyjo(|K N Ly| = n,rad(K) > R) <nQ(R —7)Py/o(|K N Ly| = n)

and hence that

QR —r)
Q(R)

as R — oo by Proposition 33. For the reverse inequality, we have by the Bonferroni inequality (i.e.,
inclusion-exclusion applied to second order as an inequality) that

Pio(|KN Ly =n|rad(K) > R) < nPyo(|K N Lr| = n) ~ nPyjo(|K N Le| = n)

Py /o(|K N L,| = n,rad(K) > R) > [nQ(R —r)— (Z)Q(R = 7“)2] Py o(|K N L,| = n),
and taking the limit as R — oo as before yields that Py,o(|K N L.| = n | rad(K) > R) ~
nPy/o(|K N Ly| = n) as claimed. O

Exercise 24. Consider critical percolation on the binary tree. Prove that the probability measures
Pyjo(K € - | rad(K) > r) have a well-defined weak limit as r — oo, where we think of the cluster

as a set of vertices and take limits with respect to the product topology on {0, 1}V. You should also
prove that this limit measure Prc is determined by the property that

IP)Hc(KﬂLO,T € ) = E1/2 1(KﬂLO,T S ')’KQLT’

for every r > 1. This limit is known as the incipient infinite cluster (IIC) on the binary tree
and was first constructed by Kesten.

The next lemma gives a sense in which the IIC on the binary tree has two-dimensional (i.e.,
quadratic) volume growth.

Lemma 36. Consider the incipient infinite cluster measure on the binary tree. We have that

r—+2

EIIC‘K N Lr‘ =

for every r > 0 and hence that
1
Enc|K N Lo, | ~ ZTQ

as r — oQ.
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Proof of Lemma 36. 1t is a general fact about size-biased random variables, immediate from the
definition, that the first moment of the size-biased random variable is equal to the ratio of the
second and first moments of the original random variable. In our context the first moment is 1, so
that

Eic|K N Lp| = Ey oK N Ly [*.

To compute the second moment, first note that /Q\K N L,|? is equal to the number of ordered
pairs z,y € L, that both belong to K. To evaluate this expectation, we can consider the sum over
0<i<r,ze€ L; and x,y € L, such that x and y are both connected to the root with most recent
common ancestor z. This yields that

r—1

E1/2|K N Lr|2 D Z 2—2‘—2(1"—2')21' 9. 22(7‘—1’—1).

i=0
Here we have split off the term z = x = y since it has slightly different combinatorics. In the other
term, the 27"2("=9) accounts for the fact there are i + 2(r — 1) edges that must be open for the
specified connection to occur, the 2¢ accounts for the number of choices of z, the 2 accounts for
the fact we must choose whether z is descended from the left or right child of z (the corresponding
choice for y being determined by this), and the 22("~*=1) accounts for the number of ways of choosing
x and y once these choices have been made. Simplifying, it follows that

= r+2
2 _ -1 _
Ei /2| K N Ly | _1—|—ZQ =
1=0
as claimed. O

Exercise 25. Show that for each k > 1 there exists a constant Cy such that
Enc‘K N Lr|k ~ Ckrk

as r — 0o0. Bonus: Compute the constants C, and use this to compute the weak limit of the random
variables 1Y K N L,| as r — .

2.4 Branching random walk

As explained earlier, we expect that when d is sufficiently large, critical percolation on Z% begins
to behave similarly to critical percolation on the binary tree in some senses. This includes the
n~Y2 scaling of the volume tail and the e scaling of the probability the origin belongs to an infinite
cluster at p. + . On the other hand, we do not expect the probability the cluster of the origin is
connected to distance 7 in Z¢ to decay like 7! as it does in the tree. Meanwhile, for the two-point
function we expect to have polynomial decay on Z?% whereas the critical two-point function decays
exponentially on the tree.

A better toy model for critical percolation in high dimensions is branching random walk.
Here, branching random walk is a Markov process taking values in the set of finite configurations of
particles on Z% in which at each step every particle splits independently into a random number of
new particles with some fixed offspring distribution, and each new particle simultaneously performs
a step of simple random walk. (That is, offspring particles are located at random neighbours of
their parents rather than in the same location as their parent.) Branching random walk can also be
defined equivalently by first sampling the genealogical tree of the particles as a branching process,
then picking a uniform random graph homomorphism from this tree into Z%; in the case where
the offspring distribution is Binomial(2, p) this genealogical tree has the same distribution as the
cluster of the root in percolation on the binary tree.
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Proposition 37. Consider critical branching random walk on Z¢. The expected number of particles
that visit x when we begin with a single particle at the origin is equal to the simple random walk
Greens function G(0,z) =3 _,pn(0, ).

Proof of Proposition 37. The expected number of particles in generation n is exactly 1. Conditional
on the genealogical tree, each particle in generation n is distributed as a simple random walk run
for n steps, and the claim follows by linearity of expectation. O

Proposition 38. Consider critical branching random walk on Z* with Binomial(2,1/2) offspring
distribution, where we start with a single particle at the origin. If d > 4 then there exists a positive
constant ¢ such that the probability x is ever visited by a particle is between ¢G(0,x) and G(0,x).

We will use the fact that the simple random walk Greens function on Z? satisfies G(z,y) =<
(x —y)~%2 when d > 3 and where we write (r) = max{||z||,2} to avoid division by zero.

Proof of Proposition 38. The upper bound follows from proposition 37 and Markov’s inequality.
For the lower bound we will estimate the second moment of the number of particles that visit x.
We need to count the number of pairs of vertices u, v in the binary tree that are both connected to
the root of the tree and are both mapped to x by the random embedding of the binary tree into Z<.
Given two vertices v and v of the binary tree, write u A v for their most recent common ancestor,
i.e., the last place where the paths from the root to these vertices coincide. If we write |u| for the
height of u in the tree, the probability that u and v are both connected to the root is

9~ lunv|=(lu|=lurv))=(jv|=furv]) _ o—lul—|v[+|urv]

Given u and v are both in the cluster of the origin, the probability they are both mapped to z by
the embedding is

Z Plunv (07 y)p|u\—\u/\v| (y7 x>p|v|—\u/\v\ (ya l’),
yeZd

where pi,a((0,y) is the probability u A v is mapped to y and pjy|—jusv|(Ys T)Pjv|—[urv| (¥, ) is the
probability u« and v are both mapped to = conditional on u A v being mapped to y. Thus, the
second moment of the number of particles that visit = is

Z Z > 27 (0.)27 Ty ()27 Dy (3, ).

d
u/\v w YEL

As before, we can compute this sum by first choosing whether v or v lies to the left of w, the
summing over which height above w they lie in. This yields that

Z > 27y (0,9)27 O Dy Gy, )2 Dy (g, )

d
u/\v w yeL

1
*2272 pr(y,x 222 pely, @) = 5G(y, )
and hence by a similar computation that our second moment is

222 o |p|u/\v|0y) ZGOy )2'

w yezd yEZd
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Using that
G(0,2) = (x —y)~ "+

it follows that the second moment is of order

Z <y>_d+2<$ _ y>—2d+4.

y€EZ4

To estimate this sum, we can split into cases according to whether ||y|| < ||z]|/2, ||z — y| < ||z||/2,
or otherwise. In the first case (z — y) is of the same order as (z), in the second case (y) is of
the same order as (x), and in the third case (x — y) is of the same order as (y). This, the second
moment is bounded by a constant multiple of

Z <y>fd+2 <I,L,>f2d+4 + Z <$>fd+2 <.73 _ y>72d+4 + Z <y>73d+6‘

lyll<llll/2 ly—zlI<[l]l/2 lylllly—zl> [l /2

When d > 4 the sum »_ 74 (y)~24+4 is finite and we obtain that the second moment is bounded
by a constant multiple of

<x>72d+6 + <x>fd+2+ <x>72d+6 < <1‘>7d+2,

That is, when d > 4 the second moment of the number of particles that visit = is of the same order
as the first moment, namely (z)~%+2. Note that if X is any non-negative random variable then we

have by Cauchy-Schwarz that

EX)?
EX =EX1(X >0) < /P(X > 0)EX? so that P(X >0)> (EXg )
and applying this inequality in our case yields the desired lower bound. O

Remark 39. When d = 3, this argument bounds the second moment of the total number of
particles that visit 2 by (x)72%*6 yielding that the probability z is ever visited is at least ()72
This bound is of the correct order, with the matching upper bound following from the one-arm
estimate proven below. In dimension d = 4 the bound we get on the second moment and hitting
probability are (z)~2log(x) and (x)~2(log(z))~! respectively, which are also of the correct order
(but this is harder to justify).

We next compute the one-arm probability for critical branching random walk.

Proposition 40. Consider critical branching random walk on Z¢ with Binomial(2,1/2) offspring

distribution. The probability any particle ever leaves the box [—r,r]? is of order 2.

Proof of Proposition 40. Let A(r) denote the relevant probability. We begin with the lower bound.
Let K be the cluster of the origin in percolation on the binary tree, and let X : K — Z? be the
random embedding of K into Z?. In order for the cluster of the origin to be large we must either
have that it has a large number of points mapped into [—r, r]d or that the arm event occurs, so
that

P(| K| >n) < P(IX ' ([=r,7])| = n) + A(r)

for every n,r > 1. Using Markov’s inequality, the probability P(|X ~*([~r,7]?)| > n) is bounded by
%er[_m]d G(0,z) < n~'r2, and since we also have that P(|K| > n) =< n~'/2 it follows that there
exist positive constants ¢ and C' such that

Cr?

n

< + A(r)

Sie
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for every n,r > 1. The claimed lower bound follows by taking r to be a small multiple of n'/4 and
rearranging.

We now prove the upper bound. We consider the union bound
A2r) < P(XY(O[-2r,2r]%) # 0, rad(K) < ¢) + P(rad(K) > ¢)

for r,¢ > 1, where rad(K) continues to denote the radius of K as a subset of the binary tree.
Observe that if K has radius at most ¢ but the BRW reaches Euclidean distance at least 2r, there
must exist a particle of the BRW within the first ¢ generations that belongs to the boundary of
the box [—r,7]%, never had an ancestor that left this box, and has a descendant that reaches the
boundary of the box [—2r, 27‘}‘1. Considering the expected number of such particles and applying
Markov yields that if we define 2(r,£) to be the set of vertices of that belong to d[—r,7]%, did not
have an ancestor that left the box, and belong to the first ¢ generations then

P(X~1(0][—2r,2r]%) # 0,rad(K) < ¢) < A(r)E|2(r, 0)|.

Now, if we let Py denote the law of a simple random walk (Y;);>0 started at the origin, we have by
linearity of expectation as before that

¢
E|2(r,0)] =Y Po(Y; € 0[-r,7]%,Y; € [-r,7]* for all j < i)
=0
< Po(hit d[—r,7]? before time /),

where in the inequality we used that every time the walk is in the boundary of the box it has a
constant probability to leave the box. Now, it is a standard fact about simple random walk on Z¢
that

2
Po(max ||Y;|]| > r) exp | ——
o(max ¥ 2 1) =< exp |-

for some positive constant ¢ (see e.g. the Azuma-Hoeffding inequality). As such, there exists a

constant & such that if £ < 6r? then E|2(r,£)| < . Taking ¢ = [6r*] and using that P(rad(K) >
) < £71, we deduce that there exists a constant C' such that

A(2r) < éA(T) +Cr 2.
This inequality can be applied recursively to yield that
A(2FHy < o4F £ 08 4= 4 og24—(k=2) .. < gk
as required. (The only important feature of the constant 1/8 is that it is strictly smaller than
1/4.) O

Exercise 26. State and prove an analogue of Proposition 34 stating that critical branching random
walk on Z¢ is unlikely to reach Euclidean distance r while having total particle count much smaller
than r*, and conversely that it is unlikely to have total particle count at least n without reaching
Euclidean distance n'/*.

Proposition 41. Consider the IIC version of BRW with Binomial(2,1/2) branching, in which we
embed the IIC on the binary tree into Z% via a uniform random homomorphism. Prove that the
expected number of particles that visit the site x is of order (x)~%** when d > 4. Bonus: Prove
that the probability = is visited by at least one particle is also of this order when d > 4.
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Exercise 27. Using that the simple random walk on Z¢ satisfies

en~Y2e=Cd@y)*/n < pn(z,y) < Cn~42¢—cd(zy)*/n
for some positive constants ¢ and C, prove that if we consider a branching random walk on Z¢ with
mean offspring 1 —m < 1 started with a single particle at the origin and define G,,(0,x) to be the

expected number of particles that ever wvisit a site x then there exist positive constants ¢ and C’
(not depending on m) such that

C/Hx||7d+2eic’m1/2”f17“ S Gm(o,x) S CIHJ:H7d+2efc’m1/2”mH

for every x # 0.

3 Rigorous relationships between critical exponents

3.1 Scaling and hyperscaling in the plane

3.2 The BK inequality

3.3 Tree-graph inequalities and the mean-field lower bound on the volume tail
3.4 The triangle condition

3.5 Equivalence of mean-field critical exponents

3.6 Critical exponents for intrinsic geometry

3.7 Hyperscaling inequalities

4 Long-range and hierarchical models

5 Homework sets

5.1 Homework 1

Exercise 28. The standard monotone coupling of the product measures P, on {0, 1} defines a
measure on [0,1] labels (Ue)ecr such that wy(e) :== 1(U, < p) has independent coordinates for each
p € 10,1] and P(wp(e) = 1) = p for each p € [0,1]. Do there exist other collections (Ue)ecr with
this property for which the different labels U, are not independent?

Exercise 29. Prove that p.(Z%") < p.(Z%) for every d > 1.

Exercise 30. The 7-regular triangulation is a planar graph in which every face is a triangle (i.e.,
has three sides) and every vertex has degree 7. Prove that the T-reqular triangulation is nona-
menable. Hint: Use Fuler’s formula.

Exercise 31. Consider critical percolation on Z* with d > 2. Prove that the probability that there
exists a cluster intersecting both [—r,r]% and Z\ [2r,2r]? does not converge to zero as v — oc.

Exercise 32. Give an example of a connected graph and a percolation process on it such that the
number of infinite clusters is random. Bonus: Give an example of an automorphism-invariant
random subgraph of Z? with exactly k infinite clusters almost surely.
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