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Abstract

This paper studies the capacity of single-source single-sink noiseless networks under adversarial or arbitrary

errors on no more thanz edges. Unlike prior papers, which assume equal capacities on all links, arbitrary link

capacities are considered. Results include new upper bounds, network error correction coding strategies, and examples

of network families where our bounds are tight. An example isprovided of a network where the capacity is 50%

greater than the best rate that can be achieved with linear coding. While coding at the source and sink suffices in

networks with equal link capacities, in networks with unequal link capacities, it is shown that intermediate nodes

may have to do coding, nonlinear error detection, or error correction in order to achieve the network error correction

capacity.

Index Terms

Adversarial errors, Byzantine adversary, network coding,network error correction, nonlinear coding

I. INTRODUCTION

Network coding allows intermediate nodes in a network to mixthe information content from different packets.

This mixing can increase throughput and reliability in networks of error-free or stochastically failing channels [1],

[2]. Unfortunately, it can also potentially increase the impact of malicious links or nodes that wish to corrupt

data transmissions. A single corrupted packet, mixed with other packets in the network, can potentially corrupt

all of the information reaching a particular destination. To combat this problem, network error correction was first
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studied by Yeung and Cai [3], [4] who investigated correction of errors in multicast network coding [1], [2], [5]

on networks with unit-capacity links. In that work, the authors showed that for any network of unit-capacity links,

the Singleton bound is tight and linear network error-correcting codes suffice to achieve the capacity, which equals

C − 2z whereC is the min-cut of the network andz is a bound on the number of corrupted links [4, Theorem

4]. The problem of network coding under Byzantine attack wasalso investigated in [6], which gave an approach

for detecting adversarial errors under random network coding. Construction of codes that can correct errors up to

the full error-correction capability specified by the Singleton bound was presented in [7]. A variety of alternative

models of adversarial attack and strategies for detecting and correcting such errors appear in the literature. Examples

include [8]–[15].

Specifically, the network error correction problem concerns reliable information transmission in a network with

an adversary who arbitrarily corrupts the packets sent on some set ofz links. The location of the adversarial links

is fixed for all time but unknown to the network user. We define az-error correcting code for a single-source

and single-sink network to be a code that can recover the source message at the sink node if there are at mostz

adversarial links in the network. Thez-error correcting network capacity, henceforth simply called the capacity, is

the supremum over all rates achievable byz-error correcting codes.

In this work, we consider network error correction when links in the network may have unequal link capacities.

(A related model, where adversaries control a fixed number ofnodes rather than a fixed number of edges was

studied in [16], independently and concurrently with our initial conference paper [17].) The unequal link capacity

problem is substantially different from the equal link capacity problem studied by Yeung and Cai in [3], [4] since

the rate controlled by the adversary varies with his edge choice. In the error-free case, any linkl in the network

with capacityr can be represented byr edges of capacity one without loss of generality. However, in the case with

errors there is a loss of generality in using a similar representation and assuming that errors have uniform rate,

since this does not capture potential trade-offs that the adversary faces in choosing whether to attack strategically

positioned or larger capacity links. The error-correctioncapacity in the equal link capacity case has a simple cut-set

characterization since the adversary always finds it optimal to attack links on a minimum cut; as a result, coding

only at the source and forwarding at intermediate nodes suffices to achieve the capacity for any single-source and

single-sink network. In contrast, for networks with unequal link capacities, we show that network error correction

coding operations at intermediate nodes are needed even in the single-source single-sink case.

The cut-set approach is a simple yet powerful tool for bounding the capacity of a large network. This approach

partitions the nodes into two subsets, sayS andSc, and then bounds the rate that can be transmitted from nodes

in S to nodes inSc. (See, for example, [18, Section 15.10].) The maximum information transmission across the

“cut” occurs when the nodes withinS can collaborate perfectly among themselves and the nodes within Sc can

collaborate perfectly among themselves. In this case,S andSc each act as “super-nodes” in a simple point-to-point

network. All that is needed for collaboration is sufficient information exchange among the nodes on each side of

the cut. Thus, the “cut-set bound” equals that rate that would be achieved in transmitting information fromS to
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Fig. 1. The traditional cut set bound for a cutS between sources and sink t in the network shown in (a) equals the maximal rate

that can be transmitted fromS to Sc when the nodes withinS are allowed unlimited information exchange and the nodes within Sc are

allowed unlimited information exchange, as indicated by the thick bidirectional lines in (b). In the cut-set bounds employed here, we create

infinite capacity connections only from each node to nodes ofhigher topological order on the same side of the cut, as shownby the thick

unidirectional lines in (c). Restricting attention to nodes with input or output edges that cross the cut, gives a “zig-zag” network, as shown

in (d).

Sc if we added reliable, infinite-capacity links between each pair of nodes inS and reliable, infinite-capacity links

between each pair of nodes inSc, as shown in Figure 1. Given a network of capacitated error-free links with a

source nodes and a sink nodet, minimizing over all choices ofS that contains but excludet gives a tight bound

on the unicast capacity froms to t [19].

In contrast, this traditional cut-set bounding approach isnot tight in general when it comes to the error-correction

capacity of networks with unequal link capacities, even in the case of unicast demands. In this case, two new issues

arise. We next describe each of these issues in turn.

The first issue concerns the role of feedback acrossS – i.e. links fromSc to S. While feedback never increases

the capacity across a cut in a network of reliable links, it can increase the error-correction capacity. Intuitively,

this is because feedback allows us to inform nodes inS about what was received by nodes inSc, thereby aiding

in the discovery of adversarial links.1 Treating all nodes inS as one super-node and all nodes inSc as another

super-node, as in the traditional cut-set bounding approach, makes all feedback information available to all nodes

in S and all feedforward information available to all nodes inSc. This may give them considerably more insight

into the adversary’s location than is available to them in the original network.

We can obtain tighter bounds by taking into account limitations on which nodes inSc can influence the values

on each feedback edge and which nodes inS have access to the feedback information. This is important in the

unequal link capacity case, because it captures trade-offsfaced by the adversary in choosing whether to attack links

based on their capacity or whether they are upstream of feedback links that may give clues about the adversary’s

actions. Specifically, given an acyclic networkG, we construct an acyclic networkG′ by adding a reliable infinite

capacity connection from a nodev ∈ S to a nodew ∈ S only if G contains a directed path from nodev to node

w via nodes inS, and adding a reliable infinite capacity connection from a node v ∈ Sc to a nodew ∈ Sc only

1This process of discovery is complicated by the fact that thefeedback links themselves may be corrupted, but feedback is, nonetheless,

clearly useful.
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if G contains a directed path from nodev to nodew via nodes inSc. Figure 1(c) shows an example. Limiting

the added connections in this way creates what we call a “zig-zag” network, as shown in Figure 1. We draw only

those nodes inS andSc with incoming or outgoing edges that cross betweenS andSc, and draw the nodes on

each side of the cut in topologically increasing order. The “forward” edges across the cut point downwards in the

diagram, while “feedback” edges point upwards. By studyingthe capacity of these zig-zag networks, we develop

upper bounds on error-correction capacity that apply to general acyclic networks. We also illustrate the usefulness

of these bounds by giving examples where they improve upon previously known bounds and showing that they are

tight for families of networks that are special cases of zig-zag networks.

However, the second issue with the cut-set approach to bounding network capacities is the notion of a cut

itself. Reference [20] shows, for the more general case where only a subset of links are potentially adversarial, the

existence of networks for which no partition(S, Sc) yields a tight bound on the error-correction capacity. Thisis

proven by example using a network whose minimal cut (which has no feedback links) yields a capacity bound that

is proven to be unachievable. As a result, knowledge of the the capacity of the network’s minimal cut is insufficient

to determine the capacity of all possible networks, and we cannot hope to derive cut-set bounds that are tight in

general. Nonetheless, given the complexity of taking into account the full network topology, we proceed to study

the cut-set approach, deriving general bounds and demonstrating that those bounds are tight in some cases.

Specifically, in Section III we begin with the cut-set upper bound given by the capacity of the two-node network

shown in Fig. 2, which is the only cyclic network we consider in this paper. In this network, the source node can

transmit packets to the sink node along the forward links andthe sink node can send information back to the source

node along the feedback links. As mentioned above, this cut-set bound can be quite loose since it assumes that all

feedback is available to the source node and all informationcrossing the cut in the forward direction is available

to the sink. We therefore develop a new cut-set upper bound for general acyclic networks by taking into account

more details of the topological relationships among links on the cut, as in the zig-zag network construction shown

in Figure 1.

In Section IV, we consider a variety of linear and nonlinear coding strategies useful for achieving the capacity

of various example networks. We prove the insufficiency of linear network codes to achieve the capacity by

providing an example of a network where the capacity is 50% greater than the linear coding capacity and is

achieved using a nonlinear error detection strategy. A similar example for the problem with Byzantine attack on

nodes rather than edges appears in [16]. We also give examples of single-source and single-sink networks for

which intermediate nodes must perform coding, nonlinear error detection or error correction in order to achieve

the network capacity. We describe a simple greedy algorithmfor error correction at intermediate nodes. We then

introduce a new coding strategy called “guess-and-forward.” In this strategy, an intermediate node which receives

some redundant information from multiple paths guesses which of its upstream links controlled by the adversary.

The intermediate node forwards its guess to the sink which tests the hypothesis of the guessing node. In Section V,

we show that guess-and-forward achieves network capacity on the two-node network with feedback links of Fig. 2,
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Fig. 2. Two-node network composed ofn forward links andm feedback links.
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Fig. 3. Four node acyclic networks: Given the cutQ = cut({s, B}, {A, t}), unbounded reliable communication is allowed from sources

to its neighborB on one side of the cut and from nodeA to sink t on the other side of the cut, respectively. There are feedback links from

A to B.

as well as the family of four-node acyclic networks in Fig. 3 when the capacity of each feedback link is not too

small (i.e. above a value given by a linear optimization).2 Finally, we apply guess-and-forward strategy to zig-zag

networks, deriving achievable rates and presenting conditions under which our upper bound is tight. We conclude

in Section VI with a discussion of future work.

Portions of this work have appeared in our earlier work [17],[21], which introduced the network error correction

problem with unequal link capacities and presented a subsetof the results.

2After the submission of this paper, we obtained a new result that improves upon the bound in Section III for the special case of

small-capacity feedback links. We mention the idea briefly as a footnote in Section III and will present it formally in an upcoming paper.
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II. PRELIMINARIES

Consider a directed acyclic communication networkG = (V, E) with unequal link capacities. Letr(l) denote

the capacity of edgel ∈ E . A source nodes ∈ V transmits information to a sink nodet ∈ V over the networkG.

Transmissions occur on the links according to their topological order, i.e. a linkl transmits after all its incident

incoming links, and we regard a link error as being applied upon transmission. A link (or node) is said to be

upstreamof another link (or node) iff there is a directed path starting from the former and ending with the latter.

A link (or node) is said to bedownstreamof another link (or node) iff there is a directed path starting from the

latter and ending with the former.

In this paper, we consider the problem of correcting arbitrary adversarial errors on up toz links. The location

of error links is fixed for all time but unknown to the network user.

Definition 1: A network code isz-error link-correcting if the source message can be recovered by the sink node

provided that the adversary controls at mostz links. Thus az-error link-correcting network code can correct any

τ adversarial links forτ 6 z.

Let (S, Sc) be a partition ofV, and define the cut for the partition(S, Sc) by

cut(S, Sc) = {(a, b) ∈ E : a ∈ S, b ∈ Sc}.

The cutcut(S, Sc) separates nodesa andb if a ∈ S andb ∈ Sc. We useCS(a, b) to denote the set of cuts between

a and b. Given a cutQ = cut(S, Sc), we call any link inQ a forward link, and we call any link fromSc to S a

feedback link.

For the achievable strategies in Sections IV and V, we assumethat coding occurs in the finite fieldFq for some

prime powerq. An error on any linkl ∈ E is specified by a vectorel containingr(l) symbols inFq. The output

yl of link l equals the sum inFq of the inputxl to link l and the errorel applied to linkl, i.e., yl = xl + el. We

say that an error occurs on the linkl if el 6= 0.

As in [3], [4], we can consider a linear network codeV that assigns a set ofr(l) vectors{vF(l)1, vF(l)2, .., vF(l)r(l)},

called global coding vectors, to each linkl ∈ E in the network. Let

φ̃l(w) = {〈w, vF(l)i〉 : 1 6 i 6 r(l)}

denote the error-free output of linkl when the network input isw where〈a, b〉 denotes the inner product of row

vectorsa andb. We usee = (el : l ∈ E) to denote the vector of errors on the entire network. The output of a link

l is a function of both the network inputw and the error vectore, which we denote byψl(w, e). For each node

v ∈ V, we useΓ+(v) = {(c, v) : (c, v) ∈ E} and Γ−(v) = {(v, c) : (v, c) ∈ E} to denote the sets of incoming

and outgoing edges respectively for nodev. With this notation, a sink nodet cannot distinguish between the case

wherew is the network input and errore occurs and the case wherew′ is the network input and errore′ occurs if

and only if

(ψl(w, e) : l ∈ Γ+(t)) = (ψl(w
′, e′) : l ∈ Γ+(t)). (1)
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Let N(e) = |{l ∈ E : el 6= 0}| denote the number of links in which an error occurs. We say that any pair of input

vectorsw andw′ are z-links separable at sink nodet if (1) does not hold for any pair of error vectorse and e′

such thatN(e) 6 z andN(e′) 6 z. Lemma 1 of [4] establishes the linear properties ofψl(w, e) for networks with

unit link capacities. This result extends directly to networks with arbitrary link capacities.

Lemma 1:For all l ∈ E , all network inputsw andw′, error vectorse ande′, andµ ∈ Fq,

ψl(w + w′, e+ e′) = ψl(w, e) + ψl(w
′, e′)

and

ψl(µw) = µψl(w).

From Lemma 1,

ψl(w, e) = ψl(w, 0) + ψl(0, e) = φ̃l(w) + θl(e),

whereθl(e) = ψl(0, e) for any link l. Thusψl(w, e) can be written as the sum of a linear function ofw and a

linear function ofe.

III. U PPER BOUNDS

In this section, we consider upper bounds on network error correction capacity. LetX denote the source alphabet

andq the size of the (arbitrary) link alphabet. The corresponding network transmission rate is given bylog |X|
log q

.

We first derive the cut-set upper bound obtained from coalescing all nodes on each side of the cut into a

super-node, resulting in a two-node network as shown in Fig.2.

Lemma 2:Consider the two-node network shown in Fig. 2 with arbitrarylink capacities. LetDp denote the sum

of the p smallest forward link capacities. The network error correction capacity of this network is upper bounded

by






0 if n 6 2z

min{Dn−z ,Dn−2(z−m)+} if n > 2z

Proof: Case 1)n 6 2z.

Suppose thatC > 0 and we show a contradiction. SinceC > 0, there are two codewordsx andy in X that can be

sent reliably. Whenx is sent along the forward links and the leftmostz links are adversarial, the adversary changes

x to x′ so that the outputs of the⌊n/2⌋ leftmost links ofx′ are the same as that ofy. Similarly, wheny is sent

along the forward links and the rightmostz links are adversarial, the adversary changesy to y′ so that the outputs

of the rightmost⌈n/2⌉ links of y′ are the same as that ofx. Then the two codewords cannot be distinguished and

this contradictsC > 0.

Case 2)n > 2z.

When the sink knowsz adversarial links are thez largest capacities forward links, the maximum achievable

capacity isDn−z. Whenm 6 z and allm feedback links are adversarial, there arez−m adversarial forward links
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whose locations are unknown. In this scenario, we show that the best achievable rate isDn−2(z−m), which is the

sum ofn−2(z−m) smallest forward link capacities. We assume that|X| > qDn−2(z−m), and show that this leads to

a contradiction.F = {l1, .., ln} denotes the set of forward links such that the links indexed in increasing capacity

order, i.e.,r(l1) 6 . . . 6 r(ln). Since |X| > qDn−2(z−m) andDn−2(z−m) is sum of then − 2(z − m) smallest

forward link capacities, there exist two distinct codewords x, x′ ∈ X such thatφ̃li(x) = φ̃li(x
′) ∀i = 1, .., n − 2z.

So we can write

O(x) = {y1, .., yn−2z , p1, .., pz , w1, .., wz},

O(x′) = {y1, .., yn−2z, p
′
1, .., p

′
z , w

′
1, .., w

′
z},

whereO(x) denotes the error-free vector of symbols onQ when codewordx is transmitted.

We can constructz-error links that changesO(x) to the value{y1, .., yn−2z , p
′
1, .., p

′
z , w1, .., wz} as follows. We

apply an error of value (p′i − pi) mod q on links ln−2z+i for 1 6 i 6 z. Since this does not change the output

value of othern− z links, we obtain{y1, .., yn−2z, p
′
1, .., p

′
z , w1, .., wz}. For x′, we can follow a similar procedure

to constructz error links that change the value ofO(x′) to {y1, .., yn−2z , p
′
1, .., p

′
z , w1, .., wz}. Thus, sink nodeu

cannot reliably distinguish between the source symbolx andx′, which gives a contradiction.

Therefore, the upper bound on achievable capacity ismin{Dn−z,Dn−2(z−m)+}.

In Section V we show that this bound is the actual capacity of the two-node network. Thus, the super-node

construction gives the following cut-set upper bound for general acyclic networks.

Lemma 3:Given any cutQ ∈ CS(s, t) with k forward links andr feedback links, letDp denote the sum of the

k smallest forward link capacities. The network error correction capacity is upper bounded by






0 if k 6 2z

min{Dk−z,Dk−2(z−r)+} if k > 2z

However, we can show that the above upper bound is not tight using the following generalized Singleton bound,

which was presented in our conference paper [17]. A similar upper bound for the problem of adversarial attack on

nodes rather than edges was given in independent work [16].

Definition 2: Any set of linksS on a cutQ ∈ CS(s, t) is said to satisfy thedownstream conditiononQ if none

of the links inQ\S are downstream of any link inS.

Lemma 4: (A generalized Singleton bound) Consider anyz-error correcting network code with source alphabet

X in an acyclic networkG. Consider any setS consisting of2z links on a source-sink cutQ ∈ CS(s, t) that

satisfies the downstream condition onQ. Let M =
∑

(a,b)∈Q\S r(a, b) be the total capacity of the links inQ\S.

Then

log |X| 6 M · log q.

Proof: The proof is similar to that of the network Singleton bound for the equal link capacity case in [3]. We

assume that|X| > qM , and show that this leads to a contradiction.

8



Given a cutQ, K(Q) denotes the number of links inQ. For brevity, letQ = {l1, .., lK(Q)} where S =

{lK(Q)−2z+1, ...lK(Q)} and links inS are ordered topologically, i.e.,lK(Q)−2z+i is not downstream oflK(Q)−2z+j

for any i < j. Since|X| > qM andM is the capacity ofQ\S, there exist two distinct codewordsx, x′ ∈ X such

that φ̃li(x) = φ̃li(x
′) ∀i = 1, ..,K(Q) − 2z. So we can write

O(x) = {y1, .., yK(Q)−2z , p1, .., pz , w1, .., wz},

O(x′) = {y1, .., yK(Q)−2z, p
′
1, .., p

′
z , w

′
1, .., w

′
z},

whereO(x) denotes the error-free vector of symbols onQ when codewordx is transmitted.

We will show that it is possible for the adversary to produce exactly the same outputs on all the channels inQ

when errors occur on at mostz links in Q.

Assume that the true network input isx. The adversary will inject errors onz links lK(Q)−2z+1, .., lK(Q)−z

in this order as follows. First the adversary applies an error on link lK(Q)−2z+1 to change the output from

p1 to p′1. The output of links(lK(Q)−2z+2, .., lK(Q)) may be affected by this change, but the outputs of links

(l1, .., lK(Q)−2z) will not. Let p′i(j) andw′
i(j) denote the outputs of linkslK(Q)−2z+i and lK(Q)−z+i, respectively

after the adversary has injected errors on linklK(Q)−2z+j, wherej = 1, 2, .., z with p′1(1) = p′1. Then the adversary

injects errors on linklK(Q)−2z+2 to change its output fromp′2(1) to p′2. This process continues until the adversary

finishes injecting errors onz links lK(Q)−2z+1, .., lK(Q)−z and the output of this channel changes fromO(x) to

{y1, .., yK(Q)−2z , p
′
1, .., p

′
z , w

′
1(z), .., w

′
z(z)}. Now suppose the input isx′. We can follow a similar procedure by

injecting errors onz links lK(Q)−z+1, .., lK(Q). Then the adversary can produce the outputs

{y1, .., yK(Q)−2z , p
′
1, .., p

′
z , w

′
1(z), .., w

′
z(z)}.

Thus, sink nodet cannot reliably distinguish between the source symbolx andx′, which gives a contradiction.

Consider the example four-node network shown in Fig. 4. Whenz = 2, the two-node bound lemma 3 gives the

upper bound 22. The generalized Singleton bound gives upperbound 2.

However, the generalized Singleton bound is also not tight.Building on ideas from the above bounds, we proceed

to derive tighter bounds.

Let QR denote the set of feedback links across cutQ. Given a set ofm 6 z feedback linksW ⊂ QR and a

set of k 6 z − m forward linksF ⊂ Q, we useNF,W
z,m,k(Q) to denote the upper bound obtained from lemma 4

(generalized Singleton bound) when evaluated forz −m− k adversarial links on the cutQ after erasingW and

F from the graphG. Let

Nz,k,m(Q) = min
{F⊂Q,|F |=k6z−m}

min
{W⊂QR,|W |=m6z}

NF,W
z,k,m(Q).

Then we defineNz(Q) as follows.

Nz(Q) = min
06m6z

min
06k6z−m

Nz,k,m(Q).
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Fig. 4. Four-node acyclic network: unbounded reliable communication is allowed from sources to its neighborB on one side of the cut

and from nodeA to sink t on the other side of the cut, respectively. There are 2 forward links of capacity 1 froms to A, 4 forward links

of capacity 10 fromB to t, and 3 feedback links fromA to B.

For instance, consider the 2-layer zig-zag network in Fig. 6. If z = 4, k = 1 andm = 1, Nz,k,m(Q) = 19 by

choosingF = {l1}, W = {l6}, and removing{l2, l3, l4, l5} in the application of the Singleton bound after erasing

F andW . By taking the minimum overk andm, we can show thatNz(Q) = 19.

Lemma 5: (Cut-set upper bound 1) Consider anyz-error correcting network code with source alphabetX in an

acyclic network.

log |X| 6 min
Q∈CS(s,t)

{Nz(Q)} · log q

Proof: For any cutQ ∈ CS(s, t), the adversary can erase a setW ⊂ QR of feedback links and a setF ⊂ Q

of forward links where|W | = m 6 z and |F | = k 6 z −m. Applying Lemma 4 onQ after erasingW andF

gives the upper boundNF,W
z,k,m(Q). By taking the minimum over all cutsQ, we obtain the above bound.

The following examples illustrate how the bound in Lemma 5 tightens the generalized Singleton bound. We first

consider a four-node acyclic network as shown in Fig. 5. In each example, unbounded reliable communication is

allowed from sources to its neighborB on one side of the cut and from nodeA to sink t on the other side of the

cut. There are feedback links with arbitrary capacities from A to B.

When we compute the generalized Singleton bound, for any cutQ, we choose and erase2z links in the cut such

that none of the remaining links in the cut are downstream of the chosen2z links. Then we sum the remaining

link capacities and take the minimum over all cuts. Because of the downstream condition, when the link capacities

betweens andA are much larger than the link capacities betweenB andt, the Singleton bound may not be tight.

For example, in the network in Fig. 5 (a), ifz = 2, then the generalized Singleton bound gives upper bound 20.

However, when the adversary declares that he will use two forward links betweens andA, we obtain the erasure

bound 4.
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Fig. 6. 2-layer zig-zag network: unbounded reliable communication is allowed froms to B, from B to D, from A to C, and fromC to t

respectively. There are sufficiently large number of feedback links from A to B. There is one feedback link fromC to D.

As another example, consider the network in Fig. 5 (b) whenz = 2. Applying the generalized Singleton bound

gives upper bound 16. If the adversary erases one of the forward links betweens andA and we apply the generalized

Singleton bound on the remaining network, then our upper bound is improved to 15. The intuition behind this

example is that when the adversary erasesk 6 z large capacities links which do not satisfy the downstream

condition, applying the generalized Singleton bound on remaining network with(z − k) adversarial links can give

a tighter bound.

For the 2-layer zig-zag network in Fig. 6, whenz = 4, the min-cut is 37 and the generalized Singleton bound

11



gives upper bound 27. Suppose that the adversary declares that he will use the feedback link betweenC andD and

the forward link with capacity 6 betweens andA. By applying the generalized Singleton bound on the remaining

network with two adversarial links, we obtain 37-6-(3+3+3+3)=19. The intuition behind this example is that the

links betweenB andC and the links betweenD and t have the same topological order once the single feedback

link betweenC andD is erased. Since the generalized Singleton bound is obtained by erasing2z links on the cut

such that none of the remaining links on the cut is downstreamof any erased links, erasing the single feedback link

betweenC andD yields a tighter Singleton bound even with fewer adversarial links. Moreover, before applying

the Singleton bound, we first erase the link with capacity 6, which is the largest link betweens andA as we did

in example in Fig. 5(b).

Next, we introduce another upper bounding approach which considers confusion between two possible sets of

z adversarial links, each containing some forward links as well as the corresponding downstream feedback links

required to prevent error propagation. Consider any cutQ = cut(P,V\P ) and setsZ1, Z2 ⊂ Q. We say that a

feedback linkl ∈ QR is directly downstream of a forward linkl′ ∈ Q (and thatl′ is directly upstream ofl) if there

is a directed path starting froml′ and ending withl that does not include other links inQ or QR. Let W1 be the

set of links inQR which are directly downstream of a link inZ1 and upstream of a link in(Q\Z1)\Z2. Let W2

be the set of links inQR which are directly downstream of a link inZ2 and upstream of a link inQ\Z2.

Lemma 6: (Cut-set upper bound 2) LetM =
∑

(a,b)∈(Q\Z1)\Z2
r(a, b) denote the total capacity of the remaining

links on (Q\ Z1)\Z2. If |Zi ∪Wi| 6 z for i = 1, 2, then

log |X| 6 M · log q.

Proof: We assume that|X| > qM , and show that this leads to a contradiction. LetK(Q) denote the number of

links on the cutQ. Since|X| > qM , from the definition ofM , there exist two distinct codewordsx, x′ ∈ X such

that error-free outputs on the links in(Q\Z1)\Z2 are the same. Letc = |Z1| andd = |Z2|. Then we can write

O(x) = {y1, .., yK(Q)−c−d, u1, .., uc, w1, .., wd},

O(x′) = {y1, .., yK(Q)−c−d, u
′
1, .., u

′
c, w

′
1, .., w

′
d},

where(y1, .., yK(Q)−c−d) denotes the error-free outputs on the links in(Q\Z1)\Z2 for x andx′; (u1, .., uc) and

(u′1, .., u
′
c) denote the error-free outputs on the links inZ1 for x andx′ respectively; and(w1, .., wd) and(w′

1, .., w
′
d)

denote the error-free outputs on the links inZ2 for x andx′ respectively. We will show that it is possible for the

adversary to produce exactly the same outputs on all the channels inQ underx andx′ when errors occur on at

mostz links. When codewordx is sent, we useBl(x) to denote the error-free symbols on feedback linkl.

Assume the input of network isx. The adversary chooses feedback links setW1 and forward links setZ1 as its

z adversarial links. First the adversary applies errors onZ1 to change the output fromui to u′i for ∀1 6 i 6 c and

to cause each feedback linkl ∈W1 to transmitBl(x). Since all feedback links which are directly downstream of a

link in Z1 and upstream of a link in(Q\Z1)\Z2 transmit the error-free symbols, the outputs on links in(Q\Z1)\Z2

12
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Fig. 7. Four node acyclic network: There are 4 links of capacity 2 from s to A. There are 3 links of capacity 2 and 1 links of capacity 4

from B to t.

are not affected. The outputs on links inZ2 may be affected, and we denote their new values by{w′′
1 , .., w

′′
d}. Thus,

the sink observes{y1, .., yK(Q)−c−d, u
′
1, .., u

′
c, w

′′
1 , .., w

′′
d}.

When codewordx′ is transmitted, the adversary chooses feedback links setW2 and forward links setZ2 as its

z adversarial links. The adversary applies errors on them to change(w1, .., wd) to (w′′
1 , .., w

′′
d) and to cause each

feedback linkl ∈ W2 to transmitBl(x
′). Since all feedback links which are directly downstream of alink in Z2

and upstream of a link inQ\Z2 transmit the error-free symbols, the outputs on any other links are not affected.

Therefore, the output is changed fromO(x′) to {y1, .., yK(Q)−c−d, u
′
1, .., u

′
c, w

′′
1 , .., w

′′
d}. Thus, the sink nodet cannot

reliably distinguish between the codewordsx andx′, which gives a contradiction.

Given a cutQ, we consider all possible sets(Z1, Z2) on Q satisfying the condition of Lemma 6. We choose

sets(Z∗
1 , Z

∗
2 ) among them that have the maximum total link capacities and define Mz(Q) to be the sum of the

capacities of the links in(Q\Z∗
1 )\Z∗

2 . This gives the upper bound

log |X| 6 min
Q∈cut(s,t)

Mz(Q) · log q.

The following example shows that we can obtain a tighter upper bound using Lemma 6. For the example network

in Fig. 7, whenz = 3, Lemma 5 gives upper bound 9. However, Lemma 6 gives a tighterupper bound 8 when

Z∗
1 = {l1, l2, l5} , andZ∗

2 = {l6, l7, l8}.

Now we derive a generalized cut-set upper bound that unifies Lemma 5 and Lemma 6. Given a cutQ, consider

a setF ⊂ Q of forward links and a setW ⊂ QR of feedback links such that|F |+ |W | 6 z. Let CF,W
z (Q) denote

the upper bound obtained from Lemma 6 when evaluated forz−m−k adversarial links on the cutQ after erasing

F andW from the original graphG. Then

min
{F⊂Q,W⊂QR,|F |+|W |6z}

CF,W
z (Q)

13



is an upper bound on the error correction capacity ofG. This includes the boundNz(Q) of Lemma 5 as a special

case, since the generalized Singleton bound is a special case of the upper bound in Lemma 6 corresponding to

the case whereZ1 ∪ Z2 is a set of2z links satisfying the downstream condition. It is also clearthatCF,W
z (Q) is

the same as the bound in Lemma 6 whenF = W = ∅. Note however that any boundCF,W
z (Q) obtainable with

a nonempty setW of erased feedback links is also obtainable by including those links in the setsW1 andW2 of

Lemma 6 instead of erasing them. Thus, we define

Cz(Q) = min
{F⊂Q,|F |6z}

CF,∅
z (Q)

and state our upper bound as follows.3

Theorem 1:(A generalized cut-set upper bound) Consider anyz-error correcting network code with source

alphabetX in an acyclic network. Then

log |X| 6 min
Q∈CS(s,t)

Cz(Q) · log q.

IV. CODING STRATEGIES

We consider a variety of linear and nonlinear coding strategies useful for achieving the capacity of various

example networks. We show the insufficiency of linear network codes for achieving the capacity in general. We

also demonstrate examples of networks with a single source and a single sink where, unlike the equal link capacity

case, it is necessary for intermediate nodes to do coding, nonlinear error detection or error correction in order to

achieve the capacity. We then introduce a new coding strategy, guess-and-forward.

A. Error detection at intermediate nodes and insufficiency of linear codes

Here we show that there exists a network where the capacity is50% greater than the best rate that can be

achieved with linear coding. We consider the single source and the single sink network in Fig. 8, where sources

aims to transmit the information to a sink nodet. We index the links and assume the capacities of links as shown

in Fig. 8. For a single adversarial link, our upper bound fromTheorem 1 is 2.

Lemma 7:Given a network in Fig. 8, for a single adversarial link, rate2 is asymptotically achievable with a

nonlinear error detection strategy, whereas scalar linearnetwork coding achieves at most 4/3.

Proof: We first illustrate the nonlinear error detection strategy as follows. Source wants to transmit two packets

(P1, P2). We send them inn channel uses, but each packet has onlyn− 1 bits. We use one bit as a signaling bit.

We send(P1, P2) down all links in the top layer. In the middle layer, we do the following operations:

3After submitting this paper, we found a way to tighten the above bound for the case of small feedback link capacity. Briefly, the key

idea is to note that instead of choosing all the links inWi as adversarial links as in the proof of Lemma 6, another possibility is to choose

only a subsetYi ⊂ Wi as adversarial links, as long as the values on links inWi\Yi and links inQ\Zi that are directly upstream of links

in Wi\Yi are the same under the two confusable codewordsx andx′. The capacities of these links then appear as part of the upper bound;

thus, this bound is useful for cases where feedback links have small capacity. This result will be presented formally in an upcoming paper.
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Fig. 8. A single source and a single sink network : all links onthe top layer have capacity 2. All links on the middle and bottom layer

have capacity 1. Whenz = 1, the capacity of this network is 2 while linear network codesachieve at most 4/3.

1. Send the linear combination ofP1 andP2, aP1 + bP2, down link l4.

2. SendP1 down both linksl5 and l6.

3. SendP2 down both linksl7 and l8.

4. Send a different linear combination ofP1 andP2, cP1 + dP2, down link l9.

At the bottom layer, we do the following operations:

1. Forward the received packet on linkl10.

2. Send a 1 followed byP1 on link l11 if the two copies ofP1 match, send a 0 otherwise.

3. Send a 1 followed byP2 on link l12 if the two copies ofP2 match, send a 0 otherwise.

4. Forward the received packet on linkl13.

We can show that above nonlinear error detection strategy allows a sink node to decode (P1, P2). Suppose that

(a, b) and (c, d) are independent. Then coding vectors on any two links on the bottom layer are independent and

they satisfy with MDS (maximum distance separable) properties. If nothing was sent down bothl11 and l12, the

decoder can recover(P1, P2) from the information received on linksl10 and l13. If nothing was sent down only

on l11, then the outputs ofl12 andl13 should not be corrupted and the decoder can recover(P1, P2). Similarly, the

decoder can decode correctly when nothing was sent down onlyon l12. If all the links in the bottom layer received

symbols, there is at most one erroneous link on the bottom layer, which has MDS code. Thus we can achieve rate

2− 2
n

with this error detection strategy.

Now we show that scalar linear network code can achieve at most rate 4/3. Suppose that we want to achieve the

linear coding capacityk/n by transmittingk symbols reliably by using a scalar linear network codeφ over the

finite field Fq in n rounds. To show the insufficiency of linear coding for achieving this capacity, from (1), it is
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sufficient to prove that there exist pairs(w, e) and (w′, e′) for linear network codeφ such that

(ψl(w, e) : l ∈ Γ+(t)) = (ψl(w
′, e′) : l ∈ Γ+(t)),

andN(e), N(e′) 6 1. Since the above equation is equivalent to

(φ̃l(w − w
′) : l ∈ Γ+(t)) = (θl(−e+ e′) : l ∈ Γ+(t)),

by linearity, it suffices to find a source vectorx ∈ X and error vectore′′ such thatN(e′′) 6 2 and

(φ̃l(x) : l ∈ Γ+(t)) = (θl(e
′′) : l ∈ Γ+(t)), (2)

whereX = F
k
q is the source alphabet. We will show that there exists(x, e′′) satisfying the above equation when

errors occur on the linksl1 and l3 in error vectore′′.

Let Gt denote the4n× k transfer matrix betweens andt in then rounds. Its rows are the global coding vectors

assigned onl10, l11, l12, andl13 in then rounds. Note that to transmitk symbols reliably,Gt should have rankk.

Let M1 andM2 denote the transfer matrices betweenl1 and t, and betweenl3 and t during n rounds respec-

tively. To transmitk symbols reliably, bothM1 andM2 should have rank at leastk, i.e., rank(M1) > k and

rank(M2) > k. Otherwise, when the adversarial link is on the top layer, the maximum achievable rate is at most

min{rank(M1), rank(M2)} from the data processing inequality, which gives a contradiction.

Let e1 ande2 denote the errors occurring on linksl1 andl3, respectively. Errore1 propagates tol10 andl11, and

error e2 propagates tol12 and l13.

From (2), we have the following set of equations

Gtx =





M1 0

0 M2



 (e1, e2)
τ = M · e′′.

Sincerank(M1) > k and rank(M2) > k, rank(M) > 2k. ThenA = {Gtx : x ∈ X} andB = {Me′′ : e′′ ∈

F
4n
q } are both linear subspaces ofF

4n
q , anddim(A) = k anddim(B) > 2k.

Let {x1, .., xk} denote a basis ofX. Then{Gtx1, .., Gtxk} is a basis ofA. Similarly, sincerank(M) > 2k,

there exist2k vectors{y1, .., y2k} such that{My1, ..,My2k} is a subset of basis ofB.

If 3k > 4n, since bothA andB are linear subspaces ofF
4n
q , there exists(a1, .., ak, b1, .., b2k) 6= (0, ..., 0) such

that
k

∑

i=1

ai(Gtxi) +

2k
∑

j=1

bi(Myi) = 0.
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If (a1, .., ak) = (0, ..., 0) or (b1, .., b2k) = (0, ..., 0), then it contradicts the linear independence of basis. Thus,

(a1, .., ak) 6= (0, ..., 0) and(b1, .., b2k) 6= 0. Then,

k
∑

i=1

ai(Gtxi) +

2k
∑

j=1

bi(Myi)

=

k
∑

i=1

Gt(aixi) +

2k
∑

j=1

M(biyi)

=
k

∑

i=1

Gt(aixi)−
2k
∑

j=1

M(−biyi)

= 0.

Therefore, we have found nonzerox =
∑k

i=1 aixi and(e1, e2)
τ = −

∑2k
j=1(−bjyj) such thatGtx = Me′′.

It completes the proof.

The following corollary shows that vector linear codes4 (see e.g. [22]) also achieve at most rate 4/3.

Corollary 1: For the network in Fig. 8 with a single adversarial link, a vector linear network code can achieve

at most rate 4/3.

Proof: For a vector linear code, the outgoing edges of each node carries vectors of alphabet symbols which

are function of the vectors carried on the incoming edges to the node. We consider a vector linear code that groups

m symbols into a vector. As in lemma 7, we define the(4n)m× km transfer matrixGt betweens andt. Transfer

matricesM1 andM2 are also defined in the same way, andrank(M1) > km and rank(M2) > km. As in the

proof of lemma 7, whenk > 4n
3 , we can show that there exists vectors(x, e1, e2) (x 6= 0) satisfying

Gtx = (M1 · e1,M2 · e2).

B. Error correction at intermediate nodes

We next give an example in which error correction at intermediate nodes is used for achieving the capacity. The

intuition behind our approach is that error correction at intermediate nodes can reduce the error propagation to

the links in the bottom layer and MDS code assigned on the bottom layer gives the correct output. We consider a

single source-destination network in Fig. 9. For a single adversarial link, upper bound from Theorem 1 is 8. From

Sec. IV-A, the upper bound on the linear coding capacity is
∑10

i=5 r(li)/(m+ 1) = 6.

Lemma 8:Given the network in Fig. 9, for a single adversarial link, rate 8 is achievable using error correction

at intermediate nodes.

4A vector linear code is a linear code operating over a vector of symbols.
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Fig. 9. A single source and a single sink network : The link capacity in this network is as follows:r(l1) = r(l2) = r(l3) = r(l4) =

4, r(l5) = ... = r(l10) = 2. All the links in the middle layer have capacity1. Error correction atY3 andY4 is necessary for achieving the

capacity.

Proof: Without loss of generality, all nodes exceptY3 and Y4 forward their received information. We first

assign a(12, 8) MDS code(a, b, . . . , l) on the bottom layer links and apply a (4,2) MDS code at each decision

node, e.g., we assign(e, f, e + f, e + 2f) and (g, h, g + h, g + 2h) on incoming links toY3 andY4 respectively.

Then we can assign codewords on all links in the network sinceall nodes exceptY3 andY4 are forwarding nodes.

If the adversarial link is on the middle or bottom layer, at most two errors are propagated to the sink node and the

MDS code assigned on the bottom layer gives the correct output. If the adversarial link is on the top layer, at most

two errors are propagated to the sink node through forwarding nodesY1, Y2, Y5, andY6. Since at most one error

is incoming toY3 andY4 respectively, the (4,2) MDS code applied at each decision node gives error-free output

(e, f) and(g, h). Therefore, when the adversarial link is on the top layer, atmost two errors are propagated to the

sink and the (12,8) MDS code returns the correct output.

One possible generalization of the above intermediate nodeerror correction is as follows. Given an acyclic

network G = (V, E), we usecG(s, i) and cG(i, t) denote the min-cut between the sources and i, and the min-

cut betweeni and the sinkt in G, respectively. We assume that there is a fixed set of nodesN ⊂ V such that

cG(s, i) > cG(i, t) for ∀i ∈ N and error correction can be applied only at nodes inN . For instance, in Fig. 9,

N = {Y3, Y4}. Let d(G, i) = cG(s, i) − cG(i, t) denote the difference between the max-flow froms to i and the

max-flow from i to t.

The selection functionI(G, N) chooses a nodei ∈ N on G which maximizesd(G, i). Precisely,

I(G, N) = arg max
i∈N
{d(G, i)}.
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Algorithm 1 Algorithm for error correction at intermediate nodes
M ← N

CS ← ∅

G′ = G

While |M | > 1 and∃i s.t. d(G′, i) > 0, i ∈M

M ′ = M − I(G′,M)

CS′ = CS ∪ SI(G′,M)

G′ = G′ − SI(G′,M)

M = M ′, CS = CS′.

endwhile

returnCS

Here is the outline of our greedy algorithm with error correction at intermediate nodes. Given an acyclic network

G and the set of error correction nodesN , we choose a nodei = I(G, N) that maximizesd(G, i) on G. Since

cG(s, i) is the max-flow froms to i, we can findcG(s, i) paths so that each path carries one symbol froms to i.

Likewise, we also findcG(i, t) paths fromi to t. Let SI(G,M) denote the subgraph composed of above paths. We

assign a(cG(s, i), cG(i, t)) MDS code onSI(G,M). We removeSI(G′,M) from G and add it toCS which denotes

the union of subgraphs for which codewords are already assigned. We also removei from N . We repeat the above

procedure untilN = ∅ or there is no nodei ∈ N such thatd(G, i) > 0. A precise description of the algorithm is

shown in algorithm 1. Since max-flow can be computed in polynomial-time, this algorithm is a polynomial-time

greedy algorithm.

C. Coding at intermediate nodes

Here we consider an example of a single-source and single-sink network, shown in Fig. 10, whose capacity is

achieved using linear coding at intermediate nodes rather than nonlinear error correction or detection. For a single

adversarial link, the upper bound obtained from Theorem 1 is4.

Lemma 9:Given the network in Fig. 10, for a single adversarial link, coding at intermediate nodes achieves the

rate 4.

Proof: To achieve rate 4, any four links on the top layer should carry4 independent packets. Otherwise,

when the adversarial link is on the top layer, source cannot transmit 4 packets reliably. Then the data processing

inequality gives a contradiction. Similarly, any two linkson the bottom layer should carry 4 independent packets.

SinceYi is connected to at most four different nodes among(X1, ..,X6) for ∀1 6 i 6 4 and all links in the middle

layer have capacity 1, each ofY1, Y2, Y3, and Y4 receives all independent information. Thus we cannot apply

simple error-detection or correction atY1, Y2, Y3, andY4. Suppose that only forwarding strategy is used on this

network. Then we show that rate 4 is not achievable. There aresix symbols on the top layer. Since we use only
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Fig. 10. A single source and a single sink network : all links on the top or middle layer have capacity one. All links on the bottom layer

have capacity 2. In this network, coding at intermediate nodes but not error-detection and correction is necessary for achieving the capacity.

forwarding, these are forwarded to the bottom layer. Since bottom layer links have total capacity 8, there are at

least two same symbols on the bottom layer links. This contradicts that any two links on the bottom layer should

carry four independent information to achieve rate 4. Therefore forwarding is insufficient for achieving the rate 4

in this network.

Now we show that a generic linear network code, where intermediate nodes do coding, achieves rate 4. From

[22, Ch 19], a generic network code can be constructed with high probability by randomly choosing the global

encoding kernels provided that the base field is sufficientlylarge. So a random linear network code is generic with

high probability whenq is very large. If the adversarial link is on the top or middle layer, then each capacity 2 on

the bottom layer is equivalent to two unit capacity links. Then all links in the network have capacity one and this

problem is reduced to the equal link capacities problem. From [4], rate6 − 2 × 1 = 4 is achievable. From [22,

Theorem 19.32], since the min-cut betweens and (Yi, Yj) is at least 4 for∀1 6 i 6= j 6 4, in a generic network

code the global encoding kernels on any two links on the bottom layer are linearly independent and they satisfy

the MDS property. Thus an error on the last layer can be corrected.

D. Guess-and-forward

Here we introduce a new achievable coding strategy, guess-and-forward. In this strategy, a node receives some

redundant information from multiple paths. If this information is inconsistent, the node guesses which of its upstream

links controlled by the adversary and forwards its guess to the sink. The sink receives additional information allowing

it to test the hypothesis of the guessing node and correctly identify one or more adversarial links. Altogether a

finite number of guesses are forwarded, so the average overhead of forwarding guesses goes to zero asymptotically

with the total amount of information communicated.
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Fig. 11. Four node acyclic networks: this network consists of 3 links of capacity 2 froms to A, 5 links of capacity 1 fromB to t, 1 links

of capacity 6 fromA to B. Given the cut({s, B}, {A, t}), unbounded reliable communication is allowed from sources to its neighborB

on one side of the cut and from nodeA to sink t on the other side of the cut, respectively.

To provide intuition, we first describe a simple version of the guess-and-forward scheme on a particular four-node

network example shown in Fig. 11. From Theorem 1, whenz = 2, the capacity is upper bounded by 7. We will

show that rate7 is achievable in this network using the guess-and-forward scheme.

In this scheme, nodeA forwards its received information to nodeB and on multiple links to the sink nodet.

This information is received reliably by the sink, but not necessarily byB since the single feedback link fromA to

B may be adversarial. NodeB also receives reliably from the source nodes the information that was sent froms

to A, and compares this with the information forwarded byA. A mismatch indicates that either the feedback link

(A,B) is adversarial or that one or more links froms to A are adversarial.B sends this guess to the sink along

with the information received on link(A,B), which allows the sink to distinguish between the two possibilities.

Note that decoding at the sink relies on knowledge of the network and code, while the guessing node simply has

to compare the feedback with the corresponding informationforwarded from the source node.

To be precise, letW andŴ denote the symbols sent bys and received byA respectively on the links froms

to A. W is sent reliably froms to B, andŴ is sent reliably fromA to t.

In each round,s andB together send a(11, 7) MDS code toA and t across the cutcut({s,B}, {A, t}). Since

the feedback link has capacity 6,A sends its codeword symbolŝW to B along feedback linkl. For feedback link

l, let Pl denote the information received byB on l. B comparesPl with W which is received froms. If Pl 6= W ,

thenB obtains a guessXl identifying the locations of adversarial links betweens andA assumingPl is reliable.

B sends the claim(Xl, Pl) to t along each link betweenB and t using repetition code. IfPl = W , B does not

send any claim.B sends claims only when it guesses at least one adversarial forward link which is different from

those guessed in previous rounds. ThusB sends claims in 3 rounds, which is equal to the number of linksbetween
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s andA. Note that on a result the number of channel uses is not constant in each round. Since the total number of

channel uses required to send claims is finite, the overhead amortized over a large number of rounds goes to zero

asymptotically with the number of rounds.

Lemma 10:Given the network in Fig. 11, rate 7 is achievable.

Proof: Since there are5 > 2z+1 links fromB to t, any claim(Xl, Pl) can be sent reliably fromB to t using

a repetition code.

Case 1) the sink receives some claim(Xl, Pl).

The sink comparesPl with Ŵ which is received fromA reliably. If Pl 6= Ŵ , then the feedback link transmitting

Pl is adversarial and the sink ignores it. Otherwise,Pl is reliable. Since the claim is sent, the sink knows that

Pl = Ŵ 6= W and that guessXl is correct. Thus the sink identifies the forward links inXl as adversarial, which

are subsequently ignored.

Case 2) no claims are sent.

In this case, we show that the correct output is achieved. No claims are sent only if either

• B receivesW on the feedback link, or

• the guessed setXl only contains forward links that have been guessed byl in previous rounds. From these

previous rounds, by case 1, the sink has already identified asadversarial eitherl or the guessed forward links,

and is concerned only with the remaining network.

Either way, there are the following two possibilities for the overall remaining network (recall thatA transmitsŴ

to B):

(I) all links betweens andA and the feedback link are uncorrupted.

(II) some links betweens andA are corrupted and feedback link is corrupted such that feedback link transmits

error-free output.

In possibility (I), the feedback link transmitsW to B. In (II), A sendsŴ 6= W but the feedback link changes it

to W so thatB does not send any claims. We first consider all sets of 7 forward links on the cut. There are
(8
7

)

= 8

such sets of links. Each set has total capacity at least 9. Foreach such setL, the sink checks the consistency of

the output of rate 7 obtained fromL. We also consider all sets of6 links such that each set includes all3 links

betweens andA and any3 links betweenB andt. There are
(5
3

)

such sets. The sink also checks the consistency

of the output of rate7 for each set.

Case 2 - a) there is no set of7 links giving consistent output.

In this case, there are more than1 forward adversarial link on the cut. Sincez = 2, all two adversarial links are

forward links and thus possibility (II) cannot hold. Then possibility (I) is true and there are at most two forward

adversarial links with capacity 1 on the cut. We obtain the correct answer from our (11,7) MDS code.

Case 2 - b) there is no set of6 links that includes all3 links from s to A and gives consistent output.

In this case, possibility (II) is true. Then there is at most one forward adversarial link on the cut. We obtain the

correct answer from our (11,7) MDS code.
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Case 2 - c) There exist both a7-link setL1 giving consistent output and a6-link setL2 that includes all3 links

betweens andA and give consistent output.

It is clear that
∑

l1∈L1∩L2
r(l1) > 7 for anyL1 andL2. ThusL1 andL2 give the same consistent output. Since

at least one of (I) and (II) is true, this output is correct.

From cases 1-2, sincez = 2, B needs to send claims at most2 times to obtain the correct output.

V. GUESS-AND-FORWARD ON SOME FAMILIES OF NETWORKS

In this section, we employ the guess-and-forward strategy on a sequence of increasingly complex network families.

The first is a two-node network with multiple feedback links.The second is a four-node acyclic network. The third

is a family of ‘zig-zag’ networks. In the first two cases, the guess-and-forward strategy achieves the capacity. For

zig-zag networks, we derive the achievable rate of guess-and-forward strategy and present conditions under which

this bound is tight.

A. Two-node network

We achieve the error-correction capacity of the two-node network with multiple feedback links by using guess-

and-forward strategy. A two-node network shown in Fig. 12 iscomposed ofn forward links with arbitrary capacity

andm feedback links with arbitrary capacity. In Lemma 11, we firstcharacterize the capacity of this network when

each forward link has capacity 1. We extend this result to Theorem 2 when each forward link has arbitrary capacity.

Lemma 11:Consider the two-node network shown in Fig. 12 such that eachforward link has capacity 1. LetC

denote the error-correction capacity withz adversarial links. Ifn 6 2z, C = 0. Otherwise,C = min{n − z, n −

2(z −m)}.

Proof:

From lemma 2 in Section III, upper bound of the capacity ismin{n − z, n − 2(z − m)} when n > 2z, and

0 otherwise. So it is sufficient to prove the achievability ofthis upper bound by applying our guess-and-forward

strategy whenn > 2z.

Case 1)m 6
z
2 .

Step 1) In each round, the sources sends an(n, n − 2(z − m)) MDS code on then forward links. Since

m 6 z/2, n− 2(z −m) 6 n− z. Thus for any receivedn signals, there existn− 2(z −m) uncorrupted signals.

If all
(

n
n−2(z−m)

)

subsets of received symbols decode to the same message, thismessage is correct. Otherwise, the

sink sends then received signals to the sources on each feedback link using a repetition code.

Step 2) Based on the received information on each feedback link, the source tries to identify the bad forward

links. Thus, for each feedback link, the source obtains a claim regarding the location of forward adversarial links

which is correct if that feedback link is not adversarial.

Step 3) This step consists ofm phases, each composed of a finite number of rounds. In theith phase, the source

sends the claim obtained from theith feedback link together with what it received on that feedback link to the sink.
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Fig. 12. two-node networkG with n forward links andm feedback links.

This information can be sent reliably to the sink using a repetition code becausen − 2z > 0. If what the source

received matches what the sink sent, theith feedback link was not corrupted and the associated claim is correct.

Using this claim, the sink can decode the message as well as identify at least one of the forward adversarial links.

If all m feedback links were corrupted, the sink knows that there areonly z − m forward adversarial links and

since we are using a(n, n− 2(z −m)) MDS code the message is correctly decodable at the sink.

Note that we only need to use the above scheme during the first2m times the sink sees inconsistency at step 1.

The reason is that from steps 1-3, the sink either figures out that all feedback links are adversarial or identifies at

least one forward adversarial link. If all feedback links are bad, they are ignored and the(n, n− 2(z −m)) MDS

code gives us the correct output. If there arek 6 2m forward adversarial links, after the firstk times the sink sees

inconsistency at step 1, all forward adversarial links are identified subsequently and no further inconsistency is seen

among the remaining forward links. Otherwise, when there are more than2m adversarial links, the sink finds2m

forward adversarial links and ignores them. Then from [4], the raten− 2m− 2(z − 2m) = n− 2(z −m) can be

achieved using the remaining forward links only.

Case 2)m > z
2 .

In each round, the sources sends an(n, n−z) MDS code on then forward links. For any receivedn signals, there

existn− z uncorrupted signals. If all
(

n
n−z

)

subsets of received symbols decode to the same message, thismessage

is correct. As in the case 2-a, from steps 2-3, the sink eitherconcludes that all feedback links are adversarial or

identifies at least one forward adversarial link. If allm feedback links were corrupted, there are onlyz−m < z/2

bad forward links and subsequently only the forward links are used to achieve the raten− z. Otherwise, the above

scheme is used at mostz times inconsistency is seen at step 1, after which the sink has identified all bad forward

links and the remaining forward links suffice to achieve raten− z.

Now we generalize above result to the general case when each forward link has also arbitrary capacity.
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Fig. 13. Four node acyclic networks: unbounded reliable communication is allowed from sources to its neighborB and from nodeA to

sink t, respectively. This network consists ofa links of arbitrary capacity froms to A, b links of arbitrary capacity fromB to t. From A

to B, there arem feedback links and each feedback link has the minimum capacity.

Theorem 2:Consider the two-node network shown in Fig. 12 with arbitrary link capacities. LetDp denote the

sum of thep smallest forward link capacities. The error-correction capacity is

C =







0 if n 6 2z

min{Dn−z,Dn−2(z−m)+} if n > 2z

Proof: From lemma 2, achievable capacity is 0 whenn 6 2z. Whenn > 2z, we useD to denote the sum

of all n forward link capacities. For achievability, whenm 6 z/2, the source sends(D,Dn−z) MDS code to the

sink. Whenm > z/2, the source sends(D,Dn−2(z−m)+) MDS code to the sink. By using the same strategy as in

the proof of Lemma 11, we can achieve the rateC.

B. Four-node acyclic network

In this section, we use the guess-and-forward strategy on a four-node acyclic network, the simplest case of a

zigzag network. In this acyclic network, source nodes and its neighbor nodeB lie on one side of a cut that separates

them from sink nodet an its neighborA. As in the cut-set model, we allow unbounded reliable communication

from sources to its neighborB on one side of the cut and from nodeA to the sinkt on the other side of the cut;

this allows nodeB to compare information from feedback links with uncorrupted information from the source to

obtain the guess. Similarly, by comparing claims with information reliably transmitted from nodeA, the sink can

identify the corrupted link.

This network is composed of a set ofa forward links{l1, .., la} with arbitrary capacities froms to A, a set ofb

forward links{la+1, .., la+b} with arbitrary capacities fromB to sink t, and a set ofm feedback links fromA to B.
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Fig. 14. Four node acyclic networks: (a)z = 2 and feedback link transmits(a1 + a2, b1 + b2, c1 + c2). (b) z = 3. Assume that(a1, .., a6),

(b1, .., b6), (c1, .., c4), (d1, .., d4), and (e1, e2, e3) are transmitted on forward links(l1, .., l5) from s to A, respectively. Feedback link

transmits(
∑6

i=1
ai,

∑6

i=1
bi,

∑4

i=1
ci,

∑4

i=1
di,

∑3

i=1
ei).

Each feedback link has capacityh whose value will be derived in following Section V-B1.C1 =
∑

l∈(l1,..,la) r(l)

andC2 =
∑

l∈(la+1,..,la+b)
r(l) denotes the sum of forward link capacities froms toA, and fromB to t, respectively.

Let C = C1 + C2. Cz is the upper bound on this network obtained from Theorem 1.

In [21], we have shown that rateCz is asymptotically achievable on this four-node acyclic network when each

feedback link has capacity at leastC1. Here we show that rateCz is achievable even when each feedback link

has smaller capacity thanC1. In Section V-B1, we first consider a coding strategy at nodeA and formulate a

linear optimization problem which gives the minimum capacity of each feedback link that guarantees the success

of our strategy. Then, in Section V-B2, we show that rateCz is asymptotically achievable this smaller feedback

link capacity using our guess-and-forward strategy.

1) Coding strategy at nodeA: Suppose that(s,B) sends(C,Cz) MDS code across the cut to(A, t). We consider

the encoding strategy at nodeA and derive the minimum capacity of each feedback link. Suppose that nodeA

receives the vector of symbolŝW = (Ŵl1 , . . . , Ŵla) from s whereŴl = (p1
l , . . . , p

r(l)
l ) denotes the codewords on

link l ∈ {l1, . . . , la}. We first assume that nodeA transmits, on each feedback link toB, the same set of codewords

each of which is a linear combination of codewords received on a single link froms toA. Precisely, for any forward

link li, nodeA transmits on each feedback linkg(Ŵli) = (g1
li
(Ŵli), . . . , g

ki

li
(Ŵli)) wheregj

li
(Ŵli) is a single linear

combination ofŴli = (p1
li
, . . . , p

r(li)
li

). Thus, the same valueg(Ŵ ) = (g(Ŵl1), .., g(Ŵla )) is transmitted on each

feedback link. For instance, given a network in Fig. 14(a),A transmitsg(Ŵ ) = (g(Ŵl1), g(Ŵl2), g(Ŵl3 )) where

g(Ŵl1) = a1 + a2, g(Ŵl2) = b1 + b2, andg(Ŵl3) = c1 + c2.

Here, we define the degree of freedom of forward linkl betweens andA as follows.

Definition 3: Consider the vector of symbolŝWl received on forward linkl from s to A and assume that node
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A transmitsk linear combinations ofŴl, g(Ŵl) = (g1
l (Ŵl), . . . , g

k
l (Ŵl)). Let Ml denote ther(l) × k encoding

matrix atA for link l such thatŴl ·Ml = g(Ŵl). Then the degree of freedom of linkl, f(l), is defined as the

capacity of linkl minus the rank of the matrixMl, i.e., f(l) = r(l)− rank(Ml). For any forward linkl between

B and t, we simply define the degree of freedomf(l) as the link capacity, i.e.,f(l) = r(l).

For example, in Fig. 14(a), since feedback link transmits(a1 + a2, b1 + b2, c1 + c2), f(l) = 1 for all forward

links from s to A. In Fig. 14(b), since feedback link transmits(
∑6

i=1 ai,
∑6

i=1 bi,
∑4

i=1 ci,
∑4

i=1 di,
∑3

i=1 ei),

f(l1) = f(l2) = 5, f(l3) = f(l4) = 3, andf(l5) = 2.

From the definition of degree of freedom, nodeA sends

h =
∑

l∈{l1,..,la}

(r(l)− f(l)) = C1 −
∑

l∈{l1,..,la}

f(l) (3)

codewords toB along each feedback link.

Now we introduce our coding strategy at nodeA as follows.

NodeA can choose anyg(Ŵ ) which satisfies the following two conditions on the degree offreedom of links.

Condition 1: Given any setA1 composed of2z forward links,
∑

l∈A1
f(l) 6 C − Cz.

Condition 2: Given any setA2 composed ofz forward links andA3 composed ofz−m forward links such that

A2 ∩A3 = ∅,
∑

l∈A2
f(l) +

∑

l∈A3
r(l) 6 C − Cz.

Condition 1 means that the sum of the degree of freedom of any2z forward links are less than or equal toC−Cz.

Condition 2 means that the sum of the degree of freedom of anyz links plus the sum of anyz−m link capacities is

less than or equal toC−Cz. In the proof of Lemma 13 and 14, we show that these two conditions are necessary to

prove the tightness of our upper bound in Theorem 1. For example network in Fig. 14(a),z = 2 and the upper bound

Cz = 6. 3 codewords sent byA satisfies above two conditions, and feedback capacity 3 is sufficient. Likewise,

when z = 3 and the upper boundCz = 9 in the network Fig. 14(b), 5 codewords sent byA also satisfies above

two conditions. In [21], the minimum required capacity for each feedback link to achieve rateCz is the sum of all

forward link capacities betweens andA, which is 6 and 23 for the networks in Fig. 14(a) and (b), respectively.

Finally, we formulate a linear optimization problem which gives the minimum capacity of each feedback link,

based on conditions 1 and 2.

min h = C1 −
a

∑

i=1

f(li)

f(li) 6 r(li), ∀1 6 i 6 a+ b
∑

l∈M

f(l) 6 C − Cz, M ⊂ E , |M | 6 2z

∑

l∈N1

r(l) +
∑

l∈N2

f(l) 6 C − Cz,

N1, N2 ⊂ E , |N1| 6 z −m, |N2| 6 z,N1 ∩N2 = ∅

(4)
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Objective functionh is defined in equation (3). The first inequality constraint isthe link capacity constraint.

The second and third constraints come from condition 1 and 2,respectively. We can check that solving the above

optimization problem for the networks in Fig. 14(a) and (b) gives the feedback link capacities 3 and 5, respectively.

2) Guess-and-forward strategy:In this section, we show the tightness of the upper bound using our guess-and-

forward strategy. Our proof of decoding success requires each feedback link’s capacity to satisfy the lower bound

obtained in (4), so that nodeB receives sufficient feedback information to guess the corrupted links by comparing

with information reliably received from the source. This feedback link capacity can in general be smaller than that

in the simple example of Section V-B1, so the details and proof of correctness of the scheme are slightly more

involved.

The guess-and-forward strategy achieving the rateCz for the four-node acyclic network shown in Fig. 13 is as

follows. In each round,s andB together send a(C,Cz) MDS code5, obtained from Lemma 12 below, toA and

t across the cutcut({s,B}, {A, t}). Let W and Ŵ denote the codewordss sends toA, andA received froms,

respectively. Using the coding strategy in Section V-B1,A sendsg(Ŵ ) to B along each feedback link using a

repetition code. For each feedback linkl, let Pl denote the information received byB on l. B comparesPl with

g(W ). If Pl 6= g(W ), thenB obtains a guessXl identifying the locations of adversarial links betweens andA

assumingPl is reliable.B does not send any claim ifPl = g(W ), or if the guessed setXl only contains forward

links that have been guessed byl in previous rounds.

We next show that this strategy achieves rateCz asymptotically, via the following series of lemmas.

Lemma 12:Given the four-node acyclic network in Fig. 13, letu denote the sum of2z largest degree of freedom

of links in the network. Suppose the adversary introduces errors onz forward links subject to the constraint that the

values sent along the feedback links are unaffected. There exists a(C,C − u) generic linear code for the forward

links that corrects thesez error links.

Proof: See the appendix.

Since the sum of2z largest degree of freedom is at mostC −Cz from the condition 1, we obtainC − u > Cz.

Definition 4: Given a set of anyk forward linksL = {l1, . . . , lk} in the four-node acyclic network, we sayL

gives consistent output if
∑

l∈L r(l) > Cz and the decoded output from anyCz code symbols onL is the same.

Lemma 13:Given the four-node network in Fig. 13 such thatb > 2z + 1, rateCz is achievable.

Proof: Sinceb > 2z + 1, any claim(Xl, Pl) can be sent reliably fromB to t using a repetition code. The

details of proof is presented in the appendix.

Lemma 14:Given the four-node network in Fig. 13 such thatb 6 2z, rateCz is achievable.

Proof: When b 6 2z, reliable transmission of claims fromB to t is not guaranteed. Thus we cannot use the

same technique used in the proof of Lemma 13. The proof is presented in the appendix.
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Fig. 15. k-layer non-overlapping zig-zag network: Given the cutcut({s, B1, .., Bk}, {A1, .., Ak, t}), Ai andBi can communicate reliably

with unbounded rate toAi+1 andBi+1, respectively.(s = B0, t = Ak+1). The links fromAi to Bi represent feedback across the cut. This

model more accurately captures the behavior of any cut withk feedback links across the cut.

C. zig-zag network

In this section, we consider a special case of the zig-zag network, the non-overlapping zig-zag network. We

present conditions under which our upper bound is tight and derive a general achievable bound for non-overlapping

zig-zag network.

We call the network shown in Fig. 15 ak-layer non-overlapping zig-zag network. Unlike the general zig-zag

network, feedback transmission is only possible fromAi toBi. Ai andBi can communicate reliably with unbounded

rate toAi+1 andBi+1, respectivley. (s = B0, t = Ak+1). Thus, reliable transmission with unbounded rate is possible

from Ai to Aj, and fromBi to Bj for ∀i < j. We useFi andWi to denote the set of forward links and feedback

links from Bi−1 to Ai, and fromAi to Bi, respectively. Let|Fi| = bi and |Wi| = mi. In this network, we assume

that each feedback link fromAi to Bi has a sufficient capacity to forward all the informationAi received from

Bi−1. It is clear that the four-node network is 1-layer non-overlapping zig-zag network. Given ak-layer zig-zag

networkG, we useCz to denote the upper bound onG obtained from Theorem 1.

Now we consider the following strategy for non-overlappingzig-zag network which is similar to that for a

four-node network. We useC to denote the sum of all forward link capacities.

In each round,s and (B1, .., Bk) together send a(C,Cz) MDS code to (A1, .., Ak) and t across the cut

cut({s,B1, .., Bk}, {A1, .., Ak, t}). For 1 6 i 6 k, Ai sends its codeword symbolŝW to Bi along each feedback

link using a repetition code. For each feedback linkl, let Pl denote the information received byBi on l. Bi

comparesPl with W which is received froms. If Pl 6= W , thenBi obtains a guessXl identifying the locations of

adversarial links betweenBi−1 andAi assumingPl is reliable.Bi sends claim(Xl, Pl) to Ai+1 along each link

5A generic linear code is MDS.
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using repetition code. IfPl = W , Bi does not obtain any claim. For all2 6 j 6 k, Aj sends any received claim

from Bj−1 to the sink reliably. The above strategy is applied in each round.Bi sends claims only whenXl guesses

at least one adversarial forward link which is different from forward links guessed byl at previous rounds.

For a four-node acyclic network in Fig. 13, Lemma 13 shows that our bound is tight when claims are sent reliably

from nodeB to the sinkt, i.e., b > 2z+1. Using our strategy, we simply extend this result for the non-overlapping

zig-zag network as follows.

Lemma 15:Given a family ofk-layer non-overlapping zig-zag networks such thatbi > 2z+1 for 2 6 i 6 k+1,

rateCz is achievable.

Proof: Sincebi > 2z + 1 for 2 6 i 6 k + 1, any claim(Xl, Pl) can be sent reliably fromBi−1 to Ai using

a repetition code. ThenAi sends this claim reliably to sinkt. As in the proof of Lemma 13, we first show that

at least one adversarial link is removed whenever sink receives some claim, in case 1. We also show that correct

output is always achievable when no claims are sent in case 2.

Case 1) sink receives some claim(Xl, Pl).

Assume that feedback linkl is betweenAj andBj , andBj sends this claim toAj+1. In this case, we use the

same strategy as in the case 1 in Lemma 13. Then we show that thesink removes at least one bad link whenever

it receives claim.

Case 2) no claims are sent to the sink.

Similar to the case 2 in the proof of Lemma 13, the case that no claims are sent to the sink occurs only when

for each feedback linkl betweenAj andBj either of the following holds:

• the informationBj receives onl is equal toW whereW is the uncorrupted codeword sent bys to Bj

• the guessed setXl only contains forward links that have been guessed byl in previous rounds. From these

previous rounds, by case 1, the sink has already identified asadversarial eitherl or the guessed forward links,

and is concerned only with the remaining network.

Either way, there are the following two possibilities for the overall remaining network (recall thatAj transmitsŴ

to Bj).

a) All forward links in (F1,..,Fk) and feedback links in (W1,..,Wk) are not corrupted.

b) For some{i1, .., ip} ⊆ {1, 2, .., k} such thatmi1 + .. + mip
6 z, all feedback links in (Wi1 , ..,Wip

) are

corrupted and some forward links in (Fi1 , .., Fip
) are corrupted. The furthest downstream forward links inFk+1

can be also corrupted. For∀j /∈ {i1, .., ip, k + 1}, links in Fj andWj are not corrupted.

LetN = {(i1, .., ip)|1 6 i1 < ..,< ip 6 k,mi1 +..+mip
6 z}∪{∅}. (Note that{∅} corresponds to the possibility

in a)). From a) and b), there are total|N | possibilities. Exactly only one of them is true. Now we describe how

the correct solution with rateCz can be obtained. We check the consistency of the output for each possibility. For

each(i1, .., ip) ∈ N , we first removemi1 + .. + mip
corresponding feedback links and check whether there are

K − (z − (mi1 + .. + mip
)) forward links giving consistent output such that remaining(z − (mi1 + .. + mip

))

forward links are elements ofFi1 ∪ ..∪ Fip
∪ Fk+1. If such a set exists, we denote it byG(i1, .., ip). If there is no
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Fig. 16. Reduced non-overlapping zig-zag networkG′ such thatmu > z and bu+1 > 2z + 1, . . . , bk+1 > 2z + 1. This graph is obtained

from G by erasing all feedback links inW1 ∪ W2 . . . ∪ Wu−1.

such set ofK − (z − (mi1 + ..+mip
)) forward links giving consistency, we remove(i1, .., ip) from N and ignore

corresponding possibilities.

Now we show that only tuples(i1, .., ip) such thatG(i1, .., ip) gives the correct output remain inN . Since at

least one remaining tuple gives the correct output, it is sufficient to prove that for any remaining(i1, .., ip) ∈ N

and(j1, .., jr) ∈ N , G(i1, .., ip) andG(j1, .., jr) gives the same output. This is equivalent to showing that thesum

of capacities of forward links which are contained in bothG(i1, .., ip) andG(j1, .., jr) is at leastCz, i.e.,

∑

l∈G(i1,..,ip)∩G(j1,..,jr)

r(l) > Cz.

G(i1, .., ip) givesK− (z− (mi1 + ..+mip
)) forward links giving consistent output such that remaining(z− (mi1 +

..+mip
)) forward links are inFi1 ∪ ..∪Fip

∪Fk+1. Similarly,G(j1, .., jr) givesK− (z− (mj1 + ..+mjr
)) forward

links giving consistent output such that remaining(z− (mj1 + ..+mjr
)) forward links are inFj1 ∪ ..∪Fjr

∪Fk+1.

In this case, from the definition of cut-set upper bound in Lemma 6, the sum of the capacities of forward links

assumed to be correct by bothG(i1, .., ip) andG(j1, .., jr) is at leastCz. Since each guess gives consistent output,

these two guesses gives the same output. Since any two remaining guesses inN give the same consistent output,

all remaining guesses give the same output.

We derive another condition under which our bound is tight.

Lemma 16:Given a family ofk-layer non-overlapping zig-zag networks such thatmu > z and bj > 2z + 1

∀j > u+ 1 for any 1 6 u 6 k, rateCz is achievable.

Proof: We consider a reduced non-overlapping zig-zag networkG′ shown in Fig. 16 which is obtained from

a givenk-layer non-overlapping zig-zag network by erasingm1 + .. +mu−1 feedback linksW1 ∪ .. ∪Wu−1. We

useC ′
z to denote the upper bound onG′ from Theorem 1. SinceG′ is weaker thanG, it is sufficient to show that
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C ′
z > Cz andC ′

z is achievable onG′.

Step 1) We show thatCz 6 C ′
z.

We first computeC ′
z on G′ from Theorem 1. Suppose thatC ′

z is obtained by choosing andA∗ = {Ai1 , .., Aip
} ⊆

{Au+1.., Ak} andB∗ = {Aj1 , .., Ajr
} ⊆ {Au+1, .., Ak} −A

∗ and applying Lemma 6 after erasingk forward links

setF ∗, m feedback links setW ∗. It is sufficient to prove that choosing the sameF ∗, W ∗, A∗, andB∗ on original

graphG gives the same upper boundC ′
z.

Sincemu > z, Au 6∈ A
∗ andAu 6∈ B

∗ from the definition of upper bound in Lemma 6. ThenPA∗ ⊆ FAi1
∪ ..∪

FAip
⊂ Fu+1 ∪ . . . ∪ Fk, PB∗ ⊆ FAj1

∪ .. ∪ FAjr
⊂ Fu+1 ∪ . . . ∪ Fk.

Sincemu > z and bk+1 > z, no matter whatW ∗ is erased onG′, chosen downstream linksRA∗ andRB∗ are

in Fu+1 ∪ .. ∪ Fk, i.e.,RA∗ , RB∗ ∈ Fu+1 ∪ . . . ∪ Fk.

Thus,ZA∗ = PA∗ ∪RA∗ ⊂ Fu+1 ∪ .. ∪ Fk andZB∗ = PB∗ ∪RB∗ ⊂ Fu+1 ∪ .. ∪ Fk.

Since all erased forward links inZA∗ ∪ ZB∗ are inFu+1 ∪ .. ∪ Fk for G′, erasing the sameF ∗, W ∗, ZA∗ , and

ZB∗ on original graphG also gives the same upper boundC ′
z for G. SinceCz is the minimal upper bound forG,

Cz 6 C ′
z.

Step 2) We show that rateCz is achievable.

From Lemma 15, sincebu+1 > 2z + 1, . . . , bk+1 > 2z + 1 andCz 6 C ′
z, rateCz is achievable onG′. Thus,

given a non-overlapping zig-zag networkG, we first ignore all feedback links betweenAi andBi (1 6 i 6 u− 1)

and apply the same achievable strategy forG′.

From steps 1) and 2), we complete the proof.

Now we derive an achievable rate of guess-and-forward strategy for any non-overlapping zig-zag network.

We useGI to denote the non-overlapping zig-zag network obtained from originalG by erasing all feedback links

in Wi such thati 6∈ I. Let b(i, j) =
∑j

u=i+1 bi denote the number of forward links betweeni th layer andjth

layer. SupersetsP , Q, andR are defined as follows.

P = {{i}|1 6 i 6 k},

Q = {{i1, .., iu}|{i1, .., iu} ⊂ {1, .., k}, b(1, i1) > 2z + 1,

b(i1, i2) > 2z + 1, .., b(iu, k + 1) > 2z + 1},

R = {{i1, .., iu}|{i1, .., iu} ⊂ {1, .., k},mi1 > z,

b(i1, i2) > 2z + 1, .., b(iu, k + 1) > 2z + 1}.

Lemma 17:Given the network in Fig. 15, ratemaxI∈P∪Q∪RCI is achievable.

Proof: We first show that rateC{i} is achievable for1 6 i 6 k. We ignore all feedback links except the

feedback links inWi. Then applying the same achievability strategy for four-node acyclic network gives the rate

C{i} from Lemma 13 and 14.

32



For any subsetI ∈ Q, we ignore all feedback links except the feedback links inWi such thati ∈ I. Then from

Lemma 15, rateCI is achievable. Similarly, for any subsetI ∈ R, rateCI is achievable from Lemma 16. This

completes the proof.

VI. CONCLUSION

We have studied the capacity of single-source single-sink noiseless networks under adversarial attack on no more

thanz edges. In this work, we have allowed arbitrary link capacities, unlike prior papers. We have proposed a new

cut-set upper bound for the error-correction capacity for general acyclic networks. This bound tightens previous cut-

set upper bounds. For example networks where the bounds are tight, we have employed both linear and nonlinear

coding strategies to achieve the capacity. We have proved the insufficiency of linear network codes to achieve the

capacity in general. We also have shown by examples that there exist single-source and single-sink networks for

which intermediate nodes must perform coding, nonlinear error detection or error correction in order to achieve

the network capacity. This is unlike the equal link capacitycase, where coding only at the source suffices to

achieve the capacity of any single-source and single-sink network. We have introduced a new achievable strategy,

guess-and-forward, which is used to show the capacity of thetwo-node network and a family of four-node acyclic

networks. Finally, for a class of so called non-overlappingzig-zag networks, we have derived the rate achieved by

guess-and-forward and presented conditions under which that bound is tight.

Further work includes characterizing the capacity region of a four-node acyclic network when the capacity of

feedback links is small. When the lower bound on the feedbacklink capacity is not satisfied, we can investigate also

the tightness of our bound or find an achievable capacity region. It would also be interesting to find new achievable

strategies and upper bounds for more general zig-zag and other networks, particularly since cut-set approaches are

not sufficient in general [20]. Investigating networks for which there exists a gap between known upper and lower

bounds may provide further insights. Another related problem, which we treat briefly in our conference paper [17],

considers high-probability correction of errors in a causal adversary model as in [15].

APPENDIX

Proof of Lemma 12: Since the adversary controls forward links such that codewords on feedback links are

unchanged, from the definition 3, the degree of freedom of errors that the adversary can control for any forward

link l is at mostf(l). We prove this lemma by simply extending [4, Theorem 4] whichis for the equal link

capacities case to the unequal link capacities case.

Let M denote the transfer matrix whose columns are the coding vectors assigned to links. Then, the difference
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set is

∆(V, z)

= {(θl(e)− θl(e
′)) ·M−1 : l ∈ Γ+(t), N(e) 6 z,N(e′) 6 z}

= {θl(e− e
′) ·M−1 : l ∈ Γ+(t), N(e) 6 z,N(e′) 6 z}

= {θl(d) ·M
−1 : l ∈ Γ+(t), N(d) 6 2z},

whereN(e) denotes the number of links errore occurs andθl(e) denotes the output of error vectore at the sink

with zero-input.

Last equality comes from{e− e′ : N(e) 6 z,N(e′) 6 z} = {d : N(d) 6 2z}.

We usep to denote the maximum number of different error vectors whenthe adversary controls2z links. Since

∆(V, z) = {θl(d) ·M
−1 : l ∈ Γ+(t), N(d) 6 2z},

|∆(V, z)| 6 p ·
2z
∑

i=0

(

a+ b

i

)

.

Sinceu is the sum of2z largest degree of freedom,p 6 (q − 1)u. Thus,

|∆(V, z)| 6 (q − 1)u
2z

∑

i=0

(

a+ b

i

)

6 2C(q − 1)u,

whereC is the sum of all forward link capacities.

After computing the size of the difference set∆(V, z), we apply exactly the same argument as in [4, Theorem

4]. From the argument in the proof of [4, Theorem 4], it is sufficient to show the existence ofu×C parity check

matrixH such that for allw ∈ ∆∗(V, z), Hwτ 6= 0 where∆∗(V, z) = ∆(V, z)−{0}. By using the same technique

in [4, Theorem 4], the number of matricesH such that there existsw ∈ ∆∗(V, z) satisfyingHwτ = 0 is upper

bounded by

qu(n−1)(q − 1)−1(∆(V, z) − 1)

< 2Cqu(n−1)(q − 1)−1(q − 1)u

=
2Cqun

q
.

Thus, if q is a prime power such thatq > 2C , then there must exist au× C matrix such thatHwτ 6= 0 for all

w ∈ ∆∗(V, z) and the result follows.

Proof of Lemma 13:
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Sinceb > 2z+ 1, any claim(Xl, Pl) can be sent reliably fromB to t using a repetition code. In case 1, we first

show that at least one adversarial link is removed whenever sink receives some claim. In case 2, we show that rate

Cz is achievable even when no claims are sent fromB.

Case 1) sink receives some claim(Xi, Pi).

The sink comparesPi with g(Ŵ ) which is received fromA reliably. If Pi 6= g(Ŵ ), then feedback link transmitting

Pi is adversarial and the sink ignores it. Otherwise,Pi is reliable. Since the claim is sent, the sink knows that

Pi = g(Ŵ ) 6= g(W ) and that guessXi is correct. Thus the sink identifies as adversarial the linksin Xi, which are

subsequently ignored. Therefore, in this case, the sink removes at least one bad link wheneverB sends claims.

Case 2) no claims are sent.

From our strategy, the case that no claims are sent fromB occurs only when for each feedback linkl either of

the following holds:

• the informationB receives onl is equal tog(W ) whereW is the uncorrupted codeword sent bys to B

• the guessed setXl only contains forward links that have been guessed byl in previous rounds. From these

previous rounds, by case 1, the sink has already identified asadversarial eitherl or the guessed forward links,

and is concerned only with the remaining network.

Either way, there are the following three possibilities forthe overall remaining network (recall thatA transmitsŴ

to B).

(I) All links between s andA and all feedback links are uncorrupted. ThenŴ = W and g(W ) is reliably

transmitted.

(II) Some links betweens andA are corrupted so thatA receivesg(Ŵ ) 6= g(W ) from s, but the adversary

controls all feedback links such that each feedback link changesg(Ŵ ) to g(W ).

(III) Some links betweens andA are corrupted such that codewordsA sends along each feedback link are

unchanged, i.e.,̂W 6= W andg(Ŵ ) = g(W ). All feedback links are reliable andB receivesg(W ).

If possibility (I) is true, all links betweens andA and all feedback links are uncorrupted. Then there exists a set

of (a+ b− z) forward links on the cut such that this set includes alla links betweens andA and someb− z links

betweenB and t, and gives consistent output with rateCz. (Note that the sum of capacities of any(a + b − z)

forward links is larger than or equal toCz from the definition of our bound in Theorem 1.) If possibility(II) is

true, allm feedback links are corrupted. Then there exist a set of(a + b − z +m) forward links on the cut that

gives consistent output with rateCz. If possibility (III) is true, then we obtain the correct output from (C,Cz) MDS

code in Lemma 12.

Based on the above analysis, we give the following simple decoding algorithm and prove the correctness of this

algorithm as follows.

Case 2 - a) there is a setL1 composed of(a+ b− z +m) forward links giving consistent output.

In this case, we show that output with rateCz obtained fromL1 is correct. First we prove that output fromL1

is correct when (II) or (III) is true. If (II) is true, allm feedback links are corrupted and thusL1 contains at least
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Algorithm 2 Decoding algorithm for achieving rateCz when no claims are sent.
IF there is a setL1 which is composed ofa+ b− z +m forward links and gives consistent output,

THEN the output with rateCz from L1 is correct.

ELSE IF there is a setL2 which is composed of alla forward links froms to A and someb− z forward links

from B to t, and gives consistent output,

THEN the output with rateCz from L2 is correct.

ELSE the output with rateCz obtained from(C,Cz) MDS code is correct.

END IF

(a + b − z + m) − (z − m) = a + b − 2(z − m) uncorrupted links. From the definition of our upper bound in

Lemma 5, the sum of capacities of anya+ b−2(z−m) forward links is larger than or equal toCz. SinceL1 gives

consistent output, the output is correct. If (III) is true,L1 contains at mostz corrupted links. In this case, we can

show thatL1 gives correct output using condition 2. Since (III) is true and the values on feedback links remain the

same, when adversary controls a set ofz forward links,A1, the degree of freedom adversary can control is at most
∑

l∈A1
f(l) (|A1| = z). From condition 2, the sum of degree of freedom ofz links in A1 plus the sum of capacities

of z −m forward links not included inL1 is less than or equal toCz, i.e.,
∑

l∈A1
f(l) +

∑

l∈E−L1
r(l) 6 C −Cz.

Therefore,L1 contains at least rateC − (C − Cz) = Cz uncorrupted output and the output is correct. As shown

above, using condition 2, we have shown thatL1 contains at least one correct output if (III) is true and complete

the proof from the consistency ofL1.

Case 2 - a - i) there is no set of(a + b − z) links that includes alla forward links from s to A and gives

consistent output.

In this case, possibility (I) cannot hold and thus (II) or (III) is true. Thus output fromL1 is correct.

Case 2 - a - ii) there exists a setL2 composed of(a + b − z) forward links that includes alla links from s to

A and gives consistent output.

We first show thatL1 andL2 gives the same consistent output.L1 ∩ L2 is obtained from the cut by erasing

z forward links fromB to t that L2 does not include andz − m forward linksL1 does not include. From the

definition of our bound in Lemma 6,
∑

l∈L1∩L2
r(l) > Cz. ThusL1 andL2 give the same consistent output. Since

L2 gives the correct output when (I) is true, andL1 andL2 give the same consistent output in this case, output

from L1 is correct when (I) is true. Moreover, we have already shown that L1 gives the correct output if (II) or

(III) is true. Therefore,L1 always gives correct output.

Case 2 - b) there is no set of(a+ b− z +m) forward links giving consistent output.

In this case, there are more thanz −m adversarial forward links on the cut. Thus (II) cannot hold and (I) or

(III) is true. If there is no set of(a+ b− z) forward links that includes alla links from s to A and gives consistent

output, then (III) is true. From Lemma 12, output obtained from (C,Cz) MDS code is correct. Otherwise, suppose

that there exists a setL2 composed of(a + b − z) forward links that includes alla links from s to A and gives
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consistent output. We show that output obtained fromL2 is correct.

If possibility (I) is true, since all links betweens andA and all feedback links are uncorrupted,L2 contains at

mostz corrupted forward links betweenB andt. From the definition of the Singleton bound, the sum of capacities

of a links betweens andA plus the sum of anyb − 2z forward links betweenB and t is larger than or equal

to Cz. Thus, from uncorrupteda links betweens andA and someb − 2z links betweenB and t which are not

corrupted, we obtain the correct output rateCz. SinceL2 gives consistent output, the decoded output is correct.

If possibility (III) is true, the adversary controls some forward links froms to A such that each feedback link

transmitsg(W ), andL2 contains at mostz unknown corrupted links. Using condition 1, we will show that the

output obtained fromL2 is correct. IfA2 is a set of truly corrupted forward links, the degree of freedom adversary

can control is at most
∑

l∈A2
f(l) (|A2| 6 z). From the definition, the degree of freedom of any forward link

from B to t is equal to the link capacity. From the condition 1, the sum ofdegree of freedom of truly corrupted

links in A2 and the sum ofz forward links betweenB and t which are not included inL2 is less than or equal

to C − Cz. Therefore,L2 contains at leastC − (C − Cz) = Cz uncorrupted symbols. SinceL2 gives consistent

output, the decoded output fromL2 is correct. As shown above, when (III) is true, we can obtain correct output

using condition 1.

Therefore, either (I) or (III) is true,L2 gives the correct output.

Proof of Lemma 14:

Since b 6 2z, a claim (Xl, Pl) for any feedback linkl is not reliably transmitted to the sink and adversarial

links betweenB and t can corrupt this claim arbitrarily. Thus, the sink can receive different claims on different

incoming links. LetG(l) be the set of distinct claimsG(l) = {(Xl1, Pl1), .., (Xlk , Plk), Y } whereY denotes that

no claims received. Here is the outline of the proof. We first show that at least one adversarial link is removed

except whenb > z and the sink receives no claim on allb links for all feedback links. Whenb > z and the sink

receives no claim on allb links, since allb links cannot be corrupted at the same time, the sink knows that B does

not send any claim. This case exactly corresponds to the case2 in the proof of Lemma 13 and we achieve the

correct output. This completes the proof. Note that the sameguess-and-forward strategy in Section V-B2 is used.

First we show that any uncorrupted(a+ b− 2z) forward links betweens andA give the correct decoded output

with rateCz. From the definition of Singleton bound, after erasingb 6 2z links betweenB and t and any set of

2z − b links betweens andA, the sum of the remaining link capacities are larger than or equal toCz. Thus any

uncorrupted(a+ b− 2z) links betweens andA give the correct message.

Now we assume that(Xli, Pli) is received onni links andY is received onnk+1 links (n1 + ..+nk+1 = b). First

we ignore any(Xli, Pli) claiming that there are more thanz−(b−ni) adversarial links betweens andA. SinceXli

is shown onni links, believingXli implies more thanz adversarial links on the cut which is a contradiction. Thus,

each of remaining claim(Xlj , Plj) specifies a setLj which is composed of at least(a−(z−(b−ni))) = a+b−z−ni

links betweens andA claimed to be correct by(Xlj , Plj). For each such claim, we check the consistency of the

decoded outputs ofLj . We show that if there exist two different claims(Xli, Pli) and(Xlj , Plj) both corresponding
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to consistent outputs, then those two outputs should be the same. Since|Li| = a+ b−z−ni, |Lj| = a+ b−z−nj,

and |Li ∪ Lj | 6 a,

|Li ∩ Lj | > (a+ b− z − ni) + (a+ b− z − nj)− a

> a+ b− 2z.

As we mentioned at the beginning of the proof, the sum of capacities of any(a+ b − 2z) link betweens andA

is larger than or equal toCz. ThereforeLi andLj give the same consistent output.

Suppose that we have figured out that a set of linksL gives the correct consistent decoded output. In this case,

we add remaining links not included inL sequentially toL, and check the consistency of any decoded output with

rateCz. If outputs are no more consistent, the added link is adversarial (*).

Now we show that at least one adversarial link is removed except whenb > z and the sink receives no claim

on all b links for all feedback links.

Case 1) all claims are ignored or none of the remaining claimsgives consistent output or all claims(Xli, Pli)

that give consistent output satisfy thatPli 6= Ŵ

In this case, there are only two possibilities.

(I) feedback linkl is adversarial.

(II) feedback linkl is reliable and allb links betweenB andt are adversarial.

If b > z, then possibility (II) cannot hold and feedback linkl is adversarial. We remove it. Ifb 6 z, the sink

checks the consistency of outputs from each set of(a + b − z) links betweens andA. If no (a + b − z) links

set give consistency, then there are more thanz − b adversarial links betweens andA. Thus possibility (I) is true

and we remove feedback linkl. Otherwise, there exists a setL of (a+ b− z) links giving consistency. Since this

set contains at mostz corrupted links, and thus includes at least(a+ b− 2z) uncorrupted links betweens andA.

Then the sum of capacities of uncorrupted links are larger than or equal toCz. ThusL gives correct output rate

Cz. From (*), we can detect forward adversarial links in this case.

Case 2) there exists a claim(Xli, Pli) giving consistent output andPli = Ŵ .

We show that the output obtained from claim(Xli, Pli) should be correct. If there is at least one uncorrupted link

showing(Xli, Pli), then feedback linkl is also not corrupted sincePli = Ŵ , and this claim gives correct output

rateCz. Otherwise, if allni links showing this claim are adversarial, then there are at mostz−ni adversarial links

betweens andA. ThenLi includes at least(a+ b− z − ni)− (z − ni) = a+ b− 2z uncorrupted links, and thus

gives correct consistent output. From (*), we can also detect adversarial links in this case.

Case 3) onlyY gives consistent output andb < z.

In this case, the set of alla forward links froms to A gives consistent output. Thea links betweens andA

include at leasta− z > a+ b− 2z uncorrupted links sinceb < z. Thus we obtain correct consistent output from

a links and detect adversarial links from (*).
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Case 4) onlyY gives consistent output,b > z, and at least one ofb links betweenB andt show claim different

from Y , i.e., nk+1 < b.

Case 4 - a)nk+1 < b− z.

If feedback linkl is reliable, the links showing claims different fromY are adversarial. Thus there are more than

b− nk+1 > z adversarial links and this is a contradiction. Thus feedback link l is adversarial and we remove it.

Case 4 - b)b− z 6 nk+1 6 z.

Y is shown onnk+1 > b − z links andb − nk+1 > b − z links show claims different fromY . Thus there are

at leastb− z adversarial links betweenB andt. Then there are at most2z − b adversarial links betweens andA

and at leasta + b − 2z uncorrupted links. Thus we also obtain correct output froma links and use (*) to detect

the adversarial links.

Case 4 - c)z < nk+1 < b.

Sincenk+1 > z, feedback linkl transmitsg(Ŵ ) = g(W ) to B andB does not send any claim. Thus, the links

showing claims different fromY are all adversarial.

For cases 1-4, we have shown that at least one adversarial link is removed whenb > z and the sink receives

some claim different fromY for any feedback link.

To complete the proof it is now sufficient to show that correctoutput can be achieved whenb > z and the sink

receives no claim for all feedback linksl. Sinceb > z, at least one link betweenB andt is uncorrupted. Since all

b links showY , this means that each feedback link transmitsg(Ŵ ) = g(W ) andB does not send any claim. This

case corresponds to the case 2 in Lemma 13. Therefore, we can obtain the correct output.
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