On Distributed Distortion Optimization for
Correlated Sources

Tao Cui, Tracey Ho, and Lijun Chen
Division of Engineering and Applied Science
California Institute of Technology
Pasadena, CA, USA 91125
Email: {taocui, thg @caltech.edu, chen@cds.caltech.edu

Abstract—We consider lossy data compression in capacity- Our algorithm is developed for the case of squared error
constrained networks with correlated sources. We developjsing  distortion and high resolution coding where the rate digior
dual decomposition, a distributed algorithm that maximizes an region is known [8], and is easily extended to consider

aggregate utility measure defined in terms of the distortiorlevels hi bl . that b di lated f
of the sources. No coordination among sources is requiredaeh achievable regions that can be expressed in a reiated form.

source adijusts its distortion level according to distortim prices Our distributed optimization framework applies to unicast
fed back by the sinks. The algorithm is developed for the case multicast with and without network coding. Numerical exam-
of squared error distortion and high resolution coding where the ples show relatively fast convergence, allowing the atbani
rate.dlstortlon region is known, and is easily ex'gended to assider to be used in time-varying networks.

achievable regions that can be expressed in a related form.
Our distributed optimization framework applies to unicast and

multicast with and without network coding. Numerical example I1. RELATED WORK
shows relatively fast convergence, allowing the algorithnio be ) o . ]
used in time-varying networks. Joint optimization of source coding and routing/network

coding for networks with correlated sources has been con-
sidered in a few recent works. In [2], joint optimization of
. INTRODUCTION lossless source coding and routing is proposed, where rate
] ] _ is allocated across sources to minimize a flow cost function
In this paper, we consider a network that has multiplgnder the constraint that the rates of the sources must lie in
correlated sources with associated distortion measures.le gjepian-Wolf region. This approach is extended to lossy
such a situation, we can integrate source coding and rai§rce coding in [4], where high-resolution source codimg i
control by adapting the distortion of the sources to netwolgsmed. A minimum cost subgraph construction algorithm
congestion. Specifically, we consider adaptive lossy $burg |ossless source coding and network coding is proposed in
coding for multicast with network coding [1], where eac 3], for the case of two sources.
multicast session contains a set of continuous and possibly:, an though Slepian-Wolf coding is distributed, the opti-
correlated sources. _ ~ mization problems in [2]-[4] still require the coordinatiof
For correlated sources, independent data compression is@4@ sources to guarantee that the source rates lie in thaSlep
an optimal strategy. Higher data compression efficiency c@f|f region. Therefore, the algorithms in these works are no
be obtained by using distributed source coding technique@Hy distributed.
Existing approaches for network optimization with distiied |, 19], [10], rate control for multicast with network coding
source coding of correlated sources, e.g., [2], [3] forless 55 peen studied for elastic traffic, with an aggregatetytili
coding and [4] for lossy coding, require coordination among,ayimization objective. The utility of each source is a fiime
the sources and do not admit fully distributed implemeotati o ji5 sending rate. In our work, the utility objective is dei
Motivated by the optimization decomposition and utility terms of distortion of each source. The rate distortigioe

maximization framework developed for TCP congestion cofinposes a new type of constraint on the optimization.
trol (see, e.g., [5], [6]), we consider the problem of maximg

an aggregate utility measure defined in terms of the distor-
tion levels of the sources, e.g., minimum mean-square error
(MMSE) distortion, and solve the problem to obtain a duaA. Network and Coding Model

based joint lossy source coding and network coding algworith Consider a network, denoted by a graph (\,£), with a

The receiver-driven source coding algorithm adjusts disto set N of nodes and a set of directed links. We denote a link

levels according to the distortion prices fed back from th ither by a single indekor by the directed paifi,j) of nodes
sinks, and hence does not require coordination among g ’

With q K coding 17 laorith onnects. Each linkhas a fixed finite capacity packets per
sources. With random network coding [7], our algorithm Caacond. A set of multicast sessiang is transmitted over the
be implemented in a fully distributed manner.

network. Each sessiomc.M is associated with a s&,, CN
. ) of sources and a set @f,, C/N of sinks. For sessiom, each
This work has been supported in part by DARPA grant N6600-C&20,

Caltech's Lee Center for Advanced Networking and a gift frficrosoft  SOUICeSESy, multlcasts:cms bits to all the sinks in7,,. By
Research. flow conservation, we have, for anym, s€S,, andte7,,,

Ill. PRELIMINARIES



where ¥={X;,...,X,}, R; and D, are respectively the rate

2™ if i=s and MMSE distortion ofX;, and h(-) denotes differential

Z gl — Z gzgst:{ —z™ if i=t , (1) entropy. A similar region is derived for more general difiece

J:(i)eL Ji(Ga)eL 0 otherwise distortion measures satisfying certain conditions. Inegah
whereg!™* is the information flow rate over linki,j) from the high-resolution region is an outer bound which becomes
sourceses,, to sinkte7,, for sessionm. tighter as resolution increases. By using the results in [7]

Network coding allows flows for different destinations of4) can be readily extended to general networks by quagtizin
a multicast session to share network capacity by being codR@th source separately and then using random network coding
together: for each multicast session with coding the actual ~ For ease of exposition, we use the region defined in (4) in
physical flow on each link needs only be the maximum &fur subsequent development. Our results extend easilyeto th
the individual destinations’ flows [1]. These constraingsc case where we have an achievable region of the form
be expressed as > Rizh(S|X\S)—aslog [[ Di+Bs,¥SCx.  (5)

mst m .. X;eS X;eS8
giq Slig, (L)€L, meM, (s,)€(Sm,Tm), @ whereas andg3s are any constants. By appropriately choosing

where f;”. gives thephysical flowfor sessionm. For the 5 andgs, we can use (5) to approximate arbitrary achievable
case of multiple sessions sharing a network, achievingrati rate distortion region, e.g., that in [12].

throughput requires coding across sessions. Howevegrdesi
ing such codes is a complex and largely open problem. Thus, IV. DISTRIBUTED ALGORITHM

we simply assume that coding is done only across packets ofye gssume for simplicity that each source transmits in-
the same session, i.e., intra-session coding. In this 4a8&et formation over a single given multicast tree connecting it
of feasible flow vectors is specified by combining constsain{, jis corresponding sink nodes. Such a multicast tree can
(1)-(2) for each sessiom with the link capacity constraint: e optained by using protocols such as the distance vector
Z fis<ei; ,V(i,j)eL. (3) multicast routing protocol [14]. These trees constituteuan
meM capacitated coding subgraph for each multicast session. Ou
In practice, the network codes can be designed using randgj&tributed algorithm can be readily generalized to theecas
linear network coding, see, e.g., [7], where for each noee tfyjith multiple trees or without given trees (where the altjori
data on OUthing links are random linear combination of thﬁ)nstructs Coding Subgraphs via back pressure) as in [10]
data on incoming links. If (1)-(2) holds, every sink can ne&o | et 7 denote the multicast tree for soureén sessionn.

the transmitted packets with high probability. Pleaserréde Each treel™* contains a set.,,; CL of links, which defines
[7] for a detailed description and discussion of overhead {|£|x1 vector¢™s whosel-th entry is given by

random network coding and other practical implementation 1 if [eTms
X ms if leT
ISSUES. L { 0 otherwise. ©)
Similar to (2) and (3), with intra-session network coding we
B. Lossy Source Coding have the following two constraints
We consider multiterminal lossy source coding for contin- [ vieL,meM,seS, )
uous sources. Lossy source coding is data compression with Zfzmé% vieL. ®)

a distortion measure. Wyner-Ziv coding [11] is a technique ™ ]

for distributed lossy source coding, for a single sourcenwit FOr l0ssy source coding, we assume that each sourfe

uncoded side information at the sink. The general disteiutS€SSionn attains a utilityl/,,), (D™*) when it compresses data

rate-distortion region for coding correlated sources e tift @ distortionleveD™?, rather than a rate-dependent utility as

general setting is unknown even for Gaussian sources [12][5]- We assume thal/2 () is continuously differentiable,

(Recently, the rate-distortion region for quadratic Gaarss décreasing, and concave. This assumption enforces some

two-terminal source-coding is found in [13]). !<|nd of falr_ness among the sources, as the marginal u_tl_llty
It is still an open problem whether or not in general th& depreasmg with the distortion. Examples of such .utlllty

optimal solution can be separated into a simple quantizati!nctions arelog(Diax—D™?) and —D™?, where Dy is

for each source followed by Slepian-Wolf lossless coding, bth® maximum tolerable distortion.

such separation exists in the high-resolution limit: théropl ~ We formulate the source coding and network resource

rate-distortion performance can be achieved by separatdl{Pcation problem as a utility maximization problem witret

quantizing each source, e.g. by dithered lattice quarsijizerd 'ate constraints (6)-(8) and the rate-distortion constréd) as

then applying Slepian-Wolf lossless encoding to the qaantf©!loWs-

ers’ outputs. [8]. In the extreme of high resolution, it i©gsim max Z UL (D™
in [8] that for squared-error distortion, the asymptofigal Dol e Msesm
achievable rate-distortion region far correlated sources, st g™ <M VIEL,MEM,SES,,
X1,...,X,, is given by Z f"<e VleL, 9)
meM
> Ri>h(S|X\S)—log ((gm)s 11 Di) VSCX, (4)
X; €S X;€8 Zwmszh(8|8m\$)—log ((27re)8 HDmS) VSCSnm.
seS seS



Note that (9) is a convex problem and can be solved iFhe first subproblem is the minimum weighted rate and

polynomial time if all the utility and constraint informati is distortion problem for virtual lossy source coding at each

given. However, a distributed algorithm is preferred ingtiee. sink. This has same similarity with the reverse backpressur
algorithm in [15] for distributed control of lossless soeirc

A. Algorithm coding. The second subproblem is distortion control. The

. . L . _third one is rate allocation. The fourth one is joint network

One way to derive a dlstr|buted SOIU“.On IS to consm_le_zr Itéoding and session scheduling. Thus, by dual decomposition

Lagrangian dual. However: n the rate-distortion constrai . the problem decomposes into separate “local” optimization
(9), the source rates and distortions are not coupled ames'nproblems of application, transport, and network/link iaye

e_nuty such as a node or_I|nk. we th.us could not .o.btam @spectively. The four problems interact through dualalzlgs
distributed algorithm by directly relaxing the rate-digton b a A

constraint, which would still require source coordinati&ior Lossy source codingThe virtual joint rate allocation and

the same reason, the aI_gopthm in [4] IS not fully dlS’FI’IIIthe data compression problem (13) can further decompose into
In order to obtain a distributed solution, we consider th

§eparate optimization problems at each siak,
following equivalent problem P P P m

. ms_mst ms rymst
D [ pyms min th y N Z a7)
ppax ;Ums(D ) vz &
st &M<t <a Vs, sty Y™ >h(S[Sm\S) ~log ((271’6)5 11 Z’”“) .
m (10) sES seS

mst ms mst ms

y e ZEn s D VL m,s b, For fixed Z™st, it can be readily verified that the polyhedron
Zym“"ch(S|8m\$)—log (27Te)\$\Hstt NSCSm, described by the constrgint in (17) is a Contra_-polymatroid
ice s [16]. From Lemma 3.3 in [16], a greedy algorithm solves

where, by introducing auxiliary variablgg™s* and Z™** at (17)*853timallyi2;_et7r* be any ﬁ))ermutation o, such that

each sinkt€7,,, we remove the troublesome coupling among; "~ ' <q;" 7 <--<qg"" """, Then, by Lemma 3.3 in

the sources in the rate-distortion constraint. We will serl [16], the solution of (17) with giver¥ is given by

that these auxiliary variables admit physical interpietagnd Y™™ Wt () =h(r*(1))—log (2ﬂezmw*(1>t),
enable a distributed receiver-driven source coding algari (20 i . o (23t
Consider the Lagrangian dual to problem (10) y"" T (@) =h(x" ()7 (1))—10g<27T€Z " ),
pzo’qggkzoﬂp?q?)\) (11) - (18)
m7* (| Tm|)t _ * * *
with partial dual function Y (@)=h(@" (1 Tm Dl ([Tm| =1),...,7" (1))
D ms ms ms ms m _log <27reZmTr* (‘Tm Dt) *
$(p,gN)=maxy Uy (D)= pi" (&2~ fI")
e . bm.s ‘ ‘ . Substituting (18) into (17) and minimizing (17) ovef™st,
_ q;n.s (ym.st_:cma)_ Z )\;n.s (Zm.st_Dma) we get qms
m,s,t m,s,t stt(q’)\): fms‘ (19)
st Z fl’mgch (12) )\t
mem Substituting (19) into (18), we obtain the optimglst(q,\).
et S| st Now, consider the distortion control problem (14). At saurc
;Sy 2h(5|5m\S)~log | (2me) gsz ’ s, at each time slot, instead of solving (14) directly for

where we relax only the first and the third constraints in (1 o we updateD™* using a primal subgradient algorithm
by introducing Lagrange multiplies;*® at link { for sources ccording to

in sessionmn, andg;™® and\™* at sinkt for sources in session
m. The dual functiong(p,q,A) has a nice decomposition
structure into four separate subproblems

D™ (r+1)=

N
D™ (T)+er (UﬁSI(DmS(T))—I—Z/\TS)] , (20)

where ¢, is a positive scalar stepsize, and denotes the
(g, \)=min > ¢y N 2T (13) projection on the set of non-negative real numbers. We will
v e see that\]*® can be interpreted as the price resulting from the
et S| et mismatch between the source distortion and virtual souisze d
St ¥ >h(SISm\S)log| (27¢) ' T 2™ |, tortion at the sink. The source distortion is adjusted aticor
ses ses to the aggregatdistortion price, A\7** due to virtual source
b2(N) :mgszgs(Dmst (Z)‘?&') D™, (14) coding, which i_s fed back from the sinks of sess'@n
m,s mys \ ¢ Rate allocation: To recover the source rate, instead of
solving (15) directly, we update the source rate using a
#3(p,q) =mzinzwms (ZPI”SSZ"S—ZQZ"S) (15)  primal subgradient algorithm. At time-+1, the source rate
s ! K ™3 (7+1) is updated according to
da(p) =max 3 pi" fI", st Y fi"<a (16)
I,m,s meM 2™ (r+1)=

+
" (1) —er (Zplm&ms— ql“)} - (21)
l t



Each source then compresses data according taféte+1)
by using dithered lattice quantizers [8] and randomizeddimn
network coding.

Session scheduling and network codirfgor each link
[, find the sessionn;=argmax,,»  p/"**. A random linear
combination of packets from all the sources in sessignis
sent at the rate of;. This is equivalent to solving (16) by the
following assignment e -

rw={ G e (22)

700 800 900 1000

otherwise.

Dual variable updateBy using the first order Lagrangian
method [17], at timer+1, the dual variables are updated o
according to
P (D)= [0 (1) 3 (672 (p(7) (1) = [ (p(7)))]F (23)
g (T D)=[7" (1) 47, (57 (a(T) M) =2 (p(7),0(7))] T (24) T
AP (4D = [\ (1) 477 (27 (g() M) D™ (A7) (25)
where~, is a positive scalar stepsize. Note that (23)-(25) are
distributed and can be implemented by individual links and
sinks using only local information. The algorithm (18)-J25
is a distributed primal-dual subgradient algorithm forgem °
(10) and its dual. By using Lyapunov method and extending
the techniques for the dual subgradient method as in, é@j,, [ . . _ o
we can prove that the algorithm (18)-(25) converges to withf% L (% The batery networ ( The svoluion of souttortons
an arbitrarily small neighborhood of the optimal solutioh onumber of iterations.
(10) by using suitable stepsizes,. . ) )

Note thatp]"s results from the rate constraint and thus cah(s2,1),(1,2),(2,t1),(s2t2)}. Fig.1.(b)-(c) show the evolution
be interpreted as a virtual congestion price at the ligfks of source distortions and source rates versus the number
can be interpreted as the price resulting from the mismateh iterations for lossy source coding with stepsizesl
between the physical source rate and virtual source rate@gf 7=0.01. We see that both source distortions and rates
the sink, and\™™* as the price resulting from the mismatctfOnverge quickly to a neighborhood of the corresponding
between the source distortion and virtual source distorti@Ptimum and oscillate around them.
at the sink. Our adaptive source coding is a receiver-driven
scheme. Since the sink receives information from all the V. EXTENSIONS ANDPRACTICAL CONSIDERATIONS
sources, it can estimate the rate-distortion region ofetated 1) Extension to the networks without given multicast trees:
sources, and solve a virtual joint rate allocation and dat¥e has been focused on the networks with given multicast
compression problem. By adapting to the prig€$ and\**, trees. The same solution approach applies to the networks
the source tries to match the virtual rate and distortiore Thvithout given multicast trees. Since no multicast tree \&qj

source rate also adapts ' to avoid congestion. we will use the rate constraint (1)-(3) instead of (7)-(8)da
Note that in our algorithm the sink does not feedbadolve the following utility maximization problem
any information about the source distributions to the sesirc .., S UR(D™)
Feeding back this information may change the rate-distorti mEM.SESm
region and improve the solution, but this is beyond the scope 2™ if i—s
of this paper. sit. e Y 9}7;"5:{ T it i
J:(id)EL JGec 0 otherwise (26)
B. Numerical Example g;jljstgf;fﬁzfgj <ei; V(i,5)EL,M, 8.,

In this subsection, we provide numerical examples to com-
plement the analysis in previous sections. We consider a sim ms S| ms
ple network as shown in Fig.1.(a). For simplicity, we assume ;f Zh(S15m\S)~log| (2me) SESD VS ESm,
that there is only one multicast session with two correlatafle can apply the same approach as in Section IV to solve
sourcess; and s, and two sinkst; andt,. The capacity of the above problem, and obtain a distributed joint source
link (s1,1) is 0.4 and the capacity of linkss,1) is 0.3. All the coding, rate allocation, and network coding/session salivegl
other links have unit capacity. We assume that all the ssuradgorithm. This resulting algorithm works in a similar way
have the same utility functio?(D)=log(1—D). We also as the algorithm (18)-(25), but with some minor but subtle
assume thahb(s1|s2)=h(s2]|s1)=0.2 and h(s1)=h(s2)=0.5.  differences. For example, the session scheduling componen
The multicast tree for sources; is chosen as will use back-pressure to do optimal scheduling, similady
{(s1,1),(1,2),(2,t2),(s1,t1)}, and for sources, is chosen as [15]. We will not elaborate on these, due to the space limit.



2) Multicast without Network Codingtn current network, each session contains a set of correlated sources. Based on
multicast is dominated by routing based method withotihe utility maximization framework and its decomposition,
network coding. Our joint rate allocation and source codinge proposed a distributed algorithm for joint optimizatioh
framework can also be applied to this case. Mathematicalbgurce coding and network coding. The resulting receiver-
network coding comes into action through rate constraipt (@riven algorithm adjusts distortion levels according te-di
In routing based multicast, (7) is replaced by &*z™*< tortion prices fed back from the sinks, and hence does not
fi™. Itis straightforward to carry out joint rate allocationdan require coordination among the sources. With random nétwor
source coding in the same way as in section 1V, with only @ding, the algorithm can be implemented in a fully disttéal
slight modification. The case of multiple unicasts can also Imanner. In this work we have used the known rate distortion
included in our framework, as unicast can be seen as a spenggjion for high resolution lossy source coding; our workilgas
case of multicast. extends to achievable regions that can be expressed intedela

3) Practical Source Codes and Network Cod&%¥e have form. It would be interesting to extend our work to other
assumed the use of random linear network codes and minimewohievable rate distortion regions.
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