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Abstract—The algebraic framework introduced in [4] inversions. Such characteristics include the maximum
gives an algebraic condition for the feasibility of a set exponent of a variable, the total degree of the polyno-
of multicast connections in a network, that is equivalent mjal, and its form for networks with linearly correlated
to tzi, ma>|<-f|ovxr/] an_f#t Col'ndq:tlorll OIf, [1]. Thg, a'ge?r?'c sources, or with some fixed and some randomized code
condition aiso checks the vaildity ot a linear coding Solution .5 aficients. These lead to new results on randomized
to a given multicast connection problem. We present .~ . L . . .

distributed transmission and compression of information

two alternative formulations of this condition that are . .
closely tied to network flow, providing further insights and 1N networks, presented in our companion paper [2],

connections with combinatorial optimization. They are also @nd an upper bound on required coding field size that
easier to work with in many cases as they do not involve substantially tightens the bound given in [4].
matrix products and inversions. From these results we  The paper is organized as follows: Section Il describes
derive a substantially tighter upper bound on the coding our network model, Section Ill gives the main results,
field .size required for a given connection problem than gection |V gives proofs and ancillary results, and Sec-
that in [4]. tion V concludes the paper with a summary of the results
and a discussion of further work.
I. INTRODUCTION

The algebraic framework introduced in [4] gives an II. MODEL

algebraic condition, in terms of transfer matrix determi- _
nant polynomials, for checking the feasibility of a set We adoptthe model of [4], which represents a network

of multicast connections in a network, that is equivaleR® @ directed grapty. Discrete independent random

to the max-flow min-cut condition of [1]. The algebraid®r0c€ssesX, ..., X, are observable at one or more

condition also checks the validity of a linear codingOUrce nodes, and there ade > 1 receiver nodes.

solution to a given multicast connection problem. he output processes at a receiver ngtlare denoted
We present two alternative formulations of the cond# (5, ). Themulticastconnection problem is to transmit

tion that are related to network flow. The first is in term@ll the source processes to each of the receiver nodes.

of network flows to individual receivers. The second is in There arev links in the network. Linkl is anincident

terms of the Edmonds matrix formulation for checkingutgoing linkof nodewv if v = tail(l), and anincident

if a bipartite graph has a perfect matching, which #&coming linkof v if v = headl). We call an incident

a classical reduction of the problem of checking thutgoing link of a source node source linkand an

feasibility of ans — ¢ flow [3]. This latter problem is incident incoming link of a receiver nodeterminal link

a special case of network coding, restricted to the bindefigel carries the random procesg().

field and to transmission of only one input signal on The time unit is chosen such that the capacity of each

any output link. It is thus interesting to find that the twdink is one bit per unit time, and the random processes

formulations are equivalent for the more general case-8f have a constant entropy rate of one bit per unit time.

coding in higher order fields. Edges with larger capacities are modelled as parallel
These combinatorial formulations make it easier ®dges, and sources of larger entropy rate are modelled

deduce various characteristics of transfer matrix deterrdd multiple sources at the same node.

nant polynomials, without involving matrix products and The processes(;, Y (I), Z(3,i) generate binary se-
guences. We assume that information is transmitted as
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I1l. M AIN RESULTS

Reference [4] gives the following necessary and suf-
ficient condition for a multicast connection problem to
Y(3) = a13X1 + fi3Y (1) be feasible (or for a particular network codd, F, B)
+f2,3Y(2) to be a valid solution): that for each receivgr the
transfer matrixA(I — F)~'Bj} = AGB} has nonzero
determinant.
Our first result is an alternative statement of this
condition in terms of flows.
delay-free networks In a linear code, the signaf (5) Theorem 1:A multicast connection problem is feasi-
on a link j is a linear combination of processes; ble (or a particulafA, F') can be part of a valid solution)
generated at node = tail(j) and signalsY'(I) on if and only if each receives has a set{ of r incident

Fig. 1. lllustration of linear coding at a node.

incident incoming linkg (ref Figure 1): incoming links for which
Y(j) = > aiXit Y YO Py= Y Ao TT o€ #0
{i : X; generated ab} {t : headi) = v} {disjoint paths&y, . . ., & : j=1

&, from outgoing link
1; of sourcei to hy; € Hg}

and an output procesg((,i) at receiver node? is a _ _ o
linear combination of signals on its terminal links; ~ where Ag, ;4 is the submatrix ofA consisting of

columns corresponding to linkdy, ..., }. The sum is
Z(B,i) = Z bg,,Y (1) over all flows that transmit all source processes to links
(I :head)=8} in ‘Hg, each flow being a set af disjoint paths each
connecting a different source to a different link #.
The coefficients{a; ;, f1,;,b3,, € F2u} can be col- _ o U
lected into matrices x v matricesA = (a; ;) and By = This formulation in terms of network flows is useful

(bs, ), and thev x v matrix F = (f; ;), whose structure in proving our second result: the equivalence of the

is constrained by the network. A tripled, F, B), where transfer matrix formulation of [4] and the Edmonds
matrix formulation for checking if a bipartite graph has

B, a perfect matching.
B = : Theorem 2:The determinant of the transfer matrix
By M, = A(I — F)~' B} for receiver(3 in a network code

. _ (A, F, B) can be calculated as
specifies the behavior of the network, and represents a

linear network code M| = (1) | My
We use the following notation: here M A 0
e G=(-F)! where A I-F B}

] is the corresponding
« Gy is the submatrix consisting of columns 6f Edmonds matrix.

corresponding to links in sét These combinatorial formulations lead to new results
e a; is column; of A presented in [2], and to the following bound on the size
e ¢; is columnj of AG of the finite field needed for coding, which determines
e b; is columnj of B the complexity of a linear multicast code.

Theorem 3 (Required field sizeffor a feasible mul-

We denote a path traversing linksy, . .. by the . ) . ) )
P g links:, ..., ex} by ticast connection problem witli receivers, there exists

gg:grid{zat{el, ‘e'léie’;}l”!\lherieé:v\‘/é' d<ef6izr’;'e For any a solution in a finite field®, whereq > d, or in a finite
i CRD CLS e S G field Fa. whereu < [log,(d + 1)]. 0
Foreaforca o forron if k>1 This result tightens the upper boundwk [log,(rd+

9(&) = { 1 i k=1 1)] given in [4], wherer is the number of processes

being transmitted in the network.
which for a path€ is the product of gains along the path.

IV. PROOFS AND ANCILLARY RESULTS
%this algebraic framework can be extended to networks with cycles We prove the followina slightly more aeneral form of
and delay by working in fields of rational functions in a dela P g stightly 9

variable [4] Ml'heorem 1, since this is useful for proving Theorem 2.



Lemma 1:Let A be an arbitrary- x v matrix andF Equation 2:
an arbitrary upper triangular x v matrix with zeros on | |
the main diagonal. Fot < »' < h < v, let Sy, be
. ) |AG'H| = th .o Qhr
the set of all sets of integers:,ea,...,ex} such that | |
n =ep<e<...<e = h. Let’H = {hl,...,hT},
wherel < h; <...< h, <v. Then|AGy| = | | ‘

{i : 1<i<hy, | ’ |
‘ | i hy,..., hy_1}

> Jaea| ¥ I 0

... Ry | | GRS +| Chy - Ch._, Qp,
1<h'»<h74 Jes,/,j, | | ‘
h;éh Vi#j} EiNE; i@

Vt#J}

and proceed recursively, expanding each determinant

linearly in its columnc;, whose indexh is highest,

using Equation 2 forh > 1 and Equation 1 forh =

1. At each expansion stage, the expression Ad@¥ry

is a linear combination of matrix determinants. Each

q = aq (1) nonzero determinant corresponds to a matrix composed
of columns{ay,,...,a; ¢ .., ¢ } such thatk; #

¢ = ZQifi,h +a,, h=23,...,v (2) k; Vi#j, andmin(ky, ..., ks) > max(kst1,..., k).

j Its coefficient in the linear combination is a product of
terms f;;, such thath > kgy1,...,k,, and is of the
form [Ti_, (&) where&; € Sy, p, and & N E; =
0 V i # j. We can show by induction that these
properties hold for all nonzero determinant terms in the

Proof: It follows from the definitions of transfer
matricesA andG = I + F + F? + ... thatc, can be
computed recursively as follows:

Using the expression

h course of the expansion. The expansion terminates when
Cp = ZQi g(€) the expression is a linear combination of determinants of
i=1  E€Sin the form|a;, ..., |, at which point we have the desired
expression. [ |
for each column ofAG4, and expanding the determinant ~ Proof of Theorem 1: The result follows from
linearly in all columns, we obtain Lemma 1 by noting that each s€t= {ej,es,...,e;}
such thatg(£) # 0 corresponds to a network path
consisting of linksey,...,eg; that the condition&; N
| | E = 0 foral j#k 1< jk < rimplies that
[AGH| = cp, ---cn, the corresponding patts, ..., &, are disjoint; and that
| | | | ay; .. ay | is nonzero only when linké; are source
r inks of r different sources and carry independent
- Z Qps - - - Ly H Z 9(€) signals. ’ P [
W) L i=rees, Proof of Theorem 2:We prove that this result holds
WA Vi ) for any set of matrice$A, F, B)® where A and B are
\ arbitrary » x v matrices, andF' is an arbitrary upper
= Z apr -y Z H g(&;) triangulary x v matrix with zeros on the main diagonal.
Wi T e
h # i_;_v i "aha | | _b{_

|M;| = cp...cC
|

The above expansion does not take into account de- |
pendencies among the columns. We can obtain an ‘ ‘
equivalent expression with fewer terms by using the — S b Cibr
following alternative sequence of expansions which takes ‘ |
the dependencies into account. We start by expanding the
determinant ofAGy linearly in theh, column using  *we drop the subscript from Bj for notational simplicity.

b.T—




Expanding|M; | linearly in each column and using thevhere p and p,

determinant expansion

det M= Y (signp)M(p(1),1)... M(p(r),r)
all permutationgp
we have
| M|
| |
- Z Z th(nblvhpm - 'th(r)brvhp(r)
{(h1, ..., hy) all permutationgp ‘
1< hy < hy
o< hr <v}
= > ) (signp)
{(hy,..., h,) : all permutationgp
1< hy < hy
.. < hp <v}
| |
Chbp=1(1) 11 -+ Ch, Bp1(r)
| |
= > ) (signp)

{(h1,..., hp)
1 < hy < hg
.. < hr <v}

Z (Signﬁ)Cﬁ(l)ﬁlbp—l(l)ﬁl [

all permutationgd

= 2 > (SINB)Cs) - Cor)h,
{(h1,...,hs): all permutationgd
1< hy < hg
.. < hr <v}
Z (Signpil)bpq(l)’hl L bp—l(T)’hr
all permutationgp
T
| | = b, —
= Z Chy - Cp,
vy hy) T
L I R
.. < hr <v}
By Lemma 1,
| ]
Chy - Cn, | T ap) - - Apy
| | ..., . ‘ ’
< J»

all permutationgp

{&€1,..., ET:
&j esh i
£; mskf(ZJ
VJ#’C}

Cp(r),hy Op=1(r) b

®3)

(4)

are permutations acting on
{1,... 7’} {ei,....el.} € Snon, and{el,.... e } N
{el,... ek } =0V i#j. LetC; be the set of variables
{a ),h}» fel,ez . fek _1€k,0 pb()h o= 1,. T}
in a given product term The condltlons on
{hj,el,... e} hi i = .,r} imply that no
two variables inC; appear in the same row or the same
column in matrix}s, and that if a column in M5 does
not contain any of these variables, thegt | J;_, &;, so
row r + z also does not contain any of these variables.
For suchz, we append t&’; Ma(r + z,z) = 1. Then
C; comprises + v variables each occupying a different
row and column of thgr + v) x (r + v) matrix Mo.
The variables irC; are thus variables of a product term
in |M2|

Conversely, a product term ¢f;| comprisesm + r
entries of M, each from a different row and column of
M>. For any such nonzero product term, the variables

form a setCo = AUBU FUZ, where

A = {apa(j)ﬁj cjg=1,....r hy < ..., h}

B = {bpb(i),hl i=1,...,7; h <...<hr}

F = {thyl :l:1,...,|.7:|; Y1 <...<y‘]:|}

I = {MQ(T-I-Z[,Z[):l:l:l .,|I’},
p. and p, are permutations acting ofl,...,r},
and {hl,...,hr,l‘l,...,x|f|,21,...,Z|I|} and
{hi,.. heyyt, .. Y7 210, 27y} @re permutations
of {1,...,v}.

Fori=1,....,r, h is equal to somey; or someh
Let ey = h;. If 60 =y, sete’ | = x;; €', Is in turn

equal to somey; or someh We proceed in this way,
defininge’ ,, e’ 5, ..., until we reach an index’ , that
is equal to somé;. We then sek; = k+1, h}, = h;, and
e, =€, V= 0, ..., k; — 1. With these definitions,
CQ becomes{a ),his fei,eé . fe,; el 7bpb(l),hi 1=
U Mo( T‘—I—Z z)=1:2 Q_f UZ 1{617-'-’62,}}’
where the set of indicegh;,h] el, €y =
1,...,r} so defined satisfieg, = e} < ... < e}'ﬂ =
h; and {et,... ei}ﬂ{e{,.. ek} DvYi # j.
From Equations 3 and 4, we can see tatcomprises
variables of some product term i/, |.
It remains to show equality of the sign of the product
term in|M;| and that in|M3| whose variables constitute
the same sef = AU B U F UZ, where

First we show that there is a bijective correspondence
between terms ofM;| and terms of M.
Each product term of)M; | is of the form

H Gp(
i=1

i),hlJ el el ek,

el Op (i) e

A = Hapiyn ri=1,...,1}

= {apa(j)ﬁj:jzl,...,r; Bl<...,ﬁr}
B = {bp(iyh:i=1...,m h1<...<h}
F = {feliv@é""’fe’i;ifpeii ci=1,...,r}



o l=1, |Fls m1 < ... <yF} r x r submatrix ofA¢c consisting of columng for which
T = {(My(r+zz)=1:1=1,...,|T|} ¢ € A. So (—1)Y« = sign p,. Similarly, if & € B is
) ] involved in an inversion with¢;, k& > j, then&, must
Let the corresponding product terms fihy| and [Mz| - pe 4 term inB as it is in a larger-numbered column. So
be ofrc and ofmc respectively, wherere = Tlecc & (_1)Us — sign p,.
ando?, o§ are j[he respective signs, equalltmr —1. For j such that¢; € F, carry out the procedure
From Equations 3 and 4, we see thaf = gegcribed earlier that considers the ter@s= fi, .,
(sign p)(sign py). Let p’ be the permutation thatone py one in ascending order of indéx At each
sorts {h},...,h.} in ascending order, i.eh;, ;) < gtep we computeS, Q and n; as before, noting that
< Py Thenp(p'(i)) = pa(i). SO signp = 4, — 5. for somey; € [1,r], and that the entrieg;,
(signp’)(signp,), anda§ = (signp,)(signp,)(signp’).  k > y;, with which f,, ,, is involved in inversions are
Consider the following procedure for determining sigii¢;, : k = s; > yi} U {fa,p, : g = 8i < Tp,yg =
p’, consisting of a series of steps in which the variablgs > 4} U {bk—rg : g = si < x;}. These are in
fz.y, € F are considered one by one in ascending ordgijective correspondence with the elements of the set
of index/. We maintain an ordered s&t= {si,...,s:} {s;:s; <=5, 0rs; >y }. Thus,u; =r—1—mn,.
of distinct elements fronfl, v], and an ordered s& of For j such that; € Z, there are exactly — 1 entries

the indices of elements &f sorted in ascending order,in columnsl, ..., j—1, and exactly — j entries in rows
i.e. @ ={q,...,q} Wheres, <...<s,.Eachs;is j+r+1,...,v4r which are not involved in inversions
initialized to k.. We carry out the following procedurewith & .Thus,uj =v+r—1—(G—14+v—7)=r.

for | = 1,...,|F| in order. At each step, z; = s,, Combining these expressions, and noting that v —
for some indexy; € [1,7]. We sets,, = y;, and letn; + — | F|, we have

be the nLrJ]mbil‘ of in.(ilge_s for Wh|i‘Ch T < ..? t.< Y. h; |

n; > 1, the change inQ is a cyclic permutatiorp; o

ni 1 elements.glfnl =0, theyre ispno changtrapli@, Up+Ui = [Flr=1) - ;nl @ =r=|Fr

and p; is the identity permutation. We continue in this e
manner, noting that at every step, for the indgexinder — (=1 —|F| - Z n
consideration, all indices less thgnare either equal to Pt
somes; or somezx, wherey, < y;. Since all thexy's

C (el 1\Ub(_1\Us+Ui+|F|
are distinct,x; must equal some,;. o3 = ()= (=D -
At the end of the procedure; = h;Vi, so the elements = (signpa)(signpy)(—1)@Ir—Xi=mm
of S are in ascending order an@ = {1,...,r}. , .
Permutatiory’ is equal to the composition of the cyclic If 7is even, ther(v —r)r is even, and
permutationgy, [ =1,...,|F]. Since sigrp; = (=1)™, 0§ = (signp,)(signpy)(—1)~ ZEim
signp’ = (—1)== . = (signpa)(signpy)(—1)=i5am™
Next we determinefg. Let Mc, Ac and B¢ be the c .
matrices obtained from\/,, A and B respectively by = 91

setting to O all entries involving variables not@ and |t ;. js odd, then(v — r)r is even ifv is odd, and odd if
let {; be the nonzero entry in columyinof Mc. Let A be , is even. Sw§ = of if v is odd, ando§ = —o§ if v

the number of inversions if/c, where an inversion is ajg eyen. -
i i iti -~ i) . .
pair of nonzero entries at positiolig, ¢1), (¢, ¢3) sUch By similar reasoning, we can also show that fa

that ¢} < ¢4 andg} < ¢. Theno§ = (—1) 171, since _ A 0
each entry involving a variable || has a negative signdeIneol as[ -I+F BT } :
in M. 1
For eachj, let u; be the number of inversions |My| = (=1)"0FV | Mg

involving &; and entriesé, k > j. Then 0§ =

o Proof of Theorem 3By Theorem 2, the form of the
(=12t = (—1)Uat Ut Us+UiHIF] - whereU,

= transfer matrix determinarjtﬁlGBg\ for any receiverg
ijgjeA uj, Up = ijijB uj, Uy = ijgjefuj and matches the form of the Edmonds matrix determinant

=D i 0 . .
? j;g_jez_uj-_ . . . . . iy Jig ;o

If ¢; € Ais involved in an inversion witl¢;, k > | I—F B} ‘ Since no variablen, ;, fi; or bg,
j, then &, must be a term ind as it is in a smaller- appears in more than one entry of the Edmonds matrix,
numbered row. Thus, the number of inversions involvinge product term in the determinant polynomial contains

entries inA is equal to the number of inversions in thé variablea, ;, f;; orbg, ; raised to an exponent greater



than 1. Thus, the largest exponent of any variable in a
product ofd such determinants is at mast
The desired bound follows from the theorem, given
in [4], that there exists a solution iR, if ¢ is greater
than or equal to the maximal degree of any variable in the
product of the determinant polynomials for all receivers.
[ |

V. CONCLUSIONS AND FURTHER WORK

We have presented two alternative formulations of the
algebraic condition of [4] for checking the feasibility of a
multicast connection problem, or the validity of a linear
network code. The first is in terms of network flows,
and the second in terms of the Edmonds matrix deter-
minant condition for checking if a bipartite graph has
a perfect matching. These offer combinatorial insights
relating network coding to network flows, and have led to
new results on randomized distributed transmission and
compression of information, presented in our companion
paper [2]. We have also given an upper bound on network
coding complexity that substantially tightens the bound
given in [4], a result which follows easily from the
Edmonds matrix formulation.

There is much further work to be done in deepen-
ing our understanding of the fundamental connections
between network coding and network flow. We suspect
that it may be possible to bring into a similar framework
other network connection problems for which the max-
flow min-cut condition is necessary and sufficient for fea-
sibility, e.g. connection problems where sets of processes
transmitted to different receivers are mutually disjoint, or
problems with two receivers where one receiver receives
a subset of processes transmitted to the other [4]. It
would be interesting to see whether there are more results
and insights in the rich field of network flow optimization
that can be applied to network coding.
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