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Abstract—We consider the ability of a distributed randomized H(Xy)
network coding approach to multicast, to one or more receivers,
correlated sources over a network where compression may be re- X
quired. We give, for two arbitrarily correlated sources in a gen-
eral network, upper bounds on the probability of decoding error
at each receiver, in terms of network parameters. In the special
case of a Slepian-Wolf source network consisting of a link from
each source to the receiver, our error exponents reduce to known
error exponents for linear Slepian-Wolf coding. H(X1,X3)—h

Xo

H(X:,X5)—h

I. INTRODUCTION

The achievable capacity of multicast networks with indepen-
dent sources employing network coding was given in [1]. Ref-
erence [3] showed how to achieve this capacity in a distributed Rev 1 Rev2 Rev 3
setting usi_ng_randqmized linear codt_as, and gave error bounds h > H(X1|X2), H(Xa|X1)
for transmission of independent and linearly correlated sources.

This paper considers linear network coding in the context of&@- 1. An example network with two correlated sourcés, X that can be
distributed source coding problem, where compression may| fg:gé#g?ﬁedc'ztgg’é’iisciﬁr?ﬁgﬁrmzed network coding. The label on each
required to transmit information from correlated sources over a
network to one or more receivers. An example of such a prob-
lem is given in Figure 1.

We demonstrate that a distributed randomized network cod-
ing approach, an adaptation of that in [3], performs com-
pression when necessary in a multicast network, generalizing
known error exponents for linear Slepian-Wolf coding [2] in a
natural way. Specifically, for two arbitrarily correlated discrete
memoryless sources in a general network, we give error bounds
for minimum entropy and maximum a posteriori probability de-
coding at each receiver. In the special case of a Slepian-Wolf
source network consisting of one receiver connected directly by
a capacitated link to each source, our error exponents reduce to
the corresponding results for linear Slepian-Wolf coding. The Rev 1 Rev 2
latter scenario may thus be considered a degenerate case of,ﬂéa_tz An example of distributed randomized network codig: and X

work coding. are vectors of source bits being multicast to the receivers, and the mafrjces

In this approach, all nodes other than the receiver nodes e matrices of random bits. The label on each link represents the signal being
’ - . carried on the link.
dependently select random linear mappings from vectors of in-

put bits onto vectors of output bits. An illustration is given in This distributed randomized K codi h eff
Figure 2. The receivers need only know the overall linear com- Is distributed randomized network coding approach effec-

bination of source processes in each of their incoming signatl'g.ely removes or adds redun_dancy in diff_erent pgrt_s of the_: net-
rk depending on the available capacity. This is achieved

This information can be transmitted to the receivers by sendilit o
a canonical basis through the network. The overhead of tra thout knowledge of the source e”‘.mpy rates at interior rjet—
mitting these coefficients decreases with increasing Iength‘%‘fjrk nodes. Compression is done simultaneously for multiple

blocks over which the codes and network state are constant./C€IVErS In a multicast session.

TIXP 4+ Toxp Ao TyXT 4+ T,X7D

Ts(T 1 X7 +To X3
+Y6(T3XT + Ty

Tracey Ho and Muriel NMdard are with the Laboratory for Information andA' Overview

Decision Systems, Massachusetts Institute of Technology, Cambridge, MAA brief overview of related work is given in Section I-B. In

02’;_35:{ Tl'mé‘#:{trﬁcel_tmf]daédt é@mit-edtﬁ | borator. Califormia Insti tSection 1, we provide the coding and network model we use in
Ichelle ros Is wi e Data Compression Laboratory, California Institu . . . .
of Technology, Pasadena, CA 91125, e-mefiros@caltech.edu Bur analyses. We present our main result in Section 111, and give

Ralf Koetter is with the Coordinated Science Laboratory, University of llliconclusions and some directions for further work in Section IV.
nois, Urbana, IL 61801, e-maikoetter@csl.uiuc.edu

This research is supported in part by NSF Grants CCR-0325324 and CE@R- Related Work
0220039, NSF ITR on network coding, University of Illinois subaward #03- . .
25673, Hewlett-Packard 008542-008, and Caltechs Lee Center for AdvancedA‘hISWede et al. [1] showed that with network COdlng, as

Networking. symbol size approaches infinity, a source can multicast infor-



tween the source and any receiver. Li et al. [7] showed that

mation at a rate approaching the smallest minimum cut be- Yy \\@,/Y(Q)

linear coding with finite symbol size is sufficient for multicast.

Koetter and Mdard [5] presented an algebraic framework for l

network coding that extended previous results to arbitrary net- Y(3) = a13X1 + f1,3Y (1)
works and robust networking, and proved the achievability with +f23Y(2)

time-invariant solutions of the min-cut max-flow bound for net- _ _ _
works with delay and cycles. Ho et al. [3] introduced distributed® 3. llustration of linear coding at a node.

randomized network coding as an efficient, robust way to ap- ) . o ) o

proach capacity in decentralized settings, giving error bountis= t@il(s) and signals”(i) on incident incoming links. For

for independent and linearly correlated sources. Concurrent i€ delay-free case, this is represented by the equation
dependent work by Sanders et al. [10] and Jaggi et al. [4] con- )

sidered single-source multicast on acyclic delay-free graphs, Y(j) = Z a;,j Xi + Z fii¥Y (1)

giving centralized deterministic and randomized polynomial- {i: X; generatedab} {1 : heady) = v}

time algorithms for finding network coding solutions over @n jllustrated in Figure 3. For a network with link delays, each
subgraph consisting of flow solutions to each receiver. The nagk is assumed to have unit delay; links with longer delay are

for vector coding solutions in some non-multicast problemgodeled as links in series. The corresponding linear coding
was considered by Rasala Lehman and Lehman [@datd equation is

et al. [8] and Riis [9].
Il. MODEL YVia() = Y. aiiXu+ Y. fii¥a()
We represent a network as a directed graph. Discrete mem- {i+ X; generated ab} {t : headi) = v}

oryless random processes are observable at one or more soyrce . . .
) . iS equation, as with the random processes in the network, can
nodes, and there are one or more receiver nodesnitiigcast

. : . represented algebraically in terms of a delay variabl
connection problem is to transmit all the source processesbt% epresented algebraically in terms of a delay variable

each of the receiver nodes. ;
_ _ Y()(D) = Da; : X:(D) +

Koetter and Medard [5] give an algebraic framework for net- (7)(D) Z a3 Xi(D)
work coding which considers unit capacity links and indepen-
dent unit entropy rate sources. It is assumed that information is > DY ()(D)
transmitted as vectors of bits. The length of the vectors is equal {t : heady) = v}
in all transmissions, and all links are assumed to be synchroﬁ

. : L : S ere

nized with respect to the symbol timing. Linear coding is used,

{i: X; generated ab }

which is sufficient for multicast [7]. The signal on each link is e .
a scalar linear combination, in a finite field, of incoming links’ Xi(D) = ZXMD
signals and observable source processes. =0
We use a slightly different model that lends itself more natu- ‘ R = S N
rally to consideration of compressible and arbitrarily correlated Yooy = ; ROD, Yo(g) =0

sources. Our network model allows for links with integer ca-
pacities and sources with integer bit rates. Randomized lineaiThe coefficient§a; ;, fi; € Fau} can be collected into ma-
network coding is done over vectors of bits in the finite fieltticesA = (a; ;) andF' = (f; ;), whose structure is constrained
of size two. This vector coding model can, for given vectdsy the network. For acyclic graphs, we number the links ances-
lengths, be brought into the scalar algebraic framework of [&hlly, i.e. lower-numbered links upstream of higher-numbered
by conceptually expanding each source into multiple sourciisks, so matrixF' is upper triangular with zeros on the diago-
and each link into multiple links, such that each new source andl.
link corresponds to one bit in the code vectors. We describe thisNe use the following notation:
scalar framework below, and use it to analyze the operation of [ (I - F)~linthe acyclic delay-free cake
interior network nodes. Note however that the linear decoding” =~ ~ | (I — DF)~! in the case with deldy
strategies of [5] do not apply when we consider compressiblee G4, is the submatrix consisting of columns 6f corre-
and arbitrarily correlated sources. sponding to links in sek

Link 7 is anincident outgoing linkof nodew if v = tail(l), Matrix AG gives the transfer matrix from input processes to
and anincident incoming linkof v if v = head!l). We call an signals on each link.
incident outgoing link of a source nodesaurce linkand an Il M AIN RESULT
incident incoming link of a receiver nodeterminal link Edge '

I carries the random proce¥(). A pathis a subgraph of the We consider transmission of arbitrarily correlated sources in
network consisting of a sequer;ce of links e, such that a network by linear network coding, and show error bounds

¢; is an incident incoming link of, 1, and each node is visited on the probability of successful (non-linear) decoding at a re-
at most once ’ ceiver. Analogously to Slepian and Wolf [11], we consider

In th_e scalar ”ne_ar 90des of [5], the signia(j) on a link  21he inverse exists sinck is nilpotent.
j is a linear combination of processg&§ generated at node 3The inverse exists since the determinant is a nonzero polynomial in



the problem of distributed encoding and joint decoding of two

sources whose output symbols in each unit time period are ‘ml( - *log L) - H(X:1|Xz)

)

drawn i.i.d. from the same joint distributia@. The difference )

is that in our problem, transmission occurs across a network €~ = mln (D Px, x,|1Q)

of intermediate nodes that perform linear transformations from N
thelr_m_puts to their outputs. I_n the s_peC|al case of a ne_tV\_/ork +lma(1— = log L) — H(Xs| X)) )
consisting of a set of parallel links, this reduces to the original

Slepian-Wolf problem. 3 )

An a-decoder (which may be a minimum entropy or maxi- T AR, (D(PX1X2||Q)
mum @Q-probability decoder) [2] at the receiver maps a block ] n
of received signals to the corresponding minimum entropy or 4 ‘mg(l — —logL) — H(X; X3) )
maximum@-probability inputs. We derive the error probabil- n

ity in terms of the block length when all non-receiver nodes iyeneralize the Slepian-Wolf error exponents for linear cod-
dependently and randomly choose vector linear mappings frong [2]:

inputs to outputs.

The following theorem bounds the probability of successf! = min (D(leszQ) +|Ry — H(X1|X2)\+>
minimum entropy or maximum a posteriori probability decod- X1, X2
ing at a receiver, for two source§; and X, whose outputval- ¢ = min (D(PX1X2HQ) +|Ry — H(X2|X1)\+)
ues in each unit time period are drawn i.i.d. from the same joint X1,X2
distribution@. Denote byr; the bit rate of sourc&;, and sup- ¢* = )?“)? (D(PX1X2\|Q) +|R1 + R — H(X1X2)|+>
1,42

pose linear coding is done iy over vectors ofir; andnr bits
from each source respectively. Let andm; be the minimum whereR, is the rate of the code fo¥x;.

cut capacities between the receiver and each of the sources re- Proof: Encoding in the network is represented by the
spectively, and letn; be the minimum cut capacity betweenransfer matrixAG'7 specifying the mapping from the vector
the receiver and both sources. We denotellijie maximum ¢ source signal§ X; X, | € ]F;z(nm) to the vectorz of
source-receiver path length. signals on the seT’ of terminal links incident to the receiver.

Theorem 1:For distributed randomized network coding ofoyr error analysis, using the method of types, is similar to that
arb|trar|ly correlated SOUI’CEKl andXQ OVer an arb|trary net- in [2] As there the typé?x1 ofa vectorx; € F"TL is the distri-
work, the error probability is at mo3t;_, p!, where bution onF, defined by the relative frequenues of the elements
of IFy in x;, and joint typesPy, x, are analogously defined.

The a-decoder maps a vectoz of received signals
onto a vector inF5" ™) minimizing a(Px,x,) Subject to
i [ x1 x2 |JAGr = z. For a minimum entropy decoder,

> a(Px,x,) = H(Px,x,), while for a maximum@-probability

decoder,a(Py,x,) = —logQ™(x1x2). We consider three

pt < exp{ —n§?7¥(12 (D(PX1X2|Q)

1
+ ‘ml(l — ﬁ IOgL) — H(X1|X2)

N types of errors: in the first type, the decoder has the correct
+277" log(n + 1) value for X, but outputs the wrong value fo¥; ; in the second,
the decoder has the correct value 61 but outputs the wrong

2 . D(P value for X5; in the third, the decoder outputs wrong values for
Pe = &Xp 7N My (Px, x,|Q) both X; andX,. The error probability is upper bounded by the
. sum of the probabilities of the three types of erroB‘;f:lpg.
1 . .
4 ‘mg(l -= log L) — H(X5|X1) ) Defining the sets of types
] {lexlxgx2 |X17AX17X2 XZ} i=1
+2T1+2T2 log(n+1)} :P;: {PX1X1X2X2 |X1 X17X2 #XQ} =2
{Px, %, x,%, | X1 # X1, Xo #Xo} i=3
pd < exp { — n;nl)l(l (D(PX1X2|Q) whereX; € Fj"*, and the sets of sequences
1,222
‘ (1— Llog L) - H(X,1X0) +) Txox, ={[ %1 %2 | €T3 | P, = Px.x, )
_l’_ m — — 10 —_ ~ ~ n(r T
3 n & 142 TX~1)€2\X1X2(X1X2>:{[X1 X9 ]EF (ri+ 2)|
_|_227‘1+2r2 IOg(TL + 1)} P)fl)f2X1X2 = PX1X2X1X2}
we have

The error exponents

pe < > > QM(xix2)

1 . P = - el (x1,%3) €
et = min | D(Px,x. X X1 XpXy €T T
X5 . X5 ( ( XleHQ) alPyg x)) < a(Px; xy) X1Xo



: : +
" (H(XhX?) € Txutab s b + ’_1 log P — H(X;|X1X2) )
n
st x; —x1 0 ]AGr :Q>
+2211H72 160 (n + 1
< ) 3 Q@ (xixe) g >}
PX1X1X2X2 e'Pn: (x1,%x2) €

Tx1X
a(Py x,) S @(Pxyxy) 142

min{ ZPr([ X — X1 Q]AGT:Q),I
(X1, %2) €
X1 Xg| X1 X ¥1%2)

_ _ e a2
P Xy Xy Xy € TH
Py ¢,) £ Py xy)

pg < exp { -n min (D(PX1X2|Q)

)

1 ~
—+ 7% IOg P2 — H(X2|X1X2)

Similarly,
+2M1722 Jog(n + 1)
P < Z Z Q" (x1x2)
PX1X~1X2X~ € P2 : (;;;;22) €

a(Py ) < a(Px; xy)

min{ S Pr([0 x2—% JAGT =0), 1

PX1X.1X2X.2 € P

W(Px“lx*z) < a(Pxy xy)

P < exp{ -n min <D(PX1X2|Q)

grx‘l,x"g) € 1 ~ o~ +
X1 X5 X, x5 1%2) + |——log Ps — H(X1X2|X1X2) )
n
< >, QMGaxs)

Py ;€3 (x1,%2) € 2r142r

a‘();l)?(ll;_z%xg a(PX1X2) TX1Xo +2 ! 2 10g(n+ 1)}7

min { Z Pr ([ X] — X, Xo—Xp | where the exponents and logs are taken to base 2.
61 %) € For the minimum entropy decoder, we have

T 5 x1X
X1X2|X1X2( 1%2)

O‘(P)fl)Q) < a(PXlXQ)

AGT:Q)7 1} H(X1|X1X2) < H(X1|X2) < H(X:|X2)
for Xo = Xo
where the probabilities are taken over realizations of the net- _. H(X2|X1X2) < H(X2|X1) < H(X»| X))
work transfer matrixAG+ corresponding to the random net- B fo_r X, = X,
work code. The probabilities H(X1 X5 X1 Xs) < H(X: X5) < H(X1Xo)
P = Pr([x1—x1 0]AGT =0) which gives
P = ([Q X9 — Xy JAGT =0) )
P = Pr(lx x; — %, |AGT = ) Pe S exp) —n iy (D(PX1X2|Q)

for nonzerax; — x1, x5 — X3 can be calculated for a given net-
work, or bounded in terms of and parameters of the network

1
+ ‘—nlogPl —H(Xl‘Xg)
as we will show later.

)

As in [2], we can apply some simple cardinality bounds +22r1472 Jog(n 4 1)} )
PL < (n+1)¥
P2 < (n+1)2"77 P2 < eXp{ —n min (D(lexﬂ@)
P2 < (n+ 1)227“27‘2 1 +
Teonl < expnH(XiXy) +|-doer - x| )
1T, 01 x, (X1x2)| < exp{nH (X1X2| X1 X5)}
and the identity +27 T2 log(n + 1)} (3)
" = —n(D(P + H(X1X,))},
Q" (x1x2) exp{—n(D(Px,x,||Q) (X1X2))} PP < expd —n min (D(PX1X2|Q)
(x1,X2) € Tx,x, (1) X1 X
to obtain N ‘n log Py — H(X,Xs) >
L<ex —n min (D P
pe — p PX1X:1X2X:2 c fy}]; ( X1X2||Q) +227.1+27.2 log(’n + 1) ) (4)
"‘(PX"1X2) < a(Pxy x5)



We next show that these bounds also hold for the maximum 1

@-probability decoder, for which, from (1),

O‘(P)fl)é) < a(PXle)
= D(Py, %,1lQ) + H(X,X5)
< D(PX1X2||Q) + H(X1X2)'

Fori =1, X» = X», and (5) gives

(%)

D(Py¢, . |Q) + H(X1|X2) < D(Px, x,1|Q) + H(X1]X2).
(6)
We show that

(D(PX1X2|Q)

min
. - 1.
Px, X x5%y € Tn
Py x,) = a(Pxyx,)

1 -
+ _E logP1 — H(X1|X1X2)

)

(D(PX1X2||Q>

> min

. el
Px X1 X5Xy €Pn

a(Py %,) < @(Px; xy)
1 5 +
+ fﬁlogPlfH(XﬂXg) )

> min
X1 X,

(D(Px1x2|cz>

1 +
+ —ElogPl—H(XﬂXg) )

by considering two possible cases for aky, X;, X satisfy-
ing (6):
Case 1:— 1 log P, — H(X1|X32) < 0. Then

1 _ +
D(Pr,lQ) + |- low P - H(TIX:)

1 +
> D(Px, x,|Q) + ’—nlogPl — H(X1|X5)

> pip (DPsillQ)

1
+ ‘—nlogPl —H(X1|X2)

)

+

Case 2—1 log P, — H(X1|X>) > 0. Then

1 -
D<PX1X2||Q) + ‘nlogPl - H(X1|X2)

1 -
> D(PX1X2||Q) - ﬁlogpl - H(Xl\Xz)

1
> D(PX'1X2||Q) T log P, — H(X|X3) by (6)
+

1
D(Pyg +,11Q) + ‘_n log P, — H(X1|X5)

which gives

1 ~ +
D(Px,x.llQ) + | o Py — H(X: o)

+

Y%

1 -
5 |:D(PX1X2||Q) + ‘_RIngl - H(X1|X2)

|

1
+D(Pg, x,|1Q) + ’—nlogPl — H(X1|X3)

vV

min
X1 X2

<D(PX1X2|Q)

1
+ ‘—nlogPl —H(X1|X2)

N

A similar proof holds fori = 2.
Fori = 3, we show that

min 3 (D(PX1X2||Q)
Px X1 x5%y €0
Py %, = a(Pxyx,)

1 <~
+ ‘—n lOgP3 — H(X1X2|X1X2)

)

> min

Pp3 .
e#d:

(DPxxli@)

Px1 X1 XX,
APy %,) = a(Px, x,)

1 o +
+ *EIOgP;g*H(XlXQ) >

> pip (DPsillQ)

1 +
+ —ﬁlong,—H(Xng) >

by considering two possible cases for a¥y, X;, X», X, sat-
isfying (5):
Case 1:— 1 log P; — H(X;X3) < 0. Then

1 o +
D(PXleHQ) + ‘nlong - H(X1X2)

1 +
> D(PX1X2||Q) + ‘nlong *H(X1X2)

> min (D(lexzncy)
1X2

1
+ ‘—nlngg —H(X1X2)

)

+

Case 2.—1log P; — H(X;X3) > 0. Then

1 S
D(Py,x.llQ) + |-+ log Py — H(X1 )

1 L
> D(PX1X2HQ) - ﬁ IOgPB - H(X1X2)
1
> D(Py,5,Q) - o log P3 — H(X1X2) by (5)
1 +
= D(PXIXJQ)'f“_nlOng—H(Xng)
which gives

1 o +
D(PX1X2HQ) + ‘nk)gp?) - H(X1X2)




1 1 N IV. CONCLUSION
= 3 {D(PXI)QHQ) * ‘_n log Py — H(X1.Xz) We have shown that a distributed randomized network cod-
1 + ing approach effectively compresses correlated sources within
+D(Pg, %,11Q) + ’—n log P3 — H(X; X5) } a network, providing error bounds whose exponents generalize
corresponding results for linear Slepian-Wolf coding. This ran-
>  min (D(PX1X2|Q) domized network coding approach carries over to any positive
X1 X2 number of sources, though we give here a detailed treatment

+ only of the case of two sources.
) : We give error bounds in terms of minimum cut capacities and
L maximum source-receiver path length in a network. Bounds
Next we bound the probabilitief; in terms ofn and the j, terms of other network parameters, e.g. the number of links
network parameters:;,i = 1,2, the minimum cut capacity \nsiream of a receiver, or for particular network topologies, can
between the receiver and sourkg, ms, the minimum cut ca- e gptained using similar means.
pacity between the receiver and both sources, arttie max-  pyrther work includes extensions to non-uniform code distri-
imum source-receiver path length. L&, G», be subgraphs of pytions, possibly chosen adaptively or with some rudimentary
graphg consisting of all links downstream of sources 1 and &,odination, to optimize different performance goals. Another
respectively, and lef; be equal t@. Itfollows from the alge- g estion concerns selective placement of randomized coding
braic coding model of Section Il that in a random linear network,yqes. The randomized and distributed nature of the approach

code over an arbitrary network, any link which has at least opgs, |eads us naturally to consider applications in network se-
nonzero incoming signal carries the zero signal with probablllgﬁrity_
% wherec is the capacity of the link. This is the same as the
probability that a pair of distinct values for the link’s inputs are
; [1] R. Ahlswede, N. Cai, S.-Y. Li, and R. Yeung. Network information flow.

mapped t.o the S"’.‘me O.Utpm on the link. IEEE Transactions on Information Theo#6:1204-1216, 2000.

For a given pair OT d|5_t|nCt source vaIugs,_Etbe the event 2] | csiszar. Linear codes for sources and source networks: Error expo-
that the corresponding inputs to lidkare distinct, but the cor- nents, universal codinglEEE Transactions on Information Theor38,

; 5 No.4:585-592, 1982.

reSpondmg values d,rare the same. L@(g) b,e the eve_m that [3] T.Ho, R. Koetter, M. Médard, D. R. Karger, and M. Effros. The benefits
E; occurs for some linkon every source-receiver path in graph” ~ of coding over routing in a randomized setting. Rroceedings of 2003

Q_ P, is then equal to the probability of eveﬂt(gi)_ IEEE International Symposium on Information Theahyne 2003.
S. Jaggi, P. Chou, and K. Jain. Low complexity algebraic network codes.

;e - ‘ i
Let gi’ i=1 2’_3 t,)e the Qraph ConSIStm,g of; no,de disjoint In Proceedings of the IEEE International Symposium on Information The-

paths, each consisting éflinks each of unit capacity. We show  ory, 2003.

by induction onm; that P; is upper bounded by the probability [5] R. Koetter and M. Ntdard. An algebraic approach to network coding.

f eventE (G’ IEEE/ACM Transactions on Networkingp appear.

of eventE(G;). . . ] A.R. Lehman and E. Lehman. Complexity classification of network in-
We letG be the graphg;, G, i = 1,2, 3 inturn, and consider formation flow problems. IiBymposium on Discrete Algorithn2004.

any particular source-receiver pafe in G. We distinguish two [7] S.-Y. R. Li, R. W. Yeung, and N. Cai. Linear network codintEEE

cases: [8]

Transactions on Information Theqr9:371-381, 2003.
Case 1:F; does not occur for any of the linkson the path

1
+ ’—n IOgP5 — H(XlXQ)
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