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Abstract—The problem of multiple multicast sessions with I. INTRODUCTION
intra-session network coding in time-varying networks is

considered. The network-layer capacity region of input Network coding has recently been shown to improve

rates that can be stably supported is established. Dynamic . . .
performance compared to that of routing for multicasting

algorithms for multicast routing, network coding, power

. : . , information over wired and wireless networks [1], [16],
allocation, session scheduling, and rate allocation acres

correlated sources, which achieve stability for rates witm  [29]. Most of the work in network coding to date

the capacity region, are presented. This work builds on assumes a flow model for transmission in which sources

the back-pressure approach introduced by Tassiulas et al., generate, at fixed rates, data that is then transmitted

extending it to network coding and correlated sources. In I . .. .
. B . over a network with fixed link capacities. However, in
the proposed algorithms, decisions on routing, network

coding, and scheduling between different sessions at a nOOIereal networks, traffic is usually bursty because either the

are made locally at each node based on virtual queues for Sources generate traffic in bursts or the network nodes
different sinks. For correlated sources, the sinks locallyde- employ queuing and scheduling across multiple sessions.

termine and control transmission rates across the sources. In such scenarios, optimal multicasting of information

The proposed approach vyields a completely distributed . . .
_ _ ) involves not only routing and network coding but also
algorithm for wired networks. In the wireless case, power

control among different transmitters is centralized while power control and scheduling of different flows on the

routing, network coding, and scheduling between different active links. Furthermore, optimal network coding in this

sessions at a given node are distributed. context may depend on the current state of the network

- link data rates and buffer occupancy.
Index Terms—Back pressure, correlated sources, multi-

cast, multi-hop, network coding, scheduling Routing, scheduling and power control in networks

with bursty traffic has recently received significant atten-

tion in the context of wireless networks [2], [15], [21],

[22], [23], [24], [28], [30], [31]. Much of the recent work
This work was done while Tracey Ho was at Lucent Technologiek this area builds on the ideas of [3], [27] that describe
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sizes, or differences in queue size between the queues



to select between different flows. Such an approach fier routing, network coding, session scheduling and
usually said to beback-pressurebased since heavily power control that achieve stability for rates within this

loaded nodes downstream push back and slow dowapacity region. This is a network-layer rather than an
the flow coming down from nodes upstream. Such iaformation theoretic capacity; it refers to the maximum

back-pressure approach is generally optimal in the sersghievable rates under a given physical layer modulation
that it allows transmission at the maximum possibland coding scheme.

arrival rates into the network for which the queues at

the various network nodes are still stable. Furthermore-,rhe multicast algorithm described in [25] involves

the algorithms are distributed in the wired network cadgumeration of all multicast trees used, while that in [2]

in the sense that decisions are made locally at each néﬁ‘é""’es maintaining a virtual queue for every subset

based on feedback from only the immediate destinatk?lf] sinks for every session. In our approach, each node

nodes of the transmission links at the node. has just one virtual queue for each sink of each session

. (for independent sources) or for each source-sink pair of
While the back-pressure approach has mostly been _ )
o _ o ) each session (for correlated sources). Routing, network
applied in the context of unicast transmissions, it has also ) ) o
coding and session scheduling decisions are made locally
been extended to the case of multicast transmissions [2], ) ] . )
) ) . y comparing, for each link, the difference in length
[25]. However, in the multicast case without network _ )
) ) o of corresponding virtual queues, summed over each
coding the algorithms are significantly more complex, )
) session’s queues. For correlated sources, the sinksyocall
even for wired networks. ) o
control rate allocation across the sources. This gives

We extend the above back-pressure based dynarﬂi%ompletely distributed algorithm for wired networks;

control algorithms to include network coding and €O the wireless case, power control among interfering
related sources. Unlike in the case of a fixed set ?lfansmitters is done centrally.

flows, for time-varying queuing networks employing the

back-pressure approach, network coding also needs fbhis paper is organized as follows. We present the
be dynamic and dependent on the state of the netwosystem model, discuss some network coding consider-
Random linear network coding [10], introduced for thations and define the notion of stability for multicast

flow model, extends naturally to a time-varying networkn Section Il. The characterization of the capacity re-

with bursty traffic. In this paper we consider dynamigion and the capacity achieving back-pressure algorithm
multi-session multicast with network coding in wiredare presented in Sections IV and V for independent
and time-varying wireless networks. We consider thgources on wired and the wireless networks, respectively.
case in which each multicast session consists of a $etSection VI, we treat the general case where each
of sources and sinks such that data from all the soura@silticast session consists of multiple correlated sources
is intended for all the sinks. We establish the capaciife conclude with a summary and discussion of future

region of input rates that can be stabilized with intrawork in Section VII. Portions of this work have appeared

session network coding, and present dynamic algorithrims[14].



1. PRELIMINARIES For both wired and wireless cases, we assume upper
A. Network model boundsyi™, and ;2% on the total flow rate into and

max max

) ) out of a node respectively.
Our network model is based on that in [24]. We

consider a network comprising a s&f of N = |N]

nodes, with a setf of communication links between

them that are fixed or time-varying according to somB. Network coding model
specified processes. There is a set of multicast sessions

¢ sharing the network. Each sessiok C is associated Network coding within a multicast session allows traf-

with a setS. ¢ A of source nodes, and an arrivalﬂc for different sinks of a session to share network capac-

. irty [1]. How to determine or achieve the (network-layer)
process, at each source node, of exogenous sessio

packets to be transmitted to each of aEet: A'\S. of capacity of a network for multiple multicast sessions

. . with coding across sessions is an open question. Thus,
sink nodes. We denote by, andr,,,, the maximum 9 pen q

. . . we consider the simpler case where coding is done only
number of sources and sinks respectively of any given

. . across packets of the same session.
multicast session.

Time is assumed to be slotted, with the time unitVWe use the approach of distributed random linear net-
normalized to the slot length. For simplicity, we assum@ork coding, described in [6], [10], [13] for independent
fixed length packets and link transmission rates that a$@urces and in [11] for correlated sources, in which
restricted to integer multiples of the packet-length/timeé@ach packet transmitted by a node is a random linear
slot quotient. That is, an integer number of packets c&9Mbination of the node’s previously received input
be transmitted in each slot. We assume that the chanRaFkets, i.e. packets received on incoming links and
conditions are fixed over the duration of a slot, anfX0genous source packets, if any. The contents of each
known at the beginning of the slot. For simplicity ofpacket, as a linear combination of the input packets, are
exposition we assume that the exogenous packet arri¢Becified by acoefficient vectoin the packet header,

and channel processes are independent and identiciiBfiated by applying to the coefficient vectors the same

distributed across slots. linear transformations as to the data. The coefficient

We consider both wired and wireless networks. IMEctor is thus a function of the random code coefficients

our model, for the wired case the network connectivit§P€cifying the linear combinations at intermediate nodes.
and the link rates are explicitly specified. For wirelessFor simplicity, in the descriptions and analysis of the
networks, the network connectivity and link transmissiopolicies in this paper, we do not explicitly consider
rates depend on the transmitted signal power, interfdratch restrictions and the overhead of transmitting cod-
ence powers, and the channel propagation conditiomsy coefficients. An analysis of the capacity loss from
This is described in more detail in Section V-A. having multiple batches of given size would require more
In the remainder of this paper, all link, source and flowletailed source and channel statistics, and is beyond the

rates are in packets per unit time unless otherwise statedope of this paper.



Il1. | NDEPENDENT SOURCES CASEPROBLEM AND solutions as follows.

APPROACH Each node conceptually maintains, for each sigkof

We start with the case where the information at diféach session, a virtual queue);” whose lengtt;” is
ferent source nodes is independent. If the sources ha{g number of sessionpackets queued at nodéhat are
correlated information, the policies developed for thigtended for sink3. A single physical session packet
case can be used but are suboptimal; higher rates carfBE€sponds to a packet in the virtual qued’ of each

achieved using the approach in Section VI which takédnk 5 for which it is intended. An illustrative example

Let z¢ be the average arrival rate of exogenous sessiSArresponds to a distinct physical packet; thus there is
¢ packets at each nodeWe describe the capacity regior On€-to-many correspondence between physical packets
of rates (z¢) that are stabilizable in a network with@nd packets in virtual queues.
intra-session network coding, and give a dynamic controfs packet in a virtual queu€;” can be transferred over

policy that achieves rates strictly within this region. ~ alink (i, 5) to the corresponding virtual que” at the

link's end nodey; this is called a virtual transmission.

A. Network coding and virtual queues With network coding, for any subsel’ C 7. of a

The bits in each packet are grouped into vectors Sgssion’s sinks, a single physical transmission of a packet

length m which are viewed as symbols from the finite®" @ link (3, ) can simultaneously accomplish, for each

i / i issi 8 1o 0P
field F,, ¢ = 2. Thekth symbol of a transmitted packet>"K # € 7", one virtual transmission fror@; ™ to Q.

is a scalar linear function, iff,, of the kth symbol of The physically transmitted packet is a random linear

each of its constituent packets, and this function is tﬁ:é)ded combination of the physical packets corresponding

same for allk. A sink is able to decode when it receiveéO the virtually transmitted packets. In the case of a

a full set of packets with linearly independent Coeﬁi\_/wreless broadcast transmission from a noddo a

cient vectors. We extend the error probability analys%et of nodesZ, although the nodes I all receive

given in [10] for static networks to the case of timeEhe transmitted packet, they update their virtual queues

varying packet networks, by viewing source packets aﬁglectlvely, according to the control algorithms desdtibe

transmitted packets in the time-varying case as analogdﬂ§Ubsequent sectiohssuch that each constituent virtual

to sources and links respectively in the static case. fgansmission is point-to-point, i.e. from one queys’

c( .
formal statement of the result is presented in Theoremt% one queudy,” at some end node € Z, which may

in Section IV-C. differ for different sinks/. An illustration is given in

For network coding within a multicast session, a SolLEigure 2. Thus, there is conservation of virtual packets

tion is given by a union of individual flow solutions for(VIrtuaI flows); we can draw an analogy with the no-

each sink[1]. Our approach for developing the capaciﬁp ding case where physical packets (physical flows) are

region and the capacity-achieving control policy deﬂneSlThis can be realized in practice by including in each packkésta

virtual queuego keep track of the individual sinks’ flow of queues that should be incremented by each nodg.in



conserved. ¢ can be found for whichPr[y, . UL < M) >
1—4. Foré = 1/2, there exists a valud/ such that
B. Multicast stability condition the probability thatl/” (i) < M simultaneously for all
Intuitively, a network is stable if all its queues remain, ¢, 3 is greater than 1/2 infinitely often.
bounded. LeU¢(t) be the number of physical session Proof: The proof approach follows that in [20,
packets queued at nodeat time t. We define stability Lemma 1, page 30].
as in [24], in terms of “overflow” functions (a) Since each physical packet includedUf(t) cor-

responds to a virtual packet in one or more of the

t
lim sup1 Z Pr{Uf(t") > M} (1)
tooo BiT corresponding virtual queues whose lengthszfe(t),
t
1 .
lim sup - Z Pr{z US(t) > M}.(2) we have, for alli, c, t,
t'=0 i,c

t—oo t
. . . . Ui(t) < Z Ufﬁ(t) < NKTmaa U (t)
The sessiorr queue at node is considered stable if ioB
vE(M) — 0 asM — oo. A network of queues is = Pr{Ui(t) > M} < Pr{z UF(t) > M}
i,c,3
< Pr{Uf(t) > M/NKTmaz}

5 (M)

Vsum (M)

considered stable if each individual queue is stable. The
following lemma from [24, Lemma 6, page 100] gives
a necessary condition for stability of a network: where N and K are the number of nodes and sessions

Lemma 1:(a) AsM — oo, 7§(M) — 0 Vi,cifand respectively and,,,, is the maximum number of sinks
only if ysum (M) — 0. of a session. The last inequality follows from noting that

(b) If the network is stable, then for any> 0, there i UL (t) > M implies thatUe(t) > M/NK Tz
exists a finite valuel/ such that arbitrarily large times for somei, ¢ and using the union bound. It follows that
¢ can be found for whictPr{}>, ,Uf(f) < M} >1— foralli,c,

d. For§ = 1/2, there exists a valud/ such that the . .
/ Vi (M) < Yvirtualsum (M) < Z’YZ (M/NKTmam)

probability thatU¢(f) < M simultaneously for al, c is ic

greater than 1/2 infinitely often. where the last inequality holds because the lim sup of
We define a similar overflow function for the sum of thé sum is less than or equal to the sum of the lim sups.
virtual queue length&e? (¢): Part (a) follows by taking limits ad/ — oc.

1< (b) From part (a), if the network is stable, then there
Yvirtualsum (M) - h?lsogp ; t,zo PI‘{Z UzCﬁ (t/) > M}

~ exists a valueM such thatv,irtuaisum (M) < & for
= 1,C,

®3) arbitrarily smallé. This means that for any arbitrarily

and extend the above lemma to the case with virtu@rge timet,, from (3), there exists a value in> ¢, for

queues. which Pr[y", ;U7 () > M] is less thar. n
Lemma 2:(a) As M — oo, y$(M) — 0 Y i,c if and
only if Yoirtuatsum (M) — 0. C. Redundancy coding at sources

(b) If the network is stable, then for any> 0, there  Each source nodec S. forms coded source packets at

exists a finite value\/ such that arbitrarily large times an average rat@f = z{ + ¢ , wherez{ is its exogenous



packet arrival rate and > 0. Each coded source packegeneralizes these results to the wireless case. We present
is formed as an independent random linear combinatitimese results separately for the wired case as they are
of previously arrived exogenous packets, and is “addedimpler and provide useful intuition. The main difference

to each queue@fﬂ,ﬁ € 7.. Here we provide some between the wired and wireless scenarios is that in a
intuition for this in advance of the detailed developmentired network all links are point-to-point links with fixed

in subsequent sections. The decoding condition at eacansmission rates, whereas in a wireless network, links
sink is that the total number of linearly independertould be point-to-multipoint with mutually dependent
coded packets reaching each sink up to some timedransmission rates.

should be equal to the total number of exogenous packets

up to that time. The rate of coded source packets A8 Notation

¢ greater than the rate of exogenous packets to alloWye genote by, the capacity of linka, b). We usefjf

for a small fraction of coded packets to be delayed iy genote average virtual flow rate, over litk b) € £,

network queues; this fraction tends to decrease with tigg,, Q% to Qzﬁ We useg¢, to denote average physical
a " a

since the queue sizes are bounded. Thus, the chojgRy, rate for session: over (a,b) € L. For brevity

of ¢ trades off between closeness to capacity and th¢ notation, we use the convention that any term with

potential decoding delay; for sufficiently large deCOdi”Eubscriptab equals zero unles&, b) € £, and any term

delayt, the decoding condition is satisfied and decodingii, superscript3 equals zero unlesse C, 3 € ..

is successful with high probabilif/The numberA¢(t)

of coded sessior source packets formed at nodén g capacity region with intra-session network coding

timeslott is i.i.d. with expected value
Let A be the set of all source rate vectdrs;) such

A= E{A{ (D)} (4) that there exist variable§f ’, ¢, } satisfying:
The second moment of the total number of source féf — 0V bef (6)
kets f d at h node i hti lot is bounded
pac e.s. orme -a each node in .eac imeslot is bounde fjf > 0V abed Ko
by a finite maximum valued?,, , i.e. » o
2 )\’L < Zfib - Zfai
¢ 2 b a
b (ZAA”) < Amae ®) VicftiBET  (8)
cB < c
IV. WIRED NETWORKS foo = Yap ¥ @b ©)
¢ <
We first describe the capacity region and back pressure zcjg‘“’ = Tab (10)

policy for independent sources on wired networks, del.—he variables{fclf’} for a (session, sink) paifc, 3 €

ferring proofs of the results to the next section, WhiCl)—) define a flow carrying rate at least from each
B ;

2|f we employ batch coding where each batch contains a fixeéiOurce node to 3 (by (7)—(8)) in which virtual flow

number of exogenous packets, feedback from the sinks carsdx u

to signal when the sources should stop forming coded packetach that is intended fof is not retransmitted away frort

batch. This determines the effective valueedbr each batch. (Equation (6). Network coding allows flows for different



sinks of a common multicast session to share capacitys Network coding: each sessianpacket physically
by being coded together [1], so the total usagg of transmitted on linka, b) is a random linear combi-
link (a,b) by sessionc need only be as large as the nation, inF,, of packets corresponding to a set of
maximum virtual usaggﬂ‘;f by individual sinksj € 7. virtual transmissions ofu, b) each associated with
of the session (Inequality (9)). The flow constraints given  a different sink in7., as described in Section IlI-A.
above provide a characterization of the capacity region The subset of7. associated with virtual trans-
as shown in Theorem 1 below. missions consists of the destinatiofisfor which
Theorem 1:(a) A necessary condition for stability of Ues — chﬁ > 0.

multiple multicast sessions with intra-session network| gt
t—1

coding is (A7) € A. U:= limsup% Z E{U"}.
(b) A sufficient condition for stability is that\$) is t=ee Ty
strictly interior to A. Theorem 2:If coding rates(\¢) are such tha{\§ +

€) € A, ¢ > 0, the back-pressure policy stabilizes the

C. Achievability system with average total virtual queue length bounded

The following back pressure policy stabilizes the nefS

. - . . . t—1
—i 1 BN
work for all input rates within the capacity region. It is Z Uicg — limsup = Z Z E{Ufﬁ(t’)} <

t—oo ¢

a special case of the back pressure policy for wirelessi,c,s t'=01i,c,8
networks described and analyzed in the next section. There N is the number of network nodes and

intuition behind the policy is that it chooses, for each

link at each time slot, the session with the maximum b= T";M (At timaa)” + (iiaz))

total weight of virtual transmissions, summed over theTheorems 1 and 2 are special cases of the correspond-

session’s sinks. ing theorems for wireless networks that are stated and
Back-pressure policy for wired networks proved in the next section. While the above result shows
For each time slot and each link(a, b), that each sink can receive packets at a rate arbitrarily
« Session scheduling: one session close to the source rate, the packets received contain

randomly coded data. In order to retrieve the actual
. 8
Cap = argmax Z max (U(‘;ﬁ - U, 0)
BeT.

information, each sink decodes the information from the

) coded packets that it receives. The following theorem
is chosen.

. . ) shows that the probability that not all sinks are able to
« Rate allocation: the maximum rate of virtual trans-

o B decode the information tends to zero exponentially in the
missions fromQ<” to Q,” is set as
coding block length.

ray ifc=cky, 0 €T,
peo(t) = andU® — U >0 (11)

0 otherwise

Theorem 3:For exogenous arrival rates = \§ — ¢,
if (A§) is strictly interior to A, then for sufficiently

large timest, the probability that not every sink is



able to decode its session’s exogenous packets decreasad session: packets arrived by the chosen timéo 5
exponentially in the length of the code. from each source is given by these\$t packets minus

Proof: We can cast a given sequenPeof packet the number of them left in thé&, 3) virtual queues and
transmissions in the algebraic network coding framewohencem is lower bounded by

of [16], [10] as follows. We consider a corresponding Xt —V > (A — )t

static networkG with the same node set and with

. . o The physical packets corresponding to this virtual flow
links corresponding to transmissions 7, where for phy P P g

. . are coded combinations of the$ exogenous packets
each packep transmitted from node to w in P, G has ‘ g P

. L . ... from i. These exogenous packets are in one-to-one
one unit-capacity linky from v to w. This has similarity

. . . . orrespondence with the source processes in the corre-
with the notion of a time-expanded network mtroducea P P

. . . . o sponding static networ§.
in [1], where a fixed network is replicated in time to P 9 b

. I ._Consider any arbitrary fixed choice of of the packets
analyze a sequence of transmissions in time. The coding

received by from each sessiort source nodei,

coefficient specifying the mapping from ling to p»

_ . . corresponding to a choice eff input links atg3 in the
is set to zero if packep; is not among the packets P 9 i NP p

_ . static networkG. This choice fixes only the sequence
coded together to forms. The following analysis is an ! workg ! I IX y au

. . of which packets are coded together to form
extension, based on this correspondence, of the analysis P 9 thie

in [16], [10]. chosen packets; by the Principle of Deferred Decisions

. . ... (see, e.g. [18]), we can assume that the values of the
Consider any session Let { be the vector consisting

. _._random coding coefficients are chosen subsequently. We
of the randomly chosen network coding coefficients g q y

. . _ ) _denote byd“’(¢) the determinant, as a polynomial §n
associated with the sessiorpackets. Consider any sink = =

of the matrix whose rows equal the coefficient vectors
6 € 7. It follows from Theorem 2 and Lemma 2 that

of these) . ¢ packets. Consider the physical packet
for any 6 > 0, there exists a sufficiently large valié Dies, i P Py P

transmissions corresponding to this virtual flow, which
such that
are transmissions involving queu@§5. These physical
Pr (D UF () <Viop | >1-04. transmissions would constitute an uncoded physical flow
ep L d if their originating transmissions from the source nodes

Since the arrival processes of the exogenous packets itte uncoded independent packets and there were no
coded packets are ergodic, taking into account the Iagher sinks/virtual flows in the network. We denote by

formula it follows that with arbitrary high probability £ the value of¢ corresponding to this case, noting that
one can choose arbitrarily large> V/e so that for all dcﬁ(g) =1 or —1.3 Thus,d*?(¢) is not identically zero.

¢, 3,1 it holds thaty>; Us”(t) < V, the numbem¢ of  gince the producf], 4.7 d°?(€) as a function of the

sessionc exogenous packet arrivals at souricéluring network code coefficientg is not identically zero, by

the time intervalt is approximately(A{ — €)t and the ihe Schwartz-Zippel theorem (see, e.g. [18]), choosing
total number of session ¢ packets added to the SOUTCEL; this uncoded flow case, the coefficient vectors of(thie— ¢)t

queue at node is approximately\§¢. The total number sessionc packets received bg form the rows of the identity matrix.



the code coefficients uniformly at random from a finit€€onsider first a single linka, b). The rate in packets per
field of size ¢ yields a zero value with probability unit time on the link,uq, (P, S), could, for example, be
inversely proportional tog. A nonzero value for the modeled according to the Shannon formula (see, e.g. [7])

product corresponds to each sink having enough linearly

independent combinations to decode all data transmitted S . p

: ingg jal Hab(P,S) = = logy | 1+ e :
up to that point. The result follows singgs exponential # o( ) 7 982 ( No + Za’e/\f\{a} Sa’bpa/>
in the length of the code. n (12)

where J is the packet length in bits;’ denotes nodes
V. WIRELESSNETWORKS transmitting interfering signalsy, is the additive white

Gaussian noise variance, ang, is channel gain from
A. Wireless model o g

transmitter nodex to receiver nodé and includes the

The wireless case is considerably more complicated ) )
effects of distance loss, large scale and small scale fading

as we take into account interference among signals o ) _
effects. This is just one possible approximate but useful

transmitted simultaneously by multiple nodes and the . )
formula. Note that the link rates could in general be

fact that a single node’s transmission can be received ) ] ] ) )
modeled using any monotonically increasing function of

by multiple nodes, referred to as wireless multicast ) o )
the SINR, or could be restricted to a finite set of possible

advantage. Furthermore, it is possible for a receive node ) ) ) )
values corresponding to practical coding and modulation

to combine information received from multiple transmit ) )
schemes; as in [24], we assume only thaP, S) is
nodes that are transmitting the same signal. ) ) ) -
upper semi-continuous i for all statesS.

We assume we are given a getonsisting of point-to-

point links (a, b) and/or point-to-multipoint linkga, Z) The channel state vectgi(t) is assumed to be constant

wherea,b € N, Z C . While there are potentially a over each time slot, i.e., state transitions occur only on

large number of possible wireless links, in practice W%IOt boundaries, where timeis an integer. We assume

consider a limited set of useful links. For example, thg1at in each time slot the value §(t) is taken i.i.d. from

setZ of receivers for a lina, Z) could be chosen to be a finite set; we denote bys the probability of states.

some number of closest neighbors of the transmiiter Transmit powersP(t) are also held constant over each

The selection and size of the sétof links over which time slot, and each node's transmit powerF, () is

optimization occurs trades off achievable performané'@'ted by the maximum transmit powef.. Hence

against complexity, and is an issue inherent to Wireleg%e setof power allocatiori$ is a compact set. In the rest

network optimization in general. It is a pertinent pradticaof the paper; is taken to be an integer unless otherwise

problem that is considered in, e.g., [19], [29], but igtated.

beyond the scope of this paper. For a wireless broadcast link, Z) from a nodeu to a
We assume we are given a rate functipgP,S) set of nodesZ, the instantaneous link raje,z (P, S) is

specifying the vector of link rates as a function oflso determined by the vector of transmit powétq)

the vector of transmit power® and channel stateS. and the channel state vectsi(t). It is related to the
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individual link rates according to less than or equal to some elementipfand in turn the

compactness of the regiah defined below [20], which

:LLG.Z (Ba ﬁ) - min /’Lab(ﬂa ﬁ) (13)
bez is needed in the proof of Theorem 4.
B. Notation Let A be the set of all input rate vectofa$) such that
. c( c . . .
Recall from Section IlI-A that for a wireless trans-there exist values fo{f,,7, 9z}, (raz) € I' satistying:
mission over a link(a, Z), although the nodes i& all f;fz 0V bed 7 (14)
receive the transmitted packet, they update their virtual
_ _ _ faz = 0V abepZ (15)
gueues selectively such that each constituent virtual
c B _ e
transmission is point-to-point, i.e. from one quedg to A= sz:f“’Z zzjf‘“'Z
one queud);’ at some end nodec Z. We usef’, to Vic,f#£i,6eT.  (16)
denote average virtual flow rate, over lifk, Z) € L, Z fcl?Z < ¢, VacBZ (17)
from Q< to Qgﬁ, b € Z. We useg$, to denote the bez
average physical flow rate for sessionver (a, Z) € L. D%z < rez Va2 (18)

We denote by, the average value of the time-varyin ) ) ) o
¢ gThe interpretation of these equations is similar to the

rate .z (P(t),S(t)) of link (a,Z). Precise definitions ) _ )
wired case: variable§f<;,} define a flow solution from
of fjfz,ggz,raz are given below with each different .

the session: sources to5.
context in which the variables are used.

) ] _ Theorem 4:(a) A necessary condition for stability of
For brevity of notation, we use the convention that

) ) ) multiple multicast sessions with intra-session network
any variable term with subscriphZ equals zero unless
i ) coding is(\¢) € A.
(a,Z) € L,b € Z, and any variable term with super-

b) A sufficient dition for stability is that\¢) i
scripted equals zero unlesse C. 3 € T.. (b) A sufficient condition for stability is that\¢) is

. strictly interior to A.
We use(r,z) to denote the vector of all link rates y

(raz : (a,2) € L). Proof: (a) Let X£(t) be the total number of session

¢ source packets formed at nodeip to timet¢. For an

C. Capacity region with intra-session network coding intra-session network coding and power control policy,
let ¢/, (t) be the total virtual flow, up to time, from

Similarly to [24], [20], we define the networgraph
queueR?” to queue);” over link (a, Z), and letG< , (t)

family ' consisting of all rate vectors = (r,z) that

be the total physical flow of sessiermpackets transmitted
can be represented as= ) ¢ TSrs for some set of phy P

. over link Z) up to timet. These quantities must
rate vectorsg, each of which is in the convex hull of (a,2) up q

the set of rate vectorgp (P, S)|P € II}. I' can be satisfy
viewed as the set of long-term average transmission rates Fffz(t) S0 VabefZ (19)
(raz) supportable by the network. The assumption that . .
_ o X{(6) = Fiy(t) = Y Faig(t)
u(P, S) is upper semi-continuous iR for all S ensures bz oz

the compactness of the set of all rate matrices entrywise +Ufﬁ(t) Vi, c,f#1,0¢€ 7. (20)
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S FG, () < GlL(t) Yabe, B, Z (21) where vectors (ufz) =
beZ
© m > vers (Haz(2(),S5)) are elements of

t
DG <Y paz(P(),S(t) Va,Z. (22) the convex hull of rate vector§(u(P,S)) |P € II},
c t’'=0

Suppose the system is stabilizable with some inrgnd the vector inequality is considered entrywise.

session network coding and power control policy. TheﬁUbStituting (25) into (27) we obtain

there exists a stabilizing policy for which < c ) S /¢, maz
E Yoz | = E Ts ( Moz ) +€ (haz”) card S} (28)
- 3 ( )

Fgl, =0 ¥ bZcp, (23)
where cardS} is the number of channel states and

i.e. virtual flow that has reached its intended sink is n(zt maz) is the maximum transmission rate of ligk, Z)
Koz ) .

retransmitted away from the sink. Similarly, considering (19)-(21) atand dividing byt,

Let T's(t 0,1,...,t—1} denote the subset of time
() €401, ' and using (24)-(26) we obtain

slots, up to timet — 1, during which the channel is

in stateS. As t — oo, 2.8 and Z£Wl converge to fony = OV bepZ (29)
their time average values{ and 7g respectively, and fgfz > 0Voabep,z (30)
the inequalities AN & N s
X0 _x|<e v i (24) ViesriseT @Y
|T§t(f)| <rgté ¥ S (25) STrY, < gis Yoabe B2 (32)
beZ

are simultaneously satisfied with probability tending to 1Considering (28)-(32) in the limit a8 — 0, we see

since there are a finite number of arrival processg&) 4 (\%) is a limit point of A, which is compact and

and channel stateS. By Lemma 2, for the stabilizing , ;s contains its limit points

policy, there exists some finite valuk&/ such that at (b) is proved constructively in the next section. m

arbitrarily large timeg,
cB
UiT(t) < ¥ <€ Vief (26) D. Control policies
with probability greater thanl/2. Thus, there exists We consider policies that make control decisions at the

some valud of ¢ such that (24)-(26) are simultaneouslytart of each time slat and operate as follows.

satisfied with nonzero probability. o Power allocation: A vector of transmit powers
Choosing one such valug let £, = F< (i)/i, P(t) = (P.z(t)) is chosen from the sell of
g¢, = G, (t)/t. Considering (22) at = ¢ and dividing feasible power allocations. This, together with the
by Z, we obtain channel statg(t), determines the link ratgs(t) =
-1 .
1 (1az(t)), assumed constant over the time slot.
dogiz] < 2D naz(2(t), S(H)) . . .
c ti= « Session scheduling, rate allocation and network
B Ts(t)] / s coding: For each linKa, Z), each sinkg of each
= Z Koz (27)

s ! sessionc is allocated a transmission rate’,,, (t)
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for each destination node € Z. These allocated is chosen. Let/ )" denoteUgﬂ* for brevity.
aZ

rates must satisfy the overall link rate constraint — one session
paz(t) > Zgggﬁxﬂzgz(t)- (33) ch, = argmax Z max (U;;ﬁ - U;g*, O)
cec” " Cvez N ger
quZ (t) gives the maximum rate of virtual transmis- is chosen. Let

sions fromQ<? to Q<" over a,Z). Besides this
@ @ (a,2) Wy, = Z max (U(‘;ﬁ — U;g*, O) (34)
limit on virtual transmissions for pairs of queues BET .
aZ

over each link, the total number of virtual trans- be the weight of the chosen session.

missions out of@¢? over all links with start node . Power control: The stats(t) is observed, and a

. - 5 _
a is also limited by the queue lengthc”(¢) at power allocation

the start of the time slot. Each sessionpacket

physically transmitted on linKa, Z) is a random £(t) = arg%lgﬂ(gz:““z(ﬂv S(t))waz  (39)
linear combination, ir¥,, of packets corresponding is chosen
to a set of virtual transmissions ofw, Z), each | ik rate allocation: Eor each linka, Z)
associated with a different sink if.. Thus, the rate _
_ , , paz(t) ifc=ciy BeT,
allocated to session on (a, Z) is the maximum, 4 o 3
. . Hapz (1) = b=1b, andU —U;” >0
over sinksg € 7., of each sink3’s total allocated i
) ) 0 otherwise
rate >, , 11y, (t), which explains (33). (36)

The following dynamic policy relies on queue length The complexity of the optimization (35) depends on the
information to make control decisions, without requiring,hysica| network model. If there are enough channels
knowledge of the input or channel statistics. The intuso that different nodes’ transmissions do not interfere,
ition behind the policy is that it seeks to maximize thene optimization can be done locally at each node.
total weight of virtual transmissions for each time slotif transmissions by different nodes interfere, solving
subject to the above constraints. the optimization requires coordination or a centralized

Back-pressure policy solution. It is shown in subsequent work [9] that for some

For each time slot, transmit powers(F,z(t)) and network models, e.g. an interference set model which
allocated ratesy., ,(t)) are chosen based on the queugpecifies sets of links that interfere with each other, there
lengths(U;”(t)) at the start of the slot, as follows.  are distributed approximation algorithms that achieve a

« Session scheduling: For each lifk, 2), guaranteed fractiony of the optimal solution of (35),

— for each sessiom and sinkj3 € 7., one end and stabilize the system for any rate vectaf) such

node that (%/\f + ¢') € A (an extension of [17, Proposition
3] for the non-multicast routing case). Alternatively, the
b = argmaX(Ucﬁ—UCﬁ) o -
aZ bez \ ¢ b optimization (35) can be done heuristically, e.g. by a

_ . rre
= argmm Uy greedy approach along the lines of that in [19], [29] but
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with the added guidance of weighis; , for prioritiza- {gs,1,---,¢s,m}-

tion among candidate link§:, 7). However, we do not Proof: The proof follows that of [20, Lemma 8,

have performance guarantees for these heuristics.  page 125]. From the definition af in Section V-C and
The stability of the back pressure policy fOr; +¢) € by Caratheodory's Theorem [5]rqz) = >4 msrg for

A is shown by comparison with a randomized policy thajome set of rate vectors;, each of which is a convex

assumes knowledge of the long-term input and channgmbination of vectors iy, (P, S)|P € II}. For each

statistics. We will show that the randomized policy istate S, the probabilities of the stationary randomized

stable, and that stability of the randomized policy impliegower allocation policy are chosen according to the

stability of the back pressure policy. weights of the corresponding convex combination, which
Randomized policy givesE{u(L(t"), S(t'))|S(t') = S} = rg. By the law of
Assume given values of rate vectat,z) € I" and flow |arge numbersm Zt/eTim uw(Bt'),S(t")) — rg

variables{ /5, g¢,} satisfying: ast — oo, whereTs(t) C {0,1,...,t — 1} denotes

fﬁbz — 0Vbep, 7 37) the subset of time slots, up to tinte- 1, during which
the channel is in staté&5. The result follows since
fooy = O0VabeBeT,Z  (38)

; ' |Ts(t)|/t — ms ast — oo. [ ]
Nte = sz: fivz = azZ: Jaiz The randomized policy is designed such that
VeelC,B,i# [ (39)
S rY, < gl Va,Zep, 2 (40) E{uyy (t)} = fag- (42)
bez
Y 9iz < raz Va,Z (41) For each time slot;, transmit powers(P,z(t)) and

allocated rate are chosen based on the given
The following lemma, adapted from [24, Lemma 1], iz (t) v

values of(r , as well as the channel state
shows that for any rate vectdr,z) € I', power can (raz) { fivz: 9z}

. . . S(t), as follows.
be allocated according to the time-varying channel staﬁe( )
S(t) such that the time average link rates converge tos Power allocation: The channel stagt) is ob-

(raz)- served, and power is allocated according to the
Lemma 3:Consider a rate vectofr,z) € I'. There algorithm of Lemma 3, giving instantaneous link
exists a stationary randomized power allocation policy ratesy,z(t) and long-term average ratesy.
which gives link rategu,z(t) satisfying o Session scheduling and rate allocation: For each
link (a, Z), one sessio = cqz is chosen randomly
lim — Z paz(t') =raz

t—oo

with probability Z

cB
with probability 1 for all (a, Z) € £, where, for each is chosen mdependently with probabﬂ@—;bz
time slot¢ in which channel statg(t) takes values, Let 7,z C 7. denote the set of chosen sinks. For
o . ot B
the power allocation is chosen randomly from a finite set €achf € 7.z, one destination node= b, in Z is
{Pg1,-...Pg,,} according to stationary probabilities chosen with probab|l|tyz—a;§52 The corresponding



14

allocated rates are Taking the lim sup a§" — oo gives (46). Each queue

2oz () if c=cay,3€Toy is Stable since

Taz

cf c
Wohr (t) = andb = b,
v ) g v (M) = limsup- Z Pr{U;(t') > M}
0 otherwise ' t—00 :0
(43)
. < i E{U,( M

Theorem 5:1f input rates(\$) are such that\{+¢’) € = P z_:o s/
A, both the randomized policy and the back pressure < &

CoM

policy stabilize the system with average total virtual
— 0 asM — oo.

gueue length bounded as

ZUCB—hmsup ZZE{UCB BEJ/V -

i fmoo =014,c,3 Proof of Theorem 5:The queue lengths evolve
(44) according to:
where N is the number of network nodes and
B = T2 (A 1500 + (0500 )?) U1 < max {U“f ~ 2 sl }
The proof of this theorem uses the following result which + Z Mmz )+ AS(t) 47)

is adapted from [24, Theorem 3]:
Theorem 6:Let U(t) = (U () Un(t)) be a vector which reflects the policy that the total number of virtual

of queue lengths, for some positive integeDefine the ransmissions out of;” is limited by the queue length
Lyapunov functionL(U (t)) = Z;?:l[Uj(t)]Q. If for all Uicﬁ(t)-

¢ Define the Lyapunov functiod(U) = >, . ﬁ(U‘jﬁ)
Squaring (47) and dropping some negative terms from

E{L(U(t+1)) - LU®)|U{#)} < Cy — CQZU

- the right hand side, we obtain
(45)

2
for some positive constantsCi,Co, and if [Ugﬁ(t+1)]2 < [Uf (ACJFZN Z)
E{L(U(0))} < oo, then

2
n t—1 n
Z lim sup — Z Z E{U;(t —  (46) (Z ,uzbz> - 2Ucﬁ

t—o0o —0j=1

Z lu‘zbZ Z lu‘azZ - Af] (48)

and each queue is stable. ) ) 3
where the time dependencies pf,, and AS are not
Proof: Summing overt = 0,1,...,7 — 1 the ) ) )
) o shown for brevity, since these remain constant over the
expectation of (45) over the distribution &f(¢), we have ) )
et considered time slot.

E{Ln(U(T))-L(U(0))} < TC1—Cy Z ZE{Uj(t)}. Taking expectations of the sum of (48) over alt, 3,

t=0 j=1 .
! noting that

% > E{U; (1)} < —+ﬁE{L( (0)}. > (Z“zbz)

t=0 j=1 i,c,B
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i c b,Z

< NTmam( out )25

Mmaw

> (AC - Zumz) 2

i,¢,3

2
< g r A¢ 4+ max E (LC[-j
— — max ( BE T azZ)
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expressed as

E{LU(t+1)) - LU®)|U(H)}

<2BN-2|D->" Ufﬁ(t)A;?]
i,c,0
where
D= Z UZCB(t) {ZMWZ Zlu‘azZ } ’
i,¢,0

4)
which is the portion of the drift expression that depends

on the policy, can be rewritten as

D= Y E{uilum} (vew - v w).
ab,Z ¢, (55)

We compare the values of (55) for the two policies,

where the Cauchy-Schwarz inequality is used in stef&1N9

(49) and (50), and using (4), (5), we obtain the drift Dyand = Z Z o (UCB chﬁ)
expression a,b,Z c,p
< TS0 S (0 -
B{L(U(t+1)) - LU))[U(t)} < 2BN — i
S ZzgaZwaZ
22 UzCﬁ Zlu‘zbZ ZMG’LZ - AC (51) oZoe
i,¢,0 S ZTaZw:;Z
a,Z
For randomized policy, substituting (39) and (42) into s
(51) giveS - ; ; TSToz | Waz
< Tgmax Y fiaz(P,S)w;y,
E{L(U(t+1))-LU)|U(1)} < 2BN—-2¢ Y U (t) zgj et azz:
’i,C,ﬁ - D ac. ressure-
(52) backp
Applying Theorem 6 gives where the last step follows from (35)-(36). Since the
Lyapunov drift for the back-pressure policy is more
g _ BN : . . .
Z Uzﬁ < o (53) negative than the drift for the randomized policy, the
el bound (53) also applies for the back-pressure policy. This
Thus the randomized policy satisfies the queue occgompletes the proof. u

pancy bound (44).
For the back pressure pollcyE{uabz( NU(t)} is

This also proves Theorem 4(b).

Proof of Theorems 1 and Zhe results follow from

dependent orl/(t). The drift expression (51) can bespecializing Theorems 4 and 5 to the case where each
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link (a,Z) has a destination sef of size 1 and a each block in each packet. A set of source packets
capacity that does not depend éhor S. m formed in this way from a set of blocks constitutes a

Theorem 3 on decoding applies to both the wired arzhtch across which network coding occurs; as discussed
wireless cases. in Section II-B there is some capacity loss from having
multiple batches, the analysis of which is beyond the

VI. CORRELATED SOURCES scope of this paper. The rate at which coded source

A. Model, approach and notation packets are formed at each source is determined by the

We consider the case of source nodes with correlatggntrOI policy.

information. For simplicity, we assume that the exoge-EaCh packet formed subsequently at a node by coding

nous source processes consist of bits, or have bd@Hether & set of input packets containgl" coded

converted to bits by appropriate source coding. bits for each block, each an independent random linear

Let 2¢ be the rate of exogenous bits which are to peombination of the bits from that block in the input

transmitted from each source € S,. The exogenous packets. The same linear combination is used for each
..

bits ata € S. are partitioned into groups of¢ bits of the blocks in the packet. An illustration is given in

which we refer to as symbols in this paragraph. As in tHéigure 3.
classical distributed source coding problem formulationEach sink decodes by mapping its block of received bits
of [26], we consider coding over a block af symbols t0 @ block of decoded bits that has minimum entropy
present at each souftand assume that for each sessiofil maximum-probability among all possible source
¢, successive tuples of source symbols are drawn i.i¥glues consistent with the received bit values.
from some joint distributior@... The virtual queues in the correlated sources case are
Following [11], we consider intra-session random vedlefined similarly as in Section I1l-A, except that they are
tor linear coding inf, across the exogenous bits in eachdditionally indexed by sources: each nad®maintains,
block. Each source packet containgT coded source for each sourcer and sinkj of each session a virtual
bits from each of a set of blocks, wherél" is a constant queue Q¢*” whose lengthU*’(t) is the number of
whose value will be determined later. Each of the codgahckets from source queued at nodéthat are intended
source bits is formed as an independent random lingfar sink 5. At each sourcer € S, each coded source
combination, inF,, of the nz¢ exogenous bits in the packet formed is added to some subset of the virtual
corresponding block. The code description overhead dsieuesQ<*”, 3 € 7. according to the control policy.
amortized over the set of blocks by using the sameA virtual transmission transfers a packet from a queue
linear combinations to form the coded source bits fags*” to a queungaﬁ over a link (a, Z) whereb € Z.
4If the exogenous bits arrive sequentially at the sourcesniginl At @ Sink nodes € 7., packets are removed from queue

startup delay is incurred in waiting to accumulatesymbols before Q%‘W at a rate controlled by the policy.
coding begins. This differs from the model for independemirses ) o
in the previous sections, where information is encodedeimentally For Slmp|ICIty, in the rest of the paper all rates are

without needing a full block of information to be present. given in packets per unit time, for a fixed packet length
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of zn/T bits. We use\*? to denote the average rate at Zggz <ryz Voa,Z (61)
which packets are added ©:*7, and /5 to denote Zc AT S H(S(SA\S) ¥ .8 C 8., € T62)
average virtual flow rate, over linka, Z) € L, from Zs

Q% 10 Q™. b € Z. We usey¢, to denote the averagewherel is defined as in Section V-C.

physical flow rate for sessionover (a, Z) € L. Analogously to the independent sources case, variables

For a setS of sources, we denote b (S) their joint  {f CCYﬁ} define a sessioaflow of size at leash“*? from
entropy in bits per unit time divided by the packet lengtsourcex to sink 3. For each paitc, ), (62) corresponds
zn/T. Conditional entropies are similarly denoted.  to the Slepian-Wolf region [26].

Let \& = H(a)+¢,€ > 0, for each sourcec € S.. We  Theorem 7:A necessary condition for achievability of
assume thaf\’ is less than or equal to the maximun® transmission problem is that the source entropy vector
outflow ratep2“ = of a node. satisfies(H (S'|(S:\S"))|S" € Se,c €C) € A.

For brevity of notation, we use the convention that any  Proof: For an intra-session network coding and
variable term with superscripta3 equals zero unless power control policy, let;°*” (¢) be the total number of
c € Cac€S,B e T, and any variable term with packets added to quedg>” up to timet, andYoﬁﬁ( t)
subscriptaZ equals zero unles@, 7Z) € L. the total number of packets removed fr@jﬁﬁ in that

time. Let F27 () be the total virtual flow (in packets)

B. Capacity region with intra-session network coding from queueQ*® to anﬁ over link (a, Z) up to time

A transmission problem with correlated sources is cofh- and G¢ (t) the total number of session packets
sideredachievablewith intra-session network coding if Physically transmitted over linka, Z) up to timet. By
there exists a sequence of codes such that the probabifigfinition these quantities satisfy

of decoding any sessiansource symbol in error at any chcﬁ(t) >0V abea B2 63)
abZ

sink in 7. tends to zero. yeo
ﬁ Fcaﬂ Fcaﬁ Ucaﬁ( )
E : (be § : aocZ

Let A be the set of all entropy vectors

(H(S'|(S\S)|S" © S.,c € C) such that there V ¢ p (64)
exist variables(r,z) € T and {f), g5, A7} 0= Zﬂﬁﬁ() ZijZB( )+ U (1)
satisfying: b"j o B ;’{Zjﬁ} (65)
[ =0 V¥ b,Z.cap (56) ZF;;g <) ¥ acB 72 (66)
o7 >0 Y oab Zc,a,8 (57)
A < Z feas Z 0 Y a8 (58) ZC:GZZ(U < Z paz(L(t'),S(t)) (67)
O—Z feos _ Z feos Yirl(t) — Yﬁ ZU““B t) ¥ ca,3(68)
v B a,ﬁ, ¢ {0, 8} (59) Suppose the transmission problem is achievable with
Z £08 < gt Y a7, (60) some intra-session network coding and power control

policy. Then there exists some achievable policy satisfy-
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ing Considering (63)-(66) and (68)-(70) atdividing by,

52‘5 -0 ¥V bZeca8 (69) and using (71) and (73)-(75), we obtain

2 >0 v abe,BeT, 7 (77)

i.e. virtual flow that has reached its intended sink is not
caﬁ cozﬁ
retransmitted away from the sink. Also, for each sessior Z Z foaz T€ ¥ o (78)

c and sufficiently large, the flow rates from the sources Z caﬁ Z caﬁ §0<Z caﬁ Z c;lZﬁ_i_E

in S, to each sinkG € 7. must be in the Slepian-Wolf b,z

region: v c,a,ﬁ, ¢ {a, B} (79)
YIS <dis ¥V oabeBeT,Z (80)
SOV > HS|(SASNt VY ¢,8' €S, Be T b
aes’ veer
< (70) 0 < AP~ %() < N¢ (81)
LetTs(t) C {0,1,...,t—1} denote the subset of time fé?g =0 Vb0,Zca0 (82)
lots, up to timg—1, d hich the channel is in stat veeP @
slots uPélm .ur|ngw.|c e.zc annel is in state Out() S H(S'|(SAS))
S. By similar reasoning as in the independent sources.cs’
/
case (Equations (25)-(26)), there exists some finite VeSS, el (83)
and some time for which Considering (76)-(83) in the limit a8’ — 0, we see
caf that (H(S'|(S:\S"))|S’ € S, c € C) is a limit point of
DU My gy MRHEIEAS)) ) s & it point o
t t A, which is compact and thus contains its limit points.
Ts(t
O < 754 vs (72) .

are simultaneously satisfied with nonzero probability. - pgjicies and achievability

Let We next give sufficient conditions and a back-pressure
fcozﬁ _ Fcaﬁ( 7)/i (73) policy for achievability. Similarly to the case of in-
abZ - abZ
- dependent sources, the conditions involve, informally
9oz = Gazt)/t (74) _ _
speaking, the network capacity and source data rates
Xl =yl () /i (75

being slightly higher than the joint source entropy rates.

As in the the independent sources case (Equations (27)-he back-pressure policy for correlated sources differs

(28)), from (67), (72) and (74) we obtain from that for independent sources primarily in the op-
eration at the sinks and the sources. The rates at which

<Z gZz(U) < Zﬁi (Ngz) + ¢ (ngs") card(S} packets are injected into the network by the different
’ . (76) sources of a session may have to be traded off against
where vectors(ufz) are elements of the convex hulleach other as the total information rate from all the
of rate vectors{(u(P,S))|P € II}, card{S} is the sources may be larger than the joint entropy rate.
number of channel states arid}}y*) is the maximum We propose a mechanism in which the different sinks

transmission rate of linKa, 7). monitor the amount of information received from each of
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the sources and provide feedback implicity through backzitially there are no real data packets in the network.
pressure to throttle the source rates. This is accomplishedially dummy packets are removed at the sinks, but
by maintaining virtual queues on a per source badise number of dummy packets as a proportion of the
at each of the sinks and emptying these queues tatal number of packets removed decreases with time
appropriate rates. The information in these virtual queusice the total number of dummy packets is finite.
creates the necessary gradient in queue sizes that th@or ease of explanation, we describe the policies below
propagates back to the sources. The sources compresgiherms of the difference

information stream and transmit packets into the network

caf3 o _ _caB
at rates limited by the gradients and thus each source in Vi) = M = U(E) (84)

the set of correlated sources transmits at the appropriﬁléetween the maximum queue length and the virtual

rate. queue lengths. A negative gradientlifi*”’ (¢) is equiv-

We can draw the following intuitive analogy betweeralent to a positive gradient im/imﬁ(t), Thus, the re-
this policy and the back-pressure policy for independengrse back-pressure policy for correlated sources can
sources described earlier. In the independent sourdgs viewed as similar to the back-pressure policy for
case, the system is driven by packet arrivals at thedependent sources with the roles of sources and sinks
sources, which create “positive pressure” at the sourceschanged, and;**”(¢) in place of U (t).

In the correlated sources case, the system is driven bgach sink attempts to remove packets from the various
removal of packets at the sinks, which creates “negativitual queues at rates within the Slepian-Wolf region.
pressure” or “vacuum” at the sinks. The policies diffeHowever, at times there may be insufficient packets at a
in the details of the operation of sources and sinks, bk node owing to channel variations. Each sihk 7.

the operation of interior network nodes according to th@aintains, for eachv € S, a variableW <A (¢) > 0
pressure gradient is the same in both cases. Thus, we ¢alich keeps track of the net number of packets “owed”
the policy for correlated sources a reverse back-pressujgen there are insufficient packets to remove ﬁ@fﬁﬁ )

policy. This is analogous to the use of overflow buffers for

Unlike the back-pressure policy for independerftositive flow in [4].
sources, the policy for correlated sources ensures that tHgpecifically, suppose there exists a rate vegtgy) €
length of each virtual queue never exceeds a maximumand flow variables{ £y, g¢,, A\°*?} satisfying, for
length M whose value we will derive below. The virtualsomee > 0:

gueues are, conceptually, initialized as containiig

caf3
=0 Vb Zca, 85
dummy packets each. Dummy packets are treated like Tovz g (83)
caf
other virtual packets by the control policy, and can be Javz =0 ¥ a:b.Z,c.00 (86)
viewed as all zero packets for the purposes of network A“*” < Z Fpiy Zf;:gg Voo (87)
b, Z

coding. They serve only an accounting purpose, allowing feo car ,
O—Z ﬁ Z aﬁ YV oe,a, B, ¢ {a, 5%88)

gueue length gradients to be set up by the sinks when
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Z vy < Gey Y a,ZcpB (89)
Zgazgmz Vo oa,Z (90)
Dl > H(S'|(S\S')) + €
acsS’

VS CS,BeET (91)

Then, by the structure of the Slepian-Wolf region (91),

cozﬁ

there existyr,z) € I' and{f5,, g5, \°*7} satisfying

\caB <)\ = H(a)—i—e Vo, a0 (92)

in addition to (85)-(91).
Attime t = 0, VP(0) = Weeb(t) =0 Vi, c,a, .
We consider policies that carry out the following se-
guence of steps in each time stot
« Rebalancing: Let™ andt™ denote the time instant
just before and just after rebalancing respectively.

For each(c,a € S., 8 € 7.), let
Wl (1) = min {V = V52 (¢), weel () }

where V. < M is a constant whose value will
be derived later.V represents an upper bound
on the sink's “vacuum’ Vcaﬁ( ), 7 € R*, en-
forced by the policy; this follows inductively from
Vgaﬁ(o) = 0 and the steps of the policy, as we will
show.W<*?(t) packets are removed fro@caﬁ and
Weeb(t) is subtracted fromiV e (t), i.e.

V;aﬁ(tﬂ-) Vgaﬁ (t_) + Wcaﬁ (t)
Wcaﬁ(t-i—) _ Wcaﬁ(t—) _ Wcozﬁ (t) o
Note that
0<V -V () < M- V5P (tm) = U (1)
(93)

where the first step follows from the induction

hypothesis and the last step follows from (84). Thus,
0 < Wl (1)

<US(t7) (94)
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and there are sufficient packetsd)ffﬁ to remove.
Also note thatV/;*” (t+) < V andWe#(t+) > 0.
Outflow rate allocation: Lete’ be any positive
constant less than For each sinlgé € 7., c € C, the
policy chooses outflow variablgsi<®? (t)|a € S, }

out

subject to

> Al ®)

a€esS’

t) > H(S'|(S\S'))+e—€' Ve, S8 CS..
(95)

It then removes

AP (#) = min {v — V5,

Azl )} (©8)

Az )is

out

packets from queu@(*” and A5/ () —

added tolV°@8(¢+). Note that by similar reasoning

as in the rebalancing step,

0<V -Vt <UuPh).

Inflow rate control: For each soureec S.,c € C,

the policy chooses inflow variablet®” (¢) subject
to

AR () <G (97)
Let

AP () = min { A5 (0), Vei 1)}

maxz A*?(t) coded source packets are formed at
o and A5’ (t) of them are added to queug:®?

for each sink3 € 7.

Power allocation: The policy chooses a vector of
(Paz(t)) from the sef of

feasible power allocations. This, together with the

transmit powerd(t) =

channel statg(t), determines the link ratgs(t) =
(1az(t)), assumed constant over the time slot.
Session scheduling, rate allocation and network
coding: For each link(a, Z), each (source, sink)

pair («, 5) of each sessiom, and each destination
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nodeb € Z, the policy allocates a transmission rate  subject to (95). This optimization problem has

uz%g(t), subject to a simple greedy solution [8, Theorem 1]: let

MCO‘B (t) =0 (98) {ai,..., 5.} be the set of sourcesS. in ascend-

el . caB .
ing order of the value ot/;*"(t"), i.e.
as well as the overall link rate constraint
Vi) < < Vs,
paz(t) 2D max > pis (1),
ecC b The solution of the optimization problem is

(£95 (t) gives the maximum rate of virtual transmis-

. . i ca1f3 o
sions fromQ<*? to Q*” over (a, Z). Besides this Agui”(t) = H(ax)
limit on virtual transmissions for pairs of queues A2 () = H(as|an)
over each link, the total number of virtual trans-
missions intoQ<*” over all links with destination .18
Qs A= (1) = Hioys,logs, -1, - a1) (99)

nodeq is also limited by the value
« Inflow rate control: For each soureec S..,c € C,

AP (1) = Xe.

« Session scheduling: For each lifk, Z), one ses-

Vel (th) aF o
max{ VP (t) — AP (1),0} a=a.

Each session packet physically transmitted on link

(a,Z) is a random linear combination, iR,, of sion
packets corresponding to a set of virtual transmis- ¢, =arg mﬁx{ Z max <£n€%x (%??
sions on(a, Z), each associated with a different BET.
sink in 7.. Thus, the rate allocated to sessioon (Vb“‘ﬁ - Vjaﬁ) ), O>}
(a, Z) is the maximum, over sink§ € 7., of each
sink #'s total allocated rat¢_, , S0 (t). Note that Is chosen. For eacfl € 7.;,,, let
by (96) and (98), o = arg max (max (Vbczzaﬁ _ V;;Zaﬁ))
Q€S \ bEZ
ViP(r) <vovit < < (t+1). b5 — argmax <Vbczza5;a _yeieels >
The following reverse back-pressure algorithm uses the e
state of the virtual queues described above to allow Waz = mf}X{BEZT max (gé%x (I&azx

receiver nodes to draw appropriate rates from among
- (Vi? = vieer) )0
various correlated sources. b a ’ ‘

Reverse back-pressure policy « Power control: The staté(t) is observed, and a

o Outflow rate allocation: Each sink € 7.,c € C power allocation

chooses outflow variable§A“*? (t)|a € S.} to

out

minimize B(t) = argmax > az(P,S(t)w},  (100)
- a,Z

Vst Azi o)

[e3

is chosen.
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« Link rate allocation: For each linka, Z), A. Consider the reverse back-pressure algorithm with

V=8N out where

oz (t) ifc:c*Z,ﬂG'Tc,
a=a’,b=1b" and _ Tmae (1 cap)?
caﬁ(t): aZ aZ B 5 <N;E{(Aln )

Hapz Ug“ﬁ _ chaﬁ <0

. 2 , ,
and 0,,,,; and 7,,., denote the maximum number of
In analyzing the reverse back-pressure algorithm, we

sources and sinks respectively of a multicast session.
compare it with the following randomized policy, which P y

(a) The algorithm is stable with
bases its control decisions on the assumed solution to

(85)-(92). U (1) < M Yicoo 6,7 (103)
Randomized policy Z E{Weh(r)} < Z |Se| 17| ( +Hf$z>
c,a, 3
« Outflow rate allocation: For eactr,a € S.,03 € v T (104)

T,), AP (1) = NeoB — ¢

out

(b) For sufficiently largeT’, the probability of error
« Inflow rate control: For each sour¢e, « € S, 5 €

To), A0 (1) = X,

o Power allocation: The channel stateis observed,

decreases exponentially in

Proof: The proof is presented in the appendia

and power is allocated according to the algorithm VII. SUMMARY AND FUTURE WORK

of Lemma 3, giving instantaneous link raesz () ~ We presented dynamic algorithms with network coding
and long-term average rates; . for multicast in wired and time-varying wireless net-

« Session scheduling and network coding: For eaforks. We showed that random network coding can be
link (a, Z), one session = c,z is chosen randomly applied in such a dynamic setting. In our algorithms,
with probability Zggzc . Each of its sinksf3 is feedback to nodes upstream is achieved through back-

independently chosen with probablthj‘“’Z. pressure. In particular, for the correlated sources case,

Let 7,7 denote the set of chosen sinks. For eadhe source rate allocation is also achieved through back-
chosen sink, one (source, destination node) pgressure by control of per-source virtual queues at the
(a € S.,b € Z) = (af,b%) is chosen with sinks modulating the relative gradients between different

probability = ‘“’Zmﬁ The corresponding allocatedsources. This is in contrast to the Internet where source

rates are e control is achieved through explicit feedback such as
Z qaz ftaz(t) if ¢ =caz,B € Toz, 1N the transmission control protocol (TCP). Combining

peoo(t) = a=a andb =77 network coding with the methods that are currently in
0 otherwise. widespread use for flow control and scheduling would

(102)  pe an important area for future research.
Theorem 8:Suppose the source statistics satisfyln wireless networks, network coding results in nodes

({H(S') +€8 CS8c,ceCh{N|aeS.,ceC}t) € transmitting different information that may interfere kit
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each other resulting in lower transmission rates comin the rest of the time slott,¢ + 1), V,°*”(¢) and
pared to the case without network coding where the sarfié**”(¢) evolve according to:

information is broadcast by different nodes. Thus there

is an inherent trade-off between network coding and re-V*%(¢ + 1) < max {V;aﬁ (t) — AP (1)

duced interference in combination with larger combining

gain in the wireless case. Our approach provides a way to - Z M%ﬁz } + Z Miabg t) (107)
combine both techniques by optimizing over the different

. . . B - B + B
transmit scenarios. Understanding the balance betwee%ca ((t+1)7) < max {Vca (t ZMZ%Z

network coding and interference reduction are interesting
rcaf
topics for investigation. } Agur (t) (108)
Another line of work is to investigate the performance
caf3 caﬁ caﬁ

of heuristics for transmitter scheduling that take into ac- Vi (t+1) < max |V, Z Haiz (t
count the product of link rate and queue size difference, ca .

" | +I0 Vi) (o

rather than link rate alone.
weeb((t + 1) ) WeeB (1) + Al (t)

out
APPENDIX co
—A7 (). (110)

Proof of Theorem 8aConsider a time slot. For

both policies, Squaring (107)-(109) and dropping some negative

VP = VP )y = Ve (t) Vit € Z,¢,a, B,i # (3. t€rms from the right hand sides, we obtain

For each(c,a € S.,8 € 7.), define the Lyapunov ) 2
function Vel (t 4+ 1) < VP ()] (Aggﬁ) + Zﬂzzﬁz
Leed(uees weed) =3 (V) 4 avwee? 2
i S DIV R R DT
and let b, Z a7
LB(t) = LB (VP (1), el (1)) (105)  —2vcah(t) [Z pot =y ey + Amﬁ] (111)
In the rebalancing step, the changeliff*®(t) is
" V5P (4 )P < Ve + (Ased)
Lcaﬁ(t-i-) o Lcaﬁ(t—) 2
N 2 2 caf3 caf3 rca caf3
= (V5o et ) () ( a@z) ( ﬁbZ) + 245, (Z uibz)
b,Z
—2VIWeed(t)
. R Vcaﬁ t+ caf3 caf Acaﬁ 112
— Wcaﬂ(t) (Wcaﬂ(t) + 2vﬁcaﬁ(t7) _ 2v) lu‘aﬂZ ZMﬁbZ out ( )
< 0. (106) i
Vel e+ 1) < V2 Z posy

where the last step follows from (93) and (94).
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2 ~ N
_ Vcaﬁ(t+)Acaﬁ + (Acozﬁ _ ACQB) Acaﬁ
cor ca ca ca B out out out out
+ ZuinB -2V 7(t) ZuaiZB - Zuinﬁ ead 2
b,Z a,Z b,Z caB 4+ pcafB out
< V tHA + | —
V¢ {a,B} argy = 7 (A ( 2 )

where the time index of ;32 A and A% are not ~ SUMMINgG over alifc,a € S, 5 € T) and taking
shown for simplicity of notation. expectations, we obtain

From (110)-(113), we have Z E{LP((t+1)7) = LPtN)|V(tT), W(t)}

o) -ty < () (A)

, : < N2y Y v;aﬁ(t)E{ S pees
caf caf c,a,3 i a,Z
oy () <y (S
b\ A =D iy |V, W ()
b7
F2A0 | Y weay | 2400 [ Do uiy
¥ svzeon s {an e e}
caf caf caf ca ca
=21 > Vi) ( DS uibz> ~Vs () E {Aouf z(ﬁ),m(t*)}] (114)
i a.Z b,Z
ca ca Tca where
V) (45”) = vt (A o
Tmax 5 2 A0 maz maz P
. B = 90 )\g + mazMmazx
+2v (Ag? - Ag) 2 <2N 2.0 N
2
cap 2 rcaf 2 caf +(‘uout )2+(‘uin )2 ,
< (Azn ) + (Aout) + Z le’aiZ e e
3 a,Z .
5 by noting that
ca caf ca 2
+ Z Z 'uzbZﬁ + 2Azn Z :uaa% caf
i \b2Z a,Z Z Z Haiz
i,c,a,3 \ a,Z
1ca ca ca ca 2
ot Dz ) -2 S o »
7 FONE < S Y (D
i,c a€eS. \ a,Z
—Zﬁé}") + VB () (ag”) 2
b, Z caf
2 S Z'rmaz Z Iﬁnea';( Z Haiz (115)
ACO‘B i c “ a€Se,a,Z
_Vcaﬁ(t+) Acaﬁ I out ) Lo
B out 2 ’ < NTnae (N%ﬁfm) ;
2
. . icaB _ qcaf ; .
since, from (96), either; ', = A_ ., in which case Z ZN??ZB < Nrpo (M:gam)27
co rco co Aca co ca i,¢,0,3 b,Z
VB ﬁ(tJr)Aouf +V (Aouf - Aouf) = Vﬁ ﬁ(tJr)Aoufv
2 . . caf} caf3
or A%y = vV — v5*P(¢+), in which case oA wel
c,a,f3 a,Z

Vil Agl + v (4 - A

out

= VA + (A - At

out

< OmazT max ACOPNT el
3 > mazTmaz in aaZ
)(ovpen) = S (0



max

Acaﬁ
a€S.,BeT. w
c

caf
max
( aeSc.ﬂeTCZM‘w‘Z)

out
< OmazTmazMmaz Homae

> (Aiif ué‘iﬁ)

c,a,f3

S E Umam Tmam
C

S Umaw Tm(lil) (

(116)

b,Z

max AcoP
a€eS.,BeT.

B
,UE%Z)

b,Z

ca
S OmazTmax max Aoutﬁ
- a€S.,BeT.
max E peel
a€S.,peT. pbz

< out

Omax Tmamﬂmaz Hmazs

where

the Cauchy-Schwarz inequality is used in the
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independently of/(¢), W (t). Substituting this into (119)

and using (85)-(88)gives
Drandomized(z(tJr)aw(tJr)) 2 5/ Z Vﬁcaﬁ(tJr)-
c,o,3
Next, we consider the back-pressure policy. Variables
By ()V(67), W)}, E§ AR |V (t4), W ()

andFE {A“‘ﬂ‘v(t*) W(t*)} are dependent oW (¢ ).

out

(119) can be rewritten as

DV(t7), W (t"))
Z (gt weh) } (versie)
a,b,Z ¢,
_Vcozﬁ t ) Z Vcaﬁ {Acaﬁ (t+) W(t+)}
c,o,3
-2 V5 {Aiif V() Wt )}. (120)
c,a,3

numbered steps (115)-(117). The drift expression (11%he three terms of the expression above involve disjoint

can be expressed as

> B{Le((t+1)7) — L)V (), W(th)}
c,a,3
< 2BN — 2D(V(t

)W () (118)

(t+)}

DV ("), W(th))
=D Ve { > uiiz Z Hivy |V

z(tﬂ,mm}

i,c,a,3

+ Cza:ﬁ {Vcaﬂ {A;:;ﬁ
(). )

is the portion of (114) that depends on the policy.

- vis {ac

For the randomized policy,

E{uSey(t)} £ b, Z,c,a €8,.,8 €T,

A?O‘B XP Y caeS,BeT,

Acaﬁ

out

NP _ e aed., el

(119)

sets of policy-dependent variables, so the three terms
can be considered separately. The reverse back-pressure
policy maximizes each of them subject to constraints
which are also satisfied by the randomized policy: for
the first term this is shown in detail in the proof of
Theorem 5. For the second term, this follows from the
inflow rate control step where the constraint is given by
(97). For the third term, this follows from the outflow
rate allocation step where the constraint is given by (95).
Thus,

Dbackpressure (K(tJr ) ’ E(tJr))

> Drandomized (K(t+)7 w(t-’_))

e Z V;O‘B(t+).

c,a,B

Y

(121)

Since flow is transmitted only from a longer to a shorter

queue, and sinc%‘”‘ﬁ(r) <VVr,

‘/icocﬁ(T) S V + N‘LLOUt

max

Vi, coa,B,T.
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Thus, the maximum virtual queue lengiti can be set Theorem 9:Consider a block ofi exogenous symbols
to V + Nust . from each source and a sink nogke € 7.. If the
From (96) and (99), the increase ii““?(7) over the corresponding virtual flow from each subsgt C S.
time slot (which occurs in the outflow rate allocatiorof source nodes t@ is greater tharl'H (S'|(S:\S’))
step) is at mosti“® (t) < H (o) + ¢ < 2t . If for all packets (where each packet containg’ bits from the
(c,a, B), WeeP(tT) = 0 then block), then the decoding error probability/atiecreases
Z L8 (1 4 1)) < Z S| [T (N2 1 200t exponentially inn.
oo s Proof: Analogously to the proof of Theorem 3, for a

If on the other handV<*#(t+) > 0 for some(c, a, 3),
thenV5*7(t*) = V.% and

given sequenc® of packet transmissions corresponding
to the block, we can define a corresponding static net-
work G which has the same node set, unit capacity links
Y E {Lwﬁ((t +1)7) — LB (tT)
¢,a.8 S’ € S, of sessionc sources has conditional entropy

< 2BN — 2V B _
TH(S'|(S:\S’)) conditioned on the other sources. With

V;aﬁ(t+) — V} corresponding to transmissions A, and each subset

from (118) and (121); setting’ = £X and using this correspondence, the virtual flow frofii to 3 in the
(106) givesE {L*P((t + 1)) — L**A(t~)} < 0. By packet model corresponds to the minimum cut between
induction on the number of time slots, using (122), wé&’ and 3 in the static graplg.

have We can then apply [12, Theorem 6] to obtain that the

B ) . probability that a sink decodes sourcesSinwrongly and
D E{LP(T)} < YISl 1T/ (NM? + 2V gy, ) _ .
B c sources inS.\S’ correctly decreases exponentiallyrin

VteZ [12, Theorem 6] is stated for the case of two sources,

This in turn gives, using (105), but for sessions with more than two sources, for each

N2 subsetS’ C S. of sources, the same proof applies with
cafl (41— out
Z E{WeP (7)) = Z |Sel 7] ( + Mmar) S’ taking the place of one source a§d\S’ the otherm

c,a,f c

VtelZ. (123) Proof of Theorem 8bOver the time perio® < ¢ <
T, there is a virtual flow ofy)]_ | A7 (t) — WeeB(T)

out

Since E{W*e*?(1)} < E{WB(t7)} V1 € (t — 1,1,

packets fromx to 3, of which at mostN M are dummy
(104) follows. - )

packets. By Theorem 8a, for sufficiently largée with

The proof of Theorem 8b uses the following theorem

high probability there is, for eactr,a € S., 3 € T.),
which is a straightforward generalization of [12, Theo- 3
a virtual flow of more tharp",_, (A7 () — 5
rem 6] from a static network model to the packet network

dummy packets frona to 5. From (95), we have

<) non-

model described in Section VI-A.

T
5 : . Zrea _ cafl,— .
In the rebalancing step, eithé#’ ?(t) =V = Vg%(t7), in Z Z Ang —(e—¢€)) > TH(S'|(S\S))
which casevgaﬁ(ﬁ) =V, or elseWe*B(t) = WeeB(t7), in =1 a€s’
which caseW B (tt+) = 0. VS C8..



Applying Theorem 9 gives the result.
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Fig. 3. lllustration of the packet structure for the case afrelated

sources, courtesy of an anonymous reviewer.



