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considered. The network-layer capacity region of input

rates that can be stably supported is established. Dynamic

algorithms for multicast routing, network coding, power

allocation, session scheduling, and rate allocation across

correlated sources, which achieve stability for rates within

the capacity region, are presented. This work builds on

the back-pressure approach introduced by Tassiulas et al.,

extending it to network coding and correlated sources. In

the proposed algorithms, decisions on routing, network

coding, and scheduling between different sessions at a node

are made locally at each node based on virtual queues for

different sinks. For correlated sources, the sinks locallyde-

termine and control transmission rates across the sources.

The proposed approach yields a completely distributed

algorithm for wired networks. In the wireless case, power

control among different transmitters is centralized while

routing, network coding, and scheduling between different

sessions at a given node are distributed.
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I. I NTRODUCTION

Network coding has recently been shown to improve

performance compared to that of routing for multicasting

information over wired and wireless networks [1], [16],

[29]. Most of the work in network coding to date

assumes a flow model for transmission in which sources

generate, at fixed rates, data that is then transmitted

over a network with fixed link capacities. However, in

real networks, traffic is usually bursty because either the

sources generate traffic in bursts or the network nodes

employ queuing and scheduling across multiple sessions.

In such scenarios, optimal multicasting of information

involves not only routing and network coding but also

power control and scheduling of different flows on the

active links. Furthermore, optimal network coding in this

context may depend on the current state of the network

- link data rates and buffer occupancy.

Routing, scheduling and power control in networks

with bursty traffic has recently received significant atten-

tion in the context of wireless networks [2], [15], [21],

[22], [23], [24], [28], [30], [31]. Much of the recent work

in this area builds on the ideas of [3], [27] that describe

algorithms for routing and scheduling flows using queue

sizes, or differences in queue size between the queues

at the source and the destination of a link, as the metric
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to select between different flows. Such an approach is

usually said to beback-pressurebased since heavily

loaded nodes downstream push back and slow down

the flow coming down from nodes upstream. Such a

back-pressure approach is generally optimal in the sense

that it allows transmission at the maximum possible

arrival rates into the network for which the queues at

the various network nodes are still stable. Furthermore,

the algorithms are distributed in the wired network case

in the sense that decisions are made locally at each node

based on feedback from only the immediate destination

nodes of the transmission links at the node.

While the back-pressure approach has mostly been

applied in the context of unicast transmissions, it has also

been extended to the case of multicast transmissions [2],

[25]. However, in the multicast case without network

coding the algorithms are significantly more complex,

even for wired networks.

We extend the above back-pressure based dynamic

control algorithms to include network coding and cor-

related sources. Unlike in the case of a fixed set of

flows, for time-varying queuing networks employing the

back-pressure approach, network coding also needs to

be dynamic and dependent on the state of the network.

Random linear network coding [10], introduced for the

flow model, extends naturally to a time-varying network

with bursty traffic. In this paper we consider dynamic

multi-session multicast with network coding in wired

and time-varying wireless networks. We consider the

case in which each multicast session consists of a set

of sources and sinks such that data from all the sources

is intended for all the sinks. We establish the capacity

region of input rates that can be stabilized with intra-

session network coding, and present dynamic algorithms

for routing, network coding, session scheduling and

power control that achieve stability for rates within this

capacity region. This is a network-layer rather than an

information theoretic capacity; it refers to the maximum

achievable rates under a given physical layer modulation

and coding scheme.

The multicast algorithm described in [25] involves

enumeration of all multicast trees used, while that in [2]

involves maintaining a virtual queue for every subset

of sinks for every session. In our approach, each node

has just one virtual queue for each sink of each session

(for independent sources) or for each source-sink pair of

each session (for correlated sources). Routing, network

coding and session scheduling decisions are made locally

by comparing, for each link, the difference in length

of corresponding virtual queues, summed over each

session’s queues. For correlated sources, the sinks locally

control rate allocation across the sources. This gives

a completely distributed algorithm for wired networks;

in the wireless case, power control among interfering

transmitters is done centrally.

This paper is organized as follows. We present the

system model, discuss some network coding consider-

ations and define the notion of stability for multicast

in Section II. The characterization of the capacity re-

gion and the capacity achieving back-pressure algorithm

are presented in Sections IV and V for independent

sources on wired and the wireless networks, respectively.

In Section VI, we treat the general case where each

multicast session consists of multiple correlated sources.

We conclude with a summary and discussion of future

work in Section VII. Portions of this work have appeared

in [14].
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II. PRELIMINARIES

A. Network model

Our network model is based on that in [24]. We

consider a network comprising a setN of N = |N |

nodes, with a setL of communication links between

them that are fixed or time-varying according to some

specified processes. There is a set of multicast sessions

C sharing the network. Each sessionc ∈ C is associated

with a setSc ⊂ N of source nodes, and an arrival

process, at each source node, of exogenous sessionc

packets to be transmitted to each of a setTc ⊂ N\Sc of

sink nodes. We denote byσmax andτmax the maximum

number of sources and sinks respectively of any given

multicast session.

Time is assumed to be slotted, with the time unit

normalized to the slot length. For simplicity, we assume

fixed length packets and link transmission rates that are

restricted to integer multiples of the packet-length/time-

slot quotient. That is, an integer number of packets can

be transmitted in each slot. We assume that the channel

conditions are fixed over the duration of a slot, and

known at the beginning of the slot. For simplicity of

exposition we assume that the exogenous packet arrival

and channel processes are independent and identically

distributed across slots.

We consider both wired and wireless networks. In

our model, for the wired case the network connectivity

and the link rates are explicitly specified. For wireless

networks, the network connectivity and link transmission

rates depend on the transmitted signal power, interfer-

ence powers, and the channel propagation conditions.

This is described in more detail in Section V-A.

In the remainder of this paper, all link, source and flow

rates are in packets per unit time unless otherwise stated.

For both wired and wireless cases, we assume upper

boundsµin
max andµout

max on the total flow rate into and

out of a node respectively.

B. Network coding model

Network coding within a multicast session allows traf-

fic for different sinks of a session to share network capac-

ity [1]. How to determine or achieve the (network-layer)

capacity of a network for multiple multicast sessions

with coding across sessions is an open question. Thus,

we consider the simpler case where coding is done only

across packets of the same session.

We use the approach of distributed random linear net-

work coding, described in [6], [10], [13] for independent

sources and in [11] for correlated sources, in which

each packet transmitted by a node is a random linear

combination of the node’s previously received input

packets, i.e. packets received on incoming links and

exogenous source packets, if any. The contents of each

packet, as a linear combination of the input packets, are

specified by acoefficient vectorin the packet header,

updated by applying to the coefficient vectors the same

linear transformations as to the data. The coefficient

vector is thus a function of the random code coefficients

specifying the linear combinations at intermediate nodes.

For simplicity, in the descriptions and analysis of the

policies in this paper, we do not explicitly consider

batch restrictions and the overhead of transmitting cod-

ing coefficients. An analysis of the capacity loss from

having multiple batches of given size would require more

detailed source and channel statistics, and is beyond the

scope of this paper.
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III. I NDEPENDENT SOURCES CASE: PROBLEM AND

APPROACH

We start with the case where the information at dif-

ferent source nodes is independent. If the sources have

correlated information, the policies developed for this

case can be used but are suboptimal; higher rates can be

achieved using the approach in Section VI which takes

the source correlation into account.

Let xc
i be the average arrival rate of exogenous session

c packets at each nodei. We describe the capacity region

of rates (xc
i ) that are stabilizable in a network with

intra-session network coding, and give a dynamic control

policy that achieves rates strictly within this region.

A. Network coding and virtual queues

The bits in each packet are grouped into vectors of

length m which are viewed as symbols from the finite

field Fq, q = 2m. Thekth symbol of a transmitted packet

is a scalar linear function, inFq, of the kth symbol of

each of its constituent packets, and this function is the

same for allk. A sink is able to decode when it receives

a full set of packets with linearly independent coeffi-

cient vectors. We extend the error probability analysis

given in [10] for static networks to the case of time-

varying packet networks, by viewing source packets and

transmitted packets in the time-varying case as analogous

to sources and links respectively in the static case. A

formal statement of the result is presented in Theorem 3

in Section IV-C.

For network coding within a multicast session, a solu-

tion is given by a union of individual flow solutions for

each sink[1]. Our approach for developing the capacity

region and the capacity-achieving control policy defines

virtual queuesto keep track of the individual sinks’ flow

solutions as follows.

Each nodei conceptually maintains, for each sinkβ of

each sessionc, a virtual queueQcβ
i whose lengthU cβ

i is

the number of sessionc packets queued at nodei that are

intended for sinkβ. A single physical sessionc packet

corresponds to a packet in the virtual queueQcβ
i of each

sink β for which it is intended. An illustrative example

is given in Figure 1. Each packet in a virtual queue

corresponds to a distinct physical packet; thus there is

a one-to-many correspondence between physical packets

and packets in virtual queues.

A packet in a virtual queueQcβ
i can be transferred over

a link (i, j) to the corresponding virtual queueQcβ
j at the

link’s end nodej; this is called a virtual transmission.

With network coding, for any subsetT ′ ⊂ Tc of a

session’s sinks, a single physical transmission of a packet

on a link (i, j) can simultaneously accomplish, for each

sink β ∈ T ′, one virtual transmission fromQcβ
i to Qcβ

j .

The physically transmitted packet is a random linear

coded combination of the physical packets corresponding

to the virtually transmitted packets. In the case of a

wireless broadcast transmission from a nodea to a

set of nodesZ, although the nodes inZ all receive

the transmitted packet, they update their virtual queues

selectively, according to the control algorithms described

in subsequent sections1, such that each constituent virtual

transmission is point-to-point, i.e. from one queueQcβ
a

to one queueQcβ
b at some end nodeb ∈ Z, which may

differ for different sinksβ. An illustration is given in

Figure 2. Thus, there is conservation of virtual packets

(virtual flows); we can draw an analogy with the no-

coding case where physical packets (physical flows) are

1This can be realized in practice by including in each packet alist

of queues that should be incremented by each node inZ.
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conserved.

B. Multicast stability condition

Intuitively, a network is stable if all its queues remain

bounded. LetU c
i (t) be the number of physical sessionc

packets queued at nodei at time t. We define stability

as in [24], in terms of “overflow” functions

γc
i (M) = lim sup

t→∞

1

t

t
∑

t′=0

Pr{U c
i (t′) > M} (1)

γsum(M) = lim sup
t→∞

1

t

t
∑

t′=0

Pr{
∑

i,c

U c
i (t′) > M}.(2)

The sessionc queue at nodei is considered stable if

γc
i (M) → 0 as M → ∞. A network of queues is

considered stable if each individual queue is stable. The

following lemma from [24, Lemma 6, page 100] gives

a necessary condition for stability of a network:

Lemma 1:(a) As M → ∞, γc
i (M) → 0 ∀ i, c if and

only if γsum(M) → 0.

(b) If the network is stable, then for anyδ > 0, there

exists a finite valueM such that arbitrarily large times

t̃ can be found for whichPr{
∑

i,c U c
i (t̃) ≤ M} > 1 −

δ. For δ = 1/2, there exists a valueM such that the

probability thatU c
i (t̃) ≤ M simultaneously for alli, c is

greater than 1/2 infinitely often.

We define a similar overflow function for the sum of the

virtual queue lengthsU cβ
i (t):

γvirtualsum(M) = lim sup
t→∞

1

t

t
∑

t′=0

Pr{
∑

i,c,β

U cβ
i (t′) > M}

(3)

and extend the above lemma to the case with virtual

queues.

Lemma 2:(a) As M → ∞, γc
i (M) → 0 ∀ i, c if and

only if γvirtualsum(M) → 0.

(b) If the network is stable, then for anyδ > 0, there

exists a finite valueM such that arbitrarily large times

t̃ can be found for whichPr[
∑

i,c,β U cβ
i (t̃) ≤ M ] >

1 − δ. For δ = 1/2, there exists a valueM such that

the probability thatU cβ
i (t̃) ≤ M simultaneously for all

i, c, β is greater than 1/2 infinitely often.

Proof: The proof approach follows that in [20,

Lemma 1, page 30].

(a) Since each physical packet included inU c
i (t) cor-

responds to a virtual packet in one or more of the

corresponding virtual queues whose lengths areU cβ
i (t),

we have, for alli, c, t,

U c
i (t) ≤

∑

i,c,β

U cβ
i (t) ≤ NKτmaxU c

i (t)

⇒ Pr{U c
i (t) > M} ≤ Pr{

∑

i,c,β

U cβ
i (t) > M}

≤
∑

i,c

Pr{U c
i (t) > M/NKτmax}

whereN andK are the number of nodes and sessions

respectively andτmax is the maximum number of sinks

of a session. The last inequality follows from noting that
∑

i,c,β U cβ
i (t) > M implies thatU c

i (t) > M/NKτmax

for somei, c and using the union bound. It follows that

for all i, c,

γc
i (M) ≤ γvirtualsum(M) ≤

∑

i,c

γc
i (M/NKτmax)

where the last inequality holds because the lim sup of

a sum is less than or equal to the sum of the lim sups.

Part (a) follows by taking limits asM → ∞.

(b) From part (a), if the network is stable, then there

exists a valueM such thatγvirtualsum(M) < δ for

arbitrarily small δ. This means that for any arbitrarily

large timet1, from (3), there exists a value iñt ≥ t1 for

which Pr[
∑

i,c,β U cβ
i (t̃) > M ] is less thanδ.

C. Redundancy coding at sources

Each source nodei ∈ Sc forms coded source packets at

an average rateλc
i = xc

i + ǫ , wherexc
i is its exogenous
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packet arrival rate andǫ > 0. Each coded source packet

is formed as an independent random linear combination

of previously arrived exogenous packets, and is “added”

to each queueQcβ
i , β ∈ Tc. Here we provide some

intuition for this in advance of the detailed development

in subsequent sections. The decoding condition at each

sink is that the total number of linearly independent

coded packets reaching each sink up to some timet

should be equal to the total number of exogenous packets

up to that time. The rate of coded source packets is

ǫ greater than the rate of exogenous packets to allow

for a small fraction of coded packets to be delayed in

network queues; this fraction tends to decrease with time

since the queue sizes are bounded. Thus, the choice

of ǫ trades off between closeness to capacity and the

potential decoding delay; for sufficiently large decoding

delayt, the decoding condition is satisfied and decoding

is successful with high probability.2 The numberAc
i (t)

of coded sessionc source packets formed at nodei in

timeslot t is i.i.d. with expected value

λc
i = E{Ac

i (t)}. (4)

The second moment of the total number of source

packets formed at each node in each timeslot is bounded

by a finite maximum valueA2
max, i.e.

E







(

∑

c

Ac
i (t)

)2






≤ A2
max. (5)

IV. W IRED NETWORKS

We first describe the capacity region and back pressure

policy for independent sources on wired networks, de-

ferring proofs of the results to the next section, which

2If we employ batch coding where each batch contains a fixed

number of exogenous packets, feedback from the sinks can be used

to signal when the sources should stop forming coded packetsof each

batch. This determines the effective value ofǫ for each batch.

generalizes these results to the wireless case. We present

these results separately for the wired case as they are

simpler and provide useful intuition. The main difference

between the wired and wireless scenarios is that in a

wired network all links are point-to-point links with fixed

transmission rates, whereas in a wireless network, links

could be point-to-multipoint with mutually dependent

transmission rates.

A. Notation

We denote byrab the capacity of link(a, b). We usef cβ
ab

to denote average virtual flow rate, over link(a, b) ∈ L,

from Qcβ
a to Qcβ

b . We usegc
ab to denote average physical

flow rate for sessionc over (a, b) ∈ L. For brevity

of notation, we use the convention that any term with

subscriptab equals zero unless(a, b) ∈ L, and any term

with superscriptcβ equals zero unlessc ∈ C, β ∈ Tc.

B. Capacity region with intra-session network coding

Let Λ be the set of all source rate vectors(λc
i ) such

that there exist variables{f cβ
ab , gc

ab} satisfying:

f cβ
βb = 0 ∀ b, c, β (6)

f cβ
ab ≥ 0 ∀ a, b, c, β (7)

λc
i ≤

∑

b

f cβ
ib −

∑

a

f cβ
ai

∀ i, c, β 6= i, β ∈ Tc (8)

f cβ
ab ≤ gc

ab ∀ a, b, c, β (9)
∑

c

gc
ab ≤ rab (10)

The variables{f cβ
ab } for a (session, sink) pair(c, β ∈

Tc) define a flow carrying rate at leastλc
i from each

source nodei to β (by (7)-(8)), in which virtual flow

that is intended forβ is not retransmitted away fromβ

(Equation (6). Network coding allows flows for different
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sinks of a common multicast session to share capacity

by being coded together [1], so the total usagegc
ab of

link (a, b) by sessionc need only be as large as the

maximum virtual usagef cβ
ab by individual sinksβ ∈ Tc

of the session (Inequality (9)). The flow constraints given

above provide a characterization of the capacity region

as shown in Theorem 1 below.

Theorem 1:(a) A necessary condition for stability of

multiple multicast sessions with intra-session network

coding is(λc
i ) ∈ Λ.

(b) A sufficient condition for stability is that(λc
i ) is

strictly interior toΛ.

C. Achievability

The following back pressure policy stabilizes the net-

work for all input rates within the capacity region. It is

a special case of the back pressure policy for wireless

networks described and analyzed in the next section. The

intuition behind the policy is that it chooses, for each

link at each time slot, the session with the maximum

total weight of virtual transmissions, summed over the

session’s sinks.

Back-pressure policy for wired networks

For each time slott and each link(a, b),

• Session scheduling: one session

c∗ab = argmax
c







∑

β∈Tc

max
(

U cβ
a − U cβ

b , 0
)







is chosen.

• Rate allocation: the maximum rate of virtual trans-

missions fromQcβ
a to Qcβ

b is set as

µcβ
ab (t) =



















rab if c = c∗ab, β ∈ Tc,

andU cβ
a − U cβ

b > 0

0 otherwise.

(11)

• Network coding: each sessionc packet physically

transmitted on link(a, b) is a random linear combi-

nation, inFq, of packets corresponding to a set of

virtual transmissions on(a, b) each associated with

a different sink inTc, as described in Section III-A.

The subset ofTc associated with virtual trans-

missions consists of the destinationsβ for which

U cβ
a − U cβ

b > 0.

Let

U := lim sup
t→∞

1

t

t−1
∑

t′=0

E{U(t′)}.

Theorem 2:If coding rates(λc
i ) are such that(λc

i +

ǫ′) ∈ Λ, ǫ′ > 0, the back-pressure policy stabilizes the

system with average total virtual queue length bounded

as

∑

i,c,β

U cβ
i = lim sup

t→∞

1

t

t−1
∑

t′=0

∑

i,c,β

E{U cβ
i (t′)} ≤

BN

ǫ′

whereN is the number of network nodes and

B =
τmax

2

(

(Amax + µin
max)2 + (µout

max)2
)

.

Theorems 1 and 2 are special cases of the correspond-

ing theorems for wireless networks that are stated and

proved in the next section. While the above result shows

that each sink can receive packets at a rate arbitrarily

close to the source rate, the packets received contain

randomly coded data. In order to retrieve the actual

information, each sink decodes the information from the

coded packets that it receives. The following theorem

shows that the probability that not all sinks are able to

decode the information tends to zero exponentially in the

coding block length.

Theorem 3:For exogenous arrival ratesxc
i = λc

i − ǫ,

if (λc
i ) is strictly interior to Λ, then for sufficiently

large times t, the probability that not every sink is
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able to decode its session’s exogenous packets decreases

exponentially in the length of the code.

Proof: We can cast a given sequenceP of packet

transmissions in the algebraic network coding framework

of [16], [10] as follows. We consider a corresponding

static networkG with the same node setN and with

links corresponding to transmissions inP , where for

each packetp transmitted from nodev to w in P , G has

one unit-capacity link̃p from v to w. This has similarity

with the notion of a time-expanded network introduced

in [1], where a fixed network is replicated in time to

analyze a sequence of transmissions in time. The coding

coefficient specifying the mapping from link̃p1 to p̃2

is set to zero if packetp1 is not among the packets

coded together to formp2. The following analysis is an

extension, based on this correspondence, of the analysis

in [16], [10].

Consider any sessionc. Let ξ be the vector consisting

of the randomly chosen network coding coefficients

associated with the sessionc packets. Consider any sink

β ∈ Tc. It follows from Theorem 2 and Lemma 2 that

for any δ > 0, there exists a sufficiently large valueV

such that

Pr





⋂

c,β







∑

j

U cβ
j (t) ≤ V i.o.









 ≥ 1 − δ.

Since the arrival processes of the exogenous packets and

coded packets are ergodic, taking into account the last

formula it follows that with arbitrary high probability

one can choose arbitrarily larget ≥ V/ǫ so that for all

c, β, i it holds that
∑

j U cβ
j (t) ≤ V , the numbernc

i of

sessionc exogenous packet arrivals at sourcei during

the time intervalt is approximately(λc
i − ǫ)t and the

total number of session c packets added to the source

queue at nodei is approximatelyλc
i t. The total number

m of sessionc packets arrived by the chosen timet to β

from each sourcei is given by theseλc
i t packets minus

the number of them left in the(c, β) virtual queues and

hencem is lower bounded by

λc
i t − V ≥ (λc

i − ǫ)t.

The physical packets corresponding to this virtual flow

are coded combinations of thenc
i exogenous packets

from i. These exogenous packets are in one-to-one

correspondence with the source processes in the corre-

sponding static networkG.

Consider any arbitrary fixed choice ofnc
i of the packets

received by β from each sessionc source nodei,

corresponding to a choice ofnc
i input links atβ in the

static networkG. This choice fixes only the sequence

of which packets are coded together to form thenc
i

chosen packets; by the Principle of Deferred Decisions

(see, e.g. [18]), we can assume that the values of the

random coding coefficients are chosen subsequently. We

denote bydcβ(ξ) the determinant, as a polynomial inξ,

of the matrix whose rows equal the coefficient vectors

of these
∑

i∈Sc
nc

i packets. Consider the physical packet

transmissions corresponding to this virtual flow, which

are transmissions involving queuesQcβ
j . These physical

transmissions would constitute an uncoded physical flow

if their originating transmissions from the source nodes

were uncoded independent packets and there were no

other sinks/virtual flows in the network. We denote by

ξ̃ the value ofξ corresponding to this case, noting that

dcβ(ξ̃) = 1 or −1.3 Thus,dcβ(ξ) is not identically zero.

Since the product
∏

c,β∈Tc
dcβ(ξ) as a function of the

network code coefficientsξ is not identically zero, by

the Schwartz-Zippel theorem (see, e.g. [18]), choosing

3For this uncoded flow case, the coefficient vectors of the(λc
i − ǫ)t

sessionc packets received byβ form the rows of the identity matrix.
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the code coefficients uniformly at random from a finite

field of size q yields a zero value with probability

inversely proportional toq. A nonzero value for the

product corresponds to each sink having enough linearly

independent combinations to decode all data transmitted

up to that point. The result follows sinceq is exponential

in the length of the code.

V. W IRELESSNETWORKS

A. Wireless model

The wireless case is considerably more complicated,

as we take into account interference among signals

transmitted simultaneously by multiple nodes and the

fact that a single node’s transmission can be received

by multiple nodes, referred to as wireless multicast

advantage. Furthermore, it is possible for a receive node

to combine information received from multiple transmit

nodes that are transmitting the same signal.

We assume we are given a setL consisting of point-to-

point links (a, b) and/or point-to-multipoint links(a, Z)

wherea, b ∈ N , Z ⊂ N . While there are potentially a

large number of possible wireless links, in practice we

consider a limited set of useful links. For example, the

setZ of receivers for a link(a, Z) could be chosen to be

some number of closest neighbors of the transmittera.

The selection and size of the setL of links over which

optimization occurs trades off achievable performance

against complexity, and is an issue inherent to wireless

network optimization in general. It is a pertinent practical

problem that is considered in, e.g., [19], [29], but is

beyond the scope of this paper.

We assume we are given a rate functionµ(P , S)

specifying the vector of link rates as a function of

the vector of transmit powersP and channel statesS.

Consider first a single link(a, b). The rate in packets per

unit time on the link,µab(P , S), could, for example, be

modeled according to the Shannon formula (see, e.g. [7])

µab(P , S) =
1

J
log2

(

1 +
SabPa

N0 +
∑

a′∈N\{a} Sa′bPa′

)

,

(12)

whereJ is the packet length in bits,a′ denotes nodes

transmitting interfering signals,N0 is the additive white

Gaussian noise variance, andSab is channel gain from

transmitter nodea to receiver nodeb and includes the

effects of distance loss, large scale and small scale fading

effects. This is just one possible approximate but useful

formula. Note that the link rates could in general be

modeled using any monotonically increasing function of

the SINR, or could be restricted to a finite set of possible

values corresponding to practical coding and modulation

schemes; as in [24], we assume only thatµ(P , S) is

upper semi-continuous inP for all statesS.

The channel state vectorS(t) is assumed to be constant

over each time slot, i.e., state transitions occur only on

slot boundaries, where timet is an integer. We assume

that in each time slot the value ofS(t) is taken i.i.d. from

a finite set; we denote byπS the probability of stateS.

Transmit powersP (t) are also held constant over each

time slot, and each nodea’s transmit powerPa(t) is

limited by the maximum transmit powerPmax. Hence

the set of power allocationsΠ is a compact set. In the rest

of the paper,t is taken to be an integer unless otherwise

stated.

For a wireless broadcast link(a, Z) from a nodea to a

set of nodesZ, the instantaneous link rateµaZ(P , S) is

also determined by the vector of transmit powersP (t)

and the channel state vectorS(t). It is related to the
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individual link rates according to

µaZ(P , S) = min
b∈Z

µab(P , S) (13)

B. Notation

Recall from Section III-A that for a wireless trans-

mission over a link(a, Z), although the nodes inZ all

receive the transmitted packet, they update their virtual

queues selectively such that each constituent virtual

transmission is point-to-point, i.e. from one queueQcβ
a to

one queueQcβ
b at some end nodeb ∈ Z. We usef cβ

abZ to

denote average virtual flow rate, over link(a, Z) ∈ L,

from Qcβ
a to Qcβ

b , b ∈ Z. We usegc
aZ to denote the

average physical flow rate for sessionc over(a, Z) ∈ L.

We denote byraZ the average value of the time-varying

rate µaZ(P (t), S(t)) of link (a, Z). Precise definitions

of f cβ
abZ , gc

aZ , raZ are given below with each different

context in which the variables are used.

For brevity of notation, we use the convention that

any variable term with subscriptabZ equals zero unless

(a, Z) ∈ L, b ∈ Z, and any variable term with super-

script cβ equals zero unlessc ∈ C, β ∈ Tc.

We use(raZ) to denote the vector of all link rates

(raZ : (a, Z) ∈ L).

C. Capacity region with intra-session network coding

Similarly to [24], [20], we define the networkgraph

family Γ consisting of all rate vectorsr = (raZ ) that

can be represented asr =
∑

S πSrS for some set of

rate vectorsrS , each of which is in the convex hull of

the set of rate vectors{µ
aZ

(P , S)|P ∈ Π}. Γ can be

viewed as the set of long-term average transmission rates

(raZ) supportable by the network. The assumption that

µ(P , S) is upper semi-continuous inP for all S ensures

the compactness of the set of all rate matrices entrywise

less than or equal to some element ofΓ, and in turn the

compactness of the regionΛ defined below [20], which

is needed in the proof of Theorem 4.

Let Λ be the set of all input rate vectors(λc
i ) such that

there exist values for{f cβ
abZ , gc

aZ}, (raZ) ∈ Γ satisfying:

f cβ
βbZ = 0 ∀ b, c, β, Z (14)

f cβ
abZ ≥ 0 ∀ a, b, c, β, Z (15)

λc
i ≤

∑

b,Z

f cβ
ibZ −

∑

a,Z

f cβ
aiZ

∀ i, c, β 6= i, β ∈ Tc (16)
∑

b∈Z

f cβ
abZ ≤ gc

aZ ∀ a, c, β, Z (17)

∑

c

gc
aZ ≤ raZ ∀ a, Z. (18)

The interpretation of these equations is similar to the

wired case: variables{f cβ
abZ} define a flow solution from

the sessionc sources toβ.

Theorem 4:(a) A necessary condition for stability of

multiple multicast sessions with intra-session network

coding is(λc
i ) ∈ Λ.

(b) A sufficient condition for stability is that(λc
i ) is

strictly interior toΛ.

Proof: (a) LetXc
i (t) be the total number of session

c source packets formed at nodei up to timet. For an

intra-session network coding and power control policy,

let F cβ
abZ(t) be the total virtual flow, up to timet, from

queueQcβ
a to queueQcβ

b over link (a, Z), and letGc
aZ(t)

be the total physical flow of sessionc packets transmitted

over link (a, Z) up to time t. These quantities must

satisfy

F cβ
abZ(t) ≥ 0 ∀ a, b, c, β, Z (19)

Xc
i (t) =

∑

b,Z

F cβ
ibZ(t) −

∑

a,Z

F cβ
aiZ(t)

+U cβ
i (t) ∀ i, c, β 6= i, β ∈ Tc (20)
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∑

b∈Z

F cβ
abZ(t) ≤ Gc

aZ(t) ∀ a, b, c, β, Z (21)

∑

c

Gc
aZ(t) ≤

t
∑

t′=0

µaZ(P (t′), S(t′)) ∀ a, Z. (22)

Suppose the system is stabilizable with some intra-

session network coding and power control policy. Then

there exists a stabilizing policy for which

F cβ
βbZ = 0 ∀ b, Z, c, β, (23)

i.e. virtual flow that has reached its intended sink is not

retransmitted away from the sink.

Let TS(t) ∈ {0, 1, . . . , t−1} denote the subset of time

slots, up to timet − 1, during which the channel is

in stateS. As t → ∞, Xc
i (t)
t

and |TS(t)|
t

converge to

their time average valuesλc
i and πS respectively, and

the inequalities
∣

∣

∣

∣

Xc
i (t)

t
− λc

i

∣

∣

∣

∣

≤ ǫ′ ∀ i, c (24)

|TS(t)|

t
≤ πS + ǫ′ ∀ S (25)

are simultaneously satisfied with probability tending to 1

since there are a finite number of arrival processesXc
i (t)

and channel statesS. By Lemma 2, for the stabilizing

policy, there exists some finite valueM such that at

arbitrarily large timest,

U cβ
i (t)

t
≤

M

t
≤ ǫ′ ∀ i, c, β (26)

with probability greater than1/2. Thus, there exists

some valuẽt of t such that (24)-(26) are simultaneously

satisfied with nonzero probability.

Choosing one such valuẽt, let f cβ
abZ = F cβ

abZ(t̃)/t̃,

gc
aZ = Gc

aZ(t̃)/t̃. Considering (22) att = t̃ and dividing

by t̃, we obtain
(

∑

c

gc
aZ

)

≤





1

t̃

t̃−1
∑

t′=0

µaZ(P (t′), S(t′))





=
∑

S

|TS(t̃)|

t̃

(

µ
S

aZ

)

(27)

where vectors
(

µ
S

aZ

)

=

1
|TS(t̃)|

∑

t′∈TS(t̃) (µaZ(P (t′), S)) are elements of

the convex hull of rate vectors{(µ(P , S)) |P ∈ Π},

and the vector inequality is considered entrywise.

Substituting (25) into (27) we obtain
(

∑

c

gc
aZ

)

≤
∑

S

πS

(

µ
S

aZ

)

+ǫ′ (µmax
aZ ) card{S} (28)

where card{S} is the number of channel states and

(µmax
aZ ) is the maximum transmission rate of link(a, Z).

Similarly, considering (19)-(21) at̃t and dividing byt̃,

and using (24)-(26) we obtain

f cβ
βbZ = 0 ∀ b, c, β, Z (29)

f cβ
abZ ≥ 0 ∀ a, b, c, β, Z (30)

λc
i ≤

∑

b,Z

f cβ
ibZ −

∑

a,Z

f cβ
aiZ + 2ǫ′

∀ i, c, β 6= i, β ∈ Tc (31)
∑

b∈Z

f cβ
abZ ≤ gc

aZ ∀ a, b, c, β, Z. (32)

Considering (28)-(32) in the limit asǫ′ → 0, we see

that (λc
i ) is a limit point of Λ, which is compact and

thus contains its limit points.

(b) is proved constructively in the next section.

D. Control policies

We consider policies that make control decisions at the

start of each time slott and operate as follows.

• Power allocation: A vector of transmit powers

P (t) = (PaZ(t)) is chosen from the setΠ of

feasible power allocations. This, together with the

channel stateS(t), determines the link ratesµ(t) =

(µaZ(t)), assumed constant over the time slot.

• Session scheduling, rate allocation and network

coding: For each link(a, Z), each sinkβ of each

sessionc is allocated a transmission rateµcβ
abZ(t)
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for each destination nodeb ∈ Z. These allocated

rates must satisfy the overall link rate constraint

µaZ(t) ≥
∑

c∈C

max
β∈Tc

∑

b∈Z

µcβ
abZ(t). (33)

µcβ
abZ(t) gives the maximum rate of virtual transmis-

sions fromQcβ
a to Qcβ

b over (a, Z). Besides this

limit on virtual transmissions for pairs of queues

over each link, the total number of virtual trans-

missions out ofQcβ
a over all links with start node

a is also limited by the queue lengthU cβ
a (t) at

the start of the time slot. Each sessionc packet

physically transmitted on link(a, Z) is a random

linear combination, inFq, of packets corresponding

to a set of virtual transmissions on(a, Z), each

associated with a different sink inTc. Thus, the rate

allocated to sessionc on (a, Z) is the maximum,

over sinksβ ∈ Tc, of each sinkβ’s total allocated

rate
∑

b∈Z µcβ
abZ(t), which explains (33).

The following dynamic policy relies on queue length

information to make control decisions, without requiring

knowledge of the input or channel statistics. The intu-

ition behind the policy is that it seeks to maximize the

total weight of virtual transmissions for each time slot,

subject to the above constraints.

Back-pressure policy

For each time slott, transmit powers(PaZ(t)) and

allocated rates(µcβ
abZ(t)) are chosen based on the queue

lengths(U cβ
i (t)) at the start of the slot, as follows.

• Session scheduling: For each link(a, Z),

– for each sessionc and sinkβ ∈ Tc, one end

node

bcβ∗
aZ = argmax

b∈Z

(

U cβ
a − U cβ

b

)

= argmin
b∈Z

U cβ
b

is chosen. LetU cβ∗
aZ denoteU cβ

b
cβ∗
aZ

for brevity.

– one session

c∗aZ = arg max
c







∑

β∈Tc

max
(

U cβ
a − U cβ∗

aZ , 0
)







is chosen. Let

w∗
aZ =

∑

β∈Tc∗
aZ

max
(

U cβ
a − U cβ∗

aZ , 0
)

(34)

be the weight of the chosen session.

• Power control: The stateS(t) is observed, and a

power allocation

P (t) = arg max
P∈Π

∑

a,Z

µaZ(P , S(t))w∗
aZ (35)

is chosen.

• Link rate allocation: For each link(a, Z),

µcβ
abZ(t) =



















µaZ(t) if c = c∗aZ , β ∈ Tc,

b = bcβ∗
aZ andU cβ

a − U cβ
b > 0

0 otherwise.
(36)

The complexity of the optimization (35) depends on the

physical network model. If there are enough channels

so that different nodes’ transmissions do not interfere,

the optimization can be done locally at each node.

If transmissions by different nodes interfere, solving

the optimization requires coordination or a centralized

solution. It is shown in subsequent work [9] that for some

network models, e.g. an interference set model which

specifies sets of links that interfere with each other, there

are distributed approximation algorithms that achieve a

guaranteed fractionγ of the optimal solution of (35),

and stabilize the system for any rate vector(λc
i ) such

that ( 1
γ
λc

i + ǫ′) ∈ Λ (an extension of [17, Proposition

3] for the non-multicast routing case). Alternatively, the

optimization (35) can be done heuristically, e.g. by a

greedy approach along the lines of that in [19], [29] but
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with the added guidance of weightsw∗
aZ for prioritiza-

tion among candidate links(a, Z). However, we do not

have performance guarantees for these heuristics.

The stability of the back pressure policy for(λc
i +ǫ′) ∈

Λ is shown by comparison with a randomized policy that

assumes knowledge of the long-term input and channel

statistics. We will show that the randomized policy is

stable, and that stability of the randomized policy implies

stability of the back pressure policy.

Randomized policy

Assume given values of rate vector(raZ) ∈ Γ and flow

variables{f cβ
abZ , gcβ

aZ} satisfying:

f cβ
βbZ = 0 ∀ b, c, β, Z (37)

f cβ
abZ ≥ 0 ∀ a, b, c, β ∈ Tc, Z (38)

λc
i + ǫ′ =

∑

b,Z

f cβ
ibZ −

∑

a,Z

f cβ
aiZ

∀ c ∈ C, β, i 6= β (39)
∑

b∈Z

f cβ
abZ ≤ gc

aZ ∀ a, Z, c, β, Z (40)

∑

c

gc
aZ ≤ raZ ∀ a, Z. (41)

The following lemma, adapted from [24, Lemma 1],

shows that for any rate vector(raZ ) ∈ Γ, power can

be allocated according to the time-varying channel state

S(t) such that the time average link rates converge to

(raZ).

Lemma 3:Consider a rate vector(raZ) ∈ Γ. There

exists a stationary randomized power allocation policy

which gives link ratesµaZ(t) satisfying

lim
t→∞

1

t

t
∑

t′=0

µaZ(t′) = raZ

with probability 1 for all (a, Z) ∈ L, where, for each

time slot t in which channel stateS(t) takes valueS,

the power allocation is chosen randomly from a finite set

{PS,1, . . . , PS,m} according to stationary probabilities

{qS,1, . . . , qS,m}.

Proof: The proof follows that of [20, Lemma 8,

page 125]. From the definition ofΓ in Section V-C and

by Carathéodory’s Theorem [5],(raZ) =
∑

S πSrS for

some set of rate vectorsrS , each of which is a convex

combination of vectors in{µ
aZ

(P , S)|P ∈ Π}. For each

stateS, the probabilities of the stationary randomized

power allocation policy are chosen according to the

weights of the corresponding convex combination, which

givesE{µ(P (t′), S(t′))|S(t′) = S} = rS . By the law of

large numbers, 1
|TS(t)|

∑

t′∈TS(t) µ(P (t′), S(t′)) → rS

as t → ∞, whereTS(t) ⊂ {0, 1, . . . , t − 1} denotes

the subset of time slots, up to timet − 1, during which

the channel is in stateS. The result follows since

|TS(t)|/t → πS as t → ∞.

The randomized policy is designed such that

E{µcβ
abZ(t)} = f cβ

abZ . (42)

For each time slott, transmit powers(PaZ(t)) and

allocated rates(µcβ
abZ(t)) are chosen based on the given

values of(raZ), {f cβ
abZ , gcβ

aZ} as well as the channel state

S(t), as follows.

• Power allocation: The channel stateS(t) is ob-

served, and power is allocated according to the

algorithm of Lemma 3, giving instantaneous link

ratesµaZ(t) and long-term average ratesraZ .

• Session scheduling and rate allocation: For each

link (a, Z), one sessionc = caZ is chosen randomly

with probability gc
aZ

∑

c
gc

aZ

. Each of its sinksβ ∈ Tc

is chosen independently with probability
∑

b
f

cβ

abZ

gc
aZ

.

Let TaZ ⊂ Tc denote the set of chosen sinks. For

eachβ ∈ TaZ , one destination nodeb = bcβ
aZ in Z is

chosen with probability f
cβ

abZ
∑

b f
cβ

abZ

. The corresponding
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allocated rates are

µcβ
abZ(t) =



















∑

c
gc

aZ

raZ
µaZ(t) if c = caZ , β ∈ TaZ

andb = bcβ
aZ

0 otherwise.
(43)

Theorem 5:If input rates(λc
i ) are such that(λc

i +ǫ′) ∈

Λ, both the randomized policy and the back pressure

policy stabilize the system with average total virtual

queue length bounded as

∑

i,c,β

U cβ
i = lim sup

t→∞

1

t

t−1
∑

t′=0

∑

i,c,β

E{U cβ
i (t′)} ≤

BN

ǫ′

(44)

whereN is the number of network nodes and

B =
τmax

2

(

(Amax + µin
max)2 + (µout

max)2
)

.

The proof of this theorem uses the following result which

is adapted from [24, Theorem 3]:

Theorem 6:Let U(t) = (U1(t), . . . , Un(t)) be a vector

of queue lengths, for some positive integern. Define the

Lyapunov functionL(U(t)) =
∑n

j=1[Uj(t)]
2. If for all

t

E{L(U(t + 1)) − L(U(t))|U(t)} ≤ C1 − C2

n
∑

j=1

Uj(t)

(45)

for some positive constantsC1, C2, and if

E{L(U(0))} < ∞, then
n
∑

j=1

Uj = lim sup
t→∞

1

t

t−1
∑

t′=0

n
∑

j=1

E{Uj(t
′)} ≤

C1

C2
(46)

and each queue is stable.

Proof: Summing overt = 0, 1, . . . , T − 1 the

expectation of (45) over the distribution ofU(t), we have

E{Ln(U(T ))−L(U(0))} ≤ TC1−C2

T−1
∑

t=0

n
∑

j=1

E{Uj(t)}.

SinceL(U(T )) > 0,

1

T

T−1
∑

t=0

n
∑

j=1

E{Uj(t)} ≤
C1

C2
+

1

TC2
E{L(U(0))}.

Taking the lim sup asT → ∞ gives (46). Each queue

is stable since

γj(M) = lim sup
t→∞

1

t

t
∑

t′=0

Pr{Uj(t
′) > M}

≤ lim sup
t→∞

1

t

t
∑

t′=0

E{Uj(t
′)}/M

≤
C1

C2M

→ 0 asM → ∞.

Proof of Theorem 5:The queue lengths evolve

according to:

U cβ
i (t + 1) ≤ max







U cβ
i (t) −

∑

b,Z

µcβ
ibZ(t) , 0







+
∑

a,Z

µcβ
aiZ(t) + Ac

i (t) (47)

which reflects the policy that the total number of virtual

transmissions out ofQcβ
i is limited by the queue length

U cβ
i (t).

Define the Lyapunov functionL(U) =
∑

i,c,β(U cβ
i )2.

Squaring (47) and dropping some negative terms from

the right hand side, we obtain

[U cβ
i (t + 1)]2 ≤ [U cβ

i (t)]2 +



Ac
i +

∑

a,Z

µcβ
aiZ





2

+





∑

b,Z

µcβ
ibZ





2

− 2U cβ
i (t)





∑

b,Z

µcβ
ibZ −

∑

a,Z

µcβ
aiZ−Ac

i



(48)

where the time dependencies ofµcβ
abZ and Ac

i are not

shown for brevity, since these remain constant over the

considered time slot.

Taking expectations of the sum of (48) over alli, c, β,

noting that

∑

i,c,β





∑

b,Z

µcβ
ibZ





2



15

≤
∑

i,c

τmax



max
β∈Tc

∑

b,Z

µcβ
ibZ





2

≤
∑

i

τmax





∑

c



max
β∈Tc

∑

b,Z

µcβ
ibZ









2

(49)

≤ Nτmax

(

µout
max

)2
,

∑

i,c,β



Ac
i +

∑

a,Z

µcβ
aiZ





2

≤
∑

i,c

τmax



Ac
i + max

β∈Tc

∑

a,Z

µcβ
aiZ





2

≤
∑

i

τmax





∑

c



Ac
i + max

β∈Tc

∑

a,Z

µcβ
aiZ









2

(50)

≤ Nτmax

(

Amax + µin
max

)2
,

where the Cauchy-Schwarz inequality is used in steps

(49) and (50), and using (4), (5), we obtain the drift

expression

E{L(U(t + 1)) − L(U(t))|U (t)} ≤ 2BN −

2
∑

i,c,β

U cβ
i (t)



E







∑

b,Z

µcβ
ibZ −

∑

a,Z

µcβ
aiZ

∣

∣

∣

∣

U(t)







− λc
i



 .(51)

For randomized policy, substituting (39) and (42) into

(51) gives

E{L(U(t+1))−L(U(t))|U (t)} ≤ 2BN−2ǫ′
∑

i,c,β

U cβ
i (t).

(52)

Applying Theorem 6 gives

∑

i,c,β

U cβ
i ≤

BN

ǫ′
. (53)

Thus the randomized policy satisfies the queue occu-

pancy bound (44).

For the back pressure policy,E{µcβ
abZ(t)|U (t)} is

dependent onU(t). The drift expression (51) can be

expressed as

E{L(U(t + 1)) − L(U(t))|U(t)}

≤ 2BN − 2



D −
∑

i,c,β

U cβ
i (t)λc

i





where

D =
∑

i,c,β

U cβ
i (t)



E







∑

b,Z

µcβ
ibZ −

∑

a,Z

µcβ
aiZ

∣

∣

∣

∣

U(t)









 ,

(54)

which is the portion of the drift expression that depends

on the policy, can be rewritten as

D =
∑

a,b,Z

∑

c,β

E
{

µcβ
abZ |U(t)

}(

U cβ
a (t) − U cβ

b (t)
)

.

(55)

We compare the values of (55) for the two policies,

giving

Drand =
∑

a,b,Z

∑

c,β

f cβ
abZ

(

U cβ
a − U cβ

b

)

≤
∑

a,Z

∑

c

gc
aZ

∑

β

max
b∈Z

(

U cβ
a − U cβ

b

)

≤
∑

a,Z

∑

c

gc
aZw∗

aZ

≤
∑

a,Z

raZw∗
aZ

=
∑

a,Z





∑

S

πSr
S

aZ



w∗
aZ

≤
∑

S

πS max
P∈Π

∑

a,Z

µaZ(P , S)w∗
aZ

= Dbackpressure.

where the last step follows from (35)-(36). Since the

Lyapunov drift for the back-pressure policy is more

negative than the drift for the randomized policy, the

bound (53) also applies for the back-pressure policy. This

completes the proof.

This also proves Theorem 4(b).

Proof of Theorems 1 and 2:The results follow from

specializing Theorems 4 and 5 to the case where each
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link (a, Z) has a destination setZ of size 1 and a

capacity that does not depend onP or S.

Theorem 3 on decoding applies to both the wired and

wireless cases.

VI. CORRELATED SOURCES

A. Model, approach and notation

We consider the case of source nodes with correlated

information. For simplicity, we assume that the exoge-

nous source processes consist of bits, or have been

converted to bits by appropriate source coding.

Let xc
α be the rate of exogenous bits which are to be

transmitted from each sourceα ∈ Sc. The exogenous

bits at α ∈ Sc are partitioned into groups ofxc
α bits

which we refer to as symbols in this paragraph. As in the

classical distributed source coding problem formulation

of [26], we consider coding over a block ofn symbols

present at each source4, and assume that for each session

c, successive tuples of source symbols are drawn i.i.d.

from some joint distributionQc.

Following [11], we consider intra-session random vec-

tor linear coding inF2 across the exogenous bits in each

block. Each source packet containsn/T coded source

bits from each of a set ofz blocks, whereT is a constant

whose value will be determined later. Each of the coded

source bits is formed as an independent random linear

combination, inF2, of the nxc
α exogenous bits in the

corresponding block. The code description overhead is

amortized over the set ofz blocks by using the same

linear combinations to form the coded source bits for

4If the exogenous bits arrive sequentially at the sources, aninitial

startup delay is incurred in waiting to accumulaten symbols before

coding begins. This differs from the model for independent sources

in the previous sections, where information is encoded incrementally

without needing a full block of information to be present.

each block in each packet. A set of source packets

formed in this way from a set ofz blocks constitutes a

batch across which network coding occurs; as discussed

in Section II-B there is some capacity loss from having

multiple batches, the analysis of which is beyond the

scope of this paper. The rate at which coded source

packets are formed at each source is determined by the

control policy.

Each packet formed subsequently at a node by coding

together a set of input packets containsn/T coded

bits for each block, each an independent random linear

combination of the bits from that block in the input

packets. The same linear combination is used for each

of the blocks in the packet. An illustration is given in

Figure 3.

Each sink decodes by mapping its block of received bits

to a block of decoded bits that has minimum entropy

or maximumQ-probability among all possible source

values consistent with the received bit values.

The virtual queues in the correlated sources case are

defined similarly as in Section III-A, except that they are

additionally indexed by sources: each nodei maintains,

for each sourceα and sinkβ of each sessionc a virtual

queueQcαβ
i whose lengthU cαβ

i (t) is the number of

packets from sourceα queued at nodei that are intended

for sink β. At each sourceα ∈ Sc, each coded source

packet formed is added to some subset of the virtual

queuesQcαβ
α , β ∈ Tc according to the control policy.

A virtual transmission transfers a packet from a queue

Qcαβ
a to a queueQcαβ

b over a link (a, Z) whereb ∈ Z.

At a sink nodeβ ∈ Tc, packets are removed from queue

Qcαβ
β at a rate controlled by the policy.

For simplicity, in the rest of the paper all rates are

given in packets per unit time, for a fixed packet length
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of zn/T bits. We useλcαβ to denote the average rate at

which packets are added toQcαβ
α , and f cαβ

abZ to denote

average virtual flow rate, over link(a, Z) ∈ L, from

Qcαβ
a to Qcαβ

b , b ∈ Z. We usegc
aZ to denote the average

physical flow rate for sessionc over (a, Z) ∈ L.

For a setS of sources, we denote byH(S) their joint

entropy in bits per unit time divided by the packet length

zn/T . Conditional entropies are similarly denoted.

Let λc
α = H(α)+ǫ, ǫ > 0, for each sourceα ∈ Sc. We

assume thatλc
α is less than or equal to the maximum

outflow rateµout
max of a node.

For brevity of notation, we use the convention that any

variable term with superscriptcαβ equals zero unless

c ∈ C, α ∈ Sc, β ∈ Tc, and any variable term with

subscriptaZ equals zero unless(a, Z) ∈ L.

B. Capacity region with intra-session network coding

A transmission problem with correlated sources is con-

sideredachievablewith intra-session network coding if

there exists a sequence of codes such that the probability

of decoding any sessionc source symbol in error at any

sink in Tc tends to zero.

Let Λ be the set of all entropy vectors

(H(S′|(Sc\S′))|S′ ⊂ Sc, c ∈ C) such that there

exist variables (raZ ) ∈ Γ and {f cαβ
abZ , gc

aZ , λcαβ}

satisfying:

f cαβ
βbZ = 0 ∀ b, Z, c, α, β (56)

f cαβ
abZ ≥ 0 ∀ a, b, Z, c, α, β (57)

λcαβ ≤
∑

b,Z

f cαβ
αbZ −

∑

a,Z

f cαβ
aαZ ∀ c, α, β (58)

0 =
∑

b,Z

f cαβ
ibZ −

∑

a,Z

f cαβ
aiZ

∀ c, α, β, i /∈ {α, β} (59)
∑

α,b

f cαβ
abZ ≤ gc

aZ ∀ a, Z, c, β (60)

∑

c

gc
aZ ≤ raZ ∀ a, Z (61)

∑

α∈S′

λcαβ > H(S′|(Sc\S
′)) ∀ c,S′ ⊆ Sc, β ∈ Tc(62)

whereΓ is defined as in Section V-C.

Analogously to the independent sources case, variables

{f cαβ
abZ } define a sessionc flow of size at leastλcαβ from

sourceα to sinkβ. For each pair(c, β), (62) corresponds

to the Slepian-Wolf region [26].

Theorem 7:A necessary condition for achievability of

a transmission problem is that the source entropy vector

satisfies(H(S′|(Sc\S′))|S′ ⊂ Sc, c ∈ C) ∈ Λ.

Proof: For an intra-session network coding and

power control policy, letY cαβ
in (t) be the total number of

packets added to queueQcαβ
α up to timet, andY cαβ

out (t)

the total number of packets removed fromQcαβ
β in that

time. Let F cαβ
abZ (t) be the total virtual flow (in packets)

from queueQcαβ
a to Qcαβ

b over link (a, Z) up to time

t, and Gc
aZ(t) the total number of sessionc packets

physically transmitted over link(a, Z) up to timet. By

definition these quantities satisfy

F cαβ
abZ (t) ≥ 0 ∀ a, b, c, α, β, Z (63)

Y cαβ
in (t) =

∑

b,Z

F cαβ
αbZ (t) −

∑

a,Z

F cαβ
aαZ(t) + U cαβ

α (t)

∀ c, α, β (64)

0 =
∑

b,Z

F cαβ
ibZ (t) −

∑

a,Z

F cαβ
aiZ (t) + U cαβ

i (t)

∀ c, α, β, i /∈ {α, β} (65)
∑

α,b

F cαβ
abZ (t) ≤ Gc

aZ(t) ∀ a, c, β, Z (66)

∑

c

Gc
aZ(t) ≤

t
∑

t′=0

µaZ(P (t′), S(t′)) (67)

Y cαβ
in (t) − Y cαβ

out (t) =
∑

i

U cαβ
i (t) ∀ c, α, β (68)

Suppose the transmission problem is achievable with

some intra-session network coding and power control

policy. Then there exists some achievable policy satisfy-
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ing

F cαβ
βbZ = 0 ∀ b, Z, c, α, β (69)

i.e. virtual flow that has reached its intended sink is not

retransmitted away from the sink. Also, for each session

c and sufficiently larget, the flow rates from the sources

in Sc to each sinkβ ∈ Tc must be in the Slepian-Wolf

region:

∑

α∈S′

Y cαβ
out (t) > H(S′|(Sc\S

′))t ∀ c,S′ ⊆ Sc, β ∈ Tc

(70)

Let TS(t) ⊂ {0, 1, . . . , t−1} denote the subset of time

slots, up to timet−1, during which the channel is in state

S. By similar reasoning as in the independent sources

case (Equations (25)-(26)), there exists some finiteM

and some timẽt for which

0 ≤
U cαβ

i (t̃)

t̃
≤

M

t̃
≤ ǫ′ ∀ i, c, α, β (71)

|TS(t̃)|

t̃
≤ πS + ǫ′ ∀ S (72)

are simultaneously satisfied with nonzero probability.

Let

f cαβ
abZ = F cαβ

abZ (t̃)/t̃ (73)

gc
aZ = Gc

aZ(t̃)/t̃ (74)

λcαβ = Y cαβ
in (t̃)/t̃ (75)

As in the the independent sources case (Equations (27)-

(28)), from (67), (72) and (74) we obtain
(

∑

c

gc
aZ(t)

)

≤
∑

S

πS

(

µ
S

aZ

)

+ ǫ′ (µmax
aZ ) card{S}

(76)

where vectors
(

µ
S

aZ

)

are elements of the convex hull

of rate vectors{(µ(P , S)) |P ∈ Π}, card{S} is the

number of channel states and(µmax
aZ ) is the maximum

transmission rate of link(a, Z).

Considering (63)-(66) and (68)-(70) att̃, dividing by t̃,

and using (71) and (73)-(75), we obtain

f cαβ
abZ ≥ 0 ∀ a, b, c, β ∈ Tc, Z (77)

λcαβ ≤
∑

b,Z

f cαβ
αbZ −

∑

a,Z

f cαβ
aαZ + ǫ′ ∀ c, α, β (78)

∑

b,Z

f cαβ
ibZ −

∑

a,Z

f cαβ
aiZ ≤ 0 ≤

∑

b,Z

f cαβ
ibZ −

∑

a,Z

f cαβ
aiZ + ǫ′

∀ c, α, β, i /∈ {α, β} (79)
∑

b

f cαβ
abZ ≤ gc

aZ ∀ a, b, c, β ∈ Tc, Z (80)

0 ≤ λcαβ −
Y cαβ

out (t̃)

t̃
≤ Nǫ′ (81)

f cαβ
βbZ = 0 ∀ b, Z, c, α, β (82)

∑

α∈S′

Y cαβ
out (t̃)

t̃
> H(S′|(Sc\S

′))

∀ c,S′ ⊆ Sc, β ∈ Tc (83)

Considering (76)-(83) in the limit asǫ′ → 0, we see

that (H(S′|(Sc\S′))|S′ ⊂ Sc, c ∈ C) is a limit point of

Λ, which is compact and thus contains its limit points.

C. Policies and achievability

We next give sufficient conditions and a back-pressure

policy for achievability. Similarly to the case of in-

dependent sources, the conditions involve, informally

speaking, the network capacity and source data rates

being slightly higher than the joint source entropy rates.

The back-pressure policy for correlated sources differs

from that for independent sources primarily in the op-

eration at the sinks and the sources. The rates at which

packets are injected into the network by the different

sources of a session may have to be traded off against

each other as the total information rate from all the

sources may be larger than the joint entropy rate.

We propose a mechanism in which the different sinks

monitor the amount of information received from each of
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the sources and provide feedback implicity through back-

pressure to throttle the source rates. This is accomplished

by maintaining virtual queues on a per source basis

at each of the sinks and emptying these queues at

appropriate rates. The information in these virtual queues

creates the necessary gradient in queue sizes that then

propagates back to the sources. The sources compress the

information stream and transmit packets into the network

at rates limited by the gradients and thus each source in

the set of correlated sources transmits at the appropriate

rate.

We can draw the following intuitive analogy between

this policy and the back-pressure policy for independent

sources described earlier. In the independent sources

case, the system is driven by packet arrivals at the

sources, which create “positive pressure” at the sources.

In the correlated sources case, the system is driven by

removal of packets at the sinks, which creates “negative

pressure” or “vacuum” at the sinks. The policies differ

in the details of the operation of sources and sinks, but

the operation of interior network nodes according to the

pressure gradient is the same in both cases. Thus, we call

the policy for correlated sources a reverse back-pressure

policy.

Unlike the back-pressure policy for independent

sources, the policy for correlated sources ensures that the

length of each virtual queue never exceeds a maximum

lengthM whose value we will derive below. The virtual

queues are, conceptually, initialized as containingM

dummy packets each. Dummy packets are treated like

other virtual packets by the control policy, and can be

viewed as all zero packets for the purposes of network

coding. They serve only an accounting purpose, allowing

queue length gradients to be set up by the sinks when

initially there are no real data packets in the network.

Initially dummy packets are removed at the sinks, but

the number of dummy packets as a proportion of the

total number of packets removed decreases with time

since the total number of dummy packets is finite.

For ease of explanation, we describe the policies below

in terms of the difference

V cαβ
i (t) = M − U cαβ

i (t) (84)

between the maximum queue length and the virtual

queue lengths. A negative gradient inU cαβ
i (t) is equiv-

alent to a positive gradient inV cαβ
i (t). Thus, the re-

verse back-pressure policy for correlated sources can

be viewed as similar to the back-pressure policy for

independent sources with the roles of sources and sinks

exchanged, andV cαβ
i (t) in place ofU cαβ

i (t).

Each sink attempts to remove packets from the various

virtual queues at rates within the Slepian-Wolf region.

However, at times there may be insufficient packets at a

sink node owing to channel variations. Each sinkβ ∈ Tc

maintains, for eachα ∈ Sc, a variableW cαβ(t) ≥ 0

which keeps track of the net number of packets “owed”

when there are insufficient packets to remove fromQcαβ
β .

This is analogous to the use of overflow buffers for

positive flow in [4].

Specifically, suppose there exists a rate vector(raZ) ∈

Γ and flow variables{f cαβ
abZ , gc

aZ , λcαβ} satisfying, for

someǫ > 0:

f cαβ
βbZ = 0 ∀ b, Z, c, α, β (85)

f cαβ
abZ ≥ 0 ∀ a, b, Z, c, α, β (86)

λcαβ ≤
∑

b,Z

f cαβ
αbZ −

∑

a,Z

f cαβ
aαZ ∀ c, α, β (87)

0 =
∑

b,Z

f cαβ
ibZ −

∑

a,Z

f cαβ
aiZ ∀ c, α, β, i /∈ {α, β}(88)
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∑

α,b

f cαβ
abZ ≤ gc

aZ ∀ a, Z, c, β (89)

∑

c

gc
aZ ≤ raZ ∀ a, Z (90)

∑

α∈S′

λcαβ ≥ H(S′|(Sc\S
′)) + ǫ

∀ c,S′ ⊆ Sc, β ∈ Tc (91)

Then, by the structure of the Slepian-Wolf region (91),

there exists(raZ) ∈ Γ and{f cαβ
abZ , gc

aZ , λcαβ} satisfying

λcαβ ≤ λc
α = H(α) + ǫ ∀ c, α, β (92)

in addition to (85)-(91).

At time t = 0, V cαβ
i (0) = W cαβ(t) = 0 ∀ i, c, α, β.

We consider policies that carry out the following se-

quence of steps in each time slott.

• Rebalancing: Lett− andt+ denote the time instant

just before and just after rebalancing respectively.

For each(c, α ∈ Sc, β ∈ Tc), let

Ŵ cαβ(t) = min
{

V − V cαβ
β (t−), W cαβ(t−)

}

where V ≤ M is a constant whose value will

be derived later.V represents an upper bound

on the sink’s “vacuum”V cαβ
β (τ), τ ∈ R

+, en-

forced by the policy; this follows inductively from

V cαβ
β (0) = 0 and the steps of the policy, as we will

show.Ŵ cαβ(t) packets are removed fromQcαβ
β and

Ŵ cαβ(t) is subtracted fromW cαβ(t), i.e.

V cαβ
β (t+) = V cαβ

β (t−) + Ŵ cαβ(t)

W cαβ(t+) = W cαβ(t−) − Ŵ cαβ(t)

Note that

0 ≤ V − V cαβ
β (t−) ≤ M − V cαβ

β (t−) = U cαβ
β (t−)

(93)

where the first step follows from the induction

hypothesis and the last step follows from (84). Thus,

0 ≤ Ŵ cαβ(t) ≤ U cαβ
β (t−) (94)

and there are sufficient packets inQcαβ
β to remove.

Also note thatV cαβ
β (t+) ≤ V andW cαβ(t+) ≥ 0.

• Outflow rate allocation: Letǫ′ be any positive

constant less thanǫ. For each sinkβ ∈ Tc, c ∈ C, the

policy chooses outflow variables{Acαβ
out (t)|α ∈ Sc}

subject to

∑

α∈S′

Acαβ
out (t) ≥ H(S′|(Sc\S

′))+ǫ−ǫ′ ∀ c,S′ ⊆ Sc.

(95)

It then removes

Âcαβ
out (t) = min

{

V − V cαβ
β (t+), Acαβ

out (t)
}

(96)

packets from queueQcαβ
β andAcαβ

out (t)−Âcαβ
out (t) is

added toW cαβ(t+). Note that by similar reasoning

as in the rebalancing step,

0 ≤ V − V cαβ
β (t+) ≤ U cαβ

β (t+).

• Inflow rate control: For each sourceα ∈ Sc, c ∈ C,

the policy chooses inflow variablesAcαβ
in (t) subject

to

Acαβ
in (t) ≤ λc

α. (97)

Let

Âcαβ
in (t) = min

{

Acαβ
in (t), V cαβ

α (t)
}

.

maxβ Âcαβ
in (t) coded source packets are formed at

α and Âcαβ
in (t) of them are added to queueQcαβ

α

for each sinkβ ∈ Tc.

• Power allocation: The policy chooses a vector of

transmit powersP (t) = (PaZ(t)) from the setΠ of

feasible power allocations. This, together with the

channel stateS(t), determines the link ratesµ(t) =

(µaZ(t)), assumed constant over the time slot.

• Session scheduling, rate allocation and network

coding: For each link(a, Z), each (source, sink)

pair (α, β) of each sessionc, and each destination
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nodeb ∈ Z, the policy allocates a transmission rate

µcαβ
abZ(t), subject to

µcαβ
βbZ(t) = 0 (98)

as well as the overall link rate constraint

µaZ(t) ≥
∑

c∈C

max
β∈Tc

∑

b,α

µcαβ
abZ(t).

µcαβ
abZ(t) gives the maximum rate of virtual transmis-

sions fromQcαβ
a to Qcαβ

b over (a, Z). Besides this

limit on virtual transmissions for pairs of queues

over each link, the total number of virtual trans-

missions intoQcαβ
a over all links with destination

nodea is also limited by the value






V cαβ
a (t+) a 6= α

max{V cαβ
a (t) − Acαβ

in (t), 0} a = α.

Each sessionc packet physically transmitted on link

(a, Z) is a random linear combination, inFq, of

packets corresponding to a set of virtual transmis-

sions on(a, Z), each associated with a different

sink in Tc. Thus, the rate allocated to sessionc on

(a, Z) is the maximum, over sinksβ ∈ Tc, of each

sinkβ’s total allocated rate
∑

b,α µcαβ
abZ(t). Note that

by (96) and (98),

V cαβ
β (τ) ≤ V ∀ t+ ≤ τ ≤ (t + 1)−.

The following reverse back-pressure algorithm uses the

state of the virtual queues described above to allow

receiver nodes to draw appropriate rates from among

various correlated sources.

Reverse back-pressure policy

• Outflow rate allocation: Each sinkβ ∈ Tc, c ∈ C

chooses outflow variables{Acαβ
out (t)|α ∈ Sc} to

minimize
∑

α

V cαβ
β (t+)Acαβ

out (t)

subject to (95). This optimization problem has

a simple greedy solution [8, Theorem 1]: let

{α1, . . . , α|Sc|} be the set of sourcesSc in ascend-

ing order of the value ofV cαβ
β (t+), i.e.

V cα1β
β (t+) ≤ . . . ≤ V

cα|Sc|β

β (t+).

The solution of the optimization problem is

Acα1β
out (t) = H(α1)

Acα2β
out (t) = H(α2|α1)

. . .

A
cα|Sc|β

out (t) = H(α|Sc||α|Sc|−1, . . . , α1) (99)

• Inflow rate control: For each sourceα ∈ Sc, c ∈ C,

Acαβ
in (t) = λc

α.

• Session scheduling: For each link(a, Z), one ses-

sion

c∗aZ = arg max
c

{

∑

β∈Tc

max

(

max
α∈Sc

(

max
b∈Z

(

V cαβ
b − V cαβ

a

)

)

, 0

)

}

is chosen. For eachβ ∈ Tc∗
aZ

, let

αβ∗
aZ = arg max

α∈Sc∗
aZ

(

max
b∈Z

(

V
c∗aZαβ

b − V
c∗aZαβ
a

)

)

bβ∗
aZ = argmax

b∈Z

(

V
c∗aZα

β∗
aZ

β

b − V
c∗aZα

β∗
aZ

β
a

)

w∗
aZ = max

c

{

∑

β∈Tc

max

(

max
α∈Sc

(

max
b∈Z

(

V cαβ
b − V cαβ

a

)

)

, 0

)

}

.

• Power control: The stateS(t) is observed, and a

power allocation

P (t) = argmax
P∈Π

∑

a,Z

µaZ(P , S(t))w∗
aZ (100)

is chosen.
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• Link rate allocation: For each link(a, Z),

µcαβ
abZ(t) =































µaZ(t) if c = c∗aZ , β ∈ Tc,

α = αβ∗
aZ , b = bβ∗

aZ and

U cαβ
a − U cαβ

b > 0

0 otherwise.
(101)

In analyzing the reverse back-pressure algorithm, we

compare it with the following randomized policy, which

bases its control decisions on the assumed solution to

(85)-(92).

Randomized policy

• Outflow rate allocation: For each(c, α ∈ Sc, β ∈

Tc), Acαβ
out (t) = λcαβ − ǫ′.

• Inflow rate control: For each source(c, α ∈ Sc, β ∈

Tc), Acαβ
in (t) = λcαβ .

• Power allocation: The channel stateS is observed,

and power is allocated according to the algorithm

of Lemma 3, giving instantaneous link ratesµaZ(t)

and long-term average ratesraZ .

• Session scheduling and network coding: For each

link (a, Z), one sessionc = caZ is chosen randomly

with probability gc
aZ

∑

c gc
aZ

. Each of its sinksβ is

independently chosen with probability
∑

α,b
f

cαβ

abZ

gc
aZ

.

Let TaZ denote the set of chosen sinks. For each

chosen sink, one (source, destination node) pair

(α ∈ Sc, b ∈ Z) = (αcβ
aZ , bcβ

aZ) is chosen with

probability f
cαβ

abZ
∑

α,b f
cαβ

abZ

. The corresponding allocated

rates are

µcαβ
abZ(t) =



















∑

c
gc

aZ

raZ
µaZ(t) if c = caZ , β ∈ TaZ ,

α = αcβ
aZ andb = bcβ

aZ

0 otherwise.
(102)

Theorem 8:Suppose the source statistics satisfy

({H(S′) + ǫ|S′ ⊂ Sc, c ∈ C}, {λc
α|α ∈ Sc, c ∈ C}) ∈

Λ. Consider the reverse back-pressure algorithm with

V = BN
ǫ′

andM = V + Nµout
max, where

B =
τmax

2

(

1

N

∑

i,c

E

{

(

Acαβ
in

)2
}

+
2

N
σmaxµout

maxµin
max + (µout

max)2 + (µin
max)2

)

,

and σmax and τmax denote the maximum number of

sources and sinks respectively of a multicast session.

(a) The algorithm is stable with

U cαβ
i (τ) ≤ M ∀ i, c, α, β, τ (103)

∑

c,α,β

E{W cαβ(τ)} ≤
∑

c

|Sc| |Tc|

(

NM2

2V
+ µout

max

)

∀ τ. (104)

(b) For sufficiently largeT , the probability of error

decreases exponentially inn.

Proof: The proof is presented in the appendix.

VII. SUMMARY AND FUTURE WORK

We presented dynamic algorithms with network coding

for multicast in wired and time-varying wireless net-

works. We showed that random network coding can be

applied in such a dynamic setting. In our algorithms,

feedback to nodes upstream is achieved through back-

pressure. In particular, for the correlated sources case,

the source rate allocation is also achieved through back-

pressure by control of per-source virtual queues at the

sinks modulating the relative gradients between different

sources. This is in contrast to the Internet where source

control is achieved through explicit feedback such as

in the transmission control protocol (TCP). Combining

network coding with the methods that are currently in

widespread use for flow control and scheduling would

be an important area for future research.

In wireless networks, network coding results in nodes

transmitting different information that may interfere with
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each other resulting in lower transmission rates com-

pared to the case without network coding where the same

information is broadcast by different nodes. Thus there

is an inherent trade-off between network coding and re-

duced interference in combination with larger combining

gain in the wireless case. Our approach provides a way to

combine both techniques by optimizing over the different

transmit scenarios. Understanding the balance between

network coding and interference reduction are interesting

topics for investigation.

Another line of work is to investigate the performance

of heuristics for transmitter scheduling that take into ac-

count the product of link rate and queue size difference,

rather than link rate alone.

APPENDIX

Proof of Theorem 8a:Consider a time slott. For

both policies,

V cαβ
i (t−) = V cαβ

i (t+) = V cαβ
i (t) ∀ t ∈ Z, c, α, β, i 6= β.

For each(c, α ∈ Sc, β ∈ Tc), define the Lyapunov

function

Lcαβ(V cαβ , W cαβ) =
∑

i

(V cαβ
i )2 + 2V W cαβ

and let

Lcαβ(t) = Lcαβ(V cαβ(t), W cαβ(t)). (105)

In the rebalancing step, the change inLcαβ(t) is

Lcαβ(t+) − Lcαβ(t−)

=
(

V cαβ
β (t−) + Ŵ cαβ(t)

)2

−
(

V cαβ
β (t−)

)2

−2V Ŵ cαβ(t)

= Ŵ cαβ(t)
(

Ŵ cαβ(t) + 2V cαβ
β (t−) − 2V

)

≤ 0. (106)

where the last step follows from (93) and (94).

In the rest of the time slot(t, t + 1), V cαβ
i (t) and

W cαβ(t) evolve according to:

V cαβ
α (t + 1) ≤ max

{

V cαβ
α (t) − Acαβ

in (t)

−
∑

a,Z

µcαβ
aαZ(t) , 0

}

+
∑

b,Z

µcαβ
αbZ(t) (107)

V cαβ
β ((t + 1)−) ≤ max

{

V cαβ
β (t+) −

∑

a,Z

µcαβ
aβZ(t) ,

0

}

+ Âcαβ
out (t) (108)

V cαβ
i (t + 1) ≤ max







V cαβ
i (t) −

∑

a,Z

µcαβ
aiZ (t) , 0







+
∑

b,Z

µcαβ
ibZ (t) ∀ i /∈ {α, β} (109)

W cαβ((t + 1)−) = W cαβ(t+) + Acαβ
out (t)

−Âcαβ
out (t). (110)

Squaring (107)-(109) and dropping some negative

terms from the right hand sides, we obtain

[V cαβ
α (t + 1)]2 ≤ [V cαβ

α (t)]2+
(

Acαβ
in

)2

+





∑

a,Z

µcαβ
aαZ





2

+





∑

b,Z

µcαβ
αbZ





2

+ 2Acαβ
in





∑

a,Z

µcαβ
aαZ





−2V cαβ
α (t)





∑

a,Z

µcαβ
aαZ −

∑

b,Z

µcαβ
αbZ + Acαβ

in



 (111)

[V cαβ
β ((t + 1)−)]2 ≤ [V cαβ

β (t+)]2 +
(

Âcαβ
out

)2

+





∑

a,Z

µcαβ
aβZ





2

+





∑

b,Z

µcαβ
βbZ





2

+ 2Âcαβ
out





∑

b,Z

µcαβ
ibZ





−2V cαβ
β (t+)





∑

a,Z

µcαβ
aβZ −

∑

b,Z

µcαβ
βbZ − Âcαβ

out



 (112)

[V cαβ
i (t + 1)]2 ≤ [V cαβ

i (t)]2+





∑

a,Z

µcαβ
aiZ





2
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+





∑

b,Z

µcαβ
ibZ





2

− 2V cαβ
i (t)





∑

a,Z

µcαβ
aiZ −

∑

b,Z

µcαβ
ibZ





∀ i /∈ {α, β} (113)

where the time indext of µcαβ
abZ , Âcαβ

out andAcαβ
in are not

shown for simplicity of notation.

From (110)-(113), we have

Lcαβ((t + 1)−) − Lcαβ(t+) ≤
(

Acαβ
in

)2

+
(

Âcαβ
out

)2

+
∑

i





∑

a,Z

µcαβ
aiZ





2

+
∑

i





∑

b,Z

µcαβ
ibZ





2

+2Acαβ
in





∑

a,Z

µcαβ
aαZ



+ 2Âcαβ
out





∑

b,Z

µcαβ
ibZ





−2

[

∑

i

V cαβ
i (t)

(

∑

a,Z

µcαβ
aiZ −

∑

b,Z

µcαβ
ibZ

)

+V cαβ
α (t+)

(

Acαβ
in

)

− V cαβ
β (t+)

(

Âcαβ
out

)

]

+2V
(

Acαβ
out − Âcαβ

out

)

≤
(

Acαβ
in

)2

+
(

Âcαβ
out

)2

+
∑

i





∑

a,Z

µcαβ
aiZ





2

+
∑

i





∑

b,Z

µcαβ
ibZ





2

+ 2Acαβ
in





∑

a,Z

µcαβ
aαZ





+2Âcαβ
out





∑

b,Z

µcαβ
ibZ



− 2

[

∑

i

V cαβ
i (t)

(

∑

a,Z

µcαβ
aiZ

−
∑

b,Z

µcαβ
ibZ

)

+ V cαβ
α (t+)

(

Acαβ
in

)

−V cαβ
β (t+)

(

Acαβ
out

)

]

+

(

Acαβ
out

)2

2
,

since, from (96), either̂Acαβ
out = Acαβ

out , in which case

V cαβ
β (t+)Âcαβ

out + V
(

Acαβ
out − Âcαβ

out

)

= V cαβ
β (t+)Acαβ

out ,

or Âcαβ
out = V − V cαβ

β (t+), in which case

V cαβ
β (t+)Âcαβ

out + V
(

Acαβ
out − Âcαβ

out

)

= V cαβ
β (t+)Acαβ

out +
(

Acαβ
out − Âcαβ

out

)(

V − V cαβ
β (t+)

)

= V cαβ
β (t+)Acαβ

out +
(

Acαβ
out − Âcαβ

out

)

Âcαβ
out

≤ V cαβ
β (t+)Acαβ

out +

(

Acαβ
out

2

)2

.

Summing over all(c, α ∈ Sc, β ∈ Tc) and taking

expectations, we obtain

∑

c,α,β

E{Lcαβ((t + 1)−) − Lcαβ(t+)|V (t+), W (t+)}

≤ 2BN − 2
∑

c,α,β

[

∑

i

V cαβ
i (t)E

{

∑

a,Z

µcαβ
aiZ

−
∑

b,Z

µcαβ
ibZ

∣

∣

∣

∣

V (t+), W (t+)

}

+V cαβ
α (t)E

{

Acαβ
in

∣

∣

∣

∣

V (t+), W (t+)

}

−V cαβ
β (t+)E

{

Acαβ
out

∣

∣

∣

∣

V (t+), W (t+)

}

]

(114)

where

B =
τmax

2

(

5

2N

∑

c,α

(λc
α)

2
+

4σmaxµin
maxµout

max

N

+(µout
max)2 + (µin

max)2

)

,

by noting that

∑

i,c,α,β





∑

a,Z

µcαβ
aiZ





2

≤
∑

i,c

τmax max
β∈Tc

∑

α∈Sc





∑

a,Z

µcαβ
aiZ





2

≤
∑

i

τmax





∑

c



max
β∈Tc

∑

α∈Sc,a,Z

µcαβ
aiZ









2

(115)

≤ Nτmax

(

µout
max

)2
,

∑

i,c,α,β





∑

b,Z

µcαβ
ibZ





2

≤ Nτmax

(

µin
max

)2
,

∑

c,α,β



Acαβ
in

∑

a,Z

µcαβ
aαZ





≤
∑

c

σmaxτmax max
α∈Sc,β∈Tc



Acαβ
in

∑

a,Z

µcαβ
aαZ




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≤ σmaxτmax

(

∑

c

max
α∈Sc,β∈Tc

Acαβ
in

)





∑

c

max
α∈Sc,β∈Tc

∑

a,Z

µcαβ
aαZ



 (116)

≤ σmaxτmaxµin
maxµout

max

∑

c,α,β



Acαβ
out

∑

b,Z

µcαβ
βbZ





≤
∑

c

σmaxτmax max
α∈Sc,β∈Tc



Acαβ
out

∑

b,Z

µcαβ
βbZ





≤ σmaxτmax

(

∑

c

max
α∈Sc,β∈Tc

Acαβ
out

)





∑

c

max
α∈Sc,β∈Tc

∑

b,Z

µcαβ
βbZ



 (117)

≤ σmaxτmaxµin
maxµout

max,

where the Cauchy-Schwarz inequality is used in the

numbered steps (115)-(117). The drift expression (114)

can be expressed as

∑

c,α,β

E{Lcαβ((t + 1)−) − Lcαβ(t+)|V (t+), W (t+)}

≤ 2BN − 2D(V (t+), W (t+)) (118)

where

D(V (t+), W (t+))

=
∑

i,c,α,β

V cαβ
i (t)E







∑

a,Z

µcαβ
aiZ −

∑

b,Z

µcαβ
ibZ

∣

∣

∣

∣

V (t+), W (t+)







+
∑

c,α,β

[

V cαβ
α (t)E

{

Acαβ
in

∣

∣

∣

∣

V (t+), W (t+)

}

− V cαβ
β (t)E

{

Acαβ
out

∣

∣

∣

∣

V (t+), W (t+)

}]

(119)

is the portion of (114) that depends on the policy.

For the randomized policy,

E{µcαβ
abZ(t)} = f cαβ

abZ ∀ a, b, Z, c, α ∈ Sc, β ∈ Tc

Acαβ
in = λcαβ ∀ c, α ∈ Sc, β ∈ Tc

Acαβ
out = λcαβ − ǫ′ ∀ c, α ∈ Sc, β ∈ Tc

independently ofV (t), W (t). Substituting this into (119)

and using (85)-(88)gives

Drandomized(V (t+), W (t+)) ≥ ǫ′
∑

c,α,β

V cαβ
β (t+).

Next, we consider the back-pressure policy. Variables

E{µcαβ
abZ(t)|V (t+), W (t+)}, E

{

Acαβ
in

∣

∣

∣

∣

V (t+), W (t+)

}

andE

{

Acαβ
out

∣

∣

∣

∣

V (t+), W (t+)

}

are dependent onV (t+).

(119) can be rewritten as

D(V (t+), W (t+))

=
∑

a,b,Z

∑

c,β

E
{

µcαβ
abZ |V (t+), W (t+)

}

(

V cαβ
a (t)

−V cαβ
b (t)

)

+
∑

c,α,β

V cαβ
α (t)E

{

Acαβ
in

∣

∣

∣

∣

V (t+), W (t+)

}

−
∑

c,α,β

V cαβ
β (t)E

{

Acαβ
out

∣

∣

∣

∣

V (t+), W (t+)

}

. (120)

The three terms of the expression above involve disjoint

sets of policy-dependent variables, so the three terms

can be considered separately. The reverse back-pressure

policy maximizes each of them subject to constraints

which are also satisfied by the randomized policy: for

the first term this is shown in detail in the proof of

Theorem 5. For the second term, this follows from the

inflow rate control step where the constraint is given by

(97). For the third term, this follows from the outflow

rate allocation step where the constraint is given by (95).

Thus,

Dbackpressure(V (t+), W (t+))

≥ Drandomized(V (t+), W (t+))

≥ ǫ′
∑

c,α,β

V cαβ
β (t+). (121)

Since flow is transmitted only from a longer to a shorter

queue, and sinceV cαβ
β (τ) ≤ V ∀ τ ,

V cαβ
i (τ) ≤ V + Nµout

max ∀ i, c, α, β, τ.
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Thus, the maximum virtual queue lengthM can be set

to V + Nµout
max.

From (96) and (99), the increase inW cαβ(τ) over the

time slot (which occurs in the outflow rate allocation

step) is at mostAcαβ
out (t) ≤ H(α) + ǫ ≤ µout

max. If for all

(c, α, β), W cαβ(t+) = 0 then

∑

c,α,β

Lcαβ((t + 1)−) ≤
∑

c

|Sc| |Tc|(NM2 + 2V µout
max).

(122)

If on the other handW cαβ(t+) > 0 for some(c, α, β),

thenV cαβ
β (t+) = V ,5 and

∑

c,α,β

E

{

Lcαβ((t + 1)−) − Lcαβ(t+)

∣

∣

∣

∣

V cαβ
β (t+) = V

}

≤ 2BN − 2ǫ′V

from (118) and (121); settingV = BN
ǫ′

and using

(106) givesE
{

Lcαβ((t + 1)−) − Lcαβ(t−)
}

≤ 0. By

induction on the number of time slots, using (122), we

have

∑

c,α,β

E{Lcαβ(t−)} ≤
∑

c

|Sc| |Tc|(NM2 + 2V µout
max)

∀ t ∈ Z.

This in turn gives, using (105),

∑

c,α,β

E{W cαβ(t−)} ≤
∑

c

|Sc| |Tc|

(

NM2

2V
+ µout

max

)

∀ t ∈ Z. (123)

SinceE{W cαβ(τ)} ≤ E{W cαβ(t−)} ∀τ ∈ (t − 1, t],

(104) follows.

The proof of Theorem 8b uses the following theorem

which is a straightforward generalization of [12, Theo-

rem 6] from a static network model to the packet network

model described in Section VI-A.

5In the rebalancing step, either̂W cαβ(t) = V − V
cαβ

β
(t−), in

which caseV
cαβ
β

(t+) = V , or elseŴ cαβ(t) = W cαβ(t−), in

which caseW cαβ(t+) = 0.

Theorem 9:Consider a block ofn exogenous symbols

from each source and a sink nodeβ ∈ Tc. If the

corresponding virtual flow from each subsetS′ ⊂ Sc

of source nodes toβ is greater thanTH(S′|(Sc\S
′))

packets (where each packet containsn/T bits from the

block), then the decoding error probability atβ decreases

exponentially inn.

Proof: Analogously to the proof of Theorem 3, for a

given sequenceP of packet transmissions corresponding

to the block, we can define a corresponding static net-

work G which has the same node set, unit capacity links

corresponding to transmissions inP , and each subset

S′ ⊂ Sc of sessionc sources has conditional entropy

TH(S′|(Sc\S′)) conditioned on the other sources. With

this correspondence, the virtual flow fromS′ to β in the

packet model corresponds to the minimum cut between

S′ andβ in the static graphG.

We can then apply [12, Theorem 6] to obtain that the

probability that a sink decodes sources inS′ wrongly and

sources inSc\S′ correctly decreases exponentially inn.

[12, Theorem 6] is stated for the case of two sources,

but for sessions with more than two sources, for each

subsetS′ ⊂ Sc of sources, the same proof applies with

S′ taking the place of one source andSc\S′ the other.

Proof of Theorem 8b:Over the time period0 ≤ t ≤

T , there is a virtual flow of
∑T

t=1 Acαβ
out (t) − W cαβ(T )

packets fromα to β, of which at mostNM are dummy

packets. By Theorem 8a, for sufficiently largeT , with

high probability there is, for each(c, α ∈ Sc, β ∈ Tc),

a virtual flow of more than
∑T

t=1(A
cαβ
out (t)− ǫ−ǫ′

|Sc|
) non-

dummy packets fromα to β. From (95), we have

T
∑

t=1

(
∑

α∈S′

Acαβ
out (t) − (ǫ − ǫ′)) ≥ TH(S′|(Sc\S

′))

∀ c,S′ ⊆ Sc.
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Applying Theorem 9 gives the result.
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Fig. 1. An example illustrating virtual queues. Each physical session

c packet at source nodes is intended to be multicast to the two sink

nodesy, z, and so corresponds to one packet in each virtual queue
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Fig. 2. An example illustrating a physical broadcast transmission with

two virtual transmissions, for a multicast session with twosinks. Each

oval corresponds to a node. The left node broadcasts a physical packet

received by the two right nodes, one of which adds the packet to the

virtual queue for sink 1, and the other, to the virtual queue for sink 2.
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Fig. 3. Illustration of the packet structure for the case of correlated

sources, courtesy of an anonymous reviewer.


