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Abstract—We consider packet erasure or error correction
coding for a nested receiver structure, where each receiver
receives a subset of the packets received by the next
receiver. This type of structure arises, for instance, with
temporal demands, where each receiver corresponds to a
deadline by which certain information must be decoded.
By making a connection with our previous work on non-
multicast network error correction, we find the capacity
region for any given number of erasures or errors whose
locations are a priori unknown, along with a capacity-
achieving intra-session coding scheme.

I. INTRODUCTION

We consider packet erasure/error correction coding with
a nested receiver structure, where the set of packets
received by each receiver ¢ is a subset of that received
by the next receiver ¢ 4+ 1. A natural setting in which
this type of structure arises is with temporal demands:
each receiver corresponds to a particular deadline in
the received packet stream by which a particular piece
of information must be decoded, and has access to
all earlier observations. The protocol can specify an
arbitrary set of deadlines and demands.

We consider the problem of constructing codes that can
correct any 2z packet erasures (or errors), without a priori
knowledge of which packets will be erased (erroneous).
By making a connection with our prior work on non-
multicast network error correction, we characterize the
capacity region of feasible demand vectors for any given
nested structure (set of deadlines) and any z erasures
(errors). In particular, we provide a capacity-achieving
coding scheme where no coding occurs across informa-
tion demanded by different receivers.

A. Background and related work

The network error correction problem, where transmis-
sions on an unknown set of z links are arbitrarily cor-
rupted, was introduced by Cai and Yeung [1], [2], [3] for
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single-source multicast. They characterized the capacity
region and showed a connection between network error
correction and network erasure correction by general-
izing classical coding theory to the network setting.
Network coding for multicast packet erasure correction
was considered in [4], [5]. The problem of multicast non-
coherent error correction, where the network topology
and/or network code are not known a priori, was studied
in [6], [7], [8].

For non-multicast networks, finding the capacity region
of a general network even without errors is an open
problem. The error-free capacity regions for some spe-
cial cases, such as single-source two-sink networks [9],
[10], [11] and single-source disjoint- or nested-demand
networks [12] with multiple sinks, are given by the cutset
bounds. On the other hand, examples of non-multicast
networks whose error-free capacity regions are not given
by cutset bounds appear in [13], [14].

For non-multicast error correction, in our prior work [15]
we showed that unlike the error-free case cutset bounds
are loose in general for single-source two-sink networks
with errors, and we developed refined bounds for non-
multicast networks. In this paper we build on some of
the techniques developed in that work.

Martinian et al. [16], [17] constructed streaming codes
that minimize the delay required to correct burst errors
of given length.

II. MODEL AND PROBLEM DESCRIPTION

Consider a streaming system where at each time
step one packet of unit size is transmitted, and
the receiver needs to decode specific independen-
t messages {My, Ms,..., M,} at given time steps
{mi,ma,...,m,} respectively, under any z packet era-
sures. This can be viewed as a z-erasure correction
problem on a 3-layer nested network with one source
and n sinks {t1,%o,...,t,}, constructed as follows and
illustrated in Figure 1:



e T ={ly,la,...,0;, } is the set of middle layer links.
o The source is connected to all the links in Z.

o Sink ¢; is connected to links [, ...
o All links have unit capacity.

o At most z of the links in Z can be erased/erroneous.
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Fig. 1. 3-layer nested-network topology with three sinks.

III. CODING SCHEME

A. Intra-Session Coding

An intra-session coding scheme is one in which no
coding occurs across information demanded by different
receivers. For a given intra-session coding scheme, let
y! denote the amount of information corresponding to
message M transmitted on the link I;. A rate vector
(u1,us,...,u,) is achievable under any z erasures by
this intra-session coding scheme if the inequalities

<>yl M

i€PN{1,...,m;}

n
oyl <, )
j=1

Vi:1<j<n

Vi:1<i1<m,

are satisfied for every set P C Z where |P| > m,, — 2
(corresponding to unerased links). We assume that the
packet size is large enough to accommodate an appro-
priate generic or random linear erasure code.

B. “As Uniform As Possible” Coding Scheme

We define an intra-session coding scheme which assigns
rates for each successive receiver as uniformly as pos-
sible subject to capacity constraints imposed by assign-
ments for previous receivers. For each receiver the pro-
cess is similar to water-filling with constraints from pre-
vious receivers. For a given rate vector (uq, us, ..., Uy ),
we define a corresponding lower triangular n X n rate
allocation matrix 7', along with auxiliary variables ¢; ; =
> k=i Thjs di £ 3 (my —mg_1)Tik, and s;, by
the following algorithm:

Algorithm 1

MU

Tihw = ity = oi.diy = s =
O,mo =0
for i =2 — n do

{allocation for sink i on Links Ly, _,41,...,lm,}

dio=0

Jj=1
while 1 —¢,_; ; < #J:iz do
Tij=1-ti1;

tij = 2 pej Ihy

dij =Yty (mp —mp_1)T; &

J—J+1

ifj > oru; < d@j then

return error {rate vector is unallocable}

end if
end while
s; = j — 1 {the uniform portion follows}
while j < i do

T = Mimdie;
1,3 m;—ms, —2

tij = e Ihy
dij =Yty (M —mp_1)T; i
j—ji+1
end while
end for

Note that Ti751' < Ti75i+1 = Ti,si+2 =..= Ti,i-

Definition 1. A rate vector (uy,us,...,u,) is called
allocable if Algorithm 1 does not return any error and
the corresponding allocation matrix T is non-negative.

Definition 2. Given an allocable rate vector
(u1,u, ..., un), the “as uniform as possible” intra-
session coding scheme is defined by the allocation

yz = Tj,k Vi:mg_1 <i<myg. €)]

As an example, for z = 2 and the inputs
(mq, mg, ms, my) = (10,14, 18, 22),
(ula Uz, us, ’U,4) = (65 37 37 4)a



Algorithm 1 will produce:
Uy

Tivi=ti1= = 0.75,
m; —z
dig= 2 755 =0,
m; —z
T271 = InlIl(l - t1717 2 ) = 025,
—z

tor =T +To1 =1,doy =miTs; = 2.5.

As —2— <1 —tp 1, we have:
2—%2 ’
uy — d
so=1"Th2 = 2 "2s2 (.25,

ma — Mg, — 2

t272 = 025, d2’2 = m1T271 + (m2 - ml)TQ’Q =3.5.

Since 1 —t2 1 =0, we get: T3 1 =0,t31 =1,d31 =0

—d
As —27%1 <1 _ ¢, 5, we have:
m3—mi1—=z ?

uz — d3 s,

s3=1,T32 =T33 = = 0.5,

ms — Mgy, — 2
t3}2 = O.75,t373 = 0.5,d3,2 = 2,d373 =4.

Proceeding similarly, we obtain:

0.7 0 0 0

T 025 025 0 O
0 05 05 0

0 025 05 0.5

Lemma 1. If (ui,us,...,u,) is allocable, then the
corresponding allocation matrix T satisfies:

Ti’jSTi’jJ’»l VZ,]1§Z§n71§j<Z

Proof: Let’s prove the following statements simul-
taneously by induction:

Tij <Tijy1 Vi,7:1<i<n,1<75 <4,

ti,j ZtiJJrl Vi,j:1<i<n,1<j <.

The statements hold trivially for (i,7) = (1,1). Let the
statements hold for all (, j) before (k, 1) in lexicograph-
ical order. For (i,7) = (k,1):

Case(1): [ < sg:

By construction, we have:

Thy=1—tp—1,0,Thgt1 =1 —tp—1,141,
tgy =tg 41 = 1.
Clearly, t;,; < ty,+1. By induction hypothesis, we have

tk—1,0 = tg—1,+1. Hence

Tep=1—tp—10 <1 —tg—1,041 = Th+1-

Case(2): | = sy
By construction, we have:

U — d1—1

Thy=1—1p_1; < “4)

me —mi_1 — 2

ur — dg

Tiit1 = <1 —tp_1,041- (5

mp —m; — 2

Hence,

teg =th—10+ Ty =12 th—1 41+ Thie1 = thy1-

From (5) we get:

ug, — di1

Thig1 = ————
my, —mp — 2

Up — di =1 — (Mg — my—1)Th

(6)

me —m; — 2

Using (4) we obtain:
Ty (mpy —my—1 — 2) < up — dpi—1- @)
Combining (6) and (7) we get:

Thit1 > Ty

Case(3): [ > sp:
By construction, we have:

Ty = Tkit1,

thtr =Ty +th—10, k041 = That1 + the1141-
By induction hypothesis, t5—1,; > tx—1,4+1. Hence,

Tt = this1-
[ |

Lemma 2. Given an allocable rate vector
(u1,ug, ..., un), the “as uniform as possible” intra-
session coding scheme achieves the rate vector
(U1, U2,y .oy Up ).

Proof: Let’s verify that the allocation y{ in (3)
satisfies (1) and (2) for every set of unerased links P C 7
with |P| > m, — 2.

From Lemma 1 we have:

yl <yl Vij:il1<i<m,1<j<n,

which implies:

>, o
iePn{1,...,m;}

m;—z

>yl
1=1

= Z(mz —m—1)Ti; + (my —mg, — 2)T; 5,41
i=1

u; — d; s,
= djs; + (mi —my, — 2) — = U,

m; — Mg, — 2



which establishes (1).
By construction we have T; ; <1 —#;_1,1ie. t;; < 1.
As Z?:l y] = tn for k:my_1 <i < my, we have:

n .
> oyl<,
j=1

which establishes (2). [ |

IV. MAIN RESULT AND PROOF
A. Erasure Correction Capacity

Theorem 1. The z—erasure correction capacity region
of Gy, is achieved by the “as uniform as possible” intra-
session coding scheme.

Theorem 1 is proved inductively using the following
lemmas. Let S = {S51,S5%,...,5,} be an arbitrary set.
We use the following notation in this section:

S ={S1,8s,...,5;},
87 ={Si, Sit1,--., 55}

Lemma 3. Let Z be the set of random elements
transmitted on T = {l1,la,...;lm,}. Let M =
{Mi,Ms,...,M,} be a set of random elements, where
M; is demanded by the sink t;. Then,

I(M}yy; Z|M}) = H(Z|Mj).

Proof: Since Z is a function of My, ..., M,,

I(M 15 Z|M7) = H(Z|M7) — H(Z|MT') = H(Z|M;).

Lemma 4. Let M = {M;,Ms,...,M,} be a set of
random elements, where M; is demanded by the sink
ti. Let Y be the set of random elements transmitted
on T ={l1,la,....,Ln, }, and achieving the rate vector
(u1,u, ..., uy). Then,

H(Y|M;™") = ui + H(Y|M3).

Proof: By Lemma 3, H(Y|M{™") =
I(M};Y|M}™"). Therefore, by the chain rule for
mutual information:

H(Y|M{Y) = I(M; Y| M) + I(MP Y M), (8)
Consider the first term in expansion (8):
I(Mi; Y |My™Y) = H(M|[M{™Y) — H(M;| M, Y)
= H(M;|Mi™Y) = H(M;) = u;,

which follows from the fact that Y is a decoding set for
M; and independence of M, ..., M;.

Consider the second term in expansion (8):
I(M} Y MY) = H(Y M) — H(Y|M') = H(Y M),

since Y is a function of My,..., M,.

Therefore,
H(Y|M{™") = u; + H(Y|M]).
||

Lemma 5. Let X = {Xy,...,X;},Z and M be sets of
random elements and k < t be a positive integer. Then,

Z t—1

H(Z,AIM) > ( b1
Ai|Al=k,ACX

)H(Z,XM).

Proof: Consider a subset A = {X;,, X;,, ..., X,
of X where i1 < iy < ... < . Let A™ =

{Xi,, X4y, ..., X, }. By the chain rule for conditional
entropy:
j=k
H(Z, AIM) = H(Z|M)+ > H(X;|M,Z, A7)
j=1
©))
As conditioning decreases entropy, we have
H(X;;|M,Z,A~") > H(X;,|M,Z,X"%~"). (10)

Summing (9) for all choices of A and applying (10) we

get:
>

A:|A|=k,ACX

> (2)H(Z|M) + (2_11> Zt:H(XﬂM»ZvXj_l)

> (20« () _> S B0, 2,0
_ (t 1>H(Z,X|M).

j=1
k—1

H(Z, A|M)

—

Let T be the allocation matrix corresponding to an
allocable rate vector (uq,us, ..., u,). Define integers r;
by:

0=Tin=Tiz2=...=Tr, <Tir 1.

Lemma 6. Let (uy,us, ..., u,) be a rate vector attained
by the “as uniform as possible” intra-session coding.



Let T and t be the corresponding n X n lower triangular
matrices. Let X = {X1, Xo, ..., X;n, } where X; is the
random element transmitted on the link l;. Assume that
X attains the rate vector (uy, us, ..., Uy ) and that any set
of unerased packets Y =Y, UYoU...UY,,_1 C X™»-1?
with |Y| > my,_1 — z and satisfying

)/i:{Xmi71+17...7Xmi}vi:0<i§5n_1, (11)
Y C{Xm, 141 Xy J Vi i 81 < <n—1,

also satisfies

n—1

>

i=8p_1+1

H(Y|MP™) < Vil (1 = tn—1.)-

Then, for any set of unerased packets W = W1 U W, U
L UW, C X™ with |W| > m,, — z and satisfying

Wi ={Xm; 141, Xm; } Vi:0<i< sy,
Wi C{ Xy 14150y Xy | Vi s, <i<m,

we have:

HWIMPY) < Y Wil (1= tn).
i=s,+1

Proof: Let’s first prove that m,, — ms, — 2z > 0. If
s, = 0, since we have more than z links in Z, m,, —
msg, —z > 0. If s, > 1, by construction of s,, we have:

Up, — dp,s, > 0.

As T is non-negative,

Up — dn,sn

0 S Tn,sn+1 - .
My, — Mg, — 2

Hence m,, — ms, —z > 0, as desired.

By construction of T; ; we have:

Sn

Up = Z(mi*mi—l)Tn,i“i’(mn*ms*Z)Tn,rr (12)
1=rn+1

Let V=V, UV, U...UV, with |V| =m, — z be a set
of unerased packets satisfying

‘/i = {Xmi,1+1;-~-;Xmi}’ VZO<Z§ Sns

Vi C{Xmi 1415 o0y Xy} Viis, <i<n.

By Lemma 4, we have: H(V|M7) = H(V|M?™ ) —u,.
We also have:

H(VIMP™) < Vol + HVPHMPT.

As V' = V1UV,U...UV,,_1 satisfies (11) , by assumption
we have:

n—1

>

i=8pn—1+1

HWV'|MP~) < Vil(1 =t 14).  (13)

As|Vil=my—mi—q Vi:1<i<sp, Sp1+1<ry,,
tnfl’i =1 WVi:1 < ) < Trs and Tn,i = 1_tn71,i Vi
1 <i<s,, we can rewrite (13) as:

HV'|M7™) < Z (mi —mi—1)Th.i
i=r,+1
n—1
+ Z WVil(1 —tn_14).

i=8np+1

Hence we have:
HV|M{) < Z (mi —mi—1)Ty
1=r,+1
n—1

+ D Vil = ta1) + [Vl =t

i=sn,+1
Using (12) we get:

n

H(V|M{L) S Z ‘Vvl|(1 - tnfl,i - Tn,n)
i=sp,+1
= Z Vil(1 = tn—1i — Thy)
1=s,+1
= D Vi1 =) (14)
1=8n+1

Let 2/ < zand W = Wy UW,o U ...UW, be a set of
unerased packets satisfying

(W] =mn, -2,

Wi ={Xm, 141, Xm;} Vi:0<i<sp,

Wi C{ Xy 1415 o0y Xy b Vi s, <i <.
From (14), for any V =V, U Vo U...UV, C W with
|[V| = m,, — z and satisfying

Vi={Xm, 141,s X, } Vi:0<i<s,,

Vi C{ X141y ooy Xy} Viisp, <i<mn,

we have:

n

HVIMP) < Y Vi1 = tn).
1=8np+1

Summing the last inequality for all possible V' and
applying Lemma 5 for Z = {Wy, W, .., W, }, X =



{W571+1,Wsn+2, ...,Wn}, M = {Ml,Mg,...,Mn} and
k =my —ms, —2z we get:

My — Mg, —2 —1
My — Mg, —2—1

my, —ms, —2 —1

My —Mmg, —2z—1
where the constant on the RHS comes from the fact
that any X, € W; with ¢ € {s,, +1,...,n} appears in
exactly (7»~™sn~* —1) different V. The result follows

My —Ms, —2—1

by simplifying (15). [ ]

Jaaviar) <

> WA = ta), (15

1=sp+1

Proof of Theorem 1: Let rate vector (uq, s, ..., Uy)
be attained with X = {X1,Xo,..., Xy, }. We will
prove by induction that the following conditions are
satisfied for each k € {1,...,n —1}:

(1) (u1,us,...,urt+1) is attained by the “as uniform as
possible” intra-session coding.

(i1) Any set of unerased packets Y = Y;UY>U...UY}, C
X™ with |Y| > my — z and satisfying

Y = { X 41y X} Vi i 0 < < sy,
Y, C {Xmi71+1, ~'~7Xmi} Vi:sp <i<k,

also satisfies
k
HY|M) < > Vil =),
i=s+1
where sy is defined as in Algorithm 1 using the
rate vector (uj,us,...,Uk).

Proof of (ii) when k=1: We have ry = s; = 0,
t11 = Ty = ;7. Hence it suffices to show that

for any set of unerased packets Y C X™ with |Y| >
my; — =z,

H(Y|M;) < [Y](1 - —2

).

my — Zz

Let A C X™ be a set of unerased packets with |A| =
my — z. As A is a decoding set for M; with rate u,

H(A|M1)§H(A)fu1:mlfzfu1. (16)

Let 2/ < zand Y C X™ be a set of unerased packets
with |Y| = mj — 2z’. Summing (16) for all possible A C
Y with |A| = m; — z and applying Lemma 5 for Z = ¢,
X =Y, M=DM and k = m, — z we get:

!

(ml — 1)g<y|M1> < (ml ‘Z)<m1—z—m>v

m;—z—1 my — 2

which is equivalent to

my — 2’ Uy

HY|M) <

e = 1YI(1=
Py =) = V|1

).

Proof of (i) when k=1: Case(1): mgy — mq > 2.
Let A={X1,Xs,..., X;n,—.}. As A is an information
set for My with rate us, we have:

H(A|M;, My)< H(A|M;) — us
<H(X™|[Mi)+ H(A— X" |M:i)— us.
(17)

As H(A — X" [My) < H(A— X™) < |4~ X™| =
my —my —z and H(X™|M;) < [X™[(1— 1) =

ml(l - mlfiz)’

Uy

H(A|M1,M2) S ml(l—
m; —Zz

)—|—m2—m1—z—uQ.
(18)
As H(A|My, M3) > 0, (18) implies:

2!

uz <mq(l— )+ my —my — 2.

mp — %z
The yf allocation defined in (3) corresponding to the
lower triangular matrix U, where Uy; = 12— ,Us 1 =
1— mul_z ,Uz 2 = 1, achieves the rate vector €u1, mq(1—
m’l“_z + mg — my — 2), hence (u1,us) is attained by
the “as uniform as possible” intra-session coding.
Case(2): mo — my < 2.
Let A={X1,Xo,...,Xm,—»}. As A is an information
set for My with rate ug, we have:

H(A‘Ml,MQ) S H(A|M1) — U9.

As H(A[M) < |A[(1— ) = (m2—2)(1— 1),
we have:

Uy

H(A|M1,M2) S (mg—z)(l— )—’LLQ. (19)

m; — 2
As H(A|M;, My) >0, (19) implies:

Uy

us < (me —2)(1 —

).

mp — 2

The yg allocation defined in (3) corresponding to the

lower triangular matrix U where U; 1 = m?iz7Ug’1 =
1 — - Uy = 1 achieves the rate vector (uy, (mg —
z)(1 — %=)). Hence (u1,us) is attained by the “as
uniform as possible” intra-session coding.

Now assume that (i) and (ii) are true for k =1 < n — 1.

Proof of (ii) when k=I1+1: As (i) and (ii) are true for
k =, we can apply Lemma 6 forn = [+1, X = X"+,
from which it follows that for any set of unerased packets



Y =Y, UYoU...UY;4q with |[Y| > myp1 — 2 and
satisfying
Y ={Xmi_141s 0y X, } Vi:0<i <544
Y;‘ C {Xmi,1+la---aX'mi} Vi : Si4+1 <Z§l+1
also satisfies:
+1
H(Y|M*™) SZ [Yil(1 = ti41,4)-

i=s;y1+1

Proof of (i) when k=I1+1: Case(1): mjyo—my41 > 2.
Let A= {X1,Xs,..., Xim,,—2}. As A is an informa-
tion set for Mo with rate u;;o, we have:
H(AIM{?)<H(AIM{*) —wiys

SH(X™ MU 4 H(A - Xme M)

— Up42, (20)

H(A = X700 [MPF) < H(A = X7) <A — X7

=Myy2 — My1 — 2. @2n

As (ii) is true for k =1+ 1 and Y = X"
I1+1

H(Xml+1|M{+1) < Z (my; —mi—1)(1 — ti1,4)-

i=s;41+1

(22)
Combining (20), (21), and (22) we have:
141
H(AIM{?) < Z (my; —mi—1)(1 — ti41,4)
i=s;y1+1

+ Mg — Myyr — 2 — Ug2. (23)

As H(A|M!T?) > 0, (23) implies:
I+1
U2 < Z (m; —mi—1)(1 —tir14)
i=s;y1+1

+ Myyo —Mj41 — 2.

Let’s define an allocation matrix U as follows: the first
l 4+ 1 rows of U are the same as that of the matrix
T corresponding to the rate vector (uy,us,...,U;+1)
and Ul+2vi = 1 —ty1y for 1 < ¢ < I+ 2.
The y! allocation defined in (3) corresponding to the
lower triangular matrix U achieves the rate vector
(u1,uz, ---7ul+172221+1+1(mi = mi—1)(1 = tiy14) +
M2 — mi41 — z). Hence (uq,ug, ..., u;42) is attained
by the “as uniform as possible” intra-session coding.
Case(2): my12 — my41 < 2.

Let j be the integer satisfying m; < myio — 2z < mj
Let A= {X1,X5,..., X .-z} As A is an informa-
tion set for Mo with rate u;;o, we have:

H(A|M?) < HAIMITY) —upys. (24)

As (ii) is true for k =1+ 1 and Y = A:

142
doolAnxy (= tia)
i=s141+1
j

= Y (mi—mi)(1—tiy)

i=s41+1
+ (M2 —my — 2)(1 —ti41,541). (25)
Combining (24) and (25) we get:

J

Z (mi —mi—1)(1 —tip1)

i=sy41+1

+ (M2 —my — 2)(1 =t j41) — wiga.
(26)

H(AIMI) <

H(AIM;™) <

As H(A|ML?) >0, (26) implies:

J
Uy < Z (mi —m;—1)(1 —tig1,)
i=s;y1+1

+ (myg2 —my — 2)(1 = ti41,541)-

Let’s define an allocation matrix U as follows: the first
Il + 1 rows of U are the same as that of the matrix
T corresponding to the rate vector (ui,usz,...,uU;+1)
and Ul+27i = 1 - tl+1,i for 1 < 7 < I+ 2.
The y! allocation defined in (3) corresponding to the
lower triangular matrix U achieves the rate vector
(ul,u2, ey Up4-1, Zg:swrl-&-l(mi - mi,l)(l - tl+1,i) +
(ml+2 —my; — Z)(l —tl+17j+1)), hence (U1, U2,y ...y Ul+2)
is attained by the “as uniform as possible” intra-session
coding.

We verified that (i) and (ii) are satisfied for k& €
{1,...,n—1}. In particular, (i) is satisfied for k = n—1.
Hence, the rate vector (uy, us, ..., uy) is attained by the
“as uniform as possible” intra-session coding. [ ]

B. Error Correction Capacity

Here we consider the z-error correction capacity re-
gion of 3-layer nested-networks. The following result is
shown in [18].

Lemma 7. Let a linear network code C on an acyclic
network be given. For a sink node t, the following
properties of C are equivalent:

1) any error pattern with at most z errors can be

The proof in [18] is formally written for scalar linear codes, but
easily extends to vector linear codes of vector length y by considering
each link as y parallel sublinks and defining the network Hamming
weight of a received vector v in terms of the number of erroneous
links (not sublinks) needed to produce v.



corrected at t;
2) any erasure pattern with at most 2z link failures can
be corrected at t.

Lemma 8. Let a (possibly nonlinear) network code C
on network G,, be given. Assume that any error pattern
with at most z errors on L (the set of links in the middle
layer of G,,) can be corrected at sink t;. Then, any 2z
erasures on I can be corrected at sink t;.

Proof: By a Singleton-type argument, if two code-
words agree on m; — 2z links, then there exist corre-
sponding patterns of z errors on the remaining links
such that ¢; is unable to distinguish between the two
codewords. Hence, any set of m; — 2z links is an
information set for sink ¢;, allowing correction of any
2z erasures. [ |

Theorem 2. The z-error correction capacity region of Gy,
is the same as the 2z-erasure correction capacity region
of Gy, and is achieved by the “as uniform as possible”
intra-session coding for 2z-erasures.

Proof: By Lemma 8, the z-error correction capacity
region of G,, is no greater than the 2z-erasure correction
capacity region of G,,. Since the “as uniform as possible”
intra-session coding for 2z-erasures is a linear code,
achievability follows from Lemma 7. ]

C. Example

Consider an example with three receivers, parameters
mi1 = 5, mo = 8, and m3z = 12, and at most two
erasures (or one error). Let (ug, ug, u3) be an achievable
rate vector. There are two cases:
Case(l): Tl,l = %71—‘2,1 = T272 = %2 As Tl,l < 1 we
have u; < 3. We also have: T3 1 <1 — % — 2 T35 <
— %, T33 < 1. Hence uz < 2 +3(1 — &) + 5(1 —
oS- %), which is equivalent to: 5uq + 4us + 3uz < 30.
Case(Z): T171 = %,TQJ = 17%77_‘272 = U275(17%).
As T2 < 1 we have ug < 1+ 5(1 — %) which is
equivalent to: u; + 3up < 18. We also have: T3 =
0,T32 < 6—up— 241, T35 < 1. Hence uz < 2+ 3(6 —

_ 5u1

ug — 251), which is equivalent to: 5uy + 3ug +uz < 20.
Hence the capacity region is given by

up < 3,u1 + 3ue < 18,
57.L1 + 4UQ + 3’LL3 S 30,
Suy + 3us + uz < 20.
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