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Abstract— Power saving is an important issue in wireless
networks. In this paper, we consider minimizing the power
consumption in a network coded wireless network with multiple
unicast sessions. We consider a simple network coding strategy
termed “reverse carpooling”, which uses only XOR operations at
each node. This can reduce the number of transmissions and the
corresponding power consumption. We investigate the use of this
scheme on a wireless triangular grid network. First, we propose
two polynomial time algorithms that approximately minimize
the number of transmissions for unicasts with two and three
source-destination pairs,respectively. We extend them to obtain
a greedy algorithm for the general problem with an arbitrary
number of source-destination pairs. We show by simulations that
the algorithm reduces the power consumption significantly for
multiple unicasts on a wireless triangular grid.

I. I NTRODUCTION

Network coding is an interdisciplinary field of information
theory and coding theory and is needed in general to attain the
maximum information flow in a network. In network coding,
routing is generalized by allowing each node to combine
a number of the packets it has received to generate the
output [1]. It is shown in [3,4] that network coding can
be used for power saving in wireless networks, which is
an important advantage over traditional routing. In [4], the
minimum energy-per-bit for multicasting with network coding
is obtained by solving a linear program. Network coding
can also offer significant energy savings for the cases of
some specific topologies [6]. Effroset al. [2] present simple
XOR-based coding strategies called “reverse carpooling” and
“star coding” in order to minimize the energy consumption
by multiple unicasts on a shared wireless grid network. A
recursive algorithm that employs a dynamic programming
argument for optimizing the power consumption using above
strategies is given in [2]. However, the complexity of this
algorithm makes its solution impractical for large networks.

In this paper, we consider a minimization of the power
consumption using reverse carpooling strategy for multiple
unicasts problem on a wireless network and develop simple
heuristic algorithms to obtain approximately optimal solutions
in polynomial time. A wireless triangular grid is used as a
simplified network model, as shown in Fig. 1. Each node cor-
responds to a vertex of a triangular grid, and it can broadcast
information only to its six neighbor nodes. Each node directly
receives all transmissions sent by its six neighbors. Thus there

Fig. 1. The nodes of the network lie on the vertices of a triangular lattice.
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Fig. 2. Network coding provides an energy saving. For given two pairs
unicasts, 4 transmissions are required without network coding. But,with
network coding, 3 transmissions are required.

is direct communication only along edges connecting a node
and its neighbor in graph. Fig. 2 illustrates the XOR based
network coding operation we use. Nodev1 sends a packet
m13 to nodev3 and nodev3 sends a packetm31 to node
v1. Without network coding, four transmissions are required.
Each source transmits its packet tov2, andv2 transmits each
packet in turn to its intended sink. With network coding, only
three transmissions are required. Nodesv1 andv3 transmitm13

andm31 to v2; nodev2 takes the bitwise binary sum ofm13

and m31 and then broadcasts it. This strategy is generalized
to information exchange between two nodes separated by
arbitrarily many hops, in [5]. The term reverse carpooling is
used in [2] to refer to the strategy of routing unicast flows to
create path segments where such coding can occur. The upper
bound of coding gain, which is the ratio between the number
of transmissions required by non-coding approach to the
minimum number of transmissions using reverse carpooling,



is 21, and it is achievable by long paths and long sequence of
packets. We propose two polynomial time heuristic algorithms
which find approximate minimum energy solutions for two
unicast sessions and three sessions, respectively. Moreover,
based on the algorithm for two unicast sessions problem,
we develop a greedy algorithm to solve the general problem
with an arbitrary number of source-destination pairs. From
simulations, it is shown that our greedy algorithm achieve
significant coding gain on a wireless triangular grid.

Section II introduces the system model and the definitions.
We present approximate optimal polynomial time algorithms
for two unicast sessions problem in Section III and for three
unicast sessions problem in Section IV. We propose a greedy
algorithm for the general problem in Section V. Section VI
gives our experimental results. Section VII concludes this
paper.

Notation: Caligraphic letters are used for sets.O notation
is employed to describe an asymptotically tight bound.

II. PRELIMINARIES

A. System Model

1) Network: We define atriangular grid G = (V, E) as the
set of verticesV = {a(1,0) + b( 1

2 ,
√

3
2 ) : a, b ∈ Z} whereZ

denotes the set of integer and the set of directed edgesE=
{(v, v′) : ‖v − v′‖ = 1} where for anyv, v′ ∈ V, (v, v′)
denotes the arc connectingv and v′. Thus each node has
six incident and six outgoing edges, each of length 1. The
head and tail of edgee = (vi, vj) are denoted byvj =
head(e) and vi = tail(e), respectively. Together, the edges in
E form lines at angles 0,60◦, and120◦ from the horizontal,
as shown in Fig. 1; we call these lines grid lines. Apath
is an ordered list of connected edges. Precisely, for any path
P = (e1, e2, .., ek), we requiree1, e2, .., ek ∈E and head(ei)
= tail(ei+1) for 1 6 i 6 k − 1. For any 16 i 6 j 6 k, we
call P ′ = (ei, ei+1, .., ej) a sub-path ofP = (e1, e2, .., ek)
and writeP ′ ⊆ P . When tail(ei) = head(ej) for somei6j,
we call sub-pathP ′ = (ei, ei+1, .., ej) a self-loop. We restrict
our attention to paths without self loops; Lemma 1 in Section
II-B shows that for our purposes, there is no loss of generality
in this restriction. We usel(P ) =

∑
e∈P ‖e‖= |P | to denote

the length of pathP . For any distinct verticesv,v′∈V, we
useP(v, v′) to denote the set of all paths fromv to v′ in G,
SP (v, v′) = arg minP∈P(v,v′){l(P )} to denote the shortest
path fromv to v′, andd(v, v′) = l(SP (v, v′)) to denote the
length of the shortest path.

2) Unicast: In a unicast session, a single source vertex
s ∈ V transmits information to a single destination vertex
t ∈ V. In this paper, we consider multiple unicast sessions on
a shared triangular grid. We specify a multiple unicast problem
by describing the source and the destination for each unicast.
For example,U= {(s1, t1), (s2, t2),...,(sn, tn)} is ann-unicast
problem.

1We only investigate the effect of network coding on the networking layer.
Unlike [5], the benefit of network coding on the multiple access layer is not
considered.
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Fig. 3. Reverse carpooling solution of two unicast sessions with one reverse
carpooling segment and four branches.

3) Reverse carpooling:Given a multiple unicast problem
U= {(s1, t1), (s2, t2),...,(sn, tn)}, a candidate solutionS=
{P1, ...., Pn} is a list of paths such thatPi ∈P (si, ti) for each
i. For any edgee = (v, v′)∈E , we useeR = (v′, v) to denote the
reversal of edgee. Likewise, for any pathP = (e1, e2, ..ek),
we usePR= (eR

k , eR
k−1, ..., e

R
1 ) to denote the reversal of path

P . In candidate solutionS, the opportunity to apply reverse
carpooling arises when two paths, sayPi andPj , contain sub-
pathsP ′i ⊆ Pi and P ′j ⊆ Pj satisfying (P ′i )

R = P ′j . Such
a sub-path is called a reverse carpooling segment. Note that
reverse carpooling may not actually occur between sub-paths
P ′i andP ′j if one of them is involved in reverse carpooling with
another sub-path. Since pathsPi andPj may reverse carpool
along multiple non-consecutive segments, we useK(Pi, Pj)
to denote the number of reverse carpooling segments shared
by Pi andPj andrk(Pi, Pj) to denote thekth sub-path shared
by Pi andPj . If K(Pi, Pj) = 1, we simplify our notation to
r(Pi, Pj) = r1(Pi, Pj). The sub-paths are numbered according
to the order in which they appear in the first path (pathPi in
rk(Pi, Pj)). Each sub-path is as long as possible, and the sub-
paths are disjoint.

To make these definitions precise, letPi = (e(i)
1 , ..., e

(i)
l(Pi)

)

and Pj = (e(j)
1 , ..., e

(j)
l(Pj)

). The following discussion defines
tk and lk = l(rk(Pi, Pj)) to be the start point (inPi) and
length, respectively, ofrk(Pi, Pj) (provided thatPi and Pj

have at leastk reverse carpooling segments).
Initialize t0 = 0, andl0 = 1. Then for each subsequentk>1

for which tk−1 + lk−16 l(Pi), let

tk = min[{n ∈ {tk−1 + lk−1, ..., l(Pi)} : e(i)R
n ∈ Pj}

∪ {l(Pi) + 1}]
If tk6l(Pi), let

lk = min{n ∈ {1, ..., l(Pi)− tk} : e
(i)R
tk+n /∈ Pj}.

Then rk(Pi, Pj) = (e(i)
tk

, ..., e
(i)
tk+lk−1). We define branches

Bijk as Bijk = (e(i)
tk−1+lk−1

, ..., e
(i)
tk−1) if tk> tk−1 + lk−1,

andBijk = φ otherwise.
If tk>l(Pi), then Pi and Pj share fewer thank reverse

carpooling segments,Bijk = (e(i)
tk−1+lk−1

, ..., e
(i)
l(Pi)

), and the
process stops.

Fig. 3 shows an example with one reverse carpooling
segment and four branches.

4) Network cost:The cost of a candidate solution is the
energy consumed in a wireless network that transmits a single
information stream along each pathPi∈S. When n = 1 (a



Fig. 4. Illustration of cost of edge(v, v′): 5 unicasts use edge(v, v′) and
4 unicasts use edge(v′, v).

single unicast session), we estimate the cost of candidate
solutionS = {P1} by the number of transmissions required to
send a single packet froms1 to t1 along pathP1. Thus the cost
of P1 is the number of edges in pathP1, which equalsl(P1).
Whenn>1, the opportunity for reverse carpooling may arise.
We approximate the cost saved using reverse carpooling by
counting the link between nodesv andv′ only once for each
time we apply reverse carpooling along(v, v′) and(v′, v). For
candidate solutionS, we useR(S, e) to denote the number of
reverse carpooling opportunities along edgee using solution
S. Thus

R(S, e) = min

{∑

P∈S

1(e ∈ P ),
∑

P∈S

1(eR ∈ P )

}
.

Similarly, we useF (S, e) to denote the remainder of trans-
missions along edgee. Thus,

F (S, e) =

(∑

P∈S

1(e ∈ P )

)
−R(S, e).

We approximate the cost across each edgee∈E using candi-
date solutionS as

C(S, e) =
(

F (S, e) +
1
2
R(S, e)

)

and the cost ofS as

C(S) =
∑

e∈E

C(S, e).

Fig. 4 gives an example. Edge(v, v′) appears in five paths
(P1, P3, P5, P7, P9). Edge (v′, v) appears in four paths
(P2, P4, P6, P8). Thus R(S, (v, v′)) = R(S, (v′, v)) = 4,
F (S, (v, v′)) = 1, F (S, (v′, v)) = 0, and the combined contri-
bution of edges(v, v′) and (v′, v) to our estimated costC(S) is
F (S, (v, v′))+ 1

2R(S, (v, v′))+F (S, (v′, v))+ 1
2R(S, (v′, v))

= 5.
The difference between the approximate costC(S) and the

actual number of transmissions for a candidate solutionS is
at most the number of reverse carpooling segments. We show
in Sections III and IV that in ann-unicast problem withn63,
the number of reverse carpooling segments is at most

(
n
2

)
.

Fig. 5 illustrates the difference between cost and number of
transmissions. We approximate the number of transmissions
by the costC(S) throughout the paper.

Fig. 5. Reverse carpooling is possible at nodesa,b,c,andd in first network.
In the second network, reverse carpooling is not possible at nodesa, andd
becauset2 cannot overhear the transmission froms1 andt1 cannot overhear
the transmission froms2. Thus the first network requires 6 transmissions,
while the second network requires 8 transmissions. In both networks, we
approximate the cost ofS asC(S) = 7. In general, for a reverse carpooling
segment ofn links shared by two unicast sessions, the actual number of
transmissions isn± 1 while the approximate cost isn.

B. Self-loops

Lemma 1:Given a n-unicasts problem U =
{(s1, t1), .., (sn, tn)}, there exists a minimal cost solution
S∗ = (P1, .., Pn) that contains no self-loops.

Proof: Suppose thatP1 has a self-loopP11 =
(e(1)

i , .., e
(1)
j ) ⊆ P1. We define an alternative solutionS′ =

(P ′1, P2, .., Pn) with P ′1 = P1 − P11. Then,

C(S′) 6 C(S′ ∪ P11) = C(S∗) 6 C(S′) + l(P11).

By the optimality of S∗, S′ = S∗ and we can remove
P11 without increasing cost. By repeating this argument, we
can remove all self-loops while maintaining the optimal cost
C(S∗).

III. T WO UNICAST SESSIONS PROBLEM

This section presents a polynomial-time algorithm that finds
an optimal cost solution for two unicast sessions(s1, t1),
(s2, t2) on a triangular grid.

Lemma 1 and Theorem 1 help to characterize the form of
an optimal solution for two unicast sessions.

Theorem 1:Given a two-unicast problem U =
{(s1, t1), (s2, t2)}, if S∗ = (P1, P2) is a minimal cost
solution, thenK(P1, P2)61, i.e., there is at most one reverse
carpooling segment shared byP1 andP2.

Proof: Please see [7].
For eachv ∈{a, b, c} and θ ∈{0◦, 60◦, 120◦}, let gv,θ

denote the grid lines at angleθ through vertexv. We write
g ∈4abc to specify that grid lineg is contained in one or
more of the angles in4abc and for eachθ∈{0◦, 60◦, 120◦}
andv ∈{a, b, c}, define

Gθ = {gv′,θ : v′ ∈ {a, b, c}, gv′,θ ∈ 4abc}.

Gv = {gv,θ′ : θ′ ∈ {0◦, 60◦, 120◦}, gv,θ′ ∈ 4abc}.



Lemma 2:Given any a, b, c ∈V that are not collinear,
|Gθ| = 1 for eachθ∈{0◦, 60◦, 120◦}, and | ∪v∈{a,b,c} Gv| =
| ∪θ∈{0◦,60◦,120◦} Gθ| = 3.

Proof: Please see [7].
Theorem 2:For any a, b, c ∈V that are not collinear, we

can find the largest set

P = {x ∈ V : d(a, x) + d(b, x) + d(c, x)
6 d(a, y) + d(b, y) + d(c, y),∀y ∈ V}

in O(1) time.
Outline of proof: By Lemma 2, a triangle4abc contains

exactly three grid lines∪v∈{a,b,c}Gv. We show that the desired
set contains all vertices in a triangle formed by∪v∈{a,b,c}Gv.
The full proof is in [7].

In theorem 3, we obtain the optimal cost reverse carpooling
solution using Theorem 2 and compare its cost with the cost
of the shortest paths solution,l = d(s1, t1) + d(s2, t2).

Theorem 3:Given a two unicast problem U =
{(s1, t1), (s2, t2)}, we can find a minimal cost solution
S∗ = (P1, P2) in O(1) time.

Outline of Proof: By Theorem 1, for two unicast sessions
(s1, t1) and (s2, t2), there exists an minimal cost solution
S∗ = (P1, P2) for which K(P1, P2)61. If K(P1, P2) =
0, using a shortest path for each unicast session gives the
optimal solution. We use (SP (s1, t1), SP (s2, t2)) to denote
the shortest paths solution. Otherwise,S∗ contains exactly
one reverse carpooling segmentr(P1, P2). Let r(P1, P2) =
(e(1)

k , e
(1)
k+1, ..., e

(1)
k+m−1). We userc(s1, t2) = tail(e(1)

k ) and

rc(t1, s2) = head(e(1)
k+m−1) to denote the two endpoints of

r(P1, P2) as shown in Fig. 3. For brevity, letb and c denote
rc(s1, t2) andrc(t1, s2) respectively. Given locations ofb and
c, the reverse carpooling solution isS(b, c) = (P1, P2) where

P1 = SP (s1, b) ∪ r(P1, P2) ∪ SP (c, t1),

P2 = SP (s2, c) ∪ (r(P1, P2))R ∪ SP (b, t2).

We useS′ = (P ′1, P
′
2) to denote the minimal cost reverse

carpooling solution. We compareC(S′) with l. If C(S′)6l,
thenS∗ = S′. Otherwise,S∗ = (SP (s1, t1), SP (s2, t2)). For
a reverse carpooling solution with givenb to be optimal, the
location ofc must satisfy

d(c, b) + d(c, t1) + d(c, s2) 6 d(p, b) + d(p, t1) + d(p, s2)

for all p∈V.
By the construction in the proof of Theorem 2,
(i) If ∠b in 4bs2t1 contains more than one grid line, then

c = b. Since there is no cost reduction for reverse carpooling,
the shortest paths solution is at least as good.

(ii) If ∠s2 in 4bs2t1 contains more than one grid line, then
c = s2.

(iii) If ∠t1 in 4bs2t1 contains more than one grid line, then
c = t1.

(iv) Otherwise, when each angle in4bs2t1 contains one
grid line as shown in Fig. 6, we assume that∠s2 in 4bs2t1

Fig. 6. Each angle in4bs2t1 contains one grid line.

contains gs2,α and ∠t1 in 4bs2t1 contains gt1,β where
α, β ∈(0◦, 60◦, 120◦), α 6= β. We useaα,β to denote the
intersection betweengs2,α andgt1,β . Then, by Theorem 2, we
can getc = aα,β .

Thus, we only need to consider the following set of possible
locations for c : I = {s2, t1, a0◦,60◦ , a0◦,120◦ , a60◦,0◦ ,
a60◦,120◦ , a120◦,0◦ , a120◦,60◦}. For each c ∈ I, we use
b(c) ∈ V to denote the corresponding location for the other
end pointb of the reverse carpooling segment. Then, we can
find b(c) ∈ V such that

d(b(c), c)+d(b(c), s1)+d(b(c), t2) 6 d(p, c)+d(p, s1)+d(p, t2)

for all p∈V in O(1) time, by Theorem 2. By comparing
the costs of the reverse carpooling solutions for these 8
possibilities forc, we can obtain the minimum cost reverse
carpooling solution, i.e.C(S′) = minC∈I{C(S(b(c), c)}.
Finally, we compareC(S′) with l and obtain an optimal cost
solution.

IV. T HREE UNICAST SESSIONS PROBLEM

In this section, we construct a polynomial-time algorithm
which finds an optimal cost solution for three unicast sessions
(s1, t1), (s2, t2), and(s3, t3). Theorem 4 helps to characterize
the form of an optimal solution for three unicast sessions.

Theorem 4:Given a three-unicast problemU =
{(s1, t1), (s2, t2), (s3, t3)}, there exists a minimal cost
solutionS∗ = (P1, P2, P3) with K(P1, P2)61, K(P2, P3)61,
andK(P2, P3)61.

Proof: Please see [7].
Theorem 5:Given a three unicasts problemU =

{(s1, t1), (s2, t2), (s3, t3)}, there exists a minimal cost
solutionS∗ taking one of the six forms shown in Fig. 7, Fig.
8, Fig. 9, Fig. 10, Fig. 11, and Fig. 12 or those obtained
by interchanging the different source and sink pairs. For
the forms in in Fig. 9, Fig. 10, Fig. 11, and Fig. 12, we
associate with each a setS of 2 or 4 points whereS ⊆
{rc(s1, t2), rc(t1, s2), rc(s1, t3), rc(t1, s3), rc(s2, t3), rc(t2, s3)}
called fixed points. The minimal cost solution corresponding
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Fig. 7. Form 1 of Theorem 5 (case i) in the proof of Theorem 5) : In this
case,S∗ = (SP (s1, t1), SP (s2, t2), SP (s3, t3)).
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Fig. 8. Form 2 of Theorem 5 (case ii) - a) in the proof of Theorem 5) :S∗
= (S12, SP (s3, t3)).

to given locations of the fixed points can be found inO(1)
time.

Outline of Proof: We prove this theorem by characteriz-
ing all possible cases for a minimal cost solutionS∗ =
(P1, P2, P3) satisfying K(P1, P2) 6 1, K(P1, P3) 6 1,
K(P2, P3) 6 1 and without any self-loops, which suffices
by Lemma 1 and Theorem 4.

Case i) :K(P1, P2) = 0, K(P2, P3) = 0, andK(P1, P3) =
0.

In this case, as shown in Fig. 7, the shortest paths for each
unicast session give the minimal cost solution.

Case ii): 16 K(P1, P2) + K(P2, P3) + K(P2, P3)
The path segments are labeled as shown in Fig. 3. We denote

by p and q the pointsrc(s1, t2) and rc(t1, s2) respectively.
Without loss of generality, we assume thatK(P1, P2) = 1.
We useS12 = (P ′1, P

′
2) to denote an optimal cost solution for

(s1, t1) and(s2, t2) obtained by Theorem 3. We defineS13 =
(P ′1, P

′
3) andS23 = (P ′2, P

′
3) similarly.

Case ii) - a)K(P1, P3) = 0, andK(P2, P3) = 0.

Then, as shown in Fig. 8,S∗ = (S12, SP (s3, t3)).
Case ii) - b)K(P1, P3) + K(P2, P3) = 1.

Without loss of generality, we suppose thatK(P1, P3) = 1.
Then,K(P2, P3) = 0, K(B121, P3)61, K(r(P1, P2), P3)61,
andK(B122, P3)61.

Case ii) - b) - (1)K(B121, P3) = 1, andK(B122, P3) = 1.

In this case,S∗ = (S13, SP (s2, t2)).
Case ii) - b) - (2)K(B121, P3) + K(B122, P3) = 1.

Without loss of generality, we suppose thatK(B121, P3)
= 1. P3 cannot reverse carpool alongr(P1, P2) since reverse
carpooling occurs across pairs of unicast sessions. HenceP3

reverse carpools only alongB121. As shown in Fig. 9, we use
S′121,3 = (B′

121, P
′′
3 ) to denote the optimal cost solution for

S1

S2

t1

t2

p q

S3

t3

P3’’

B121’

B122

P2

r( P1,P2)

Fig. 9. Form 3 of Theorem 5 (case ii)- b)- 2) in the proof of Theorem 5).

(s1, p) and (s3, t3) obtained by Theorem 3. Let

P ′′1 = (B′
121 ∪ SP (p, q) ∪ SP (q, t1))

P2 = (SP (s2, q) ∪ SP (p, q)R ∪ SP (p, t2))
P3 = P ′′3 .

Then, given the locations ofp andq, S∗ = (P ′′1 , P2, P3) which
can be obtained inO(1) time.

Case ii) - b) - (3)K(B121, P3) = K(B122, P3) = 0.
In this case,S∗ = (S12, SP (s3, t3)) which is the same as

for case ii) - a).
Case ii) - c)K(P1, P3) = K(P2, P3) = 1.
Case ii) - c) - (1)K(B121, P3) = K(B122, P3) = 1.
It is shown in [7] that this case is contained in case ii) - b)

- 2).
Case ii) - c) - (2)K(B211, P3) = K(B212, P3) = 1.
By symmetry, this case is the same as case ii) - c) - (1).
Case ii) - c) - (3) K(B121, P3) + K(B122, P3) =

K(B211, P3) + K(B212, P3) = 1.
Without loss of generality, we assume thatK(B121, P3) =

1.
Case ii) - c) - 3) - 1)K(B211, P3) = 1 andK(B212, P3) =

0.
Let p = rc(s1, t2), and q = rc(t1, s2), r = rc(s2, t3), u =

rc(t2, s3). We useS′′121,3 = (B′
121, P

′′
3 ) to denote the optimal

cost solution for(s1, p) and (r, t3) obtained by Theorem 3.
As shown in Fig. 10, for given locations ofp, q, u, andr, S∗

can be obtained inO(1) time by Theorem 3.
Case ii) - c) - 3) - 2)K(B211, P3) = 0 andK(B212, P3) =

1.
If r(P3, P1) and r(P3, P2) are continuous alongP3 as

shown in Fig. 11, thenr(P2, P3) = SP (p, u), and r(P1, P3)
= SP (v, p). SinceS∗ is the optimal solution, the locations of
u andv must satisfy∀y ∈ V,

d(t2, u) + d(s3, u) + d(p, u) 6 d(t2, y) + d(s3, y) + d(p, y),
d(p, v) + d(s1, v) + d(t3, v) 6 d(p, y) + d(s1, y) + d(t3, y).

In this case, as shown in Fig. 11, given the locations ofp
andq, the locations ofu andv can be found inO(1) time by
Theorem 2.



S1

t1

t2

t3

p q

r

w

S3
u

P3

P2

P1

S2
v

Fig. 10. Form 4 of Theorem 5 (case ii) - c) - 3) - 1) in the proof of Theorem
5) : Given locations ofp, q, r, and u, we find S∗ in O(1) time. We use
S′′121,3 = (B′121, P ′′3 ) to denote optimal cost solution obtained by applying
Theorem 3 to(s1, p) and (r, t3). Then,S∗ = (P ′′1 , P2, P ′′3 ) whereP ′′1 =
(B′121∪SP (p, q)∪SP (q, t1)), P2 = (SP (s2, r)∪SP (r, u)∪SP (u, q)∪
(SP (p, q))R ∪ SP (p, t2), andP ′′3 = (SP (s3, u) ∪ (SP (r, u))R ∪ P ′′3 ).

S1

t1

S2

t2

t3

P q

v

S3 u

P2

P3

P1

Fig. 11. Form 5 of Theorem 5 (case ii) - c) - 3) - 2) in the proof of Theorem
5) : K(B121, P3) = K(B212, P3) = 1, andr(P3, P1) and r(P3, P2) are
continuous alongP3. Given the locations ofp andq, the locations ofu and
v can be found inO(1) time by Theorem 2. Then,S∗ = (P1, P2, P3) where
P1 = (SP (s1, v)∪SP (v, p)∪SP (p, q)∪SP (q, t1)), P2 = (SP (s2, q)∪
(SP (p, q))R∪SP (p, u)∪SP (u, t2), andP3 = (SP (s3, u)∪(SP (p, u))R∪
(SP (v, p))R ∪ SP (v, t3)).

Otherwise,r(P2, P3) = SP (r, u)⊂B212 and r(P1, P3) =
SP (v, w)⊂B121, as shown in Fig. 12. SinceS∗ is the optimal
solution, the locations ofr andw must satisfy∀y ∈ V,

d(t3, r) + d(u, r) + d(p, r) 6 d(t3, y) + d(u, y) + d(p, y),
d(p, w) + d(s3, w) + d(v, w) 6 d(p, y) + d(s3, y) + d(v, y).

In this case, as shown in Fig. 12, given the locations ofp,
q, u, and v, the locations ofr and w can be found inO(1)
time by Theorem 2.

Theorem 6:Given a three unicast problemU =
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Fig. 12. Form 6 of Theorem 5 (case ii) - c) - 3) - 2) in the proof of Theorem
5) : K(B121, P3) = K(B212, P3) = 1 ,andr(P3, P1) andr(P3, P2) are not
continuous alongP3. Given the locations ofp, q, u, andv, the locations ofr
andw can be found inO(1) time by Theorem 2. Then,S∗ = (P1, P2, P3)
whereP1 = (SP (s1, v)∪ SP (v, w)∪ SP (w, p)∪ SP (p, q)∪ SP (q, t1)),
P2 = (SP (s2, q) ∪ (SP (p, q))R ∪ SP (p, r) ∪ SP (r, u) ∪ SP (u, t2), and
P3 = (SP (s3, w)∪ (SP (v, w))R ∪SP (v, u)∪ (SP (r, u))R ∪SP (r, t3)).

{(s1, t1), (s2, t2), (s3, t3)}, we can find a minimal cost solu-
tion S∗ = (P1, P2, P3) in O(n4) time wheren is the number
of vertices in the convex hull of (s1, t1, s2, t2, s3, t3).

Proof: For each of the six possible forms given in
Theorem 5, we can calculate the optimal cost solution in
O(n4) time by considering allO(n4) possible locations for
the fixed points. We then compare their costs and choose the
minimal cost solutionS∗.

V. GENERAL MULTIPLE UNICAST SESSIONS PROBLEM

In this section, we generalize our problem to general
multiple unicasts problem and introduce a simple greedy
algorithm to obtain an approximate solution. In Section III, we
described a polynomial time algorithm which finds an optimal
cost solution for the two unicast sessions problem. Based on
this algorithm, we present a greedy algorithm to obtain an
approximate solution forn-unicast sessions(s1, t1),...,(sn, tn)
on the triangular grid.

We define a metricmij ,(i, j ∈ {1, ..n}, i 6= j) and a
selection functionI. We use S(i,j) to denote an optimal
cost solution obtained by applying Theorem 3 to two unicast
sessions(si, ti) and(sj , tj). Let mij = d(si, ti) + d(sj , tj)−
C(Sij). Given(si, ti) and(sj , tj), mij denotes the difference
between the cost of the shortest paths solution and the optimal
cost. The selection functionI : N⊂(1, 2, ..n)→NxN chooses
a pair of indices inN which maximizes the metricmij .
Precisely,

I(N) = arg max
i,j∈N

{mij}.

We useCS to denote the current solution andN⊂(1, 2, ..n)
to denote a set of indices which are not used in the current
solution at each step. In each step of the algorithm, we update
two setsCS andN using the selection functionI. Then, we
remove I(N) from N and addSI(N) to CS at each step.
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Fig. 13. Simulation result: Asn increases,E(
C(Sn)

Ln
) decreases.

Finally, at the end of the algorithm, we obtain a suboptimal
solutionCS = S = (P1,..,Pn).

N ← {1, 2, ..., n}
CS ← ∅

While |N |>1
N = N−I(N)
CS = CS∪SI(N)

endwhile
If N = {k} (16k6n)

returnCS =CS∪SP (sk, tk)
else

returnCS
endif

Theorem 7:The time complexity of the above greedy al-
gorithm isO(n3).

Proof: Please see [7].

VI. SIMULATION

In order to determine the effectiveness of reverse carpool-
ing, we constructed a simulation environment which models
operation on the wireless triangular grid. Given a wireless
triangular grid, we choose the locations of unicast sessions
uniformly at random on the grid and compare the average
network cost between a suboptimal solution obtained by the
greedy algorithm of Section V and the shortest paths solution
without network coding. The simulations were done using
MATLAB.

A. metric

Given n-unicast problemU = ((s1, t1), .., (sn, tn)), we use
Sn to denote a suboptimal solution obtained by our greedy
algorithm. Let Ln =

∑n
i=1 l(SP (si, ti)) denote the sum of

the cost of the shortest path solution for each unicast session.
Our evaluation uses the performance metricE(C(Sn)

Ln
) which

is the average ratio betweenC(Sn) andLn.

B. Simulation Results

We use atriangular grid G = (V, E) as the set of vertices
V = {a(1,0) + b(1

2 ,
√

3
2 ) : −5 6 a 6 5,−10 6 b 6 10} and
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Fig. 14. Simulation result: We extend the result in Fig. 13. When 100 unicast
sessions are chosen uniformly at random on the grid,E(

C(Sn)
Ln

) is 0.69

randomly choose the locations of a given number of unicast
sessions. Fig. 13 indicates that when 20 unicasts are chosen
uniformly at random on the graphG, the average cost of the
greedy reverse carpooling solution is 0.79 times that of the
shortest paths solution. As the number of unicast sessions
increases,E(C(Sn)

Ln
) decreases. This result agrees with our

intuition that the number of opportunities to apply reverse
carpooling increases with the number of unicast sessions in
a given network. As shown in Fig. 14, when the number
of unicast session is 100,E(C(Sn)

Ln
) is 0.69. Whenn is

sufficiently large,E(C(Sn)
Ln

) converges to an optimal value of
0.5.

VII. C ONCLUSION

We have presented two polynomial time algorithms to
obtain approximately optimal solutions which minimize the
number of transmissions for two and three unicast sessions,
respectively. By extending the algorithm for two unicasts prob-
lem, we presented a greedy algorithm to obtain an approximate
solution forn-unicast sessions problem. From simulations, we
have shown that the algorithm reduces the power consumption
significantly for multiple unicasts on a triangular grid.
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