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Abstract—An equivalence result is established between the
Shannon capacity and the stable capacity of communication
networks. Given a discrete-time network with memoryless, time-
invariant, discrete-output channels, it is proved that the Shannon
capacity equals the stable capacity. The results treat general
demands (e.g., multiple unicast demands) and apply even when
neither the Shannon capacity nor the stable capacity is known
for the given demands. The result also generalize from discrete-
alphabet channels to Gaussian channels.

I. INTRODUCTION

Shannon’s information theory provides a fundamental
framework for studying network communications. Under this
paradigm, the sources are assumed to be saturated, and thus
the source nodes can rely on long vectors of source symbols
that are available before encoding begins, and receivers decode
complete messages after all channel outputs are received.
The Shannon capacity is defined as the average (over the
blocklength) amount of information that can be decoded at
the receiver when the source is saturated in this way.

For many applications, the source messages arrive at source
nodes statistically, resulting in both idle periods and peri-
ods with many arriving messages at the source nodes. In a
communication network, we use “stable network solutions” to
denote balanced input-output relationships. To be precise, in
a stable network solution each receiver node can eventually
decode the desired source messages, and the state (e.g., the
queue size of each network node) of the network approaches
a stable distribution as time goes by [8]. We notice that the
decoding delay may vary due to the random source arrival
processes. This differs from the block codes used for the
Shannon capacity, where messages are decoded at the end of
each block. The stable capacity is defined to be the set of all
source arrival rates that can be achieved by a stable network
solution.

The Shannon capacity does not equal the stable capacity in
general. An example is shown in Figure 1. In the example,
the channel C' takes one bit from source S and outputs one
bit to receiver R at each time slot. Let x; and y; denote the
input bit and output bit respectively of channel C' in time
slot 7. The channel function is y; = x; ® x[;/27. By the
definition of Shannon capacity (more details can be found in
Section III), the Shannon capacity of the network is 1 bit per
slot, which means the source can transmit n bits of information
to the receiver by using a block network code with blocklength
n. However, since the receiver needs to store an increasing
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Fig. 1. A network with Shannon capacity (1 bit per slot) strictly larger than
the Stable capacity (0 bit per slot).
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Fig. 2.

A two-unicast network.

number of bits for the decoding of future bits, the queue size
of the receiver goes to infinity unless the source arrival rate is
zero. Thus, the stable capacity of the network is 0. We notice
that in Figure 1 the channel C' has memory, which turns out
to be the reason that the Shannon capacity differs from the
stable capacity. In the following, given a discrete time network
with memoryless, discrete-output channels and a arbitrary
collection of demands (e.g., multiple unicast demands), we
prove that the Shannon capacity equals the stable capacity.
This result applies even when neither the Shannon capacity
nor the stable capacity is known for the given demands. It
also generalizes to network with Gaussian noise channels.

I-A. Applications of the equivalence result

Shannon capacity and stable capacity are studied as funda-
mental concepts in different research fields. The equivalence
result in this paper implies that the complexity of computing
Shannon capacity equals that of stable capacity. In particular,
we can apply the techniques developed for computing Shannon
capacity to compute the stable capacity, and vise versa. For
example, consider the two-unicast network N in Figure 2.
For each i = 1,2, source S; wants to communicate with
receiver R;. Assume that for S; and S, the bit arrivals follow
Poisson processes! with rate a; and «y, respectively, and
that each link is a binary erasure channel (BEC) [1] with
erasure probability 0.5. Our objective is determining whether
a given rate pair (a1, as) is in the stable capacity region.
Using the equivalence result proved in this paper, the original

'We assume each time slot is a continuous time interval and a bit arrival
can happen anytime.



problem is equivalent to computing the Shannon capacity of
the same network A/. Using the Shannon capacity equivalence
result between point-to-point noisy channels and point-to-point
noiseless channels [5], it is equivalent to compute the Shannon
capacity of a network A/ with the same topology but assuming
each link is a noiseless channel with capacity 0.5. Applying
the result for computing the Shannon capacity of two-unicast
acyclic noiseless networks [12], we can determine whether
(a1, ag) is in the Shannon capacity region of A/ and therefore
answer the original question, whether (a1, a2) is in the stable
capacity region of \. A flowchart of these techniques is shown
in Figure 3.

I-B. More details on the equivalence result

So far we have not discussed the source arrival statistics.
It is a natural question whether the stable capacity of a
network depends on the source arrival process. By Loynes
Theorem [7], the stable capacity of a network that only permits
routing does not change as long as the source arrivals are
stationary and ergodic. In this paper, our equivalence result
applies as long as the source arrivals are stationary and ergodic,
and therefore generalizes Loynes’s Theorem to networks with
network coding.

Another issue is the definition of network stability. In
particular, in this paper we define network stable capacity in
terms of queue size and delay, respectively, and show that both
are equal to the Shannon capacity of the network. We note that
the relationship between queue size and delay is not obvious
in the setting of network coding. For the case of routing only,
the average decoding delay and average total size of network
queues are linearly related (Little’s Law) [6], and, the stability
of routing networks is usually defined in terms of network
queue size by convention [8].

I-C. Related work

The work in [11] shows that queue channels can use “tim-
ing information” to deliver more information to the receiver
nodes than is carried in the bits alone. Thus, the ‘“actual”
Shannon capacity of the queue channel is strictly larger than
its “traditional” Shannon capacity i.e., the service rate of the
queue multiplied by bits per channel use. In this work, both
“Shannon capacity” and “stable capacity” are defined in the
setup where the network nodes can use any network resource
(e.g., the “timing information™) for the purpose of communi-
cation. Reference [10] compares the stable throughput region
with the saturated throughput region for a random multiple
access channel, but the models differ in some assumptions
about the protocol and feedback information. Differing from
the definition of “capacity”, the definition of “throughput”
counts the number of information units, such as packets,
that can be delivered to the destinations [8]. For statistical
sources, [2] shows that extra protocol information needs to
be transmitted in order to achieve a desired communication
delay constraint. In practice this protocol information may
even dominate the “real” information traffic. In this paper,

no fixed communication delay constraint is assumed for either
Shannon capacity or stable capacity.

Shannon capacity for a multiple access communication
system with neither time synchronization nor feedback was
derived in [9], [4]. By [8], the stable throughput region for the
multiple access communication system with a packet erasure
channel model is equal to the Shannon capacity provided that
a conjectured property (the sensitivity monotonicity property)
holds. For a single source multicast demand network, [3]
proves that the Shannon capacity is equal to the stable capacity.

The idea of using “equivalence relationship” to study net-
work information theory was first investigated in [5], which
shows the Shannon capacity of a network is unchanged when
each noisy point-to-point channel is replaced by a noiseless
bit pipe with throughput equal to the noisy channel capacity.
The result in [5] applies for general network demands.

I-D. The organization of the paper

The rest of the paper is organized as follows. We formulate
the network model in Section II. The Shannon capacity is
defined in Section III, and the stable capacity is defined in
Section IV. The main result of the paper is shown in Section V.
The proof of the main theorem can be found in our technical
report [13]..

II. NETWORK MODEL

II-A. Discrete time discrete alphabet networks

We apply the standard definitions (e.g., [5]) for discrete
time discrete alphabet network model. Consider a discrete-time
network in which time is slotted. Let V = {1,2,...,m} be
the set of network nodes. In the ¢’th time slot, each network
node v € V transmits a random variable X”) € X and
receives a random variable Yt(v) € Y@ Both X and Y
are discrete and countable. Let

Xté (Xt(v) RS V)
be the collection of network channel inputs in time slot ¢ and
A v
Ytz(Yt():UGV)

be the collection of network channel outputs in time slot .

Assuming a memoryless and time-invariant network, in
each time slot ¢ the network behavior is characterized by a
conditional probability density distribution

p(yilx) =p(ylx)- (1)
Thus, any network A is defined by its corresponding triple

N2 (H X0 p (o I yw)
v=1 v=1

and the causality constraint that Xt(v) is a function only of

past channel outputs (V;”), V"), ..., V")) at v and outgoing
messages originating at node v. Messages are defined formally
in Sections III and IV.
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II-B. Discrete time Gaussian networks

Let V ={1,2,...,m} be the set of network nodes. In the
t’th time slot, each network node v € V transmits a random
variable Xt(v) € X and receives a random variable Y;(v) €
Y©) . Assume that node v has N )(g)) transmit antennas and
N)(,v) receive antennas. The input alphabet X'(*) of node v is

X® =[P P % ox [P, PO,
[ 1 1 } [ N;(v) Ng(y)]

where Pi(v) is the transmit power constraint for the i’th

transmit antenna of node v. The output alphabet Y(*) is
YO = RNy
Similarly, let
X, & (X7 vev)
be the collection of network channel inputs in time slot ¢ and
Y, 2 (Yt(") ve v)

be the collection of network channel outputs in time slot .
For each node v € V, Yt(”) is given by

v =0 (X)) + 2,7, @

where A(")(-) is a deterministic function and Zt(v) eRM isa
noise vector with each component i.i.d. chosen from N(0, 1).
For clarity, we assume each node normalizes its received
signals such that the Gaussian noise has variance 1. We use

he (h(”) (Xy):ve v)

)

Our result
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The diagram of computing the stable capacity of the network in Figure 2.

to denote the collection of all network output functions. Thus,
any Gaussian network N is defined by its corresponding triple

NE <ﬁ X@ h, ﬁ y<v>>
v=1 v=1

and the causality constraint that Xt(”) is a function only of

past channel outputs (Yl(”),Y;U), e ,Y;(_UD at node v and

messages originating at v.

III. SATURATED SOURCE MODEL AND NETWORK
SHANNON CAPACITY

For the network models defined in Section II, we apply
standard definitions (e.g., [5]) for the saturated source model
and Shannon capacity. In particular, let

ME{(0,U) v eV, U C V)

denote the set of all possible multicast connections across
the network. A network code of block length n operates the
network over n time slots for the purpose of communicating,
for each (v,U) € M, message

W= g =) 2 {1, 2% ..., 2”71“’*’”}

from source node v to all the sink nodes v € U. The messages
(W= (v,U) € M) are independent and uniformly dis-
tributed by assumption. We use W (=% ¢ W(=*) (o denote
the vector of messages transmitted from node v and W € W
to denote the vector of all messages. That is,

e 2 (W(”_’U) L (v,U) € M)

W= 2 H We=0)
(v, U)EM



w2 (W("_’*) ve v)

WE T we.
veEY

The constant R~V is called the multicast rate from v to U.
Let

RE RV (v,U) € M) € R™2"
be the dimension-(m2™~!) rate vector.

Definition 1. Let the network N be given. A network block
code C(N') with blocklength n is a set of channel encoding
functions

t—1
X5 (D) W) o x

mapping <Y1(u),Y2(u), . .,Yt(_ui,W(“_)*)) to Xt(u) Sor each

u€Vandte€{1,2,...,n} and a set of decoding functions

W=V (y(v))n W= _y pu=V)

mapping (Yl(”)7Y2(v), .. .7Yn(v), WW=5) 1o Wu=Vi) for
each (u,V,v) with (u,V) € M and v € V.

Definition 2. The network block code C(N') with blocklength
n is called a (X, R)-block code, if

(log |W(u—>V)|) /n =RV
for all (u,V) € M and®
Pr (W(uﬁv,v) # W(u—>V)) <)\

Sfor all (u,V,v) with (u,V) € M and v € V. The Shannon
capacity W(N) of network N is the closure of all rate vectors
R such that for any X > 0 and all n sufficiently large, there
exists a (A, R)-block code C(N') of blocklength n.

IV. STATISTICAL SOURCE MODEL AND NETWORK STABLE
CAPACITY

For the network models defined in Section II, we define the
statistical source model and network stable capacity as follows.
We use

ME{(0,U) v eV, U C V)

to denote the set of all possible multicast connections across
the network. For each (u, V) € M and ¢t > 0, let Ag“_ﬂ/) eN
denote the message that arrives at node w in time slot ¢, where
N is the set of all positive integers. For each time slot ¢, we
use notation A,E“"*’ to denote the collection of all messages
arrived at node w. Thus

Al 2 (A,E“_W) C(u, V) € M) .

2Note that the error probability defined in [5] is the probability A\’ that there
exists a node that decodes in error. Since 1) A < X' < m2™\ and 2) both
A and )\’ must be able to approach zero for an achievable rate vector in the
Shannon capacity region, there is no difference between these two definitions.

For each (u,V) € M, the random process P“~") for
A=)y = 1,2,...}
pendent of

{PO=VD L W,V € M, (V) £ (u.V)]}

is stationary and ergodic and inde-

Let
P = (P (V) € M)

be the vector of source arrival processes of all multicast
connections, and & be the set of all possible P that meet
the requirements of stationarity, ergodicity, and independence.

For each (u, V') € M, the source arrival rate of PV is
defined by

V) = g (A(u—>V)) 7

where

Hoo (AC=V)) = dim a1 (A77Y) A8 Y) T

T—o00

‘We use notation

a=a(P)= (a(“ﬁv) t(u, V) € M) e R™

271171

to denote the collection of all source arrival rates for P.

Each node v € V has a queue of infinite capacity by
assumption. In time slot ¢, let qu) denote the bits in the
queue of node u and let q§“> be the number of bits in Qt“).
In time slot 0 the queue of each network node is empty by
assumption.

Definition 3. Let the network N be given. For each time slot
t > 0, a network transmit solution S(N') is a set of channel
encoding functions

XW {01} —» x®

mapping ng_)l to Xt(v) for each node v € V, a set of queue
updating functions

QW : {0,1}" x {0,1}* x Y — {0,1}*
mapping (Qiz)l, AEUH*), Yt(v)) to ng) for each node v €V,
and a set of message output functions

AW=V) s £, 11 — N

mapping ng) to a collection of integers in N for each (u,V,v)
with o(*7V) >0 and v € V.

We notice that A®—V:v) (in)) can output an empty set (),
i.e., the length of A(—V:v) (QS”) is zero. In the following,

we use A"V (0 denote the #’th integer in the set
{A(u—)V,v) (ng)) Awsv) (ng)) }7

and tAZ(-u_)V’v) to denote the time slot in which Agu_}V’U) is

output, i.e., AE“AV’U) c Au—=Vw) (Qif’) ) .Fornode v €

(@aV,v)



V. AguaV,v) A§1L—>V,v), tAZ(»u_)V’U) is

is the decoding output of
the decoding time of AE”HV’”), and fguﬁv’”)
the decoding delay for Agu_’V’v).

In the following we provide the definitions of network stable
capacity in terms of network queue size and decoding delay,
respectively.

— 1 1s therefore

Definition 4. For any A > 0 and P € &, a network solution
S(N) is said 1o be a (\, P)-queue stable solution if and only
if the following two conditions are met.

o Queue stability condition:
lim Pr(g: <¢)=F () and lim F(¢{)=1. (3)
t—o0 {— 00

o Message decodability condition:
For each (u,V,v) with a“=V) >0 and v € V,

Pr (fgu_}V’”) < oo) =1
and
Pr (AEM—)V,’U) ?éAEu—H/)) <\

for each i € N.

The queue stable region Po(N') of network N is the set of
all arrival process vectors P € & such that for any A > 0,
there exists a (A, P)-queue stable solution S(N'). Let Y ¢ (N)
be the closure of the set

{a*: P e PoN) when P € & and a(P) = a*},
and Y (N') be the closure of the set

a* 1 there exists P € Pg such that a(P) = o*}.
Q

Specifically, T (N) can be interpreted as the intersection
of the queue stable rate regions that corresponds to different
source arrival types, and Y7, (N) can be interpreted as the
union of these regions. Therefore, it is straightforward that
Tqo(N) C Ti(N). In the following section, Theorem 1 states
that To(N) = Y5(N), which means the queue stable rate
region of a network is invariant with different source arrival
types as long as the stationary, ergodic, and independence
conditions are met. Thus, both Yo (N) and Y, (N) define
the queue stable capacity of network V.

We define the delay stable capacity as follows.

Definition 5. For any A\ > 0 and P € 2, the network
solution S(N') is said to be a (\, P)-delay stable solution if
and only if S(N) satisfies the message decodability condition
(see Definition 4) and the following delay stability condition.

« Delay stability condition:
lim Pr ({; —i < () = F(¢) and

1—>00

Jim F() =1 )

for each i € N, where t; = max(fz(-u_)v’v) s (w,V) €
M, "=V) > 0,0 € V) is the maximum decoding time
for the messages arriving in time slot i.

The delay stable region Pp(N) of network N is the set of
all arrival process vectors P € & such that for any A > 0,
there exists a (A, P)-delay stable solution S(N'). Let Y p(N)
be the closure of the set

{a*: P e Pp(N) when P € P and o(P) = o},

and Y, (N) be the closure of the set
{a™ : there exists P € Pp such that o(P) = a*}.

Similarly, Tp(N) (or Y, (N)) can be interpreted as the
intersection (or union) of the delay stable rate regions that
corresponds to different source arrival types, and we have
Tp(N) C YH(N) as a straightforward result. Again, since
Theorem 1 shows that Y p(N) = Y/, (N), both Tp(N) and
Y, (N) define the delay stable capacity of network N

V. MAIN RESULT

For any network A as defined in Section II, we have the
following theorem.

Theorem 1. ¥(N) =
THWN).

The proof of the theorem can be found in our technical
report [13].
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