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Abstract

We establish, for multiple multicast sessions with intra-session network coding,
the capacity region of input rates for which the network remains stable in ergodi-
cally time-varying networks. Building on the back-pressure approach introduced by
Tassiulas et al., we present dynamic algorithms for multicast routing, network cod-
ing, rate control, power allocation, and scheduling that achieves stability for rates
within the capacity region. Decisions on routing, network coding, and schedul-
ing between different sessions at a node are made locally at each node based on
virtual queues for different sinks. For correlated sources, the sinks locally deter-
mine and control transmission rates across the sources. The proposed approach
yields a completely distributed algorithm for wired networks. In the wireless case,
scheduling and power control among different transmitters are centralized while
routing, network coding, and scheduling between different sessions at a given node
are distributed.

1 Introduction

Network coding has been shown to improve capacity over routing for multicast in wired
and wireless networks [2, 12, 19]. Most analytical work in network coding to date assumes
fixed rate sources and fixed link capacities. However, in networks with bursty traffic,
optimal multicasting of information involves not only routing and network coding but
also link scheduling and scheduling of different flows on the active links, and may depend
on the current network state such as link data rates and buffer occupancy.

Routing, scheduling, and rate and power control in networks with bursty traffic has
received significant attention, with much work, e.g. [11, 14, 20], building on the ideas of
[4, 17] for routing and scheduling in multicommodity flow problems using queue sizes to
prioritize among flows. Such approaches are often called back-pressure based, as routing
is done along queue size gradients. The back pressure approach has also been extended
to multicast in wired networks, but with much higher complexity: the algorithm of [15]
involves enumeration of all multicast trees used while that in [3] involves maintaining a
virtual queue for every subset of sinks for every session. Using network coding within
multicast sessions, we not only enlarge the capacity region, but also obtain a simpler,
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distributed back-pressure algorithm in which each node has just one virtual queue for
each sink of each session (for independent sources) or for each source-sink pair of each
session (for correlated sources).

More specifically, we consider multiple multicast sessions, where each session consists
of a set of sources and sinks such that data from all the sources is intended for all the
sinks. We establish, for multiple multicast sessions with intra-session network coding,
the capacity region of input rates that can be stabilized. We present dynamic algorithms
for routing, network coding, scheduling and rate control across correlated sources that
achieve stability for rates within the capacity region. Decisions on multicast routing,
network coding, rate control across correlated sources and scheduling among different
sessions at a node are made locally based on virtual queues for each sink of each ses-
sion. This gives a completely distributed algorithm for wired networks; in the wireless
case, scheduling and power control among interfering transmitters is done centrally. Our
algorithms exploit the wireless multicast advantage [18] where a single transmission can
simultaneously be received by multiple nodes and the combining advantage [1] where
nodes can soft-combine the same information signal transmitted by different nodes.

Proofs of our results are omitted owing to space constraints but are given in [10].

2 Preliminaries

2.1 Network model

We consider a network composed of a set N' of N = |[N] nodes with communication
links between them that are fixed or time-varying according to some specified ergodic
processes and transmission of a set of multicast sessions C through the network. Each
session ¢ € C is associated with a set S. C N of sources, and an exogenous process of
data arrivals at each of these sources which must be transmitted over the network to
each of a set 7, C N of sinks. Transmissions are assumed to occur in slotted time, with
time slots of length 7. Routing, scheduling and other such decisions are made at most
once a slot. For simplicity, we assume fixed length packets and link transmission rates
that are restricted to integer multiples of the packet-length/time-slot quotient. That is,
an integer number of packets can be transmitted in each slot.

For the wired network case the network connectivity and the link rates are fixed.
For the wireless case, these depend on the transmission powers. We model wireless
transmissions by generalized links, denoted by (a, Z), where a is the originating node
and Z is the set of receiving nodes. Each generalized link can correspond to

e a single transmission from node a to neighboring destination nodes at which the
SINR of the transmission is greater than some threshold, or

e a multi-step transmission in which a first transmits to one or more destination
nodes, some of which, possibly together with a, repeat the transmission in the next
time slot, and so on. Combining receptions from multiple transmissions of the same
information has been investigated for broadcast in [1, 13]. Partial receptions are
combined at destination nodes; the transmission rates in a transmission scenario
containing such links are averaged over the number of time slots over which such
forwarding takes place.

Link rates pu(P,S) = (taz(P,S)) are determined by the vector of transmit powers
P(t) = (P,z(t)) and a channel state vector S(t). S(t) is assumed to be constant over



Figure 1: An example illustrating throughput loss caused by batch coding. Source node
s is multicasting to sink nodes y and z. All the links have average capacity 1, except
for the four labeled links which have average capacity 2. The optimal solution requires
link (w,z) to carry coded information for both receivers. However, variability in the
instantaneous capacities of links (u, w), (u,y), (t,w) and (¢, z) may cause the number of
sink y packets in a batch arriving at node w to differ from the number of sink z packets
of that batch arriving at w.

each time slot, i.e., state transitions occur only on slot boundaries ¢t = k7', k integer. We
also assume that S(t) takes values from a finite set and is ergodic; we denote by g the
time average probability of state S. P(t) is also held constant over each time slot, and
is chosen from a compact set Il of feasible apower allocations.

2.2 Network coding considerations

We use the approach of distributed randomized network coding [6, 7, 9], in which net-
work nodes form output data by taking random linear combinations of input data. The
contents of each packet, as a linear combination of the input packets, are specified by a
coefficient vector in the packet header, updated by applying to the coefficient vectors the
same linear transformations as to the data. A sink is able to decode when it receives a
full set of packets with linearly independent coefficient vectors.

How to determine or achieve the optimal capacity for multiple multicast sessions
with coding across sessions is an open question. We consider the simpler problem of
achieving optimal capacity for the case where coding is done only across packets of the
same session, and give policies that asymptotically achieve optimality in this case. For
simplicity, we analyze the case where no restrictions are placed on coding among packets
from the same multicast session. In practice, to reduce the code description overhead
and decoding complexity, we can group packets formed within some time interval into a
batch, and restrict network coding to occur only among packets of the same batch, as
in [6], or among some number of consecutive batches. This may decrease the capacity
region for some topologies [6]; restricting coding to only one batch decreases the capacity
region further for variable sources/links since packets near the batch boundaries may
have to be transmitted without coding. An illustration is given in Figure 2.2. Such
capacity loss decreases with increasing batch size. Analysis of this case would require
more detailed source and channel statistics.



2.3 Stability for multicast

Let Uf(t) be the amount of session ¢ data queued at node ¢ at time ¢. Our notion of
stability follows [14], which considers the “overflow” functions

. I

’yf(M) = hrtnsupg/o‘ 1[Uic(7—)>M]d7' (1)
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The session ¢ queue at node ¢ is considered stable if v$(M) — 0 as M — oo. A network
of queues is considered stable if each individual queue is stable.

Our approach for multicast considers virtual queues of data intended for different
sinks; the same actual data may be present in more than one virtual queue. All data
originating at the sources of a session c¢ is intended for all sinks of that session, but data
transmitted on different outgoing links of a node may be intended for different sinks.

Let U(t) be the amount of session ¢ data intended for sink 3 queued at node i at
time ¢, and define

. I
’7virtualsum<M) = lim sup — /O 1[Pi7Cﬂ UfB(T)>M] dr.
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Lemma 1 (a) As M — oo, v§(M) — 0V i,c if and only if Yoirtuatsum (M) — 0.
(b) If the network is stable, there ezists a finite value M such that arbitrarily large
times t can be found for which Ufﬁ (t) < M for alli,c, 3 simultaneously.

3 Independent sources

We present results for the wireless case; wired networks are a special case of wireless
networks in which each link has a fixed capacity and only one destination node. Let
A be the set of all input rate matrices (X¢) such that there exist variables {f%,, ¢, }
satisfying:

fabZ>0 Va,boc,beT,Z (3)

Z Z Vi, c,BF#1 (4)
ZAC—Z vz Vop (5)

Z bZ—gaZ va7b>caﬂ€7'caz (6)

(Z gZZ) < (Ryz) forsome (R,z) €l (7)

where we define, as in [14], the network graph family

I'= ZﬁﬁConvexHull{E(B, S)|P e 11}, (8)
S

which is shown subsequently to represent the set of all long-term transmission rates (R,z)
supportable by the network. Variables { f ,} define a flow solution from the session ¢



sources to 3; the total usage of link (a, Z) by (c,3) is the sum over all nodes b € Z of
the variables f¢7,.

Theorem 1 (a) A necessary condition for stability of multiple multicast sessions with
intra-session network coding is (X§) € A.
(b) A sufficient condition for stability is that (X§) is strictly interior to A.

Back-pressure policy for independent sources with network coding
In each time slot [t, ¢+ T'), the following are carried out:
Scheduling: For each link (a, Z), one session

¢, = arg max { Z max (I?azx (U;ﬁ - U§ﬁ> ,O) }
c S

BeT.

is chosen. Let

wk, = Z max <rlr)1€azx (ngzﬁ — U;ZZB) : O> . (9)

PeTes

Power control: The state S(t) is observed, and a power allocation

P(t) = arg r}ggﬁizzﬂaz(ﬂa S(t))way (10)

is chosen.
Network coding: For each link (a, Z), a random linear combination of data correspond-

ing to each (session, sink) pair (c},, 8 € 7.+ ) for which maxyez Uger” — chzzﬁ > 0 is
sent at the rate offered by the power allocation. Each destination node d € Z associates
the received information with the virtual buffers corresponding to sinks 3 € 7.  for

which d = arg max,cz (Ui«sz6 _ chazﬁ)
In a network where simultaneous transmissions interfere, optimizing (10) requires a

centralized solution. If there are enough channels for independent transmissions, the
optimization can be done independently for each transmitter.

Theorem 2 If input rates (X§) satisfy (XS +¢) € A, the back-pressure policy stabilizes the

system and guarantees an average total buffer occupancy upper bounded by @, where

B_Tmax 1ZE Af ? +(out_|_ in )2
- 2 N — T :umaa: Mma:c

Theorem 3 Suppose the source data rates are (A — €') for any ¢ > 0, and that the
sources generate random linear combinations of their own data at rates (X$), which are
the input to the network. If (X§) is strictly interior to A, for network coding with no
batch restrictions, for sufficiently large time t, the probability that not all sinks are able
to decode their respective information decreases exponentially in the length of the code.




4 Correlated sources

In this section, we consider transmission problems where, for each session ¢, the exogenous
data arriving at sources o € S, in each unit time period are drawn i.i.d. from some joint
distribution ).. We assume that the exogenous session c arrival rate A of each source

a € 8, is less than or equal to the maximum outflow rate p2“ of a node, and note that

X =Y H(a) > H(S) > HS|(S\S)) V ,8 CS..

aeS’ aeS’

A transmission problem with correlated sources is considered achievable with intra-session
network coding if there exists a sequence of codes such that the probability of decoding
any session ¢ source symbol in error at any sink in 7. tends to zero. Decoding can be

done by a variety of methods such as typical set decoding or minimum entropy decoding.

Let A be the set of all values of ({H(S")|S" C S.,c € C},{\|a € S, c € C}) such that

there exist variables (R,z) and {7 g¢,, X%} satisfying:

9 > 0V abZecaeS.,fel. (11)
X VY ca€S,feET,i=qa
NES-3RY = AV caeS,BeT,i=0 (12)
ZaeZ zZbez 0 V caeS.,peT,ié¢{a [}
Yo fal < g Vo aZcBET (13)
a€eS.,beZ
<Zggz> < (Raz) forsome (R,z) €T (14)
AP < XV o ca€S.,BeT, (15)
doae? > H(S|(SN\S) V .8 CS.,BET, (16)
aeS’

where I is defined as in (8).

Analogously to the independent sources case, variables {f;; cafl ., } define a session ¢ flow
of size A** from source a to sink 3. For each (c, (), (16) deﬁnes the Slepian-Wolf
region [16].

Theorem 4 A necessary condition for achievability of a transmission problem is that
the source statistics satisfy ({H(S')|S" C Se,c € C}{N|a € S.,c € C}) € A.

The back-pressure policy for correlated sources differs from that for independent
sources primarily in the operation at the sinks and the sources. The rates at which
packets are injected into the network by the different sources of a session may have to
be traded off against each other if the total information rate from all the sources exceeds
the joint entropy rate. We propose a mechanism in which the different sinks monitor the
amount of information received from each of the sources and provide feedback implicity
through back-pressure to throttle the source rates. This is accomplished by maintaining
virtual queues on a per source basis at each of the sinks and emptying these queues at
appropriate rates. The information in these virtual queues creates the necessary gradient
in queue sizes that then propagates back to the sources. The sources compress the infor-
mation stream and transmit packets into the network at rates limited by the gradients
and thus each source in the set of correlated sources transmits at the appropriate rate.



Specifically, suppose we have a rate matrix (R,z) and flow variables { f;gf LS5, AP}
satisfying, for some € > 0:

o8 > 0V abZcaeS,BeT (17)
XV ca€S,fET,i=a
NP fiy =XV caeS. feli=f (18)
ZaeZ Zbez 0 V caeS.,peT,ié¢{a [}
SNoofad < gy Vo aZeBET (19)
a€eS.,beZ
(Zggz> < (Ruz) forsome (R,z) €T (20)
o < NV cae S, BET, (21)
x> H(S|SN\S) +eV e,8CS, BET (22)
acS’

Each source has a source buffer which stores random linear combinations of exogenous
data. Specifically, suppose that the link and source data rates are in bits per unit time,
where the unit of time is chosen such that all rates are integers. A source o € S, collects
its exogenous data bits into length-n blocks, which are viewed as symbols in the finite
field Fyn. These symbols are in turn collected into batches of tA¢ symbols. For each
such batch, the source buffer stores an equal number of symbols that are random linear
combinations in Fon of the exogenous data symbols in the batch. To reduce the code
description overhead and complexity, we can collect a number of batches into a group,
put one symbol from each batch of a group into a packet, and apply the same random
combinations to all symbols in a packet. As in the independent sources case, there is some
capacity loss from link /source variability and restrictions on coding at batch boundaries
that depends on the link /source statistics, so for simplicity, our analysis does not consider
batch restrictions.

Each node i maintains, for each (session, source, sink) triple (¢,a € S.,3 € 7.), a
virtual queue Q°*” whose length at time ¢ is denoted U (t), and whose maximum length
is M. We define VP (t) = M — U (t).

Each sink 3 € 7; has a token queue of length We8(t) for each a € S.. W(t) keeps
track of the net amount of data “owed” when there is insufficient data to remove from
anﬁ . This has parallels with the use of overflow buffers for positive flow in [5].

Back-pressure policy

In each time slot [t,t 4+ T'), the following are carried out:

Initialization: For each (¢, € S, 5 € 7.), let

WeB (£) = min (v — VeI, W“"B(t‘)>

If this is positive, a corresponding amount of data is removed from ng"g and from the
token queue at (3; the queues at 3 are updated as:

Vi) = V() + (1)
Wel(th) = Wed(tm) — Wweb(t)

Outflow rate allocation: Let € be any positive constant less than e. Each sink § €



7.V ¢ chooses outflow variables {A? (t)|ov € S.} to minimize

D Ve A ()

subject to
Agat (1)
> G 2 HS|(S\S) +e—eV e §CS, (23)
a€csS’
Acaﬁ(t)
% < XV oce,aeS. (24)
It then removes an amount
A2(e) = min [V = V3O (eh), A (0)] (25)

of data from queue Q;aﬂ and an amount A7 (t) — A“?(¢) is added to the token queue
at 3.

Inflow rate control: Each source @ € S,V ¢ adds an amount min {Afz‘ﬁ (t), Veab (t)}

of data from its source buffer to queue Q? for each sink 3 € 7, where AS*?(t) = TXC..
Scheduling: For each link (a, Z), one session

CZZ = arg mfux { Z max <gleé‘isX (TglEaZX (Vbcw - Vacaﬁ>) ) 0) }

BeT:
is chosen. For each 8 € 7.+, let

o’y = arg max (max <Vf‘lza6 - Vacazaﬁ)>

Q€S x beZ
“‘aZ
* B* * B
C (03 C «
bf} = argmax (V;) az%zP _ V4 “Zﬂ>
beZ
* B* * B
* — CaZaaZﬂ caZaaZﬁ
w,, = E max( b —Va , 0
Feler,

Power control: The state S(t) is observed, and a power allocation

B(t) = arg Iéleaﬁ( ZZ Haz (Bv ﬁ(t))waZ (26)

is chosen.
Network coding: For each link (a,Z7), a random linear combination of data from
* B* * B* . B
queues Qfﬁzaazﬁ for all sinks 3 € 7. for which V;}CBiZ%Zﬁ — Vacazaazﬁ > 0, up to an
aZ

amount

¢y B 3 3
V;ﬁ;z z <t+) fOI' baz 7& Oéa;

OPTAT PR Bx _
max{‘/bg; 20t — AgeETeZ (1), 0} for b, =al,,

is sent on (a, Z) at the rate offered by the power allocation to the corresponding desti-
* Bx

nation queues ngf ®azl
aZ

Let 0,4 and 7,4, be the maximum number of sources and sinks respectively of a

multicast session.



Theorem 5 Suppose the source statistics satisfy ({H(S') + €|S" C S,,c € C}H{N|a € S.,c € C}) €
A. The back-pressure algorithm with V = @ and M =V + Nuo“  where

max’

2
T, 1 Ase? 2 , A
B = max _ E in Sy - out ,,in out \2 n )2
92 N § ( T > + NU HmazPmaz + (H’mam) + (Nmaa})

,C

15 stable and asymptotically achieves the desired multicast rates.

5 Summary and Future Work

We have presented dynamic algorithms for multicast network coding, routing, power
allocation and scheduling for bursty and time-varying networks, based on back-pressure.
For the correlated sources case, source rate control is also achieved through back-pressure
by control of per-source virtual queues at the sinks modulating the relative gradients
between different sources. This in contrast to the Internet where source rate control is
achieved through explicit feedback such as in the transmission control protocol (TCP).
Combining network coding with the methods that are currently in widespread use for
flow control and scheduling would be an important area for future research. Heuristics for
efficient construction of good transmit scenarios and understanding the balance between
network coding and interference reduction are also interesting topics for investigation.
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