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Abstract—We study the problem of optimal estimation quantization levels. In both cases, it is assumed that the
usi_ng quantized innovations, with application to distributed conditional state density is approxima‘[e|y Gaussian h{\ac“
estimation over sensor networks. We show that the state y g |inear filter and a very simple characterization of its
probability density conditioned on the quantized innovatons . .
can be expressed as the sum of a Gaussian random vector €77 performan(;e. Unde_r the Ggussmn assump.tlon,_the erro
and a certain truncated Gaussian vector. This structure begs ~ cOvariance matrix associated with the state estimatioor err
close resemblance to the full information Kalman filter and ®  satisfies a modified Riccati recursion of the type that appear
allows us to effectively combine the Kalman structure with a jn [11]. The only difference between this modified Riccati
particle filter to recursively compute the state estimate. & call and the traditional one is a scaling factar multiplying

the resuting filter the Kalman like particle filter (KLPF) and . .
observe that it delivers close to optimal performance usindar the nonlinear term of the recursion. For the SOI Kalman

fewer particles than that of a particle filter directly appli ed to ~ filter (SOI-KF), X is 2 while [10] presents a formula for
the original problem. We also note that the conditional sta¢ A in the case of multiple quantization levels. Henceforth,

density follows a, so called, generalized closed skew-noamn these filters will be referred to as SOI-KF and MLQ-KF,

(GCSN) distribution. o _ and their associated Riccati recursions as SOI-Riccati and
Index Terms— Distributed state estimation, Sign of Innova- . . .
MLQ-Riccati respectively.

tion, Closed Skew Normal Distribution, Particle Filter, Wireless

sensor network, Kalman Filter. For linear time invariant dynamical systems, if the Gaus-
sian assumption were realistic, convergence of the modified
. INTRODUCTION Riccati must mean the convergence of the corresponding

Recent advances in very large-scale integration and mjnear filters. Using results presented in [11] one can find
croelectromechanical system technology have led to tHif€ar time invariant systems for which the MLQ-Riccati
availability of cheap, low quality and low power consumptio and SOI-Riccati converge. [12] provides examples for which
sensors in the market. This has generated a great dealldf actual error performance of SOI-KF and MLQ-KF do
interest in wireless sensor networks (WSNs) due to theflot COnverge to their respective Riccatis, which warrants a
potential applications in several diverse fields [1]. Sensd!0Ser examination of the assumption of Gaussianity. This
network constraints such as limited bandwidth and powdf ©n€ ©of the questions addressed in this paper. We derive
have inspired a considerable amount of research in gd.novel stochastic characterization of the conditionalesta
veloping energy efficient algorithms for network coverag&€nsity (see theorem 3.1). Using this, it is straighforward
and decentralized detection and estimation using quahtiz&€ that the conditional state density is not Gaussian, @s on
sensor observations [2]-[4]. would expect, given the non-linear nature of quantization.

The problem of estimation with quantized measuremenf&Ct: it belongs to a class of distributions which we refer to
is almost as old as the Kalman filter itself. An early survei?S Generalized Closed Skew Normal (GCSN) distributions.
on the subject can be found in [5]. However, most of thé careful literature review reveals that a related obséovat
earlier techniques centered around using numerical izﬂegrhas been made in [_13]' In particular, with some effo_rt, [13]
tion methods to approximate the optimal state estimate. T{f@n Pe used to derive theorem 3.1. Specializing this result

advent of particle filtering [6]—[8] created a whole new skt ol© State space models, we develop a novel particle filtering
tools to handle non-linear estimation problems. For exampl@PProach to optimally estimate the state using quantized

[4] proposes a particle filtering solution for optimal filieg measurements/innovations. In the rest of the paper, we use

using quantized sensor measurements. But, quantizingrsend!® Words ‘measurements’ and ‘innovations' interchangeal
measurements can lead to large quantization noises when fifece the analysis will prove that the general structuréef t
observed values are large which then leads to poor estimatifit€" does not depend on whether sensor measurements or
accuracy. In [9], this limitation is overcome by developamy |nnovat|on§ are quantized. The proposed f||ter.requ!res far
elegant distributed estimation approach based on quagtizi'®Ver Particles than that of a particle filter applied ditgct

the innovation to one bit (the so called sign of innovatior® the original problem [12], as will be shown through
or SOI). In [10], this is generalized to handle mu|tip|evar|ous simulations. We also develop a precise formulation

of the conditional state density and observe that it follows
Ravi Teja Sukhavasi is with the department of ElectricaliBeering, Cal- what we call a generalized closed skew-normal distribytion
ifornia Institute of Technology, Pasadena, USR] a@al t ech. edu which is very similar to those studied in [14]-[19]. Some
Babak Hassibi is a faculty with the department of Electri- . . L . . .
cal Engineering, California Institute of Technology, Rimma, UsA Useful properties of this distribution are also providedtia
hassi bi @al t ech. edu Appendix. The next section introduces the problem setup.



#(n+1) = A(m)z(n) + w(n) wherez(n) € R? is the statey(n) € R is the observation,
andw(n) € R? andv(n) € R are uncorrelated Gaussian
white noises with zero means and covarian&€¢n) and
R(n) = o2(n), respectively. The initial state;(0), of the
system, is also a zero mean Gaussian with covaridt©e
and is uncorrelated with both(n) andv(n). As in [9], [10],
we consider the sensor network configuration in which the

‘ L 1 fusion center has sufficient power to broadcast its predicte

i p v an-1 output and the corresponding error covariance to its sensor

| Foon, e | Sensors are assumed to have limited power and hence their

Fig. 1. WSN with a fusion center: The sensors act as data gatheriffRnSmission of information should be limited. Here, we
devices. assume that the energy required for receiving messages is
much less than that for transmitting.

Fig 1 outlines the overall filtering paradigm. Once a
Il. PROBLEM STATEMENT AND PRELIMINARIES scheduling algorithm is in place, at each time instant, a
The broader problem that one would like to solve carensorS(n) makes a measurementn) and computes the
be cast as causal estimation of a random prodae$s)} innovationé(n) = y(n) — §(n|n — 1), whereg(n|n — 1) =
using a quantized version of a measurement profg8s)},  hi(n|n — 1) together with the variance of the innovation
where z(n) and y(n) can be vectors. Without any further ||é(n)||? are received by the sensor from the fusion center,
structure, this is a difficult problem to analyze. Whier(n)}  with @(n|n— 1) being the one step predictor of the state. [9],
and {y(n)} are jointly Gaussian, we will provide a novel[10] propose methods to quantize:) and use the quantized
stochastic characterization of the probaility densityz6f) innovations to update the state estimate. These filtersthake
causally conditioned on the quantized measurement procegsilowing shape
We use it to propose a novel filtering technique for the above
problem which reduces to an elegant particle filter wher(n/n) = &(n/n — 1) + L (¢(n)) 7
(

Faq)

{z(n)} has state space structure.

A Notati &(n+1/n) = A(n)i(n/n)
. Notation
P(n)(H(n))TH(n
11)'h|: f(gll(()vv)i;g notati_on Wi!_be used _in the rezt of the paper’(n/n) = P(n) — )\H((n)(P(i)zj)T{(n)() )+(Ul (2a)
u(n)}s2 _ . is a discrete time random process, a -
u(i : j) denotes the collection of random vari—P(n+1) £ P(n+1/n) = A(m)P(n/n)(A(n))" +W((2)b)
ables (u(i), ..., u(j)). U, denotes the random vector
[1(0),...,u(n)]" andu, denotes a realization @f,.  whereg(n) denotes the quantized innovation whilgg(n))

2) Forarandom vectdr, [|[Y]|? £ E(Y-EY)(Y—-EY)" and the value ol depend on the quantization scheme used.
3) For random vector, Y, (X,Y) £ E(X —EX)(Y — Egs (2a) and (2b) constitute the modified Riccati recursion

EY)T with parameter\. For SIO-KF, A = 2 and for MLQ-KF,
4) For random variablegX;, ..., X,,), £(Xi,...,X,) [10] provides a formula forA and L (¢(n)). The above
denotes their linear span. filter is derived based on the assumption that the conditiona

5) For a vectorz, (") denotes itsi-th component. In the distributionf (z(n)/q,—1) is Gaussian, which we will prove
context of particle filteringz’ would denote the-th is generally false. [12] provides examples where the error
particle. performance of the filters in [9], [10] do not track the modi-

6) Ni(u,Y) denotes &-dim normal random variable with fied riccati recursions that they were predicted to. Instéasl
meany and covariancé:. Ni(a,b, 1, Y) denotes &-  optimal filter, which was approximated by a particle filter,
dim normal truncated to lie iffa,b), wherea, b are has been observed to have an error covariance matrix that
k-dim vectors and the truncation is component-wise. obeys the modified Riccatis. In order to approximate the

7) ®(z) = P(X < z), where X ~ N(0,1), optimal filter, [12] employs a very basic particle filtering
®(a,b,p,0) = P(X € (a,b)) when X ~ N(u,0?) algorithm which is outlined below for easy reference.
and in general®(Z,, u,0) = P(X € 7,).

8) The notion of optimality to be used throughout the paperAlg 1. Particle Filter
is mean squared error optimality.

1) Setn =0. Fori=1,---, N, initialize the particles,

B. Problem Formulation 2t (0] — 1) ~ f(2(0)) and seti(0| — 1) =0
Suppos€ z(n)} and{y(n)} have the following state space 2) At time n, setq(n) = Q (y(n) — H(n)z(n|n — 1)),
structure. where@(.) is a quantization rule.

o 3) Suppose the quantized valgén) implies that
#n+1)=Am)z(n) +wn) (1a) y(n) — H(n)i(n|n — 1) € I(n), then

y(n) = H(n)x(n) + v(n) (1b) vo(n) + H(n)(x(n) — 2(n/n — 1)) € Z(n). The



importance weights are now calculated as follows  @(.) be a general quantization rule which generates the quan-

i . tized measurement proce$g(n)}, whereg(n) = Q(yn)-
w'(n) = (Z(n), H(n)(x(n) = &(n/n—1)),00(n)  Note that we allow the quantization rule to depend on all

4) Measurement update is given by the past measuremenigi), ¢ < n. This includes, as a
special case, the method of quantizing the innovations first
#(n/n) = Z @ (n)z (n/n — 1) proposed in [9]. We will show that the probability density of

x(n) conditioned on the quantized measuremedtsadmits
a characterization very similar to Eq (3). We state the tesul

wherew’(n) are the normalized weights, i.e., in the following theorem.

w’ (n
wj( ): N (,ww)(n)

5) Resamplel\? particles with replacement accoding to, Theorem 3.1:The probability density of(n) conditioned
Prob(xl(n/n) — i/ — 1)) — i (n) on the quantized measuremed}, can be expressed as

6) Fori=1,---, N, predict new particles according to, #(n)/ (Cn=dn) N]j_kg) }ZA))(R () (/] (O )
. . Ty n n=0n
' (n+1/n) ~ f (z(n+1)|z'(n|n)), ie., (5)

@(n+1/n) = Aln)a’ (n/n) + Ni(0, W(n) Proof: The proof is fairly straightforward. The theorem
whereW (n) is the covariance of the process noise atwill be proved by showing that the moment generating
time n. fuction of z(n)/(Q, =q,) can be seen as the product

7) Seti(n+ 1|n) = A(n)z(n|n). Also, setn =n + 1 of two moment generating functions corresponding to the
and iterate from step 2. two random variables in Eq (5). For brevity, we will write

2(n)/ (Qn = an) asx(n)/dqn.

The particles in Alg 1 describe the conditional state n)/ Fa
density f (x(n)/q,) and simulations suggest that one needs )
upwards of a few hundred particles to get satisfactory erMQloting that - it
performance for most systems. In the following sections, oting that f ((n)/yn, dn) = f(w(n)/yn), we can write
we disprove the premise behind MLQ-KF and SOI-KF anq; tTz(n) _ /eth(n) =(n da(n)d
develop a novel particle filtering technique (KLPF) which [ J@(m)/yn) ¥/ an)de(n)dyn
converges to the optimal filter asymptotically. Simulaton ®) e;tTRAt/etTRmy(n)(Ry(n))flynf(y Jan)dy
show that the KLPF needs far fewer particles than the particl e
filter of Alg 1. The difference partly lies in using particles
describe a probability density funtion with much less suppo
than the conditional state density.

Yn/qn)dYn

£ mfg of Ruy (n)(Ry (1))~ 'yn/dn

= Moy jq,(8) = Mz(t)My, /q, (Ry(n)) " Ry (n)t)
[1l. FULL INFORMATION VS QUANTIZED INNOVATIONS (6)
Supposgz(n)} and{y(n)} are jointly Gaussian, then it is
well known that the probability density af(n) conditioned
on ), is a Gaussian with the following parameters

whereZ ~ N (0, Ra). In getting(x), we used the fact that
z(n)/yn ~ Ng(Ruy(n)(Ry(n)) 'yn, Ra). For any random
variableY’, it is easy to see thatly (ATt) = My (t). The
z(n)/ (Vn = yn) ~ Np(0, Rp) + Rmy(n)(Ry(n))‘lyn, result is now obvious from Eq (6). [ |

3
N 9 N 9 N Comparing Egs (3) and (5), the only difference is the mea-
Ra(n) = [lz(m)l°, Ry(n) = [1V0]l, }f””y(n) = (w(n), n) surement vectoy,, being replaced by the random variable
and Ra £ Ry(n) — Ruy(n)(Ry(n)) ™' Ryx(n) Va(n) £ Y, /qn. Itis easy to see that, (n) is a multivariate

When {z(n)} has an underlying state space structure al u_ssian random_ variable tru_ncated to lie in t_he region
{y(n)} is a linear measurement dfz(n)} corrupted by efined byq,. It |32w0rth notll?g that the covariance of
additive white Gaussian noise, as defined in Eq (1), it i&()/dn: [2(n)/an|" is given by

well known that the following Riccati recursion propogates R, + R, y(n )(Ry(n))_l||yn/qnHQ(Ry(n))_lRyz(n)

the error covarianc®(n) = Ra ) ) )
As the quantization scheme becomes finer (in an appropriate

P(n) £ P(n/n—1) = A(n)P(n —1/n - 1)A(n)" + Q(n) manner),Vq(n) clearly converges td, andz(n)/q, ap-

P(n)H(n)(H(n))" P(n) proaches a Gaussian as is well known. Using theorem 3.1,
P(n/n) = P(n) - H(n)P(n)(H(n))T + 02 @) itis easy to see that(n)/q, is not Gaussian in general,
P(0) = [|z(0)2 contrary to the assumption made in [9], [10]. It belongs

to a class of distributions, which we call the Generalized
We would like to address the problem of optimal estimatioiskew Normal Distributions (GCSN), the details of which
using a quantized version of the observation process. Late provided in the Appendix.



We will use theorem 3.1 to propose a novel particle <I>(sl(n),SQ(n),Ez(n)/zn,l,\/RM)
filtering scheme. We begin by noting that

Ex(n)/dn = Ray(n)(Ry(n)) ™ EYq(n) ()

Also the conditional distribution o¥,,/Z;.,,—1 is given by

The filter is implemented for the quantization scheme pro-" fo (2(0)/2n-1) = N(Z(n)’sl(m’SQ(n)’EZ(n)/anl’RM)
posed in [9], [10]. At timen, the sensor which is sched- Bz(n)/zn—1 = (2(n), Z,—1)(Rz(n—1)) "'z, 1

uled to make the measurement receives a prediction of ig, 2 llz(n)||? = (z(n), Zn_1)(R.(n—1)) "2, _1, 2(n))
measuremenf(n) = §j(n/n — 1) and the error covariance . ) )

ly(n) — 4(n/n — 1)||%. The sensor, then quaﬂ“Zﬁ%EZL ~ Note that f,, (z(n)/z,—1) is a one dimensional truncated

where é(n) 2 y(n) — §(n/n — 1), using the following normal.

guantizer and transmits the result to the fusion center. Proof. The proofis straightforward and is not presented
" here due to space limitations. |
gk fx>rg_ The following Lemma describes a standard technique to
Qx)=1¢q ifrii<az<r,i>2 generate scalar truncated normal random variables.

Lemma 4.2:Let U ~ U(0, 1), then
Y =0 ((@(b) — @(a) U + ®(a))

q fz<r

where(rq,...,rx—_1) are the quantization levels. Using the
convention,rp = —oo and rg = oo, wWe can re-write js distributed asV(a,b,0,1)
the quantization levels ag,...,7x). The output of the Proof: If F(y) denotes the cumulative distribution

quantizer at time, will be denoted by;(n) and the lower and  fynction of Y, then it is well known that?'(Y') ~ U(0, 1).
upper limits of the interval implied by(n) will be denoted \ye also have

by r1(n) andra(n) respectively. We assume that the fusion

center has access to the exact valug(af) at every instant. 0 ify<a

N _ . . F ) — 2(y)—2(a) if < <b
Note thatg(n/n—1) is an estimate of the measurement, not (y 3(b)—B(a) asy
necessarily the optimal. Henggn) — ¢(n/n — 1) is not an 1 if y>0b

innovation in the true sense of the word, unless the estimato

employed at the fusion center is optimal. Nevetheless, we?: if U~ U(0,1), then F~'(U) ~ N(a,b,0,1

will refer to ¢(n) as the quantized innovation. With this and hergce the technique. Noting that(a,b, u,0?) =
setup, we will develop a filtering technique which needd¥(“5=:—5",0,1), we can generate scalar truncated normal
far fewer particles to achieve optimal performance than th@ndom variables with arbitrary mean and variance.

simple particle filter applied to the original problem. We will now propose a particle filtering technique to
recursively compute the state estimate.
IV. THE FILTER

We shall begin with the observation thaty(n) is a
multivariate normal distribution truncated as follows

Alg 2. Truncated Normal Particle Filter

1) Atn = O generate
Va(n) = Jin/( (7) € (r1(4),r2(4)) Y 3 gn) {#(0)}, ~ N(s51(0),52(0),0, R, (0)) using the
. _ . technlque outlined in Lemma 4.2.
- y”/(y(]) € () +9(7),m20) +9() Vi < ”) 2) At time n, for each particle{y?,_,}, compute the

. L . L eight as
Let s1(n) £ r1(j) + 9(j5) and sa(n) = ra(4) + 9(4). welg
Then, clearly,Vy(n) is a multivariate normal with itg-th wi(n) = @ (Sl(n%SQ(n)’Ey(n)/y;_l’ , /RM) 8)
component truncated to lie in the intervigh (j), s2(j)) V
j < n,ie,Vq(n) ~ Npi1(S1.n,82.n0,0,Ry(n)). From Eq ~ 3) Generate
(7), it is clear that the optimal state estimate can be coatput i
by first computing the mean of the truncated normal. Before '}l N( 1(n )’Sz(n)’Ey(n)/y"‘l’RA")
proposing the filter, we need a couple of results for and definey’, = {Z?(;ﬂ'

(a) relating_the distributions @y (n) andYq(n — 1) gnd 4) Measurement update
(b) generating scalar truncated normal random variables.

N i
Lemma 4.L:Let (21, Za, -+ Zn) ~ fo (20), Where () = Ray (n) (R, (m) " 20 g
fn (Zn) = Nn (Zn; S1,n,52,n; O, Rz(n)) 5 Zi_l v (n)
. . L 5) Resample theV parucles{yn ¥, with replacement
then the marginal of the first — 1 components is given by accoding to Proby’,) = ' (n) Where the normalized
(Zyy+ s Zn_1) ~ fn(Zn_1) weights are given by
=fn-1(zZn-1) i w’ (n
W (TL) _ N ( )

S8 Nn—l (zn—l; S1,n—1,52,n—1; 07 Rz (n - 1)) X Zi:l wl(n)



6) Seti(n + 1jn) = A(n)z(n|n). Also, setn =n + 1 Now consider Eq (9), we can write it alternately as
and iterate from step 2. N ;
1 im w(n)yy,

ZZV L <n>

#(nfn) = Ray(n)(Ry(n))

In the filter proposed above, it is important to note that the _
dimension of the particlg’, is » and hence increases with = ZW(”)RW( Z“’ #'(n/n)
time. In the absence of any structure on the random processes ! (12)
{z(n)} and {y(n)}, the computations involved in running
the above filter will quickly become infeasible. Alg 2 is of From Eqgs (11) and (12), it is easy to see that all the
purely theoretical interest but the technique presenteseb information iny;, is captured inz*(n/n). Hence, we only
is greatly simplified when:(n) has state space structure. Inneed to work with{z(n/n)}X, at any timen. We can now
the following subsection, we will show how to overcomedesribe the new filter as follows.

_the problem of increasing particle dime_nsion_wh@t(n)} Alg 3. Kalman Like Particle Filter (KLPF)

is a Gauss Markov process adg(n)} is a linear mea-

surement of{x(n)} corrupted by additive white Gaussian
noise. The filter takes an elegant formulation in which the
particle dimension remains fixed and is equal to the state
dimension. This approach requires far fewer particles than
Alg 1 and the filtering technique is quite general, in that,

it can handle arbitrary number of quantization levels and {y'(n) ~ N (s1(n), s2(n), H(n)z"(n), Ran)
arbitrary quantization intervals. We will also observettha

the filter requires fewer and fewer particles as the number of
guantization levels increases.

1) At n =0, generate
{5 (0)}X; ~ N(s1(0), 52(0).0, R, (0)) using the
technique outlined in Lemma 4.2. Compyte’(0)}
using Eq (10a) and?(1/0) = A(0)x*(0/0)

2) Generate

Use Eq (11b) to comput®a,,. Then form{z‘(n/n)}
using Eq (10).

3) At time n, for each particle{x?(n)}, compute the
weight {w’(n)} as

A. Exploiting State Space Structure - The Kalman Like i(n) =P H i R
Particle Filter w'(n) (51(”)a s2(n), H(n)z'(n), v An)
4) (Measurement updale

Supposgz(n)} and{y(n)} have the state space structure  Normalize the weights to gt (n) = w' (") and

; ; —1yi N wi(n)
defined in Eq (1). Then we know thél,, (n)(R,(n)) ™"y, compute the measurement updated state estimate using

is the optimal estimate of:(n) given the measurement Eq (12). ie. N
vectory?, and hence can be computed by running a Kalman5) Rgs(am)ple thxéifnéZrticlezs:%xl(qz/%)} (n/n)

filter usingy?, the specific realization of the measurement replacement accoding to Pr()bi(n/n)) = @i(n) and
vector ),,. Similarly Ey(n)/y _, is the optimal estimate computeri(n + 1) = A(n + 1)z (n/n)

of y(n) given Y1 = y;_1 and Ra, s the resulling ) gets(y 4 1jn) = A(n)i(n|n). Also, setn = n + 1
error covariance. All these quantities emerge naturalihe and iterate from step 2

following Kalman filtering steps.

T
2%(0/0) = 0P P((;)IH(O) 5 y'(0) (10a) Remark 1: It is easy to see that the above filter can be
N (0)PO)H(O)T +o3(0 )T extended to the case when the quantizer employed at the
P(k+1) = P(k+1/k) = AP(k/k)A" + W(k) ~ (10b) sensor is of the more general for@(z) = ¢; if = € Z; for
P(k)H (k)(H (k)" P(k) 1<j<K.
Pk+1/k+1)=P(k) —
AR = PE) = FapmEE)T + 030

(10c) From the above implementation, in terms of complexity, the

N with

i i KLPF is clearly equivalent to runningv parallel Kalman
kE+1 +1/k) = Az (k/k 10d ) . X
o'(k+1) £ (k+1/k) o' (k/F) (10d) filters. Hence, the complexity of the KLPF scales linearly
o'(k+1/k+1) = 2'(k + 1)+ (10€) in N, the number of particles. Also, it converges to the
P(k)(H (k)T optimal filter asN — co. But for most systems, simulations

(W' (k+1) = H(k + Da'(k + 1)) suggest that the KLPF delivers close to optimal performance
(20f) for N < 50. The particles in the KLPF describe the random

1 i variable R, (n)(R,(n)) "' Yq(n). The support of its distri-

Nolw, IRtwyd(n)(?ylﬁn)) Y Ran @nd Ey(n)/y;, , can be bution clearly decreases with increasing quantizatioelgev
calculated as follows As a result KLPF needs fewer particles as the quantization
Rayy(n)(Ry(n)) "yl = x'(n/n) (11a) becomes finer, a property that Alg 1 does not share. This

Ra, = H(n)P(n)(H(n 11b will be demon§trated .through exampl_es in Section V.

. i(n) (n)( (1)) +oy(n) (110) The scenario considered thus far involves one measure-
Ey(n)/yy—1 = H(n)z'(n) (116)  ment per time instant. But Alg 3 can be easily extended to

H(k)P(k)(H (k)" + o (k)



TABLE |

SUMMARY OF NUMERICAL RESULTS :ggffiﬁi’gﬁmso"“
= | et
Example 1 | Example 2 =
SOl | 2 bit | SOI'| 2 bit B
SOI-KF | X - | - -
MLQ-KF | - X | -1V o o
Alg 1 2500 | 10000| 500 | 750 ' : i ) T timen ) ! ’
KLPF | 500 | 90 | 25 | 3 (a) SOI-KF, Alg 1 and KLPF

T T
— MLQ-Riccati for 2 bits
*0I~| ——Monte Carlo Simulation of MLQ-KF|
- - -KLPF, N(LPF =90

o Particle Filter, N, = 10000

handle multiple measurements from different sensors
given time instant. Here it is assumed that the measure
noise processes are uncorrelated across different se
The proof is simple and is not detailed here due to s
constraints.

o \ | | |
W ® o ® ®

time n

(b) MLQ-KF, Alg 1 and KLPF

V. SIMULATIONS

In Alg 1, the particles describe the full probability degsit
of the state conditioned on quantized measurements. While

: : : . ig. 2. In (a), SOI-KF clearly diverges while Alg 1 and KLPF
in Alg 3, part of the information about the conditional statéczonverge to the optimal filter. From (b), MLQ-KF with 4 levelt

density is captured neatly by the Kalman filter. So, thgantization also diverges while KLPF converges to the roati
particles describe a truncated Gaussian which has much lgasr with just 90 particles

support than the full conditional distribution. We give two

examples in this section to demonstrate the effectiveness o

KLPF. The following table summarizes the highlights fromthe optimal filter whereas MLQ-KF is itself clearly not the

the two examples optimal filter. In Examples 1 and 2, by optimality, we meant
In Table 1, a v/ indicates that the filter works and is that the mean squared errors of Alg 1 and KLPF tracked

close to optimal, a X" indicates that its estimation error the corresponding modified Riccati recursions very closely

diverges and a ‘-’ means that the quantization method doés fact, simulations showed that the mean squared errors of

not apply to the filter. ‘'SOI’ stands for ‘sign of innovation’ Alg 1 and KLPF saturate at this value irrespective of the

and ‘2-bit’ stands for a quantization rule with quantizatio number of particles used.

intervals given by (—oo, —1.2437), (—1.2437,—0.3823),

(—0.3823,0.3823), (0.3823,1.2437) and (1.2437,00). If ~B. Example 2

the innovation falls in the interva{—0.3823,0.3823), no A simple tracking system can be characterized by the

measurement update is done, so that 2 bits will suffice tfo lowi A [17] he N
represent the output of the above quantizer. The numbers fH owing parametersil = [0 1 } =[1o, W= [ﬁ 2 }

front of Alg 1 and KLPF denote the number of particless> = 0.81 and P(0) = 0.01I3 and the sampling period

required to approximate the optimal filter. Clearly, KLPFr = 0.1.

requires far fewer particles than Alg 1. Also evident from In Example 2, note that KLPF works with much fewer

Table | is the fact that KLPF needs dramatically feweparticles than in Example 1. One can attribute this to the

particles as the quantization becomes finer. much higher value of the optimal mean squared error in
Example 1 than in Example 2, as can be seen from the plots.

A. Example 1

We re-use this example from [12]. Consider a linear VI. CONCLUSIONS
time |nvar|a'nt SyStSE,Q ?f tE‘e form (1) with the following We propose a Kalman like particle filter (KLPF) that,
parametersA = { 9 00 0?35}' h=[102], W =2I3, ithe examples studied, required moderately small number

R 2 ¢2 = 2.5 and P(0) = 0.0113, wherel,, denotes an of particles and therefore can obtain close to optimal per-
m x m identity matrix. Note thatd is a stable matrix. As formance with a computational complexity comaparable to
can be seen from the plots, SOI-KF and MLQ-KF divergehe conventional Kalman filter. An important open issue is
but KLPF delivers optimal performance with much fewerto determine the number of particles necessary to closely
particles than Alg 1. With the addition of just 1 bit, theapproximate the optimal filter. As earlier observed in [12],
required number of particles drops from 500 to 90. But withhe error covariance matrix of the optimal filter seems to
Alg 1, the number of particles goes up from 2500 to 1000Gollow the modified Riccati recursion introduced in [11].

Remark 2: Extensive simulations suggest that the mo@etermining whether this is the case, and why, remains an
ified Riccati of Eq(2) describes the error performance of interesting open question.



Fig. 3.

KLP

a2

1lz(n)

Ila()-a(a)llz

- - -KLPF, NKLPF: 25 i
—2 level-Riccati
e ——SO0I - KF T
——Particle Filter, N, = 500

time n

(a) SOI-KF, Alg 1 and KLPF

(b) MLQ-KF, Alg 1 and KLPF

F achieves optimal performance with remarkably few ipbes

Both in (a) and (b), all the filters are close to optimal.
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APPENDIX

A. The Generalized Closed Skew-Normal Distribution

Definition 1: For x € R", we define the generalized closed
skew-normal distributionzC'S Ny, . (x; i, 3, D, s1, 2, A), as fol-
lows

GCSNk,n(x; Hy 27 D: 81, 82, A) £ Nk (l‘; 1y 2) Lk,n()

L (): @7l(81782;D($—/£)7A)
Bl ) TP, (51,520, A + DEDT)

(13)

and hence has a complexity of the same order as that of SOI-KE, (., %) is a k-dim gaussian rv andb, (yi,yo;v, A) =

and

(1]

(2]

(3]

(4]

(5]
(6]

(7]

(8]

El

[20]

[11]

[12]

(23]

MLQ-KF.
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Py’ < Xi < oy < y5") where
(X1,...,Xn) ~ Np(z;v,A).

The sizes of the matrices involved follow accordingly. Tikia very
simple generalization of the closed skew-normal (CSNYitistion
defined in [19]. Infact, it reduces to the CSN ifi = —oo

in all its components. Naturally, it inherits most of its slwe
properties. Skew elliptical distributions generated adbinterest
because they provide a much needed tool to handle skewness
in statistical modeling and have a good number of propeities
common with the standard normal distribution, such as césu
under marginlization and conditioning. We will briefly diss some
of the useful properties.

Lemma 1.1:1f X N (u, %), Z Ny, (0,A)
independent, then X/ (D (X —p)—Z € (s1,52))
G’C’S]Vk,n(p,7 Z, D7 S1, 852, A)

In the following proposition, we provide a stochastic clutea
ization of the GCSN which can be identified as a special case of
theorem 3.1 for state space systems.

Proposition 1.2: Suppose

< Xa

~ ~

be

~

V ~Ni (o, s - uDT(A + DEDT)*Dz) and
U ~N, (81, 52,0, A + DEDT)

are independent, whe®,, (a, b, 0, R) denotes g-variate normal
distribution truncated component-wise to lie(ia, b), wherea and
b are p-dim vectors specifying the boundaries of a cubeRif,
ie., Z~ Ny(a,b,0,R) = f[fz(2) = 1%(2’7%
Then, Y = V 4+ DT (A#—DEDTY1 U is distributed as
GCSN (0,%,D,v,A).
The proposition will be proved using lemmas 1.3 and 1.4 which
are stated below.

Lemma 1.3:If X ~ GCSNg (1,2, D, s1,s2,A), then the
moment generating function of is given by

B, (s1, 52 D54, A + DEDT) s
Mx(t) = = 1o 52,0, 8 + DxpT) SXPb+ 515D

Now, we will compute the moment generating function of a
truncated multivariate normal distribution.

]IZE(a,b)-




Lemma 1.4:Let X ~ N,(a,b,0, R), then the moment generat- given by the following recursions

ing function of X is given by

&, (s1,52; DXt, R) tT Rt

Mx(t) = D, (s1,52;0, R) exp( 2 )
We will now complete the proof of the proposition.

Proof: [Proof of Proposition 1.2]

Let S = =D7 (A+DZDT)71, thenY = V 4+ SU and

My(t) = Mv(t)MSU(t). Now, MSU(t) = MU(STt). Plugging

in the formula for the moment generating function deriveteimma

(14)

(/) = £0), Dlnfm) = [P0 s = [

Som — {szn,l} A(n/n) = [A(()n) 02} 1

Sa2(n [

where #(n) £ Z(n/n—1) = E(z(n)/dn-1).
the appendix, we will use the notatioR(n) =

D(n/n)S(n)D(n/n)" < A(n)+

In the rest of
A(n/n) +
D(n)E(n)D(n)T ((x) follows

1.4, we see thai\/y (¢) is the moment generating function of afrom Eq (15)).

GCSNg,n(p, X, D, s1,s2,A) using lemma 1.3.

Proposition 1.5: Let X ~ GCSNy (1, 2, D, s1,82,A), W ~
Ni(uw, Q) be independent and definé = AX + W, thenY ~
G’C'S]\/'k’n(/uf7 Zy7 Dy, S1,S2, Ay), where

y = AXAT + Q, Dy = DXA"Y, and

Ay = A+ DEDT — DySy DY py = p+ pw
This proof of the proposition follows directly from the folking

C. Interpreting the Parameters

Theorem 1.8 outlines how the conditional state densityvesol
with time. But, there is little intuition in the recursionsgposed
there. In the following lines, we will explain the connectiof each
of the parameters to the state space model, so that one @ad aff
a better insight into the overall filtering technique firsbposed in
[9]. We will start by noting thak(n) is equal to the state covariance

two lemmas. The first states that the GCSN is closed under fudlt timen.

rank linear transformations while the second states itsuclounder
addition of gaussian noise.

Lemma 1.6:If Y ~ GCSNg,(p,%, D, 31,52,A) and A
is a full column rank £ x p 7Qk: > p) matrix, then
AY ~ GCSNin (Ap, ASA™, D ) AT 51,82, A). If A
is a full row rank p x k (p 2 k) matrix, then AY ~
GCSN;CJL(;LA, EA,DA,IJ, AA), where

pa=Ap, X4 = ANAT Dy = DXATY !
Aa=A+DEDT — D,xAD%

The following lemma states that the GCSN is closed under Lemma 1.12:(,,, z(n))

addition of gaussian noise.

Lemma 1.7:If X ~ GCSNgn(p,%,D,s1,s2,A) and
W ~ Np(uw,Xw) are independent, thenX + W ~
GCSNip (bx+w, Zx+w, Dx4+w, s1, 82, Ax+w),

where pux+w = p + pw, Zx+w = X + Zw,
Dxiw = DY (2+Zw) ' and Axyw = A 4+ DEDT —
DxiwEx+wDx .

B. The Conditional State Density

We will now show that the probability density of the state

conditioned on the past quantized innovatighs:(n)/q.) follows

a GCSN. Time update and Measurement update recursions will

be provided for the parameters of the conditional densiti/ti#e
parameters have very simple interpretations in terms ostéugstics

Lemma 1.9:%(n) = |lz(n)|]?
The next Lemma states thad(n) = |Va.|?, i.e., R(n) is the
covariance of the measurement vec[@(ro) )t

Lemma 1.10:R(n) = || Vall® = Ry(n)
The following Lemma gives an expression Ban)

Lemma 1.11:The probability of quantized innovations is given

by
P(an) = ®nt1(S1,n, 52,30, Ry(n))
In the following Lemma, we look at the cross covariancer6i.)

and Vn
= D(n/n)"%(n)
Now, applying Proposition 1.2 on the conditional state dgna/e
can writex(n)/Qn,=q, stochastically as

z(n)/an = Z + %(n)D(n/n)" (R(n))
Z ~ Ni(0,%(n) = £(n)D(n/n)(R(n)) "' D(n/n)
yCI(n) ~ Nn+1(sl,n7 S2,n; 0, Ry(n))
Using Lemmas 1.9, 1.10 and 1.12, one can see that
2(n) = £(n)D(n/n)(R(n)) " D(n/n)" (n) =
lz(m)]* = (@(n), V) (1Pal®) " (Vn, z(n)) and

S(n)D(n/n)" (R(n)) ™" = (@(n), ¥u) (1¥al) "

' Yqy(n), where

"3(n)
(17

(18)
(19)

£Ray(n)  (Ry(n))~!

of the state space model. For ease of exposition, we willigeov It is now easy to see that Eqs (18) and (19) are consistent with

all the recursions for a time-invariant state space modat. tBe
derivations can be trivially extended to the time varyingeca

Theorem 1.8 (Time and Measurement Updatef)e
probability density function of xz(n)/qm is given
GCSNk,m*Fl(‘r(n); 0, E(n/m)7 D(n/m)7 S1,n/m>S2,n/m>
A(n/m)), for m=n—1, n andV n > 0. The recursions relating
the parameters of the distributionsofn —1)/Qpn—1, z(n)/Qn-1
andz(n)/Q, are given by

by

Y(n) £ L(n/n—1) = AX(n—1/n—1)A" + W,
D(n) 2 D(n/n —1) = D(n—1/n—1)%(n—1/n—1)ATS(n) "
S1,n—1 = S1,n/n—1 = S1,n—1/n—1;

S2,n—1 £ S2n/n—1 = 82 n—1/n—-1,
A(n) 2 A(n/n—1) = A(n—1/n—1)+
D(n—1/n-1)2(n—1/n—1)D(n—1/n—1) —

D,~. DT (15)

theorem 3.1 and hence we have
z(n)/an = Ni(0, Par(n/n)) + Ray(n) (R(n))™" Ya(n) (20)

wherePyq;(n/n) is the error covariance of the Kalman filter at time
stepn. The methodology outlined in the appendix can be seen as
an alternate way of arriving at Alg 3. However it is circumidious

and not very intuitive. Moreover, the stochastic charazagion in

Eq (20) cannot be extended to the more general case of theorem
3.1 using the theory of GCSN. However, it serves as con@usiv
evidence that the conditional state density is not Gaussiamtrary

to what is assumed in [9], [10].

Eq (15) constitutes the time update. The measurement upslate



