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(A) A Polish metric space is a complete separable metric space (X, d).
Our first goal in this paper is to determine the exact complexity of the clas-
sification problem of Polish metric spaces up to isometry. Our work was
motivated by a recent paper of Vershik [1998], where the author remarks (in
the beginning of Section 2): “The classification of Polish spaces up to isom-
etry is an enormous task. More precisely, this classification is not ‘smooth’
in the modern terminology.” The first main theorem (Theorem 1 below)
quantifies precisely the enormity of this task.

We will first summarize the basic ideas of a theory of complexity of classi-
fication problems, which will help to put our results in perspective. Detailed
expositions can be found, e.g., in Hjorth [2000], Kechris [1999], [2000].

In mathematics one frequently deals with problems of classification of
various objects up to some notion of equivalence by invariants. Quite often
these objects can be viewed as forming a definable (Borel, analytic, etc.)
subset X of a standard Borel space X (i.e., a Polish space with its associated
o-algebra of Borel sets), and the equivalence relation as a definable (Borel,
analytic, etc.) equivalence relation £ on X. A complete classification of X
up to E consists then of finding a set of invariants [ and a map ¢: X — [
such that zFy < ¢(x) = ¢(y). For this to be of interest both [ and ¢ must
be as simple and concrete as possible.

For our purposes, the simplest case is when the invariants are concrete
enough so that they can be represented as elements of a standard Borel space
(and the map c is fairly explicitly definable). More precisely let us call £ (and
the classification problem it represents) concretely classifiable (or smooth or
tame) if there is a standard Borel space ¥ and a Borel (measurable) map
¢: X — Y such that zFy < ¢(z) = ¢(y).
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To apply these ideas to the problem of isometry of Polish metric spaces,
we first indicate how we view any such space as an element of a standard Borel
space, in other words we describe a standard Borel space of Polish metric
spaces. One natural way to do that is the following. Fix a universal Polish
metric space, like the Urysohn space U (which we will discuss extensively
in §2 below). Then every Polish metric space is, up to isometry, a closed
subspace of U, and we can view F(U), the standard Borel space of closed
subsets of U with the Effros Borel structure (see §1 below), as the space of
Polish metric spaces. Denote then by =; the equivalence relation of isometry
between metric spaces. Our problem is to understand the complexity of =;
on Polish metric spaces, or, equivalently, closed subsets of U.

First let us note that if we restrict =, to the space K(U) of compact
subsets of U, in other words if we consider the isometry problem for compact
metric spaces, then already Gromov (see, e.g., Gromov [1999, 3.11%+ or 3.27])
has shown that it is concretely classifiable. However, as Vershik [1998] points
out, the classification of general Polish metric spaces up to isometry, is not
concretely classifiable, thus quite complicated, in some sense. But can we
make this more precise and calculate how complicated it really is? This is
the problem that we address in this paper.

To arrive at an answer, one first has to define in what sense a classification
problem is at most as complicated as another. This is made precise by
means of the concept of reducibility between equivalence relations. If E, F
are equivalence relations on subsets X, Y resp., of standard Borel spaces, we
say that E is Borel reducible to I, in symbols,

E<pF
if there is a Borel map f : X — Y such that
vBy & f(z)F f(y).

Intuitively, this means that any complete invariants for F' work as well for
FE (after composing with f) and therefore, in some sense, the classification
problem represented by E is at most as complicated as that of F. Also E is
Borel bireducible with F', in symbols

ENBF@ESBF&FSBE,

means that the classification problems represented by FE., F' have the same
complexity. Finally,

E<BF<:>E§BF&F$BE,



signifies that the classification problem of F is strictly simpler than that of
F.

The (partial pre-)order <p imposes a hierarchy of complexity on classifi-
cation problems and our goal here is to find the place of isometry of Polish
metric spaces in this hierarchy. In the study of this subject several impor-
tant benchmarks have been discovered, which can be used to calibrate the
difficulty of specific classification problems that come up in various fields
of mathematics. We will review the ones that are relevant to us here. See
Becker-Kechris [1996] for more details.

For any Polish group GG and Borel action (g, z) — ¢-x of G on a standard
Borel space X (a Borel G-space for short) we denote by EZ the corresponding
orbit equivalence relation

rE&y < g(g-x = y).

(This is an analytic but not always Borel equivalence relation.) It turns out
that among all £, with G fixed, there is a most complex, i.e., universal, one.
In other words, there is a Borel G-space X such that for all Borel G-spaces
Y we have EY, <p EX. It is unique up to ~p and we denote it by E.
Furthermore, letting now G vary over all Polish groups, there is a universal
relation of the form EZ. This is again unique up to ~p and we call it the
universal equivalence relation induced by a Borel action of a Polish group.
One realization of it is £g, where (¢ is either the homeomorphism group of
the Hilbert cube or the isometry group of the Urysohn space (this follows from
the results of Uspenskii [1986], [1990] that these groups are universal Polish
groups, i.e., contain every Polish group as a closed subgroup.) In many ways,
that the theory of Borel reducibility makes precise, this is an enormously
complex equivalence relation (it is certainly not concretely classifiable and
not Borel but these are rather mild indications of its complexity). Our first
result now computes the complexity of the isometry classification of Polish
metric spaces as being precisely that of the universal equivalence relation
induced by a Borel action of a Polish group. More precisely:

Theorem 1. The equivalence relation of isometry of Polish metric spaces,
=, is Borel bireducible with the universal equivalence relation induced by a
Borel action of a Polish group.

This settles the question concerning isometry for general Polish metric
spaces. It is however of further interest to understand the complexity of the
isometry problem for special classes of Polish metric spaces. For example,



we have seen that for compact metric spaces it is concretely classifiable. The
next step along these lines would be to calculate the complexity of isometry
on locally compact Polish metric spaces.

Recall that E3° is the universal equivalence relation induced by a Borel
action of the infinite symmetric group S, of all permutations of N. This
is much smaller in terms of the ordering <g, than the universal equivalence
relation induced by a Borel action of a Polish group. A concrete realization of
EZ  (see Becker-Kechris [1996]) is graph isomorphism, i.e., the isomorphism
relation between countable graphs. Then it is not hard to see that isometry of
discrete Polish spaces has exactly the same complexity as graph isomorphism
and therefore isometry of locally compact Polish metric spaces is at least as
complex as graph isomorphism.

Our results on the isometry groups of such spaces, which we will discuss
shortly, led us to the conjecture that in fact isometry of locally compact
Polish metric spaces is Borel reducible to graph isomorphism, and therefore it
has exactly the same complexity as graph isomorphism. Hjorth has recently
shown that a weaker form of this conjecture is in fact true, namely that
isometry of locally compact Polish spaces is reducible by a provably AJ
function to graph isomorphism. This provides strong evidence for the truth
of the conjecture.

One can look further at important subclasses of locally compact spaces.
Recall that a space is 0-dimensional if it has a clopen basis. We now have:

Theorem 2. The equivalence relation of isometry on 0-dimensional locally
compact Polish metric spaces is Borel bireducible with graph isomorphism.

At the other extreme are the connected locally compact spaces. Let us
denote by K., the universal equivalence relation induced by a Borel action
of a countable group. Equivalently, this is the universal countable Borel
equivalence relation, where a Borel equivalence relation is countable if all
of its equivalence classes are countable (see, e.g., Dougherty-Jackson-Kechris
[1994]). Again F, is much smaller, in terms of <pg, than graph isomorphism.
It is not hard to see that F., is Borel reducible to the isometry of connected
locally compact Polish metric spaces. Again results on their isometry groups
motivated our conjecture that the isometry of connected locally compact
Polish metric spaces is Borel bireducible with F_.,. In fact we conjectured
this for an even wider class of such spaces which we called pseudo-connected
(see Section 5 for the precise definition). This class contains not only the
connected spaces but also the Heine-Borel spaces. (A metric space (X, d)



is Heine-Borel if its closed bounded subsets are compact.) Thus there are
many 0O-dimensional spaces (like the p-adics) which are pseudo-connected.
This conjecture has now been confirmed by Hjorth.

Theorem 3 (Hjorth). The equivalence relation of isometry of connected
locally compact Polish metric spaces is Borel bireducible with the univer-
sal countable Borel equivalence relation. The same is also true for pseudo-
connected and Heine-Borel locally compact Polish metric spaces.

In another direction, we can compute exactly the complexity of isometry
of another subclass, namely ultrametric Polish spaces (Recall that (X,d) is
ultrametric if d(z,y) < max{d(z,z),d(z,y)}.) Every ultrametric space is
0-dimensional.

Theorem 4. The equivalence relation of isometry of ultrametric Polish
spaces is Borel bireducible with graph isomorphism.

We do not know the exact complexity of isometry of 0-dimensional Polish
metric spaces but John Clemens has shown that it is strictly bigger than
graph isomorphism.

John Clemens has also found another proof of the result that the uni-
versal equivalence relation induced by a Borel action of a Polish group is
Borel reducible to the isometry of Polish metric spaces. His method is quite
different from ours and produces also very interesting lower bounds for the
complexity of isometry on other classes of Polish metric spaces. These will

appear in his U.C. Berkeley Ph.D. Thesis.

(B) It turns out that our work also gives some interesting applications
to the study of isometries of various metric spaces. Our first result here
characterizes the isometry groups of Polish metric spaces. The topology on
isometry groups is always the pointwise convergence topology.

Theorem 5. Up to (topological group) isomorphism the isometry groups
of Polish metric spaces are exactly the Polish groups.

We then consider the case of locally compact separable metric spaces
(X, d), where d is not necessarily complete. For any such space it still turns
out that its isometry group is Polish. We look first at the subclass of such
spaces, which we called pseudo-connected. For such spaces, we show the
following:

Theorem 6. Let X be a pseudo-connected locally compact separable met-
ric space. Then ils isomelry group is locally compact.



This generalizes a result of van Dantzig-van der Waerden [1928] (see also
Strantzalos [1974], [1989]) for the connected case.

Using this, and some further constructions, we can characterize com-
pletely the isometry groups of locally compact separable metric spaces.

Theorem 7. Up to (topological group) isomorphism, the isomelry groups
of locally compact separable metric spaces are exactly the closed subgroups of

products
[1(5 = G2,

n

where (G,) is a sequence of locally compact Polish groups and S,, x G is
the semi-direct product of S., and GY, where S, acts on G by g - z(i) =
z(g7'(1)). Moreover, this class of groups is also, up to isomorphism, the
same as the class of groups of isometries of locally compact Polish metric
spaces, and also the same as the class of groups of isometries of o-compact
Polish metric spaces.

We use this characterization to get also information about actions of such
isometry groups.

Theorem 8. Let H be the isometry group of a locally compact separable
metric space. Let' Y be a Borel H-space with associated orbit equivalence
relation EY,. Then EY is Borel reducible to graph isomorphism.

This extends a result of Hjorth [2000] who proved such a theorem for
countable products of locally compact Polish groups.

It is not difficult to see that, up to isomorphism, the isometry groups
of 0-dimensional locally compact Polish metric spaces are exactly the closed
subgroups of S,,. We do not know an exact characterization of the isometry
groups of pseudo-connected (or for that matter connected or Heine-Borel)
locally compact metric spaces. Concerning ultrametric Polish spaces it is
not hard to see that these isometry groups are, up to isomorphism, closed
subgroups of S., but we do not know if they include all of them.

(C) The paper is organized as follows: In §1 we discuss various prelimi-
naries. In §2 we give the proof of Theorem 1 (see Theorem 2.1). A crucial tool
here is the use of the Urysohn space U. In §3 we characterize the isometry
groups of Polish metric spaces and prove Theorem 5 (see Theorem 3.1). In
§4 we discuss some special cases of Polish metric spaces and prove Theorems
2 and 4 (see Theorems 4.3 and 4.4). In §5 we study isometries of pseudo-
connected locally compact separable metric spaces and prove Theorem 6 (see



5.6, 1)), and in §6 we characterize the isometries of general locally compact
separable metric spaces and prove Theorems 7 and 8 (see 6.3 and 6.9, resp.).
In §7 we give the proof of Hjorth’s Theorem 3 (see 7.1) and discuss its impli-
cations for the isometry problem of locally compact Polish metric spaces. In
§8 we discuss certain aspects of the proof of Theorem 1, which lead to some
interesting analogies with model theory. Finally, in §9 we discuss various
open problems.
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and S. Solecki for many useful comments concerning the results in this paper.

1 Preliminaries

We will review here some basic background in descriptive set theory needed
below.

1A. A Polish metric space (X,d) is a complete separable metric space.
We often write it simply as X. A Polish space is a topological space home-
omorphic to a Polish metric space. A standard Borel space is a measurable
space (X, 3), where X is a Polish space and X is its o-algebra of Borel sets.
Members of X are called the Borel sets of X and a function f : X — Y, where
X, Y are standard Borel spaces is Borel (measurable) if the inverse image of
a Borel set in Y is a Borel set in X. Similarly a function g : Xg — Yg, where
Xo € X, Yy C Y, is Borel if the inverse image of a relatively Borel subset
of Yy is relatively Borel in Xo. This is equivalent (see Kechris [1995, 12.2])
to saying that g admits an extension f : X — Y which is Borel. A subset
A C X is analytic if there is a standard Borel space Y and a Borel map
f:Y = X with f(Y) = A. It is co-analytic if its complement is analytic.

For each Polish space X, F(X) is the standard Borel space of all closed
subsets of X with the Effros Borel structure, i.e., the o-algebra generated by
the sets of the form {F € F(X): FNU # 0}, where U varies over the open
subsets of X.

1B. A Polish group GG is a topological group whose underlying topology
is Polish. An action (g,2) € G x X — g-x € X of G on X, where X is a
standard Borel space, is Borel if the function a(g,z) = ¢g - = is Borel. In this
case, we also say that X is a (standard) Borel G-space. We denote by EZ



the corresponding orbit equivalence relation on X
Ely < 3g(g-x=
rEGy < 3g9(g-z=y).

Clearly EZ is an analytic (as a subset of X x X) equivalence relation.

1C. Given equivalence relations F, F' on subsets X, Y, resp., of standard
Borel spaces, we say that F is Borel reducible to Y, in symbols

E <pF,
if there is a Borel map f: X — Y with
vEy & f(z)F f(y).
We say that K, F' are Borel bireducible, in symbols
E ~p F,
if £ <g F and I < FE. Finally, put
E<pF e FE<gpF&F<£LF.

A Borel equivalence relation £ on a subset X of a standard Borel space
is called concretely classifiable (or smooth or tame) if it is Borel reducible to

equality on some standard Borel space, i.e., there is a standard Borel space
Y and a Borel map f: X — Y with

zby & f(x) = f(y).

1D. In general given a class of equivalence relations £ we say that £ € £
is universal for this class if for any F' € £, F' <p F (see Becker-Kechris [1996,
§3]). For each Polish group G there is an equivalence relation of the form
EX which is universal among all such equivalence relations. More precisely,
given (G we can find a Borel G-space X such that for every Borel G-space Y,
we have
kY <p EF.

This is uniquely determined, up to ~pg, and we denote it by £Z. If G C H
(i.e., G is a closed subgroup of H), then K <p Ffy. Also if G x Z is, as a



topological group, isomorphic to a closed subgroup of G, then EZ ~p Eg(G),

where G acts on F(() by translation:
g-F =gk,

(see Becker-Kechris [1996, pp. 42-43]).

There is a universal Polish group, i.e., a Polish group G so that every
Polish group is, as a topological group, isomorphic to a closed subgroup of ¢
(Uspenskii [1986], [1990]). One realization of &, discovered by Uspenskii, is
the isometry group of the Urysohn space, Iso(U), which will be discussed in
§2 below. (By the way, this seems to answer the question in p. 922 of Vershik
[1998].) If (7 is a universal Polish group, then Eg is, by the above remarks,
universal for all 35, H a Polish group and X a Borel H-space. Thus there is
a (unique up to ~pg) universal equivalence relation induced by a Borel action
of a Polish group.

1E. In the case of the infinite symmetric group S, of all permutations of
N, with the pointwise convergence topology, there is a way to look at Eg
which ties it up with concepts of model theory (see Becker-Kechris [1996,
2.7]).

For each nonempty countable relational language L. = {R;};cr, where [ is
a countable set and R; is an n;-ary relation symbol, denote by X, the space

X, = H (")

which is homeomorphic to the Cantor space 2. We view X7, as the space
of countable infinite L-structures (normalized so that their universe is N),
identifying = (z;);er € Xz with the structure

(N, R;)icr,

where

Ri(s) & xi(s) = 1.

The group S, acts on Xy, in the obvious way: ¢ - * = y means that g is an
isomorphism of the structure associated to x to that associated with y. This
is called the logic action (of S, on X1). Thus Eéiﬁ is simply the isomorphism
relation

r=y



on L-structures (with universe N).

If o € Ly, is an L, ,-sentence, denote by Mod(o) the set of all € X,
which are models of ¢, and by 22, the restriction of the isomorphism relation
to Mod(o).

It turns out that K3 can be realized (up to ~pg) in the form =,, for
appropriate o. For example, if ¥ = the theory of (undirected) graphs, in the
language L = { R}, where R is a binary relation symbol, then

(gw> ~B Egooo-

So the relation of graph isomorphism, =, is universal among equivalence
relations induced by Borel actions of S.,. For further reference, we should
point out that if

~. = the theory of connected graphs,

then also
(=4) ~B (=)

The direction (2,,) <p (=) is obvious. For the other direction, Friedman-
Stanley [1989] showed that if 7o = the theory of rooted trees (i.e., connected
acyclic graphs with a distinguished vertex), then (£,) <p (%,,), and one can
easily modify their construction to prove the same for the theory 71 of rooted
trees in which every vertex has at least two neighbors (see the proof of 4.3
below). Now it is not hard to see that (=,,) <g (=,.): Given such a rooted
tree (V, E,v), let V' = V| J{z}, where = is a new vertex (not in V) and let
the edges F' of V' consist of the edges F of V plus the edge connecting v to z.
Then (V' E') is a tree, and (Vi, Fy,v1) = (Va, Fy,v9) & (V] E7) = (V] E}).

Finally it should be pointed out that graph isomorphism is <p the uni-
versal equivalence relation induced by a Borel action of a Polish group. In
fact, in some sense, it is “much smaller”, in the order <p, than this universal
equivalence relation (see Hjorth [1999]).

1F. A countable Borel equivalence relation is a Borel equivalence relation
on a standard Borel space all of whose equivalence classes are countable.
There is a universal countable Borel equivalence relation, denoted by FE...
This is the same (up to ~p) as K , where F, is the free group with Ng
generators (see, e.g., Dougherty-Jackson-Kechris [1994]). Again it turns out
that E., is much smaller, in the order <pg, than graph isomorphism (see, e.g.,

Kechris [1999, 2000]).

10



2 Isometric classification of Polish metric
spaces

2A. We will start by reviewing the definition and some basic properties of
the Urysohn space, which will play a crucial role in our arguments below. We

refer the reader to Gromov [1999, 3.11 %+], Katétov [1988], Urysohn [1927],

Uspenskil [1990], and Vershik [1998], for further information and proofs of
results about this space that we will use below.

A separable metric space M is called Urysohn if for any finite metric
space X and any subspace Y C X every isometric embedding f : ¥ — M
can be extended to an isometric embedding g : X — M. Urysohn [1927]
showed that there is a unique, up to isometry, Polish metric space which is
Urysohn. We will simply call it the Urysohn space, and denote it by U. It is
also characterized as the unique Polish metric space which is universal (i.e.,
every Polish metric space can be isometrically embedded into it) and ultra-
homogeneous (i.e., any isometry between finite subsets of it can be extended
to an isometry of the whole space). Finally, if M is a Urysohn space, so is
its completion M, and so M is isometric to U.

So, up to isometry, any Polish metric space can be viewed as a closed
subset of U with the induced metric. It is then natural to view the space
F(U), of all closed subsets of U with the Effros Borel structure, as the space
of all Polish metric spaces. It is of course a standard Borel space (see Kechris
[1995, 12.C]). On F(U) we then consider the following equivalence relation

C = D & (C is isometric to D.

It is clear that =; is analytic. Our goal in this section is to compute the
precise complexity of =; in the hierarchy of analytic equivalence relations
under Borel reducibility.

2B. Recall from §1 that there is a universal (under <g) equivalence re-
lation induced by a Borel action of a Polish group. It is of course unique up
to ~B.

Theorem 2.1. [sometry of Polish metric spaces, =;, is Borel bireducible
with the universal equivalence relation induced by a Borel action of a Polish
group.

In particular, this shows that =; is not Borel, a fact which also follows,
in a much simpler way, from the results we prove in §3.

11



We will devote the rest of this section to the proof of 2.1. As in Uspenskii
[1990], our main tool will be Katétov’s construction of the Urysohn space,
see Katétov [1988]. It will be therefore important to review this construction
and establish some notation. For technical reasons, we will actually use a
slight variant of this construction.

2C. Fix a Polish metric space (X,d), with X # (). Denote by F(X,w)
the set of all f: X — R such that

(1) [f(z) = f)l < d(z,y) < f(z) + f(y), for z,y € X,
(ii) for some finite Y C X called a support of f, we have
f(z) =inf{d(z,y) + f(y) :y € Y},

for all x € X. Note that if Y is a support of f, sois any Z O Y. We identify
z € X with the function f, € E(X,w) given by f.(y) = d(z,y) (a support
for f, is for example Y = {z}). On E(X,w) we define the sup metric

di(f,g9) = sup{[f(z) — g(z)| : z € X}.

Since d(z,y) = dg(f:, f,), it is legitimate to view, via the identification
x +— f,, the space (X, d) as a subspace of (F(X,w),dg). Note here that for
f € E(X,w) and € X we have that

Finally, denote, for each n > 1, by E(X,n) the subspace of all f €
FE(X,w) which have support of cardinality < n. Thus X C FE(X,1) C
E(X,2)C... and |J,5, F(X,n) = F(X,w). Let also

(E(X,w),dg) = the completion of (F(X,w),dg).
Now define inductively,
XO — X,

Xop1 = E(Xn,w),
so that Xog C X; C X5 C ..., and let

X, :UXn.

12



Then X is a Urysohn space, and so its completion X* = X is isometric to

U. The main point to check here is that X, is separable, and this follows from

the fact that F(X,w) is separable. To see this, note that the f € E(X,w)

that have finite support in some fixed countable dense subset of X, and take

rational values on their support, form a countable dense subset of F(X,w).
For definiteness, in the following we will identify U with R*:

U=R"

Now consider two Polish spaces X,Y and an isometric embedding ¢ :
X — Y. Then ¢ extends to an isometric embedding E(p,w) : E(X,w) —
E(Y,w), given by

E(e,w)(N)y) = inf{d(y, 2) + [(¢7(2)) : z € p(X)},

for y € Y, and thus to an isometric embedding E(p,w) : E(X,w) = E(y,w).
Define inductively,
Yo=¥

Pnt+1 = E(S@nvw)v
so that 9 C 1 C ..., and let

Poo = U@n'

Then ¢ 1s an isometric embedding of X, into Y,,, and so extends to an
isometric embedding

e Xt =Y
It is easy to check that if ¢ : X — Y, ¢ : Y — Z are isometric embeddings,
then E(¢ o p,w) = E(¢,w) o E(p,w) and so

(o) =" op"

For each separable metric space X denote by Iso(X) its group of isome-
tries with the pointwise convergence topology. If X is Polish, then Iso(X)
is a Polish group (see Kechris [1995, p. 60]). The map ¢ € Iso(X) — ¢* €
Iso( X™*) is a topological group isomorphism and Iso(X)* = {¢* : ¢ € Iso(X)}
is therefore a closed subgroup of Iso(X*). The main point to check here is that
¢ = F(p,w) from Iso(X) to Iso( F(X,w)) is continuous, which follows from
the fact that each f € F(X,w) has finite support, and E(p,w)(f) = foe™".

13



2D. We will prove here the first half of 2.1, i.e., we will show that there
is a Polish group (¢ and a Borel G-space W such that (&;) < EY .

If XY are two Polish metric spaces and ¢ : X — Y an isometry, then
©* : X* = Y™ is an isometry extending ¢, so ¢*(X) =Y.

Now take GG = Iso(U) and W = F(U). The group G acts in a Borel way
on F(U) in the obvious fashion:

g-F=g(F).
We will use the above observation to show that
(=) <p EY.

We will need first the following technical lemma. Its proof is a routine,
although somewhat cumbersome, calculation, based on the proof that any
two Polish Urysohn spaces are isometric, see, e.g., Gromov [1999, p. 79].

Lemma 2.2. There is a Borel function f : F(U) — F(U) such that
f(0) =10, and for C £ 0, C € F(U), there is an isomelry oc : C* — U with
pc(C) = f(C).

Using this lemma, we verify that for C', D € F(U),

C = D& f(C)BF f(D),

which shows that (=) <p EX. This is clear if one of C, D is empty. So
assume that C,D # (. If C =; D, let ¢ : C — D be an isometry. Then
©* 1 C* — D*is an isometry with ¢*(C') = D. Now g = ppoyp*op' € Iso(U)
and g - f(C) = f(D), so f(CYEY f(D). Conversely, if f(C)EY f(D), then
F(C), f(D) are isometric, so as C' is isometric to f(C) and D to f(D), C, D

are isometric.

2E. We will now embark on the longer argument that, for every Polish
group (G and Borel G-space X, we have that E <p (=).
For each Polish group (& consider its action on F((G) by left-translation.

g-C =gC.

Denote by F(G) = Eg(G) the corresponding equivalence relation. By Theo-
rem 3.5.3 of Becker-Kechris [1996] and the remarks following it (notice that
the Polish group G is a closed subgroup of H = G x Z<“ and H x Z = H),
we see that it is enough to show that for each Polish group G, E(G) <p ().

14



So fix (7 and a left-invariant compatible metric dg on . Let (G,dg) be
the completion of (7, dg). For each g € GG and = = lim,, h,, € G, where (h,,)
is a Cauchy sequence in G, let

g(z) =1limg(hy).

It is easy to see that this is well-defined and § is an isometry of (G, %)
Moreover g — g is topological group isomorphism of G and G = {§: g €

(G} C Iso((7), so in particular (7 is a closed subgroup of Iso(().

Consider the action of G on F(() given by
g-C=4(C).
Then the Borel map B
Cw—C,
where C' is the closure of C'in (7, from F(G) to F(G), shows that E(G) <p

Eg(@)’ so it is enough to show that Eg(G) <p (%).

More generally, it is enough to show that if X is a Polish space, H a
closed subgroup of Iso(X) and H acts on F(X) by

fC:f(O),

then EfI(X) SB (gz)

Consider X* and H* = {h* : h € H}, so that H* is a closed subgroup
of Iso(X*). We will first need the following lemma characterizing closed
subgroups of isometry groups of Polish metric spaces.

Lemma 2.3. Let Y be a Polish metric space, K C Iso(Y) a closed
subgroup of its group of isometries. Then there is a sequence of closed sets
R, CY" n>2, such that

K ={¢€lso(Y):¢(R,) = R,,Vn > 2},

where 9(Ry) = {(¢(y1);- - @ (yn)) s (Y1, ,yn) € Bn}.
Proof. Fix a dense sequence {¢;} in Y. Let

R, ={(e(q1);---,0(q.)) : v € K},

which is a closed subset of Y. We claim that this works. Clearly, for ¢ € K,
¢(R,) = R,, for each n. Let ¢ € Iso(Y) be such that for each n, o(R,) = R,.
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To show that ¢ € K, it is enough to show that for each € > 0, and each n > 2,
there is ¢ € K with d(¢(q:), ¢(q)) <€, for i =1,... ,n. Since p(R,) = R,,
and (q1,...,q) € R, (9(q1),-..,9¢(qs)) € Ry, so, by the definition of R,
there is ¢ € K with d(p(q;),¥(q)) <e¢ fori=1,... n. -

Consider now the action of Iso(U) on [], -, ¥(U") given by

Call £*(U) the corresponding equivalence relation.

Lemma 2.4. EfI(X) <g E*(U).

Proof. We can of course replace here U by X*. Consider the closed
subgroup H* of Iso(X*) and let R, € F((X*)") be such that

H" ={p € lso(X"): ¢(R,) = R,,¥n > 2}.
Viewing X as a closed subset of X*, consider now the Borel map

C € P(X) s (C, Ry, Rs,...) € [T FUX).

n>1

We claim that this is a reduction of EfI(X) to £°(U). First if h € H is such
that h(Cy) = Cy (C; € F(X)), then clearly h*(Cy) = Cy and h*(R,) = R,
for n > 2,s0 h* - (C1, Rg,...) = (C3, Ry,...). Conversely, let ¢ € Iso(X™)
be such that ¢ - (Cy, Ry, Rs,...) = (Cq, Ry, R3,...). Then ¢(C;) = C3 and
¢(R,) = R, forn > 2,s0 ¢ € H*. Say ¢ = h*, with h € H. Then clearly
h(Cy) = C,. —|

2F. It is therefore enough to show that £*°(U) <p (%;).

For any Polish metric space X, consider the action of Iso(X) on F(X)N
given by

9 (C1,Ch,..) = (9(Ch),0(Ca)s - . ),

and let E'(X) be the corresponding equivalence relation. We will break-up
the proof that F*(U) <p (Z;) in two steps.

Step 1. For any Polish metric space X, E'(X) <p (Z).
Step 2. For some Polish metric space X, E*(U) <p E'(X).
We will first deal with Step 1.
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2G. We prove here
Lemma 2.5. For any Polish metric space X, E'(X) <p ().

Proof. Let d be the metric of X, and assume without loss of generality
that X has at least 2 elements. Consider then the equivalent metric

d
0= ——.
1+d

Then (X, d) is a Polish metric space and d(z,y) < 1 for all z,y € X. Given
C' = (Co,Ch,...) € F(X)" consider the Polish metric space (Xz,dz) defined

as follows: For each n for which C, # ), choose a point z¢ not in X and

assume that all these points are distinct. Let Xz = X U {xf} Define the
metric da as follows: dz agrees with 6 on X. The distance between any two

.. g
distinct 7,z

is equal to |n —m| + 1. Finally, if u € X we define
de (xS, u) = (n +2) + 8(u, C,),

where d(u, C),) is the d-distance of u from C,,.
We claim that

6E1(X)5 & X, X5 are isometric.

The direction = is obvious. Conversely, assume ¢ : Xz — X is an isometry.
Then it is easy to check that o(X) = X and ¢ = ¢|X is an isometry
of X. Moreover C,, # 0 & D, # (), and c,o(xg) = :1;?. Since for any
n for which €, # (), we have that C, = {u € X : d@(xg,u) = n + 2}
and D, = {u € X : dﬁ(:v?,u) = n + 2}, it follows that ¢(C,) = D,, so
CEY(X)D.

Finally observe that one can easily construct a Borel function f : F(X)" —
F(U) such that f(C_") is isometric to X . Thus

CEVX)D & f(C) = f(D),

so B'(X) <p (). -

2H. It now remains to show that for an appropriately chosen Polish metric
space X,
E>~(U) < E'(X).
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First, and for technical reasons that will be apparent in a moment, we
will replace £°°(U) by a slight variant, £*(U). Consider the action of Iso(U)
on [, F(U®Y) given as usual by

@ (C1,C ... ) = (¢(Ch),0(Ca), ... ),
and let £°°(U) be the corresponding equivalence relation. The map
(C1,Cay...) = (Ch,Cay. )
from [],5, #(U") into [],5, F(U®), given by

C’n:{(xl,xg,... Ty X1, L1y 1) 1 (T, ) € Crl,

is clearly a Borel reduction of E®(U) into £>(U), so it is enough to show
that for some Polish metric space X,

E~(U) <p E'(X).

Endow each UV, N > 1 with the metric

N
oL 1
dn(Z,9) = ﬁzd(%,yi),

=1

so it becomes a Polish metric space. We can also identify any # € UC") with
(¥,2,7) € Ue™™ (allowing also here the case n = 0). This is consistent with
the definition of the metric, as

d3”+1((£7 57 '1_/:)7 (gv gv g)) = dS"(fa g)v

so we have

and
X = the completion of U*™.

We will show that )
E<(U) < El(X).
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For each isometry o € Iso(U), let ¢ be the isometry on UV given by

goN(:El, coyan) = (elzr), . e(xn)).

We clearly have that

SO

is an isometry of U* and therefore extends to an isometry > on X. Put
Pt = (%) € Iso(X),
and let
Iso(U)* = {o1 : p € Iso(U)}.
The main lemma here is now the following:

Lemma 2.6. In the preceding notation, there is a sequence (D,,) of closed
subsets of X such that

Iso(U)" = {® € Iso(X) : Vn(®(D,) = D,)}.

Granting this, we can easily complete the proof that EOO(U) <p F'(X).
Consider the Borel map

(01,02703, .. ) — (Cl,Dl,CQ,DQ, .. )

from [[,-, F(UGY) into F(X)N. It is clearly a Borel reduction of EOO(U)
into E'(X).

So it only remains to give the

Proof of Lemma 2.6. For each N > 1, view U as a subset of U" identi-
fying x € U with (z,...,2) € UY. For each p € Iso(U), let oV € Iso(UV) be
defined by N (z1,...,2,) = (¢(z1),... ,0(x,)). Let also Iso(U)N = {pV :
¢ € Iso(U)} C Iso(UY). The proof of 2.6 will follow easily from the following:

Sublemma 2.7. For each N > 3, there is a sequence of closed sets (K;)
contained in UV such that

Iso(U)N = {® € Iso(U") : Vi(®(K;) = K:)}.
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Granting this, we can complete the proof of 2.6 as follows: For each
n > 1, fix a sequence (K, )ien which satisfies 2.7 for UGY, Let (D)) be an
enumeration of {U®" :n >0} U{K;, :7 € N,n > 1}. We claim that this
satisfies 2.6. It is clear that if ® = ™, where ¢ € Iso(U), then ®(D,,) = D,,
for all n. Conversely, let ® € Iso(X) be such that ®(D,) = D, for all n.
First ®(UG") = UG for all n > 0. In particular, ®(U) = U. Let ¢ = ®|U.
By 2.7, ®|UG") = ©G") for all n > 1, so ®|U> = ¢* and thus ® = 3 = ¢,

So it only remains to give the

Proof of Sublemma 2.7. For each tuple p = (p; j)1<ij<n of positive ratio-
nals, let
Ky ={(z1,...,2n) € UV s d(xs,2;) < pi,¥V1 < iy < N}
We will show that
Iso(U)N = {® € Iso(UY) : VR(®(K3) = K3)}.
Call the right hand side of this equation G. Then it is clear that

G ={® € Iso(U™) : V(zy,...zx) € UV, if
O(z1,...,2n) = (y1,... ,yn), then
d(zi, x;) = d(yi, y;), V1 < 0,5 < N}

It is also clear that Iso(U)Y C (. Assume now that ® € G. It follows
that ®(U) = U (recall that U is identified with {(z,... ,z): 2z € U}). Put
v = ®|U. We will show that ® = V. First notice that ® o (¢™)7'|U = id,
so we may as well assume that ¢ = id, and show that ® = id. It is clearly
enough to find a dense subset of UY on which @ is the identity.

Claim 1. The set of (z1,...,2n) € UY for which the z; are distinct and
the distances d(x;,z;), 1 <i < j < N, are all distinct, is dense in UV,

Proof. Tt is clearly enough to approximate any (yi,...,yn) € UV in
which all y; are distinct by such a (xy,...,zx). Using the definition of U, it
is then enough to prove the following:

For each finite metric space M = {p1,... ,py } and € > 0 there is a metric

space M' = {p1,... ,Pm,q1,-.. ,Gm} extending M such that dar(p;i, q;) < €,
for all 7, and all the distances dar/(gi, g;), 1 <@ < j < m, are distinct.

We prove this by induction on m > 1. For m = 1, this is obviously
true. So assume it is true for m — 1 and consider M = {py,... ,pn}. By
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the induction hypothesis, find ¢, ... , ¢,—1 that work for {p1,... ,pn_1} and
put My ={p1,.-- ,Pm-1,G,--- yGm_1}. We can of course assume that p,, #
gi, V1 <i<m—1. Let My ={p1,... ,Pm-1,Pm>q1--- qm-1} and define a
metric on it by extending the metric on M;, and defining for x € M;:

This also extends M. Enumerate the points in M; in a sequence My = {r; :
1 <4 < 2m — 1} in such a way that the numbers «; = d,(p,7i) are in
non-decreasing order:

ap <ay < .. < gy

In particular r; = p,, and a7 = 0 < ay. We also havefor 1 <1< j <2m—1:
a; — o = |oz2' — a]‘| S d(Ti,T]‘) S a; + .

Choose now numbers ¢; > €3 > ... > €9,,—1 > 0 such that

(i) & < ¢,

(il) e < min{d(ri,rj) : 1 <i<j<2m—1},

(iii) ¢ <min{a; —a;: 1 << 53 <2m — 1,05 > o},
and, if we put

ar = a; + ¢,

we also have

(iv) all the o are distinct from each other and from any of dar,(¢:,q;),1 <
1< 3 <m-—1.

Then for 1 <7< 7 <2m — 1, we have

o — | < d(ri,r;) < o + 0

Define then the metric space M’ = {p1,... ,Pm,q1,---qu}, so that g, is a
point not in M, by extending the distance of M; and letting

dM/(qm, Ti) = Oé;».

Clearly all dai(qi,q;) are distinet, if 1 < i < j < m, and dyi(@m, pm) =
Ay (@, 1) =a] =0+ ¢ < e

This concludes the proof of Claim 1.

So it is enough to show that if (zq,...,zn) € UY is such that the z;
are distinct and all the distances d(z;,z;),1 <1 < j < N are distinct, then
O(zq,...2n) = (21,... ,2zn). Put

O(z1,...,2n) = (Y1,--. ,yn).
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We have that for 1 <1< 53 < N,

d($i7 xj) = d(yi, yj)v

so that in particular all the y; are also distinct.
We now claim the following

Claim 2. {z1,... ,an} ={y1,... ,yn}.

Granting this, it is easy to conclude that y; = z;,V1 <1 < N. Otherwise
there is @ # j such that y; = ;. Since N > 3, choose k ¢ {i,5}. Then
d(zi, z) = d(yi, yx) = d(xj, x¢), where y, = x,, which is absurd, as {z;, 2} } #
{CL‘]‘, :l?g}.

So it only remains to give the

Proof of Claim 2. Fix an arbitrary u € U. Then we have

dv((z1, .o yan), (uy .o w)) =dn((yry - yn),s (U, ..o ),

i.e.

’ N N
Z d(zi,u) = Z d(yi, u).
=1 =1
Assuming, towards a contradiction, that {z1,... ,2n} # {v1,... ,yn}, let

A=Azy,...an} 0 {y1,--. ,yn},

{2}, ... xt} ={xy,... ,an} \ A,
Wi v =y, oyt \ A,
for some ¢t > 1. Then for all u € U,

t

S dlat ) = d(ylw)

=1

We will contradict this by finding a u € U that fails to satisfy this equation.

First notice that for any finite metric space M = {py,... ,p;} we can find
a sequence dap, ... ,ap of reals such that

(i) [ai — a;] < d(pi,p;), V1 <i#j <UL,

(11) d(pi,p]‘) < a; + aj,Vl < Z,] < /.

(Start for example with a} = d(p1,p;) and apply an argument similar to
that of the proof of Claim 2, to increase a! slightly so that (i), (ii) hold.)
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Now let
At o 7 1
21 =Ty 32 = Ty 24l = Y1y - 522t = Yy

and consider the set W C (0, 00)*" consisting of all (ay,... ,as) such that
(a) oy — aj| < d(zi,2;),V1 <i#j <2,
(b) d(Zi,Z]‘) < o; + Oéj,Vl < Z,] < 21.
This is clearly open and non-empty by the preceding remarks. Now con-
sider the set

C ={(ai,...,ay) € (0,00)* :
1 1
Z o; = Z at+i}-
=1 =1

This is clearly closed and has no interior, so W Z C'. Fix («;)1<i<2r € W\ C.
By the definition of U, there is v € U such that d(u, z;) = a4, so that

S d(atiu) £ 3 iyl w)

which is the desired contradiction. =

The proof of Theorem 2.1 is thus complete. The following corollary follows
immediately from this proof.

Corollary 2.8. The equivalence relation induced by the action of the
isometry group, Iso(U), of the Urysohn space, on the set F(U) of ils closed
subsets is universal for equivalence relations induced by Borel actions of Pol-
ish groups.

3 Characterizing the isometry groups of Pol-
ish metric spaces

As an application of the ideas used in §2, we will characterize here the isome-
try groups of Polish metric spaces. The following notation will be convenient:

Given a Polish metric space X and a sequence of closed sets R, C X7,
where p(n) > 1, denote by

ISO(Xv (Rn )nEN)
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the closed subgroup of Iso(.X) defined by
Iso( X, (Ry)nen) = {¢ € Iso(X) : Vn(e(R,) = R,)}.

Then we have:

Theorem 3.1. i) Up to (topological group) isomorphism, the isometry
groups of Polish metric spaces are exactly the Polish groups.
ii) Fvery Polish group is isomorphic to a group of the form

ISO(U7 (Cn)nEN)a

where (C,) is a sequence of closed subsels of U.

Proof. i) Let (G be a Polish group. We will find a Polish metric space X,
so that G is isomorphic to Iso(X). By Uspenskii [1990] we can assume that
(¢ is a closed subgroup of Iso(U). By Lemma 2.3 (and making the simple

modifications as in the beginning of 2H), we can find a sequence of closed
sets C, C UG n >0, such that

G = Iso(U, (Cp)nen)-

Now consider, as in 2H, the space X= the completion of U™, where
U= =, UG, Let also for each ¢ €lso(U), ¢ be its canonical extension
to X. Then ¢ — ¢T is a topological group isomorphism, so it is enough to
check that

G ={¢" 1 peG}

is of the required form. By Lemma 2.6, we see that for some sequence (D,,)
of closed subsets of X,

Iso([U)"' = Iso(X, (Dn)nen),
and therefore
Gt = Iso(X, (En)nEN)a

where (£,,) enumerates {C,} U{D,} (we view of course here C,, as a closed
subset of X). Now, going back to the proof of 2.5, let Xz be the Polish
metric space defined there from X and E = (En)nen. Then every isometry
¢ € GT extends to a unique isometry ¢ of Xz, by defining it to be the
identity on the additional points, and conversely every isometry of Xz is of
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that form for some ¢ € GF. Thus the map ¢ — ¢’ is an isomorphism of G
with Iso(Xz), and the proof is complete.

ii) It is enough to prove the following, where we recall from 2C that
@ — ©* is a topological group isomorphism of Iso(X) with Iso(X)* = {¢* :
@ € Iso(X)}, for any Polish metric space X, and X* is isometric to U.

Lemma 3.2. Let X be a Polish metric space. Then there is a sequence

(Ch) of closed subsets of X* such that
Iso(X)* = Iso(X™, (Ch)nen).

Proof. The proof follows immediately from the following two sublemmas:

Sublemma 3.3. (Katétov [1988], 1.6) Given ¢ € Iso(X), E(p,w) is the
unique isometry ® of F(X,w) such that ®(X) = X and ®|X = ¢. Moreover
E(p,w)(E(X,n)) = E(X,n), for each n > 1.

Sublemma 3.4. (E(X,n),dg) is complete, for each n > 1.

Proof of 3.3. Let ® € Iso(E(X,w)) be such that ®(X) = X and ®|X = ¢.
We have to show that ® = E(p,w). Recall that E(p,w)(f) = foe™', for
f € E(X,w). So we have to show that ®(f) = fo ™. Put ®(f) = ¢ in
order to show that f = g o . We compute, using the fact that g € F(X,w)
and the observation that for h € F(X,w) and # € X we have h(z) = dg(h, z)

(= du(h, f2)):

9(e(z)) = di(g, ¢(z))
= dp(®(f), ®(z))
= dE(fv ;L')
~ J(a).
The second part of 3.3 is obvious. =

Proof of 3.4. We will prove by induction on N > 1 that (E(X,N),dg) is
complete. First consider the case N = 1.

Let (f,) be a Cauchy sequence in (F(X,1),dg). Clearly (f,(x)) is Cauchy
for each z € X, so let f(z) = lim, f.(z). It is clear that sup{|f.(z) — f(2)] :
r € X} — 0 as well. It remains to show that f € F(X,1). Fix y, € X so
that

fn(x) = fn(yn) + d(xayn)a Vr e X. (*>

25



Then for any m,n,

Jo(Ym) = Falyn) + d(Ym, yn),
Jn(Yn) = Fu(Ym) + d(Yom s Yn),

SO
(fa(ym) = Fon(ym)) + (fulyn) = Fulyn)) = 2d(Ysm, yn).
Thus d(Ym, yn) — 0 as m,n — oo, i.e., (y,) is Cauchy. Say y, — y € X. By

letting n — oo in (*), we get
flz) = fly)+d(z,y), Yz € X,
and therefore f € E(X,1).

Now assume that the result is true for all integers < N and fix a Cauchy
sequence (f,) in E(X,N). Let Y, C X be a support for f, of cardinality
< N. By induction hypothesis and by going to a subsequence, if necessary,
we can assume that card(Y,) = N for all n. Say

Yo ={pn.05 -0 b
Fix a pair m < n. For each 1 <¢ < N, pick 1 < j(¢) < N such that
FaPr) = Fa(pi) + d(pl, 11).
Similarly, for each 1 < j < N, pick 1 <i(j) < N such that
Fn(Ph) = [u(p) + d(ph, p).

This defines a directed bipartite graph on (Y;,,Y,), where there is an edge
7(4) i(4)

from p! to p)” and an edge from p/ to p’ .

Notation. (i) For I C{1,... N}, let Y,|I = {p :4 € I}.
(ii) dg denotes the Hausdorff distance on nonempty bounded subsets of
X:
dr(A, B) = max{p(A, B), p(B, A)}.

where

p(A, B) = sup{d(z,B): z € A}.
Claim. For each fixed m < n, there are I,.J C{1,..., N} with

card(/) = card(.J) > 0,
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such that

(1) du (Y|l Y,alJ) < 2Ndg(fm, [2);

(ii) For each p € Y,,, the oriented path starting from p reaches, in at most
2N steps, the set (Y, |1) U (Y,].J) and similarly for any ¢ € Y,,.

We will assume this temporarily and proceed to complete the proof.

By Ramsey’s Theorem we can find an infinite subset A C N and a pair
Io, Jo C {1,... N}, with card(ly) = card(Jy) > 0, such that if m < n, and
m,n € A, then the (I,.J) corresponding to m < n in the claim is equal to
(1o, Jo).

Fix € > 0. We will find n(e€) such that if n(¢) < m < n, and m,n € A,
then

dg (Y |(loU Jo), Ya|(lo U Jp)) < e. (**)

Indeed, let n(e) € A be such that if n(e) < m < n, then ANdg(f., f.) < e.
Now take any n(e) < m < n with m,n € A and fix mg,ng € A with
n(e) <mo<m < n < n.

If pi € Y, |1, clearly d(pi , Y, |(IoUJo)) < 2Ndg( fm, fn) < € by part (i) of
the claim. If p', € Y,,|Jo, then, as dg (Yo, | Lo, Yin|Jo) < 2NdE(fimg, fm) < €/2,
we have some pf, € Y, |lo with d(pf,_.pi,) < €¢/2. But also dpg(Y,|lo,
YolJo) < 2Ndg(frg, fn) < €/2, so there is pi, € Y, |Jo with d(pf, ,p)) < €/2,
therefore d(pt ,pl) < ¢, so d(p' ,Y,|(Io U Jo)) < e. Similarly we deal with
each p/ € Y,|(Iy U Jy), using ng now. This completes the proof of (**).

It follows that (Y;,|(fo U Jo))mea is Cauchy in the Hausdorff metric dg,
so it converges in this metric to some Y C X with cardinality < N. Let as

usual f: X — R be defined by
flz) = li%nfn(:z:),

so that also sup{|f.(z)—f(z)| : © € X} — 0. We will show that f € F(X, N)
by checking that Y is a support for f, i.e.

f(z) =min{f(y) +d(z,y) :y € Y}, Vo € X.

So fix any z € X. Choose pfv(lm) € Y,, with

ful@) = fu(Pi™) + d(z, p™).

Also fix € > 0, and choose m(¢) so that m(e) < m <n = dg(fm, fn) <e€.
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Finally, fix m € A, m(€) < m, let n be the least element of A bigger than

m(. %n the bipartite graph for m < n, fix a path of length < 2N starting from
t(m

pm . and ending in Y,,|(fo U Jo) UY,|(fo U Jy). For definiteness assume that
it ends in Y,|(Io U Jy) and its end is the point p(m), the other case being

t(m

similar. Denote this path by pm, ), G15q2s -+ 5 qo—1,p(m). Then we have

frl@) = Fu(plS™) + d(z, i)

FaP) = fulq) + d(pi™, q1)
fm(QI) = fm((h) + d(qhﬂh)
fn(qé—l) = fn(p(m)) + d(qé—lvp(m))
Ju(p(m)) = fu(p(m)) + (fu(p(m)) — fn(p(m))).

Adding these up we get

fm(z) = fn(p(m)) > d(x,p(m)) — 2Ne.

Since Y,, — Y is the Hausdorff metric, there is a subsequence of (p(m))mea,
which converges to some p € Y. Letting m — oo on this subsequence we
obtain

f(z) = f(p) > d(x,p) — 2Ne.
Since f.(z) — fiu(p) < d(z,p) for all m, we also have f(z) — f(p) < d(z,p),
thus

d(z,p) 2 f(x) = f(p) = d(x,p) — 2Ne,

so letting € — 0 we have

f(@) = f(p) + d(z,p),

so that
[(z) = min{[(y) + d(z,y) : y € Y},
and the proof is complete.
It then only remains to give the

Proof of the Claim. Call a pair I, J of subsets of {1,... N} good if

card(/) = card(J) = r, for some 1 < r < N, and there is an oriented

path pi,q1,p2,92, - ;pry G, p1 in the graph, where {p1,... ,p.} = Y,.|T and
{q1,...,¢.-} = Y,|J. Tt is not hard to see that there is a sequence

(L, J1), ooy (Lgy Ji)
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of good pairs with I, NI, = 0, J,N.J, = 0, if a # b, and such that if
I'=15LU...Ul,J = J,U...UJg, then (ii) of the claim holds. So it is enough
to prove (i) for these I,.J. For this it suffices to show that (i) holds for each
good pair I,.J. We have

fn(p1) = fn(ch) + d(ph(h)

fm((h) = fm(P2) + d((h,]h)
fn(m) = fn((h) + d(P2,Q2)

fn(pr) = fn(qr) + d(pm q?")
fm(qr> = fm(p1> + d(Qr,Fl)?

and adding these up we have

d(p1,q1) + d(qr,p2) + d(p2,q2) + ... + d(pryq.) + d(gr, p1)
= (fn(pl) - fm(pl)) + (fm((h) - fn(QI)) + (fn(pZ) - fm(pZ)) +
et (fm(qr> - fn(qr))v

so for any p € Y,,|I, q € Y,|J,

d(p, Q) S QTdE(fmafn) S QNdE(fmafn)v

thus _ _

which completes the proof. a

The following is an open problem: Can every Polish group be represented,
up to isomorphism, by a group of the form Iso(U, F'), for a single closed subset
FCU?

4 Some special cases

We will now look at the complexity of the isometric classification of some
special classes of Polish metric spaces.
The following result is contained in Gromov [1999, 3.11%+ or 3.27].
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Theorem 4.1. (Gromov) Isomelry of compact metric spaces is concretely

classifiable.

More explicitly, this means that there is a Borel function f: F(U) — X,
where X is some Polish space, such that for compact K, L C U,

K= L& f(K)=f(L).

The next interesting case along these lines is that of locally compact Polish
metric spaces. Here we do not know the precise answer, although it is easy
to derive a lower bound. Indeed considering a connected graph as a metric
space in the usual way, we see that isomorphism of connected graphs (on N)
can be Borel reduced to isometry of discrete Polish metric spaces. Conversely
any discrete Polish space can be viewed as a countable structure in such a
way that isometries correspond to isomorphisms. So we have

Proposition 4.2. Isomelry of discrete Polish spaces is Borel bireducible
with graph isomorphism. In particular, graph isomorphism is Borel reducible
to isometry of locally compact Polish melric spaces.

We can obtain an exact classification if we restrict attention to the class
of 0-dimensional locally compact spaces. (A space is 0-dimensional if it has
a clopen basis.)

Theorem 4.3. [sometry of 0-dimensional locally compact Polish metric
spaces is Borel bireducible with graph isomorphism.

Proof. Given a 0-dimensional locally compact Polish metric space X,
consider the countable structure

BX = <BX7 RX) SX7 T§>7LEN7
with

Bx ={K C X : K is compact open},
Ry (K1, Ks) & K, C K,
Sx (K1, Ky) & KiN Ky =10,
Ty (K) < diam(K) < ¢y,

where {g,} enumerates the positive rationals. It is enough to check that

X,Y are isometric & By = By.
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The direction = is trivial. For the other direction, assume ¢ : Bx — By
is an isomorphism. Then for any z € X,([{¢(K): K € Bx & 2 € K} is a
singleton, say {¢(z)}. It is easy to check that ¢) : X — Y is 1-1 and onto.
To see that it is an isometry, fix z,y € X and say dx(z,y) < a. Then there
is compact open K DO {z,y} with diam(K') < a. Since {¢(x),¢¥(y)} C c,o([&’)
and diam(p(K)) = diam(K), it follows that dy (¢ (x),¥(y)) < a. -

In a different direction, we can compute exactly the complexity of the
isometric classification of ultrametric Polish spaces. Recall that (X,d) is
ultrametric if

d(z,y) < max{d(z,z),d(y,z)}.

Theorem 4.4. Isometry of ultrametric Polish spaces is Borel bireducible
with graph isomorphism.

Proof. (A) We will first show that graph isomorphism is Borel re-
ducible to isometry of ultrametric Polish spaces. We will find a Borel map

f: X — F(U), where L = {R}, R a binary relation symbol, such that for
each # € Xy, f(z) is ultrametric and

r=y e f(e) = f(y)

We will do this in two steps: first we will find a Borel map f; : X, — T,
where T is the space of all nonempty trees on N (see Kechris [1995]), such
that

=y e file) = hy),

where two trees 17,7y on N are isomorphic, in symbols T} = Ty, iff there is
a bijection ¢ : Ty — Ty with (@) = @ and s C ¢ & ¢(s) C (). This is
already done in Friedman-Stanley [1989] but we will present below a simpler
construction, which also has the additional feature that each tree fi(z) has
the property that every s € fi(z) has at least 2 immediate extensions in
fi(z) (this property will prove useful in the second step). Denote by 7T; the
set of all trees on N with this property, so that f; : Xz — 77. In the second
step, we will find a Borel map f; : 71 — F(U) such that

T =S foT) = f25).
Finally, we put f = fy0 fi.

We now give the details.
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Step 1. There is a Borel function fi : Xi, — 7 such that * 2 y & f(z) =
Iy).
Every x € X, represents a structure of the form (N, R), where R C N2

For each (ai,... ,a,) € N denote by
tpr(ay,. .., ay)
the atomic type of (ai,...,a,) in (N, R). There are only countably many

atomic types, so let 7 — (7) be an injection of the set of such types into
N\ {0,1}. Now associate to each (N, R) a tree Tg defined as follows: Tg

consists of all the initial segments of the sequences of the form
(ag,no, a1, n1,... ,ak, nk)
that have the following property:
no < (tpr(aog))

ny < (tpr(ag,ay))

ni < (tpr(ao, ..., ar)).
(Thus tpr(ao,. .. ,a;) is coded in the number of immediate successors of the
sequence (ag, ng, a1, N1, 2, ... ,a4;).) Note that every s € Tx has at least two

immediate extensions, since (1) > 2 for every atomic type 7. So Tr € T;.
Now an easy back-and-forth argument shows that

<N, R> = <N, R/> & Tr = Th.

So we let Ti(x) = Tg, if « represents (N, R).

Step 2. There is a Borel map f; : 71 — F(U) such that fo(7') is ultra-
metric, and T = S & fo(T) =, f2(S).

On the Baire space NV consider the usual ultrametric

d(z,y) = 2=t

where for © # y, n is the least number such that z, # y,. For a tree T"on N
let
[T] ={X e N": Vn(z|n € T}
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be the body of 7. This is a closed subset of NV and we view it as an
ultrametric space restricting d to [T]. Clearly there is a Borel map f} : 7 —
F(U) such that [S] is isometric to f3(.S). We take fo = f}|7;. It remains
therefore to show that for S, 7T € Ti:

S =T & [S],[T] are isometric.

It is clear that if S = T, then [S],[T] are isometric. Now assume that
[S], [T] are isometric, in order to show that S = T'. Fix an isometry ¢ : [S] —
[T].
For each v € NN let N, = {z € NV : z|length(u) = u} and put
[Su] = [S] N Ny, [Tu] = [T] N N,. Then notice that for v € S, diam
([S.]) = 27tensth(w)=1 " since u has at least two immediate extensions in S.
So diam(p([S,]) = 27'neth() =1 from which it follows that all p(z), = € [C,],
agree in their first length(u) many coordinates. Let ¢(u) = ¢(z)|length(u) €
T, for any z € [S,]. Thus

@([Su]) C [Ty)-

If y € [Ty()] and we choose any x € Sy, we see that d(y, p(z)) < 9~ length(u)—1
so d(e~ Y (y),z) < 27'eneth()=1 " thus ©~!(y), z agree in their first length(u)
many coordinates, so ¢~!(y) € [S,]. Thus

p([5u]) = [Tyw)]
It is now easy to check that ¥ : S — T' is an isomorphism.

(B) Finally, we will show that isometry of ultrametric spaces is Borel
reducible to isomorphism of (countable) structures in some appropriate lan-

gua%i‘t (X, d) be an ultrametric space. Consider the set of all open balls
B.(z) ={y € X :d(y,z) < r},

with rational r > 0. Since d is ultrametric
y € B:(z) = B.(z) = B:(y),

so {B.(z) : € X,r > 0rational} = {B.(d) : d € D,r > 0 rational},
for each countable dense subset D of X. Thus this set of balls is countable.
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Moreover, each such ball is actually clopen (see Kechris [1995, 7.1]). Consider
now the countable structure

AX - <AX7 RX) S§(>HEN7
where

Ax ={B(z,r):z € X,r > 0 rational },
Rx (B, By) & By C By,
S%(B) & diam(B) < q,,

with {g,} enumerating the positive rationals. We claim that
X, Y are isometric & Ax = Ay.

The direction = is obvious. Conversely assume Ay = Ay and fix an
isomorphism ¢ : Ay — Ay. We will use this to define an isometry between
X and Y. Fix z € X and consider the balls By/,(z). If ¢(By.(z)) = By,
then By 2 B; D ..., and the diameters of B,, — 0, so [ B, is a singleton,
say {9(r)}.

We claim that ¢ : X — Y is an isometry. That ¢ is 1-1 follows from the
fact that for By, B, € Ax, BiN By 20 < B, C By or By C By.

Reversing the roles of X, Y in the above, we see that % is onto. Finally,
if dx(z,y) < qn, then y € B,, (x), so B,,(y) = B,,(z). Now ¢(B,,(y)) =
(B, (x)) has diameter g, and contains both ¢(z), ¢(y), so dy(¢(x),¢(y)) <

qn. 1t follows that dy (¢(z),¢(y)) = dx(z,y). -

Every ultrametric Polish space is 0-dimensional. However, we do not
know the exact complexity of the isometric classification of 0-dimensional
Polish metric spaces.

We can finally obtain some information about isometry groups.

Theorem 4.5. Up to isomorphism, the isometry groups of 0-dimensional
locally compact Polish metric spaces are exactly the closed subgroups of S .

Proof. Let X be such aspaceandlet I = {K C X : K is compact open},
so that [ is a countable set. Every element ¢ € Iso(.X) induces a permutation
©* of I and it is easy to see that ¢ +— ©* is an isomorphism of Iso(X) with
a closed subgroup of the group of permutations of [ (with the pointwise
convergence topology), so Iso(X) is isomorphic to a closed subgroup of 5.
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Conversely, let G be a closed subgroup of S.,. Then (see, e.g., Becker-
Kechris [1996]) there is a sequence of relations R, C N such that G =
Aut((N, R,,),en) (the automorphism group of the structure (N, R, ),.en). Now
it is well-known that for any countable structure A in a countable language
there is a countable graph G such that Aut(.A) is isomorphic to Aut(G). We
can assign now to G a discrete metric space Xg, whose points are the vertices
of G and whose metric is defined by: d(z,y) = —7» if n is the length of the
shortest path between z,y, if such exists; d(z,y) = 1, otherwise. Clearly
Aut(G) = Iso(Xg), so this shows that G is isomorphic to the isometry group
of a 0-dimensional locally compact Polish metric space (in fact a discrete
one).

For the convenience of the reader, we sketch the construction of G from A.
Assume without loss of generality that A = (A, R;)icr, when R; is an n;-any
relation symbol. First we will replace A by a countable structure B which
has only unary and binary relations and Aut(A) is isomorphic to Aut(B).
We simply take the universe of B to be the disjoint union A LI A2 A% ..
and define the relations of B to be those of A (which now become unary)
together with the following:

T.(z) & z€ A" (1<n)
Pn(r,y) & z€Aye A" say y= (Y1, ,Yn),
and z =y; (1 <7< n).

Next we replace B by a countable structure C which has only finitely many
relation symbols and Aut(B) is isomorphic to Aut(C). Here we enumerate as
{T,}, resp. {P,} the unary, resp., binary relations of B, define the universe
of C to be the disjoint union B U N, and define the relations of C as follows:

U(z) & z€B
Uy(z) & zeN
Vi(z,y) & z,yeNandz<y
Va(z,y) & z€Nandyée Band T,(y)
)

& z€Nandy,z € Band P(y,2).
Finally, there is a standard procedure which replaces C by a countable graph

G, with Aut(C) isomorphic to Aut(G), see, e.g., Hodges [1993], pp. 228-229.
_|
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By a similar argument it can be seen that the isometry group of an
ultrametric Polish space is isomorphic to a closed subgroup of S.,, but we
do not know how to characterize exactly these isometry groups.

5 Isometries of locally compact spaces, I: The
pseudo-connected case

We will analyze in this and the next section the isometry groups of locally
compact Polish metric spaces and their actions on the underlying space.

It turns out that this analysis does not require the completeness of the
given metric. So from now on we will assume that (X,d) is just locally
compact separable (with d not necessarily complete).

For each x € X, we define its radius of compactness, p(z), by

p(z) = sup{r > 0: B*(z) is compact},

where

Bﬁé(:z:) ={ye X :d(z,y) <r}

(recall that B.(z) ={y € X : d(z,y) <r}). So 0 < p(z) < 0.

Note that if p(z) = oo for some x € X, then p(x) = oo for all z € X. If
this happens, then d is called a Heine-Borel metric, and (X, d) a Heine-Borel
space. The standard example is of course R™.

We first record the following simple fact, where in the formula below we
agree that co — oo = 0.

Proposition 5.1. p(x) is a Lipschitz function, i.e., |p(z) — p(y)| <
d(z,y).

Proof. We check that p(z) < p(y) + d(z,y). If p(z) < d(x,y), we are
done. Else choose any r such that d(z,y) < r < p(z). Then B%(zx) is
compact. But B;"é_d(z’y)(y) C B¥*(z), so B;"é_d(z’y)(y) is compact, thus r —
d(z,y) < ply), or r < p(y) + d(z,y), and, since r was arbitrary, p(z) <

_|

ply) +d(z,y).

It follows that p is continuous and if K C X is compact, there is p > 0
such that p(z) > p for all z € K.

We will first note that, with the pointwise convergence topology, the group
Iso(X,d) of a locally compact separable metric space is Polish. The main
point of course is that we do not assume that the metric d is complete.

—
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Proposition 5.2. Let (X,d) be a locally compact separable metric space.
Then Tso(X), equipped with the pointwise convergence topology, is Polish.

Proof. Fix a dense sequence (z,) in X. Then put on Iso(X) the metric

L L[ (e o)) e ), g7 ()
o) =25 [1 oo, b)) T T do 1w, 6-1(n))

n

This is compatible with the topology of Iso(X), so it is enough to show that
0 is complete.

Let (¢;) be 6-Cauchy. Then it is clear that for each fixed n, (pi(z,)) is
d-Cauchy. Moreover, p(¢;(z,)) = p(z,),t € N, from which it follows that for
some large enough N and positive € > 0, d(@;(z,), on(z,)) < € < plon(z,)),
for all © > N, thus (pi(z,))ien has a convergent subsequence and, since it is
d-Cauchy, (¢;(x,))ien converges, say

©0i(z,) = Yn, as 1 — oo.

It follows that for each © € X, (p:())ien converges. Indeed, for any n,

d(pi(x), pi(x)) < d(pi(x), 9i(en)) + d(@i(Tn), 0i(n)) + d(pi(2n), pi(z)) =
2d(x, x,)+d(pi(xn), ¢i(x,)), which shows that (¢;(z)) is d-Cauchy, so exactly
as before it converges. Let

e(z) = lim p;(z).

=00
Similarly (¢;'(x)) converges and let
o) = lim o7 ().

1—00

It is enough to show that ¢ € Iso(X).
Clearly, d(¢(z),¢(y)) = d(x,y). Also note that

d(p(¢(2)),2) = lim d(pi((2)); 7)
= lim d(¢(v), 7" (7))
=0 =d(¢(p(z)), z),
so p = 1~! and this completes the proof. =

We will now introduce the concept of a pseudo-connected locally compact
separable metric space, which plays a crucial role in our analysis.
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Let (X, d) be a locally compact separable metric space. Define a directed
graph R on X by

tRy < x # y and d(z,y) < p(x).
Let R* be the transitive closure of R, i.e.,
rR*y &< for some ug = z,uy,..., U, =Y

we have Vi < n(u; Rutq).

Finally, define the following equivalence relation £ on X
tFy & x=yor (zRy and yR x).

We call the F-equivalence class of = the pseudo-component of x, and denote
it by C(z). We call X pseudo-connected if it has only one pseudo-component.
We have

Proposition 5.3 i) Fach pseudo-component is clopen, so there are only
countably many pseudo-components.
ii) If X is either connected or the metric d is Heine-Borel, then X is

pseudo-connected.

Proof. It is of course enough to show that each pseudo-component is
open. So fix z € X and y € C(z). Fix 0 < rg < p(y). Then B(y) is
compact, so there is ro > pg > 0 with p(z) > po, for all z € B (y). Then it
is easy to check that B, (y) C C(z).

ii) The first statement follows from i). The second is obvious from the
definition of pseudo-components. —

We will first analyze the isometry groups of pseudo-connected spaces.

The main facts below generalize results of van Dantzig-van der Waerden
[1928] (see also Strantzalos [1974], [1989]), who dealt with the case where X
is connected. Strantzalos [1989] contains another generalization in the case
where the space of connected components of X is compact.

Recall that an action (g,z) — ¢ - x of a topological group GG on a topo-
logical space X is proper if for every x,y € X there are open nbhds U,, U,
of z,y, resp., such that {g € G : g- U, NU, # (0} is precompact (i.e., has
compact closure).

We now have
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Theorem 5.4. Let (X, d) be a pseudo-connected locally compact separable
metric space. Then the action of Iso(X) (by evaluation) on X is proper.

Proof. We will make use of the following lemma:

Lemma 5.5. Let (X,d) be a locally compact separable metric space.
Suppose that d is not Heine-Borel, N > 0,0 < €g,...,en_1 < 1 and for each
i € N, (zf,2y,...,2) € XN are such that d(zi, 2}, ,) < exp(x},) for each
E< N —1, and (z})ien has a convergent subsequence. Then (z'y)ien has a
convergent subsequence. Similarly, if d is Heine-Borel and d(z?, 1’24-1) < My,
for some given My, ..., Mx_1 > 0.

Proof. Consider the case where d is not Heine-Borel, the other case
being similar. We show by induction on k < N that (2% );ex has a convergent
subsequence. This is given for & = 0. By induction hypothesis, assume
then, without loss of generality, that (z%);ery converges to some z, where
k < N. We will then find a convergent subsequence of (m};+1). We have
that d(zy,zy,,) < ep(z)) and p(z) — p(ax), so if & > 0 is such that
€x + 20r < 1, then for ¢ large enough

d(zy, 1’2+1) < d(“/’ia xy) + d(a:};, 1’24-1)
< dep(wr) + enp(ar) + dxp(wr)
= (ex + 20 )p(xr) < p(xs),

so (#},,) has a convergent subsequence. -

Now fix z,y € X and let 0 < r < fmin{p(z),p(y)},U, = B.(2),U, =
B, (y). Then for g € Iso(X),
g(U)NU, # 0= d(g(z),y) < 2r.
So it is enough to show that the closed set

K ={g €Iso(X): d(g(a:),y) < 2r}

is compact. We could use here the Arzela-Ascoli Theorem (see Dugundji
[1966], 6.4) but we prefer to employ a direct elementary argument.

It is enough to show that if {¢;} C K, then (g¢;) has a convergent (in
Iso( X)) subsequence. For that it is enough, by the argument in the proof
of 5.2, to show that there is a subsequence (gy,) such that (g, (2)), (9,.'(2))
converge, for every z € X. Fix a dense set {z,,} in X. Again as in the proof
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of 5.2, it is enough to find (g,,) so that (gn,(z,))ien, (g, (¥5))ien converge
for each n, and, by the usual diagonal argument, it is enough to show that
for each fized n, we can find (gn,) so that (g, (zn))ien, (9, (%r))ien converge.
So finally we reduced our problem to showing that, for each fixed z € X,
there is (g,,) so that (g,,(2)), (g5, (2)) converge, and, noticing that for g € K
we also have that d(g™'(y),z) < 2r < p(z), it is enough to show that we
can find (gy,) such that (g, (z)) converges, the argument for (g;'(z)) being
similar. We will also assume that d is not Heine-Borel, the proof in the other
case being analogous.

Fix a finite sequence zg = , z1,..., 2y = z such that d(zx, zk+1) < p(zk).
Let 0 < ¢ < 1 be such that d(zx,2541) < exp(zz). Put ybi = gi(zx), for
k < N. Then y; = g;(z) € B§(y), so it has a convergent subsequence,
and d(yy, Y1) = d(gi(zk), 9i(zk41)) = d(zk, 2k41) < erplzi) = erplyy) for
E <N —1. So, by 5.5, (y%) = (¢:(2)) has a convergent subsequence. -

The properness of the action has the following standard implications (see,
e.g., Strantzalos [1989]), whose straightforward arguments we include for the
reader’s convenience.

Corollary 5.6. Let X be a pseudo-connected locally compact separable
metric space and G C Iso(X) a closed subgroup. Then we have:

(1) Iso(X) is locally compact.

(it) The action of G on X is proper, each stabilizer G, ={g € G : g(x) =
z} is compact, and the orbil equivalence relation

a;Egy & dg e G(g(:l;) = y)

is closed (as a subset of X*), so, in particular, each orbit G(z) = {g(z): g €
G} is closed. Moreover, the map g — g(x) from G onto G(z) is open.

(tii) The statements in part (ii) hold as well for the action of G on
X" n > 1, by coordinatewise evaluation: g-(x1,...,x,) = (g(x1),...,9(x,)).

Proof. (i) By the definition of properness, for some open nbhd U, of z,
{g € Iso(X) : g(U,;) N U, # 0} is a precompact open nbhd of the identity of
Iso(X), so Iso(X) is locally compact.

(ii) The first assertion is obvious. For the second, notice that for some
open nbhd U, of z, the set {g € G : g(U,) N U, # (0} is precompact and
the closed set (G, is contained in it, so (G, is compact. Finally, assume that
2. B3y, v, — x,y, — y. Fix g, € G with g,(z,) = y,. Let also U,, U, be
open nbhds of z,y, resp., with K = {g € G : ¢(U,) N U, # 0} precompact.
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Then, for large enough n, z,, € U,,y, = gu(z,) € Uy, so g, € K, thus we can
find a convergent subsequence g,, — g. Then g(z) = limg,,(z,,) = limy,, =
y, so tEXy.

Finally we check that g — g(x) is open from G onto G/(x). Let U be open
in G, in order to show that {g(x): ¢ € U} is open in G(x), or, equivalently,
G(z)\ {g9(z) : g € U} is closed. Let g,(z) € G(z)\ {g(z) : g € U}, and
gu(z) = y € {g(z) : g € U}, towards a contradiction. Then y = g(z) for
some g € U but g, € UG, for each n. Also, by properness, some subsequence
(gn;) converges, say to h. Clearly, as UG, is open, h ¢ UG,. But g, (z) —
h(z) =y = g(z),so g7'h € G, and h € gG, C UG,, a contradiction.

(iii) The action of G on X" is proper by (ii). —|

Remarks. As we will see in the next section, Iso(X) is still locally com-
pact if X has only finitely many pseudo-components. This of course fails for
arbitrary locally compact X, as S, is the isometry group of a countable dis-
crete space. The compactness of the stabilizers though can fail even if X has
two pseudo-components. For example, let G be a connected non-compact sec-
ond countable locally compact group and d a left-invariant compatible metric
on (7. We can assume that d < 1. Let 2y ¢ G and define d(z¢,9) = 1,Vg € G.
Then if X = G'U {z¢},(X,d) has two pseudo-components, namely GG and
{zo}, but the stabilizer of z¢ is not compact, since it contains an isomorphic
copy of . (This example is essentially the same as 4.1 in Strantzalos [1989].)

This shows that the action of Iso(X) on X may fail to be proper even
if X has two pseudo-components. Finally, we do not know if the orbits of
the isometry group acting on X are closed, when X has only finitely many
pseudo-components. This should fail if X is arbitrary, but we do not actually
know a counterexample.

In the sequel, if X,Y are metric spaces, 7 € X",y € Y" n > 0, then
(X,7) = (Y,y) means that there is an isometry ¢ : X — Y with ¢(z;) =
yi,‘v’i <mn.

We note here an application of the preceding analysis to the isometry
problem for pointed pseudo-connected locally compact Polish metric spaces
(X,d), i.e., where d is now complete. This can be viewed as the equivalence
relation (F,z) =; (H,y) on the following subset of the standard Borel space
F(U) x U:

FglC(U) ={(F,z): F € F(U), F is pseudo-connected locally compact, z € F'}.

JFrom this we also obtain the complexity of the isometry equivalence relation
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of homogeneous pseudo-connected locally compact Polish metric spaces.

Theorem 5.7. The equivalence relation of isometry of pointed pseudo-
connected locally compact Polish melric spaces is concretely classifiable.

Proof. Fix a pseudo-connected locally compact separable metric space
(X,d), and a point € X. Assume first that we are dealing with non-Heine-
Borel spaces. For n > 1, let

n

K.(X,2)=Ay:Jzo=z,21,...,2, =y, Vi < n(d(z;, xi31) < ?p
n

(i)}

Then, by 5.5, we see that K,(X,z) is compact. Moreover K,(X,z) C
Koy (X,z) and |, K, (X,z) = X.

For eachn > 1,m > 1, define now the following compact subset K, ., (X, x)
of R™*+m

Kpm (X, 2) = {(d(2i, 7)) )o<i j<m—1(p(2:) )ocicm—1

Tl o1 € Kp(X,2), 20 = 2}

Finally, let

L(er) = ([(an(X?x))nZLle € H I((Rm2+m)7

n>1,m>1

where K (R™) is the Polish space of compact subsets of R” with the Hausdorff
metric. Now we claim that

(X,z) = (Yy) e L(X,z) = L(Y,y),

which completes the proof in this case, as it is easy to check that the function
L restricted to FglC(U) is Borel. The Heine-Borel case is similar, replacing
in the definition of K,(X, ) above 25 p(z;) by n and omitting the p(z;) in
Kom (X, ).

Direction = is obvious. For < note that by an argument similar to
that in Gromov [1999, 3.27], for each n > 1, there is an isometry ¢, :
K.(X,z) = K,(Y,y), with ¢,(2) = y and p(u) = p(¢n(u)), for each u €
K,.(X, ), so that in particular ¢,|K,(X,z) is an isometry from K,,(X, )
onto K,,(Y,y), for all m < n. Consider then ¢,|Ki(X,z),n = 1,2,...
These are isometries from K;(X,z) onto K;(Y,y), so there is a subsequence
(n;) such that (p,,|Ki(X,z)) converges (pointwise). Similarly there is a
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subsequence of (n;), say (n;, ), such that (gom] |K2(X,z)) converges, etc. By a
standard diagonal argument, we can finally find a subsequence (¢;,) of (¢,)
such that for each n, (¢, | K, (X, 2));>, converges. Let p(u) = lim, . @i, (u).
Then ¢ is an isometry between X and Y with ¢(z) = y. -

Corollary 5.8. The equivalence relation of isometry of homogeneous
pseudo-connected locally compact Polish metric spaces is concretely classifi-

able.

(Recall that a metric space is homogenous if its isometry group acts tran-
sitively on the space.)

Proof. There is a Borel function S assigning to each F' € F(U), F # ()
an element S(F') € F. Then note that for F, H € F(U) pseudo-connected
locally compact and homogeneous:

Fe H e (F,S(F)= (H S(H))
& L(F,S(F))= L(H,S(H)).

Since the function F'+— L(F,S(F)) is Borel, we are done. -

We remark that 5.7 fails for arbitrary locally compact spaces as we can
easily Borel reduce isomorphism of trees on N (see the proof of 4.3) to isom-
etry of pointed locally compact Polish metric spaces. We do not know if
5.7 is true in the case of locally compact spaces with only finitely many
pseudo-components.

We finally give an analysis of the isometry types of n-tuples in pseudo-
connected locally compact separable metric spaces, reminiscent of the Scott
analysis in model theory (or equivalently Ehrenfeucht-Fraissé games).

Suppose (X, dx), (Y, dy) are locally compact separable metric spaces and
T € X"y €Y' n > 1. For each ordinal «, we define the notion of a-
equivalence, =%, by induction, as follows:

(X,2) =" (Y, §) & Vi,j < nldx (2, 2;) = dy(yi,y5)) &
Vi < npx(z:) = py(yi))-

If X is limit:

(X,7) =) (Y, ) & Yo < \(X, ) = (Y, 7).
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Finally, we let

(X,7) =27 (Y, ) & (X,3) = (Y, §) & Vr € QVangr € X[dx (n, np1) <
< pX(wn) = EIy'n-l—l S Y(dY(ynayn—I—l) S r&
(X7 wan-}-l) =" (Ya gMyn-I-l)]

& vice versa.

—Q

Sometimes we will simply write ¥ =* ¢, instead of (X, ) = (Y, ).
We now have, letting for each ordinal o and n > 1,

O (X,)Y)=0, ={(Z,y) € X" xY": (X, %) =" (Y,))}.

Proposition 5.9. For any locally compact separable metric spaces (X, dx),
(Y,dy), any ordinal o, and anyn > 1, the set ®2(X,Y) is closed in X" x Y.

Proof. We will omit explicitly indicating X,Y. when they are under-
stood.
We prove this proposition by induction on a. Note that for a = 0,

(7.9) € @) &Vr € Q7 [Vi,j < n(d(i,2;) > r = d(yi,y;) > )
& vice versa & Vi(p(x;) > r = p(y;) > r) & vice versa |,

so clearly ®° is closed.

The limit case is obvious, as ®} = (). _, ®2. So assume that ®2 is closed,

a<A
for each m, in order to show that ®>*! is closed.

Notice that v < § = ®) D &3 s0if (Z,7) € ®2, we also have (7, 7) € @9,
thus p(x,) = p(yn). Now

(Z,9) € 027! & (£,7) € @2 & Vr € QtVa, 1 [d(zn, Tpir) <7 < p(z,) =

Elyn-}—l(d(ynayn-H) S r & (foz-HagMyn-l-l) € (I)z-{—l)]
& vice versa.

So assume that 7 — Z, 7 — ¢ and (7, 5") € ®2*! in order to show that
(Z,9) € ®2FL. Since (7%,¢") € ®2, by induction hypothesis it follows that
(Z,9) € 2. Since (7*,7") € ®°, we have in particular that p(z!) = p(y’).
Now fix r € QF, z,41 with d(z,, xp41) < 7 < p(z,). We will find y,41
with d(yn, yn+1) < 7 and (£ 2ny1, ¥ Yns1) € €044, For some € € QF and
i large enough we have that d(z!,2,41) < r—e <r <r+e< p(al), so
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there is y!,_; with d(y.,yiy,) < r —e€and (&' Tpp1, 7 Yioyy) € ®2,;. Now
d(Yyi159n) < d(Yiyrs9n) + Ay, yn) < v — €+ d(Ys,ya), so, if i is large
enough d(y; 11,yn) < r. Also p(y,) = lim;p(y;,) = lim; p(z)) > r+e>r,
thus, for 7 large enough, d(y,,1,9») <7 < p(yn), 50 (y,4,) has a convergent
subsequence y;’“ﬂ —k Yng1- Then d(yn,Ynp1) < 7 and, as @7, is closed,
(% Tpg1, ¥ Yng1) € P2 4. .

We will now reformulate the definition of ®2(.X,Y’) in terms of a game of
the Ehrenfeucht-Fraissé type.

Fix locally compact separable metric spaces (X,dx),(Y,dy) and n >
1,7 € X*,y € Y. We define the game G*(Z, X;y,Y) = G* as follows:

Let ag = x,,b0 = yn, a9 = . In the ith round of the game, + > 1, player
I chooses Z; = X or Y and plays some a; € Z;, and an ordinal o; < a;_1.
Then, player I responds by playing b; € Z!, where Z! = X, if Z, = Y,
and Z! =Y, if Z; = X. The game ends when a round m is reached, where
an = 0. Let 2 = (21,22,...,2m) € X", @0 = (wy,...,w,) € Y™ be the
elements played by both players in this run of the game, in the order played.
The players must observe the following rules:

For 1 <1 < m, dx(zi—1,2:) < px(zi=1), dy(wi—1,w;) < py(w;—1), where
2o = T, and wg = y,.

Finally /7 wins this run of the game iff

(X,77) =° (Y, 7°d).

Proposition 5.10. Player Il has a winning strategy in G*(Z, X;4,Y) iff
(X,7) = (Y, 7).

Proof. Again we do not indicate explicitly X,Y, when they are under-
stood. The proof is by induction on a. The case a = 0 is vacuously true, as
there are no moves in the game.

Now assume a is limit. If /1 wins G*, I] wins each G?,3 < a, so, by
induction hypothesis, Z = , for all 3 < a, so ¥ = . Conversely, if Z = ¢,
then, reversing this, we have that I/ wins each G*,3 < a. Then it follows
that /I wins G*: When [ starts by playing oy < «, I follows his winning
strategy for G1t1,

Next consider the successor case. Assume first /7 wins G**!. Then notice
that 77 also wins G, so, by induction hypothesis, ¥ =* y. We have to show
that @ =t ¢. Fix r € QF, 2,41 such that d(z,, z,11) < 7 < p(x,). Let
Y41 be the first move in /1’s winning strategy in G+, when I plays x,41,
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a in his first move. Then clearly /1 wins G*(Z"2,41; Y Ynt1), so, by induction
hypothesis, @ z,41 =* § Yny1. In particular d(y,, ynt1) = d(zp, 2p41) < 1
Next fix r € QF,r < p(z,) = p(yn), and let y, 41 be such that d(y,, yn+1) < r.
By a similar argument as above, we can find x,4; with d(z,,2,+1) < r and
T g1 =2 Y Yt

Finally, assume that & y. We need to find a winning strategy for
IT in G°*'. Suppose [ starts with oy < a,a; = 2,41 € X. Then let
r € QF be such that d(z,,z,11) < 7 < p(x,) = p(yn). Then there is y,11
with d(yn, Yn+1) < 7 < p(yn) and & 2pp1 =% ¥ Yps1. Thus, by induction
hypothesis, /1 has a winning strategy in the game G*(Z tp41;¥ Y1) 11
then simply follows this strategy in the rest of the game G**'. This is a
winning strategy for /1 in G**'. The argument is similar if [ starts with
o < aand a; =y, €Y. -

—a+l

The next result is the main fact concerning the notion of a-equivalence.

Theorem 5.11. For any pseudo-connected locally compact separable met-
ric spaces X, Y, ¥ € X" g€ Y™ n > 1, the following are equivalent:

(i) (X, %)= (V,9);
In particular, (X,7) =¥ (Y,9) & [(X,Z) = (V,y), for any a > w].

Proof. Clearly (X,7) =, (Y,9) = (X,Z) = (V,y), for any ordinal a.

Assume now that (X, 7) = (Y, y), in order to show that (X, %) =, (Y,1).
For notational simplicity we will take n = 1, i.e., we assume that © € X,y €
Y, (X,z) =¥ (Y,y), and we will show that there is an isometry ¢ : X — Y
with ¢(z) = y. By 5.10, player /] has a winning strategy in the game
G“(x;y) and we fix such a strategy S from now on.

To find our isometry we will make use of the following general lemma:

Lemma 5.12. Let (X,dx),(Y,dy) be locally compact separable metric
spaces, Dx C X, Dy C Y dense subsets of X,Y resp. and ¢ : Dx — Dy
an isometry such that moreover px(z) = py (¢ (x)) for every x € X. Then ¢
extends (uniquely) to an isometry ¢ : X — Y.

Proof. Fix € X and let z, € Dx be such that z,, — z. Then (z,) is
dx-Cauchy, so if y, = ¥(z,), (y,) is dy-Cauchy. We will find a convergent
subsequence (y,,) of (y,). This implies that (y,) converges, say to y. We put
¢(z) = y. This clearly defines the desired extension.
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To find the desired subsequence, notice that px(z,) — px(z) > 0, so
there is pg > 0 such that px(z,) > po, for all n. So py(y,) > po, for all
n. Choose then Ny large enough, so that for m > n > Ny, dy (Ym, yn) < po-
Then dy (Yny, Yn) < po < py(yn, ), ¥n > Ny. Since B;ﬁ(yNO) is compact, this

gives a convergent subsequence (y,, ). -

We fix from now on a dense sequence py, py, ... in X, and a dense sequence
r1,72,... in Y. Our goal will be to find a sequence ¢1,¢,... in X and a
sequence si, Sz,... in Y such that the map = — y,p; — s;,¢; — r; is an

isometry and moreover p(z) = p(y), p(p:) = p(si), p(q;) = p(ri). By 5.12, this
will complete the proof.

Before we start out construction, we want to record the following ob-
vious fact: If in G¥(z;y), (k1,a1), b1, (ka,a2), ..., (kn,an),b, is a sequence of
moves alternatively played by I, [1, with I following S and (21, 22,...,2,) €
X" (wy,...,w,) € Y™ are the elements played by both players in this se-
quence, in the order played, then =z — y,z; — w; is an isometry and
o(z) = p(9),plz5) = plus).

Below we will only consider runs of G¥(z;y) in which [ starts with (&, ay),
for some k € N,k > 0, and then in his subsequent moves (kq, as), (ks, as), ...
he simply plays ko =k — 1, ks =k —2,...,0. Since the moves ky, k3,... are
completely determined by k, we will simply ignore them and pretend that [/
only plays (k,a1) to start with and the plays as,as, . ...

We now start our construction: Our plan is to construct by induction the
following:

(i) A sequence A; O Ay D ... of infinite subsets of N,

(ii) A sequence ko, lo, k1,01, ko, 2, ... of positive integers,

(iii) A sequence g, qz, ... of elements of X and a sequence sy, s2,... of
elements of Y,

. . . . é k,

(iv) Finite sequences (G 1, -« Gnen—1)s (Sn,1s - - Spjn—1), 0 X7 Y™ resp.,

(v) Positive reals €, €3,...,01,82, ...,

with the following properties:

(a) If I starts with (k, p;), where k € Ay, and I, using S, plays sf € Y,
then s¥ for k € Ay, k — oo converges to s;. Moreover, d(sf,s1) < ¢ < p(sh),
for any £k € A;y.

(b) For each n > 1,min(A,) > 1+ (k1 + 1)+ (b1 + 1)+ -+ + (kno1 +
1)+ (€n—1 + 1), and for each k € A, the sequence of moves indicated in the
following diagram is a legal sequence of moves in which I/ follows S (arrows
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indicate applications of S):

) k k& k k
Xz p Pio Pip " Piky1 @1 @0 411 0 Q-1 P2
Yiy st s1 osiq o0 Sike1 T1oTho Tha ot iy Sh

k k k k
Prn-1 Pp—10 Pn-11 """ Ppnik,_1-1 Yn—1
) (I f f
37]2_1 Sn—1 Sp—1,1 " Sn—l,kp_1—-1 Tn-1
n—1 Gn—-1,1 " qn-10,_1-1 Pn
k k k k
P10 Tn—11 " Thoil,_1-1 Sn
Moreover, we have
k k k k
91 — q1, S — 82,... y 1 — Gn—-1,3S, — Sn
for kK — o0,k € A, and
k k
dlg;,q) < 6 <plg),
k k
d(si,si) < & <p(s;),

forke A,,1 <n-—1.
Granting (a), (b) we now verify that ¢1, g2, .. ., s1, S2, . .. have the required
properties. By (b) and for each k € A,,, clearly
Ty, pies shgf i <n— 1,
is an isometry, and for all 2 < n — 1.
p(x) = p(y), plp:) = p(si), plaf) = p(r:).
Letting £ — o0,k € A,,, we conclude that
T Y, P S, gt <n— 1,
is an isometry and for all 1 <n — 1,
p(x) = p(y), p(pi) = p(si), plai) = p(r:),

so we are done.
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For the first stage of our construction, it is enough to show that when [
starts with (k,p;) and IT plays, by following S, s¥, then (sf) has a conver-
gence subsequence. But this is clear as d(s¥,y) = d(p1,z) < p(z) = p(y).
So choose infinite A} and s; such that for & € A}k — oo,sf — s;. As
p(s¥) — p(s1) > 0 and d(s¥,s;) — 0, it follows that we can also choose
¢; > 0 and infinite A; C A} with d(s},s,) < ¢ < p(s}) for all k € Ay, and
min(A;) > 3. Also let kg = {y = 1.

Assume now n > 1 and Ay D --- D A, koo ko1 by by v, 81, ...,
Sny @y vy Gty (Sidy oy Sikim1)y (Gits -y Qiim1), fori <n—1,and €1, ...€,_1,
d1,...,0,-1 have been constructed, satisfying (b) above. We will construct
A1 C© An by oy Sntt, Gy (Snts e ooy Snkn=1)s (Gnidy -« - Gnit—1), €ny Opy s0 that
(b) is still satisfied at n + 1.

First as st — S, for k € A,, we choose infinite A/ C A, and ¢, > 0 so
that for & € A’ d(s",s,_1) < €, < p(s¥). Since Y is pseudo-connected we
pick k, and a sequence (Sn1,...,8nk,-1) such that d(s,1,s,) < p(s,) and
d(Snis Snit1) < p(Sni), for 1 <k, — 1, and d(spk,-1,7n) < p(Snk,—1). Then
forany k€ A/, withk>1+(ki+1)+---+ (L1 +1) + (ks + 1), continue
the play given by (b) above, to the following moves, where /1 follows S (see
the diagram below):

[:sn,[[:pfho,[:5n71,[[:pfl71,...,]:sn7kn_1,[]:pfz7kn_1,]:rn,[[:qs.

<4
T p1 Pio Pia Pig -1 4 a1 q11 qi,n-1 P2
k k k k k
y sy —r 81 S11 t Sik-1 T1 Mo "1 " Tinp-1 S2
<6
S 5n—1
k k k k
Pn-1 Prn10 Pno1n 770 Pk, -1 9n—a1 ?
sk — S S
n—1 n—1 n—1,1 Sn—1,kp_1—-1 Tn-1
< €n—1
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— Qn-1 Gn-11 " Qn-10,_1-1 Pn
k k k k
Fp10 Tn—11 " Thil,_1-1 Sn ?
< €,
<4,
Sk ok Lk k ,
Prno Pni """ Pokn—1 9 — Gn  Gn1 c Guln-1 Pntd
k k k k
— Sp Sp,l "t Snkn—-1 Tn Tn,O rn,l o rn,ln—l Sn-l—l

< 6

Now we want to argue that there is an infinite subset A” C A/ on
which the sequence (¢¥),k € A" converges. Noticing that d(pn,pgo) <

en < p(sp) = p(pa)s d(ppiiPrig) < d(snissnisn) < plsni) = p(py;), and
APy o1 @) = d(Snka-1,m0) < p(snp-1) = p(Pys,—1), while moreover
p(pl ;) = p(sni), (k) = p(rs), we obtain this conclusion from 5.5.

So fix an infinite subset A” C A, with min(A”) > 1+ (ks +1)4+--- +
(ln_1+ 1)+ (k,+1), such that (¢*),k € A” k — oo, converges to some value
which we call g,. Then choose §, > 0 and infinite A} C A7, so that for
ke AV d(qf, gn) < 8, < p(qp).

Next pick £, and a sequence (Gn1,...Gne,—1) such that d(q.,q.1) <
P(4n)s A(Gnis Gnjit1) < p(Gnyi), Tor o <L, — 1, and d(qne,—1:Pnt1) < P(Gnyen—1)-
Then for any k € AV k>1+ (ki +1)+---+ (k. + 1)+ (£, + 1), continue
to play the following moves, where I follows S (see again the preceding
diagram):

I:q,,11: TZO,[ S Qa1 7"7];1,...,[ S Q-1 11 ri,zn—ul S Py, I 3i+1-
Then, again by Lemma 5.5, we can find an infinite subset A,.; C A”
with min(A,4,) > 1+ (ks + 1)+ (L + 1)+ -+ (k, + 1) + (£, + 1) such

that (sfl+1), k€ A,41,k — oo converges to a value which we call s,11. This
completes the inductive construction, and the proof of the theorem. a
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6 Isometries of locally compact spaces, II:
The general case

We will now use the analysis of isometries of pseudo-connected locally com-
pact separable metric spaces to characterize the isometry groups of general
locally compact separable metric spaces. We first need to establish some
notation.

For any countable set I, we denote by Sy the Polish group of permutations
of I with the pointwise convergence topology. Thus, up to isomorphism, S
is either a finite group 5,,, or S.,. Let now G be a Polish group and consider
the power G, which is isomorphic either to a finite power G”, or G, thus it
is a Polish group. The group S; acts by homomorphisms on G’ as follows:

g- (i) = z(g7'(d)).
Consider then the semidirect product
St X GI,

with underlying set S; x G, in which the group operation is given as usual
by
(9,2)(h,y) = (gh, (h7" - 2)y).

Equipped with the product topology this becomes a Polish group.
We now have the following

Theorem 6.1. Let X be a locally compact separable metric space. Then
there is a finite or infinite sequence (I,),en of non-emply countable sets and
a sequence of locally compact Polish groups (G,,)nen, where N ={0,... ,m}
or N =N, such that Iso(X) is isomorphic to a closed subgroup of the product

H(SI“ X Gi“)

neN

Proof. Let Cy,C4,... (a finite or infinite list) enumerate without rep-
etition the pseudo-components of X. Let (X,).en be a finite or infinite
list of pseudo-connected locally compact separable metric spaces with m #
n = X, % X, and Ym3n(C,, =; X,,),Ym3In(X,, = C,). For each n, let
I, =1k : Cy = X,}. Let (), = Iso(X,,), which is Polish locally compact
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by 5.6 i). We will show that Iso(X) is isomorphic to a closed subgroup of
Hn S]n X G{l"

First note that if ¢ € Iso(X), then for each k,¢(C}) is also a pseudo-
component of X, so ¢(Cy) = C; for some (unique) j. Moreover as ¢|C} :
Cy — Cj is an isometry, C =; C;. Thus for each n, ¢ induces a permutation
Ta(p) € St,, given by o(Cx) = Cr (o)) Clearly m, : Iso(X) — S5y, is a
homomorphism.

Now for each n and k& € I,, fix an isometry 0£ : X,, = (. Then define
P Iso(X) — GI" by

pal)(k) = (07790) Vo (0] Cr) 0 67
Then we claim that the map

7 Iso(X) — HSIn x G

given by
m(@)(n) = (ma(), pul)),

is an isomorphism, thus Iso(X') is isomorphic to a closed subgroup of [[,, Sr, x
Gl

To check that it is a homomorphism, it is enough to check that for each

@ = (Tn(), pulp))

is a homomorphism of Iso(X) into Sj, x GI» and this is a routine compu-

tation. It is also trivial to check that m,7=! are continuous. Finally, 7 is
injective, since ¢|C) = (02”(@(@) 0 pulp)(k) o (0X)71 if k € I,, ie., ¢ is
completely determined by m(¢p). -

It should be pointed out that, in the notation of 6.1, > card(l,) =
cardinality of the pseudo-components of X, and so if X has only finitely

many pseudo-components, the index set NV and each [, in 6.1 is finite, and
thus the product [, o (57, GI») is locally compact. So we have:

Corollary 6.2. The isometry group of a locally compact separable metric
space with only finitely many pseudo-components is locally compact.

Since it is clear that for any countable set [, and locally compact group
G, St x G is isomorphic to a closed subgroup of S, x GV, we can rewrite
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6.1 by saying that every Iso(X), for X a locally compact separable metric
space, is, up to isomorphism, a closed subgroup of a Polish group of the form

TI(5. x G,

neN

for some sequence ((7,,) of locally compact Polish groups. We will next prove
the converse of this theorem, thereby characterizing exactly the isometry
groups of locally compact separable metric spaces. Moreover, our proof will
also yield that the same characterization works as well for the locally com-
pact Polish metric spaces, the o-compact Polish metric spaces and the al-
most locally compact Polish metric spaces. (Recall that a o-compact space
is a union of countably many compact sets and we define an almost locally
compact space to be a space in which the points that have a compact nbhd
form a dense set.)

Theorem 6.3. Up to (topological group) isomorphism the following five
classes of groups are the same:

i) The isometry groups of locally compact separable metric spaces.

ii) The isometry groups of locally compact Polish melric spaces.

iii) The isometry groups of o-compact Polish melric spaces.

iv) The isometry groups of almost locally compact Polish metric spaces.

v) The closed subgroups of groups of the form

TI(5. x G,

neN

where (G,) is a sequence of locally compact Polish groups.

Proof. We will first note some simple facts about almost locally compact
Polish metric spaces.
Let (X, d) be a metric space. We define its core by

z € Core(X) & Ir > 0(B%(z) is compact).

Clearly, X is almost locally compact iff Core(X) is dense in X. Also Core(X)
is open and (Core(X),d) is locally compact.
Next we have

Lemma 6.4. FEvery o-compact Polish metric space X is almost locally
compacl.
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Proof. To check that X is almost locally compact we have to verify
that Core(X) is dense. Otherwise, let /' C X be nonempty open with
UNCore(X) = 0. Let K, be compact with X =[J K,. Then, by the Baire
Category Theorem, there is nonempty open V' C U and n with V C K, so
V CCore(X), a contradiction. -

Denote now by G; — Gs the classes of groups in i)-v) of 6.3 (up to isomor-
phism). It is clear that Go C G5 C Gy.

We will next check that G4 C G, (so that Gy = G3 = G4 C Gy).

Consider an almost locally compact Polish metric space (X, d). Let X, =

Core(X) and put the metric d on Xy. Then (X, d) is locally compact and
separable but not necessarily complete. Consider next the equivalent metric

_d
C1+d

on Xy, denote by p its associated p-function and define the pseudo-metric

on Xj.
Define then the metric d’ on Xy by

diam(4)

P(e,y) = 10(z.y) + 6, (2, 1)
Then d' is a compatible metric on Xo which is now complete: if (z,) is a
d'-Cauchy sequence, then it is §-Cauchy and (p(i—n)) is a Cauchy sequence, so
p(x,) — r > 0. Then if N is large enough, p(zn) > r/2 and é(zn, z,) < /2
if n > N, so (z,) has a converging subsequence and so converges. Moreover
diam(Xo, d’) < 2diam(J).

Let p’ be the p-function of the metric d’. Let

1 1

p(z) ()

Oy = 1 T
1+

oz )

and let



Then, by a similar argument, d” is a compatible complete metric on Xy
and diam(Xy,d") > fdiam(é) >diam(Xo,d') (provided that Xy is not a
singleton).

Define now a metric space (Y, o) as follows: ¥ = ({0} x Xo) U ({1} x Xp).

The metric ¢ is defined as follows:

a((0,z), (0 = d(z,y)

o((1,z),(1 = d"(=,

o((0,2),(1,y)) = o((1,y),(0,7))
= 1+i5($,y)

It is routine to check that this is a metric and that (Y, o) is a locally compact
Polish metric space.

We verify that Iso(X, d) is isomorphic to Iso(Y, o), which will show that
G4 C Go.

First notice that the map ¢ — | Xo is an isomorphism of Iso(X, d) with
Iso( Xy, d) = Iso( X, d), so it is enough to show that Iso( Xy, d) is isomorphic
to Iso(Y,0). Let ¢ € Iso(Xy,d) and define ¢* : Y — Y by ¢*((i,2)) =
(1,(x)). Clearly ¢* € Iso(Y,0) and ¢ — ¢* is an isomorphism, so it is
enough to show that it is onto.

Let ¢ € Iso(Y, o). It is clear that v» maps {i} x Xo onto {j} x Xo. Since
the o-diameter of {0} x Xy = d'-diameter of Xy < d”-diameter of X, = o-
diameter of {1} x Xy, it follows that ¢ = j, i.e., ¢» maps {0} x X, onto
{0} x Xo and {1} x Xo onto {1} x Xj. Thus it gives two isometries g, ¢
of (Xo,d"),(Xo,d"), resp., defined by (¢, ¢i(x)) = ¢ ((z,2)). It is then enough
to show that ¢ = ¢1 (= @) and ¢ is a d-isometry (since then ¢* = ). To
see that 1y = 11, notice that if y € Xy, (1,y) is the unique point in {1} x X,
which has o-distance 1 from (0,y). So if ¢¥o(z) = y,¢¥1(z) = z, so that
¥((0,2)) = (0,y) and ¥((1,2)) = (1,z), we must have o((0,y)),(1,2)) =
o((0,z),(1,2))=1,s0 z=y.

Finally, we check that ¢ is a d-isometry.

Since ¢ = 1y, clearly ¢ is a d’-isometry, so, in particular, it preserves the
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p'-function. Since p = 1, it is also a d"-isometry, so

1

§(p(z),0(y)) = 2d”(¢($)7¢(y))—§5pf(99(f6),99(y))

1" 1
= 2 (x,y) - §5P'($7y)
= (z,y)

and we are done.
We have already seen that G; C G5, so we complete the proof by showing
that G5 C Gs.

First let us note the following standard fact.

Lemma 6.5. Let G be a locally compact Polish group, and let d be a
left-invariant compatible metric. Then d is complete, and G is isomorphic to
a closed subgroup of Iso(G, d).

Proof. Consider the space (G, d). By homogeneity, it is clear that the
function p(x) is constant, from which it easily follows that any d-Cauchy
sequence has a convergent subsequence, hence converges. Every element
g € GG induces a d-isometry ¢,(x) = gz, and it is easy to check that the map
g — g, is an isomorphism of GG with a closed subgroup of Iso(G, d). —

So given a locally compact Polish group G, we can view (G as a closed
subgroup of Iso(X), for some locally compact Polish metric space X, and
thus G as a closed subgroup of Iso( X)". It follows that S, x G is a closed
subgroup of S, x Iso( X)M.

For each sequence of metric spaces X,, = (X,,,d,), with d,, < 1, define
their direct sum (| |, X,,d) by

|_| X,, = the disjoint union of the X, ’s,

1, ifz e X,,y € X,,,n #m.
If X,, = X for all n, we write X, instead of | | X,. It is clear that if each X,
is a Polish metric space, so is | | X, and if each X, is also locally compact,
sois | ], X,.
Now if (X,d) is a locally compact Polish metric space, and we assume
that d < 1 (which we can without changing its isometry group, by replacing
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d by 1_%[), then it is easy to see that S., x Iso(X)" is isomorphic to a closed
subgroup of Iso(X ). Indeed, let X, be the nth copy of X in Xoo =] | X,.
Then if (g, (¢n)) € Sao x Iso( X)N, assign to it 7(g, (¢n)) € Iso( X ), defined
as follows: If x € X,,, then 7(g,(¢,)) sends = to ¢,(x) but located in the
g(n) copy of X, i.e.,in X;(,). It is easy to check that this is an isomorphism.

It follows that for each sequence (G,) of locally compact Polish groups,
there is a sequence (X,,) of locally compact Polish metric spaces such that
Ien Soo G is a isomorphic to a closed subgroup of [,cnIso(Xy). Finally,
it is easy to check that ] . Iso(X,) is isomorphic to a closed subgroup of
Iso(| ], X»): send (¢n) € [],en Iso(Xn) to |, ¢n € Iso(L], Xn).

We have thus concluded that any group in Gs is isomorphic to a closed
subgroup of Iso(X), for some locally compact Polish metric space (X, d) (we
emphasize here that d is complete). It thus remains to show that every closed
subgroup of such an Iso(X) is isomorphic to Iso(Y'), where Y is a o-compact
Polish metric space.

Our strategy for proving this is similar to that used in the proof of 3.1.
First we claim that it is enough to show that, given a closed subgroup G' of
Iso(X), there is a o-compact Polish space Z such that G is isomorphic to
Iso(Z,(F,)), for some sequence (F,) of closed subsets of Z: Indeed if such
Z,(E,) exist, going back to the proof of 2.5, let Zz be the Polish metric

space defined there from Z and E = (E,). Every isometry ¢ € Iso(Z,(E,))
extends to a unique isometry ¢’ of Zz, by defining it to be the identity on the
additional points, and conversely every isometry of Zz is equal to ¢’ for some
¢ € Iso(Z,(F,)). Thus the map ¢ — ¢’ is an isomorphism of Iso(Z, (F,))
with Iso(Zz). Since Y = Zz is clearly a o-compact Polish metric space, this
completes the proof.

So, to summarize, our proof is reduced to the following problem: Given a
locally compact Polish metric space X, and a closed subgroup GG C Iso(X),
find a o-compact Polish space Z and a sequence of closed subsets (F,,) of Z
such that G is isomorphic to Iso(Z, (E,)).

First we will introduce some convenient terminology. Let us call a metric
space (M, ) rich if it satisfies the following two properties:

(i) (Rich 1) For each n > 1, the set of all (z1,...,z,) € M™ for which
the z; are distinct and the distances d(z;,z;),1 <1 < j < n, are distinct is
dense in M™.

(ii) (Rich 2) For all n > 1, given 2n distinct points 1, ..., Zn, Y1, .., Yn
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in M, there is a point u € M such that

Zé(:ﬁi,u) + Z 8(yi, u).

We now claim the following;:

Lemma 6.6. Let X be a locally compact Polish metric space. There is
a o-compact Polish space (M,8) which is rich, and is such that Iso(X) is
isomorphic to a closed subgroup of Iso(M).

We will assume this temporarily and proceed to the rest of the proof.
It follows from 2.3, and the remarks at the beginning of 2H, that there is
a sequence of closed sets R, C M®©") such that G is isomorphic to

Iso(M, (R,)).

Consider then the space M, = M©®") n >0, with the metric

3”
- = - - 1
=1

M, embeds isometrically to M,41 by jnn41(Z) = (Z,Z,Z). Let for each
m < N, Jmm = Jn—1,n 00 Jmmt1. Define finally the required space (Z, p) as
follows: Z is the disjoint union of the M,’s,

Z = |Mm,,

Let p|M,, = d,,. Finally, if z,y € Z with x € M,,,,y € M,, and m < n, let

plx,y) =14+ dy(fmn(2),y).

Clearly Z is a o-compact Polish metric space.

For each n > 0 and ¢ € Iso(M), let ¢, = ") be the induced isometry on
My, on(21, ... 230) = (@(21),...,¢(x3n)). Then the argument in the proof
of Sublemma 2.7, using now the richness of M, shows that there is a sequence

of closed sets (K, )ien such that if Iso(M), = {¢, : ¢ € Iso(M)}, then

Iso(M),, = Iso(M,, (K;.)).
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We can of course view each R,, as a closed subset of M,, and thus of Z. We
finally check that if (£, )-enumerates {M, } U{jo,(M)} U{K;,} U{R,}, then
Iso(M, (R,)) is isomorphic to Iso(Z, (FE,)).

Indeed, consider the map

oo = |en,

n

from Iso(M) into Iso(Z). It is clearly an isomorphism, so it only remains to
show that it maps Iso(M, (R,)) onto Iso(Z,(F,)). Clearly, it maps Iso(M,
(R,)) into Iso(Z,(FE,)). Conversely, let ® € Iso(Z,(FE,)). Let ¢ = ®|M, =
O|M € Iso(M). Let also for n > 1, ¢, = ®|jo,(M), so that up to identifying
M with jo, (M), ¢, € Iso(M) as well. Moreover as ®|M, preserves (K;,),
it follows that ¢, = (¢2),, for some ¢¥ € Iso(M). We check that ¢? =
@. Indeed, given = € M, p(z,jon(z)) = 1, so p(®(z), P(jon(z))) = 1. But
B(x) = p(z) and (o)) = don($2(2)), 50 plp(z),jon(h () = 1. But
the only point in M, that has distance exactly 1 from () is jon(e(z)), so
o(z) = ¢2(x). Thus we have that ®|M, = ¢, and since ®(R,) = R, it
follows that ¢(R,) = R,, so ¢ € Iso(M,(R,)) and & = ¢'.

So it only remains to prove Lemma 6.6.

Proof of 6.6. We start with the locally compact Polish metric space
(X, d). Recall the definition (in 2C) of (W, n),n > 1, for each Polish metric
space (W, o). We embed isometrically W into E(W,n) viai,(w) = f,. Define
then the metric space E'(W,n) as follows: E'(W,n) is the disjoint union of
W and E(W,n), E'(W,n) = W U E(W,n). The metric dgw,,) is equal to
oon W, to og(f,g9) = sup{|f(w) — g(w)| : w € W} on E(W,n), and for
we W, feEWn),dgwn(w, f) =1+ cp(i(w), f).

Now define inductively

M, = FE(X,1),
My = E'(My,n+1).
Up to the obvious identifications, each M, is, as a metric space, a subspace

Oan+1,
My C My CM; C ...

and finally we define
M =M,
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with distance say 4.

Every ¢ € Iso(X) has an obvious extension ¢* € Iso(M), and ¢ +— ¢~
is an isomorphism, so it is enough to check that M is a o-compact Polish
metric space, which is moreover rich.

This will follow from the following two sublemmas:

Sublemma 6.7. If (W, o) is a o-compact Polish space, then E(W,n) is
a o-compacl Polish metric space.

Remark. 1t is not true that if W is locally compact, then E(W,n) is
locally compact, if n > 2. A counterexample is, for example, E(R,2): The
function f(z) = |z| 4+ ag,a0 > 1, is in E(R,2) and has support {0}. For
each 1 > ¢ > 0,n > 1, the elements f, € E(R,2) with support {0,n},
and f,(0) = ao, fu(n) = a9 + n — ¢, are in the e-nbhd of f but they have
no uniformly convergent subsequence. So although we start with a locally
compact space X, we only end up with a o-compact space M.

Sublemma 6.8. For any Polish metric space (W,0), E(W,1) is Rich 1.
If (W,0) is Rich 1, so is E'(W,n), for any n > 1.

Granting these two sublemmas, it is clear that M is a o-compact Polish
space, being a discrete sum of such spaces, and it is also Rich 1 being an
increasing union of Rich 1 spaces. To check that it is also Rich 2, fix dis-
tinct points z1,..., 2., y1,...,y, € M. Then for some m > 2n,x{,...,x,,
Y1y« Yn € M,,. Then, by the argument in the proof of Sublemma 2.7, Claim
2, it is easy to see that there is u € E(M,,,m) C E'(M,,,m) = M,,1, C M,
so that D7 wu(z;) # Y, u(y;). But then, as 6(u, z;) = 14 u(z;), it follows
that >°0 6(u, ;) # > o, 8(u,y;), and we are done.

Proof of Sublemma 6.7. We have seen in 3.4 that E(W,n) is a Polish
metric space. For K C W, K compact, let E(K,n) = {f € E(W,n) :
f is supported by K}. It is clearly enough then to show that if for g €
E(W,n),e > 0, B%*(g) denotes the closed ball of radius ¢ with center g in
E(W,n), then each B#(g)NE(K,n) is compact. By the argument in the proof
of 3.4, it is closed. Now fix a sequence (f;) of elements of B%(g)NE(K,n) with
supports (Y;), where card(Y;) < n and Y; C K, in order to find a convergent
subsequence. Since the space of subsets of K of cardinality < n, with the
Hausdorff metric, is also compact, we can assume that ¥; — Y)Y C K,
card(Y) < n, where convergence is in the Hausdorff metric. We claim also
that we can assume, by going to a subsequence if necessary, that (f;(z))
converges for each x. To see this note that for each x € W, |fi(z) — g(z)] < €,
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so there is a subsequence of (f;) which converges pointwise at z. Then, by
the usual diagonalization argument, there is a subsequence, still called (f;),
such that (f;(z)) converges for all z in a countable dense set D C W. Then
we claim that (fi(z)) converges for all z. Indeed, fix § > 0 and y € D, with

o(y) < 6. Then |fi(x) — f3(2)| < i) — L) + 1) — Fi()|+ 1, () —
fi(o)| < 20(x,y) + |fily) — fi(y)]. So if n(d) is such that ¢,5 > n(d) =
7:5) — Fi(w)| < &, we bave |[:(z) — f,(2)] < 36, for i, j > n(6).

Let f(x) = lim fi(z). Then |f(2) — f(y)] < o(z.v) < f(x) + f(y) for al
z,y € W. If we can show that f has support Y and f; — f uniformly, then
we will be done.

To see that f has support YV, fix any € W. Then find y;(z) € Y;
such that f;(z) = fi(yi(z)) + o(z,yi(z)). By going to a subsequence, we can
assume that y;(z) — y € Y. Then

fi(z) = filyi(@)) + oz, yi(7))
= filyi(z)) — fily) + fily) — oz, yi(x)).

But |fi(yi(z)) — fi(y)| < o(yi(x),y), so, letting i — oo, we get
f(@) = [(y) +o(z,y).

Finally, we check that f; — f uniformly: Fix § > 0 and let N(§) be such
that ¢« > N(0) = (|fi(y) — f(y)| < §,Yy € Y, and the Hausdorff distance of
Vi, Y is < §). Fix now any x € Wi > N(§). Then

Jiw) = [(x) = inl {[i(y) + o(2,y)} — inl{f(y) + oz, y)}.
yeY; yeY
If the second inf is realized by y € Y, choose y; € Y; with o(y;,y) < §. Then

fi(z) = f(z) < (filys) + o(z,4:) = (f(y) + o(z,y))
= [ily:)) = fily) + fily) — fly) + o(x,y:) — oz, y)
< 20(yi,y) + 6 < 34.

Also switching the roles of f;, f in the above argument we have f(z)— fi(z) <
34, and the proof is complete. —

Proof of Sublemma 6.8. 1t is routine to verify that E(W,1) is Rich 1,
since (W, 1) is isometric to W x R with the metric

7((2,a),(y,0)) = [a = b + o(z,y).
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Now assume (W, o) is Rich 1, and let (zy,...,2,) € E'(W,n)™. Then
each z; is in the copy of W or in the copy of E(W,n). By renumbering
(which does not affect the argument below), we can assume that for some
0<i<myzq,...2; € Wand 2i41,...,2, € E(W,n). Write f; = 2,4;,1 <
7 <m —1. Since W is Rich 1 we can assume that the xy,..., z; are distinct
and have distinct distances o(zy,24),1 < k < £ <. Then, given € > 0, by
induction on j = 1,...,m —u we will construct f, fi # f;, V£ < j, so that its
distance from f; is < ¢, and the distances dg/(w,n)(2x, [7), dewn) (f1, £]), 1 <
k <i,0 < j,are all distinct and different from the distances o(zy, z4),1 <
k<t <i4,05(f;,f),1 <€ <p<y,and o(zg, f,),1 <k <4,p <y Let
Y ={y1,...,y. },r < n, be a support of f;. Put fj(y:) = ay,t < r. We
will take as a support of f7 the set Y. If we call fi(y;) = af, then the above
conditions amount to choosing o}, so that |} — ay| <,

o — o | < o(ye,ys) < af + af,

and moreover o, ..., o/ avoid some finite set of reals (we are using here that
each f],{ < j, has finite support). This is easily achieved, for example by an
argument similar to that used for Claim 1 in the proof of Sublemma 2.7. 4

We will now use this characterization to determine the complexity of the
orbit equivalence induced by a Borel action of Iso(X), where X is any locally
compact Polish metric space.

Theorem 6.9. Let H be the isomelry group of a locally compact separable
metric space. Let Y be a Borel H-space with orbit equivalence relation EY.
Then EY; is Borel reducible to graph isomorphism.

Proof. This proof requires detailed knowledge of Hjorth’s theory of tur-
bulence (see Hjorth [1999]). We will find it more convenient here to use the
exposition of Hjorth’s theory in Kechris [2000]. We will assume familiarity
with this paper and use its notation and terminology. Since we will make
repeated references to it we will abbreviate it below as K2.

Recall that a Polish group is called a GE group if any continuous and
minimal action (i.e., one in which orbits are dense) of this group on a Polish
space which has the property that it contains a (s orbit, is transitive (i.e.,
has only one orbit).

Hjorth [2000] has shown that any countable product [], G, with each G,
a locally compact Polish group is a GFE group. Moreover, he has shown that
every G F group satisfies the statement of Theorem 13.18 of K2.
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Now consider any Polish group K acting continuously by homomorphisms,
on a Polish group G via (k,g) — k-g. Then we can define as usual the semi-
direct product K x (G by taking as the underlying set the product K x (&
and defining the group operation by

(k1. g1)(k2, g2) = (kika, (k3" - g1)g2).

Equipped with the product topology this becomes a Polish group.

Now the proof of Theorem 6.1 shows that H = Iso(X) is isomorphic to a
closed subgroup of a semidirect product K x G where K is (isomorphic to)
a closed subgroup of S, and (G is a countable product of locally compact
Polish groups, so G satisfies Theorem 13.18 of K2.

Moreover, the action of K on G has a technical property that will be
important later on: There is a countable dense subgroup Go C G such that
for any £ € K,k -Gy = Go. To see this notice that in the notation of
6.1, K = [[,cn St and G =[], .y G and K is acting on G as follows:
(kn)nen * (n)nen = (kun - Tn)nen, where k, - ,(i) = z,(k 7 (i)). If we let
then G2 be a countable dense subgroup of 7, we see that we can take Gy =
{(gs) € Tl,.en G ¢ go = 1 for all but finitely many n, and g, = (¢/")ier,,
where ¢ = 1 for all but finitely many 7 and ¢ € G2, for all 7}.

Since, by Becker-Kechris [1996, proof of 3.5.1], E}; is then Borel reducible
to some Fy, 5, X a Borel K x G-space, it is enough to show that if X is a
Borel K x G-space, then Ex, . can be Borel reduced to graph isomorphism.,
By Becker-Kechris [1996, 5.2], we can assume that X is a Polish space on
which K x G acts continuously.

We will now apply the theory of Section 13 of K2. We will view K,
as usual as subgroups of K x (& (identified, resp., with K x {1}, {1} x G)
and we will denote by & - g the action of K on GG and by (k, g) - « the action
of K x G on X. Since (& is a subgroup of K x (G we can also view X as a
G-space. Again we write g-z (= (1, g) - ) for this action and we apply to it
the theory of Section 13 of K2.

First note that K, being a closed subgroup of S, has a countable basis
K closed under left multiplication by elements of K. We also fix a countable
dense subgroup Gy C G such that k- Gy = Gy, for all £ € K. Using these we
can find a countable open basis B for X, containing X, which is closed under
U go- U for go € Gy, and also under U — k- U = (k,1)-U for k € K. To
see this fix a countable open basis By for X, containing X, and let B consist
of all open sets of the form goN - Uy for Uy € Bg,g0 € Go, N € K. 1t is
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clear that B is closed under action by Gy. To see that it is also closed under
action by K, let k € K and goN - Uy € B. Then k- (goN - Uy) = kgoN - Uy =
(k-go)kN -Uy = g\N"- Uy € B, where g) = k- go € Gy and kN = N' € K.

Similarly we can find a countable basis N of symmetric open nbhds of
1 € G, containing (7, closed under V s goVgy"' for go € Go and V +— k- V,
for k € K. To see this take again Ny a countable basis of symmetric open
nbhds of 1 € G, containing G, and let N consist of all sets of the form
go(N - Vo)go_1 for Vo € Ny, g0 € Gy, N € K.

We fix 1-1 enumerations B = {Us}, By = {Us,i},Go = {90}, K = { N }.
(We can of course assume these are all infinite, without loss of generality.)
Then K acts on Gy x K by k- (go,N) = (k- go,kN) = pr((go, N)) and it
is easy to see that the map k +— p; from K into the group of permutations
of Gip x K (with the pointwise convergence topology) is an isomorphism, so
its range is a closed subgroup of this group. Thus (see Becker-Kechris [1996,
1.5]) we can find a relational structure 7; = (G x K, —) (in a countable
language) with universe Gy x K such that Aut(7z) = {pr : k € K}. Let also
T1 be the structure T; = (Bo, <), where Up; < Upy < 1 < 0.

Finally, let T be the structure with universe the disjoint union B U
Bo U Gy x K and the following relations: Three unary relation that define
B, By, Go x K resp.; < on Bg; the relations of 73 on Gy x K; and finally the
following ternary relation

R(U,Ug,(go,N)) & U e B, Uy € Bo, go € G,
NeK, and U = goN - Uy

(recall that B consists of all such goN - Up).

Clearly any k& € K gives an automorphism ©; of T, where ¢ (U) =k - U
for U € B, vx(Uy) = Uy, if Uy € Bo, ¥r((g0, N)) = (k- go, EN) = pr((go, N)).
(Recall here that & - (goN - Up) = (k- go)kN - Up.)

Conversely, if ¢ € Aut(7), then ¥ |Gy x K € Aut(73), so v = py, for
some k € K. Also ¥|By = identity. We claim now that (U) =k - U for all
U € B, so ¥ = ¥y. Indeed, given such U, write it as U = goN - Uy for some
go € Go, N € K,Uqy € By. Then we have that

R(U,Uo, (90, N))

holds. Thus
R(y(U), (Vo) % ((g0, N)))
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holds, i.e.,

For each z € X consider now the following structure 7°(z) which is a
modification of the structure M°(x) in Section 13 of K2. The universe of
T°z) is the disjoint union of the universe of M°(z) (which consists of all
elements of the form (U, V,O(y, U, V)), where U € B,V € N,y € [z](= G z)
and O(y, U, V) refers to the (U, V)-local orbit of y in the G-action) and the
universe of 7. We write O(U, V') instead of O(y, U, V) if it is not important
to exhibit y. The relations of 7°(z) are as follows: We have two unary
relations that determine the universes of M%(z), T, resp. We have the follow
binary relation on the universe of M°(z)

(U, V,oU,V)) < (U V,oUu' v) < U CUV CV,O0WU,V)C oW, V.
Finally, we have the following binary relation (on the (universe of M%(z))x B)
S(U,V,0(U,V)),U;) & U;Nn O, V) £ 0.

(recall that B = {U,}). By comparison the structure M°(z) in Section 13
of K2 has the same binary relation < but instead of S it has a sequence of
unary relations R, given by the above formula for S, for each fized /.

Let us note now that if k € K,

k-Oy,U,V)=0k y,k-Uk-V) (*)

and so k gives rise to an isomorphism 8y : T°(z) — T°(k - z), where 6 is
defined by 0, (U, V,O(y,U,V)) = (k- U, k-V,k-O(y,U,V)), and 6 = ¢}, on
the universe of 7.

Let now zE%X, cy. Then x = k- (g-y) for some k € K,g € GG. Since
M°(y) = M°g - y), it follows that T°(z) = T°y). Conversely, assume
now that 7°(z) = T°(y), say via an isomorphism §. Then clearly 0|T €
Aut(7), where T" = universe of 7. Thus there is k € K with 0|T = .
Consider z = k™' - y. Then 81 : T°(y) — T°(2) is an isomorphism and, as
0r—1|T = -1, it follows that 6,-1 08 : T°(x) — T°z) is an isomorphism
with (-1 0 0)|T = -1 0 ¢y = identity. It follows that 6,-1 o @ restricted
to the universe of M°(z) is an isomorphism between M°(z), M°(z), so, by
Section 13 of K2 ¢, = ¢, and thus, by Theorem 13.18 of K2, zEZ z, i.e.,
dgeGwithg-z=x,502 =g 2z=gk -y, thus 2%, 5.
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So we have shown that
B oy = T(x) = Ty).

Now in order to “encode” M°(z) (up to isomorphism) by a structure
with universe N, and do that in a Borel way, one goes through a series of
technical manipulations (described in Section 13 of K2), which eventually
replace M°(z) by a structure ./\;i(l‘) (see 13.8 of K2). Using ideas as before,
one can replace the structure A;i(:r:) by a structure 72(:[}) by a procedure
similar to the one that produced 7 (z) from M(z). It follows that z 72(:[})
is Borel (T (x) is now a structure with universe N) and zE5, oy < T(z) =
7~d(y), so this shows that Fy,s; can be Borel reduced to isomorphism of
structures with universe N (in some countable language) and thus to graph

isomorphism. —

We conclude this section with an application concerning a seemingly new
proof of the existence and uniqueness of isometry invariant measures on lo-
cally compact separable metric spaces, which generalizes the concept of Haar
measure.

The following result is known and is in fact a special case of a result of
Loomis [1949], Theorem 10. Our proof below, based simply on the existence
and uniqueness of Haar measure, may be though of some interest. (We would
like to thank Slawek Solecki for guiding us to the relevant literature here.)

Theorem 6.10. (A special case of Loomis [1949]) Let X be a locally com-
pact separable metric space. For every subgroup G C Iso(X), the following
are true:

i) (FEristence) There is a G-invariant Borel measure yu on X such that
p(K) < oo for each compact subset K C X (so, in particular, 1 is o-finite
and regular).

ii) If there is a point in X whose G-orbit is dense, then

a) u(V) > 0 for each open nonempty V. .C X.

b) (Uniqueness) If v is any Borel measure on X which is G-invariant and
satisfies p(K) < oo for each compact K C X and u(V) > 0 for each open
nonempty V. C X, then v = cu for some positive real c.

Proof. i) Fix a pseudo-component Cy of X and a point zg € Cy. Recall
then, from 5.6 i), that Iso(Cy) is locally compact. Denote then by G the
closure in Iso(Cy) of the group

{g € Iso(Cy) : Jp € G(p(Cy) = Cy and ¢|Cy = g)},
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of all elements of Iso(Cy) which extend to an isometry in (G. Then Gy is also
locally compact, and we fix a left-invariant Haar measure pg, on Gy. Let
7 : Gig — Cy be defined by mo(g) = g(x0), so that 7(Go) = Go(z0) = To, the
Gg-orbit of xg. Use this to define the Borel measure pg on Cy by

po(A) = pg, (75 (A)).

Clearly po concentrates on Ty, which by 5.6 ii) is a closed subset of Cg.
Note that if K C Cy is compact, then 7;'(K) is compact, by 5.6 ii), so
to(K) = pa,(m5'(K)) < co. Also if V C Cy is open and V N Ty # 0, then
751 (V) is an open nonempty subset of Go, so po(V) = ug, (75 (V)) > 0.

We will now extend pg to a measure on X. First notice that if ¢ € (G, then
©(Tp) is contained in a simple pseudo-component C' on X and ¢(Cy) = C.
We now claim that if ¢,v € G and ¢(1}), (1) are contained in the same
pseudo-component of X, say C7, then actually ¢(7Ty) = (7). Indeed, if
G4 = the closure in Iso(Cy) of {g € Iso(Cy) : Jp € G(p(Cy) = Cy and
©|C1 = g)}, then it is not hard to check that ¢(75) = the Gy-orbit of ¢(xg) =
Gr(p(20)), ¥(To) = Gi(y(20)). Since (o) = Y~ (¢(20)), and Y™ € G,
it follows that G1(¢(z0)) = G1(¢¥(x0)), so ¢(To) = ¥(Tp). It follows that
{o(To) : ¢ € G} is countable, so let {¢,} C G (a finite or infinite set) be
such that {¢,(Ty) : n € N} is a 1-1 enumeration of {¢(7h) : ¢ € G}, with ¢
= identity.

Now define for each Borel set A C X,

n(A) =) ol (AN u(Th))).

It is clear that p is a Borel measure. If K C X is compact, then K is
contained in only finitely many pseudo-components of X, so the above sum
defining po( K) is finite. Moreover in each summand po(p; (K N p,(Tp)) is
finite, as the set v, (K N w,(To)) = ¢, (K) N Ty is compact. Thus p(K) is
finite.

Finally, to verify G-invariance, let A C X be Borel and ¢ € G, in order
to show that u(A) = u(p(A)). We can clearly assume that A C ¢,(7p) for
some n. Then ¢(A) C ©(pn(Th)) = ©m(To), for some m. Thus

1(e(A)) = po(eer (2(A)).

Now ¢t owop, € G sends Ty to Ty, so also Cy to Cy, therefore p ' o wo
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©n|Co = 0 € Gy. Thus
p(p(A)) =

(¢n'(A))

(
o(en! 0w opn(e;(A))
(0
(er'(A4))

which completes the proof of i).

ii) We now take, in the construction described in i), 2o to be a point such
that its G-orbit, Gig(zo) is dense in X.

a) Let V' C X be open-nonempty. Then for some ¢ € G, p(x¢) € V. In
particular, for some n, V N, (7o) # 0, and so o' (V N . (To)) = ¢ (V) N
Ty £ 0, thus u(V) > polgs (V1 gulTo))) > 0.

b) Fix such a measure v. Our hypothesis about zq clearly implies that
for any pseudo-component C, there is ¢ € G with ¢(Cy) = C. From this,
and the G-invariance of u,v, it follows that it is enough to show that there
is a positive constant ¢ such that (v|Cy) = ¢(u|Co), i.e., for each Borel set
A C Co,v(A) = cu(A) = cuo(A).

Now clearly Tj is dense in Cy and, as it is also closed, we actually have
that Cy = Ty = Go(zg). Moreover, if Ko = {g € Gy : g(x0) = 20}, by 5.6, Ky
is compact and the map m(g) = g(zo) from G onto Cjy is both continuous
and open. Fix the normalized Haar measure pg, on Ky (so pr,(Ko) = 1).
We will use pg,,v|Co = vo to define a left-invariant measure on Gy.

Fix B C (. For each 2 € Cy consider ny'(z) = gKy, for any g € Gy
with g(z¢) = z. Then g"Y(BNnay'(z)) = g (BN gKy) = g ' BN K, C Ko,
and it is easy to check, using the Ky-invariance of pg,, that if gKy = h Ko,
then ug,(¢7' BN Ko) = pur, (R~ BN Ky), so

fB(2) = pro (g7 (BN gkKo))
is well-defined. Clearly fg: Cy — [0, 1] is a Borel function. Finally, define

po(B) = | p(@)dvo(z).

Clearly po is a Borel measure on (. Notice also that fg(z) # 0 = BN
Ty (z) £ 0 = z € mo(B), so actually

ool B) = / @)
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If now K C Gy is compact, then mo( K') is compact, so vo(mo(K)) < oo.
Thus po(K) < oo. If V. C Gy is open, then mo(V) is open in Cy, thus
open, so vo(me(V)) > 0. Also for each z € mo(V),V N 75" (X) is open in
Ty (x), so if gKo = 75" (z),g”(V N 75! (x)) is open in Ky, so fp(z) =
pi, (g7 (V Ny (2))) > 0. Thus po(V) = fm(v) fv(x)dve(z) > 0.

We will finally show that pg is left-invariant. Granting this, we conclude
that there is a constant ¢ > 0 with pg = cpg,. Now if A C () is Borel and
B = 7' (A), then cug,(B) = po(B) = fA fe(z)dv(z) = fA ldv(z) = v(A).
Also p1o(A) = py (B), so v(A) = cuo(A) and the proof is complete.

To verify left-invariance: Fix g € Gy. By definition of Gy there are
on € G, with ¢,(Co) = Cy, such that if g, = ¢,|Co, then g, — ¢ in Gy,
i.e., g, — ¢ pointwise. Assume that we could show that pg is invariant
under left-translation under any g¢,. Then we claim that py is invariant
under left-translation by ¢g. By regularity of pg it is enough to verify that
po(U) = po(gU) for each open U C Gy and as po(U) = sup{ [ fdpo : [ is
continuous with compact support contained in U}, it is enough to verify
that [ fdpo = [ fydpo, for every continuous function f on G with compact
support, where f,(h) = f(g~'h). Since pg is invariant under left-translation
by any g,, it follows that [ fdpo = [ f,.dpo for each n, i.e., [ f(h d,oo( )=
[ f(gz h)dpo(h). Now as n — oo gnlh — g7'h, so f(gnlh) — f(g~'h) for
each h. Moreover, if f,(h) = f(g;'h), then the support of f, is g, K, and
L =U,(9.K)UgK is compact, so |f,| < |flxr. and [|f|xrdpo < oo, thus
by Lebesgue Dominated Convergence, [ f(g;'h)dpo(h) — [ f(g='h)dpo(h),
so [ fdpo = [ fydpo.

Finally, we have to verify that if ¢ € G, p(Co) = Co and we set gy =
©|Co, then pg is invariant under left-translation under go. Fix a Borel set
B C Gy. Then we have that for each y = g(x) € C,

JoB(2) = iy (g~ (goB NgKo))

= 1K, (97 90BN Koy)

= 11, (9™ 9o(B N g5 ' g Ko))
= fa(g5 ' (z)).
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So
po(goB) = i foon(T)dvo(z)

= | felg5"(z))dvo(x)

= [ Suterinto
= pO(B)7

by the fact that v is G-invariant, and so 14 is invariant under gp. .

7 Isometric classification of locally compact
spaces

We will present here Hjorth’s proof of our conjecture that isometry on pseudo-
connected locally compact Polish metric spaces is Borel bireducible with the
universal countable Borel equivalence relation (similarly for connected or
Heine-Borel locally compact spaces.)

Theorem 7.1. (Hjorth) The equivalence relation of isometry of pseudo-
connected locally compact Polish metric spaces is Borel bireducible with the
universal countable Borel equivalence relation, E.,. The same also holds
for isometry on connected, Heine-Borel, and connected Heine-Borel locally
compact Polish metric spaces.

Proof. It is not hard to see that K., can be Borel reduced to isometry
of connected Heine-Borel locally compact Polish spaces. It is a result of
Jackson-Kechris-Louveau, see, e.g., Hjorth-Kechris [1996, p. 241], that K.,
is Borel bireducible with isomorphism on countable locally finite trees with at
least one pending vertex (i.e., countable connected acyclic graphs in which
every vertex has finitely many neighbors and there is at least one vertex
with only one neighbor). Now every such tree can be viewed as a locally
compact Polish metric space in such a way that isomorphisms correspond to
isometries: View each edge as replaced by a copy of the interval [0,1] and
define the distance in the usual way. Clearly this space is both connected
and Heine-Borel.
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It remains to show that isometry on pseudo-connected locally compact
Polish metric spaces is Borel reducible to F.,. As usual we will identify the
class of pseudo-connected locally compact Polish metric spaces with the set

FPe(U) = {F € F(U): F is pseudo-connected locally compact}.
We also let

Fplc([U) = {F € F(U): F is almost locally compact
and Core(F') is pseudo-connected}.

It is easy to see that FPZC(U) is Borel. (It appears that F?"(U), which is
clearly co-analytic, is not Borel, although we have not verified this. It is easy
to see that {F € F(U): F is locally compact} is co-analytic but not Borel.)
Also clearly F?'(U) C Fplc([U) and for Fy, Iy € Fplc(U).

Fy =, Fy, & Core(Fy) =; Core(F3).
First we will verify that 2; on F?'*(U) is Borel. Let

P(Fl,FQ,iCl,ZEQ) A Fl,FQ € Fplc([U),l’l € COI’G(Fl),CL’Q € COI‘G(F&)7
(Core(F1), 1) =, (Core(Fy), x2).

Then P is Borel, since, in the notation of 5.7, if z; € Core(F}), x2 € Core(Fy)
(Core(F1), 1) = (Core(Fy), x2) & L(Core(Fy),z1) = L(Core(Fy), x2)

and it is easy to see that L(Core(F'), z) is Borel on {(F,z) : F € Fplc([U), xE
Core(F)}. Now Fy =, Fy & Jxy, 22 P(F1, Fy, 21, x4), and the sections

{(l’l,.’ﬂg) < [U2 . P(Fl,FQ,{El,.TQ)}

are o-compact by 5.9, so by the Arsenin-Kunugui Theorem (see Kechris [1995,
35.46]), =; on FP(U) is Borel.

Next we will find a standard Borel space {2 and a Borel map .J : Fplc(lU) —
Q) such that for any F, F, € Fplc([U):

(i) JI[{H : H = F}] is countable,

(i) i % Fo=J{H :H=ZF}NJ{H: H=F}]=0.

Then by a result of Kechris (see, e.g., Hjorth [oo, 5.2]) &, on Fplc(U) can
be Borel reduced to a countable Borel equivalence relation, therefore to £,
and thus so can =; on F?(U).
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To construct these J,Q we will use the functions K, (X, z), L(X, z)
introduced in the proof of 5.7. We will need first a few lemmas establishing
some properties of K, ,,. If there is no danger of confusion we will simply
write K, () instead of K, ,,(X,z). We will also give the arguments in case
X is not Heine-Borel, the other case being similar.

Lemma 7.2. Let (X, d) be a pseudo-connected locally compact separable
metric space. If x; € X,1 € N, and z; - o, € X, then

Kom(2oo) 2 Tlim; Ky (24),
where T'lim; F; = {x € X : every nbhd of x meels F; for infinitely many i} is
the topological upper limit of (F;).

Proof. Let u € T'lim; K, (z;). Then u = lim; u;, where u; € K, (),
no <ni < my < ... Sayu; = (d(y;, y)) (p(yi)), where 0 < k, 0 <m—1,y5 =
Tp,ys € K,(z,,). Then each yi,1 < k < m — 1, is the end of a chain
(Yi)os -5 (Yp)n, where (y3)o = @, d((y3)is (Yi)i+1) < H57p((y3);). Then

all of the points (yi);;7 = 0,1,..., are in K,4i(7.) if 7 is large enough,
so there is a subsequence ig < iy < ... such that (y;”); — (gx);, so also

vy — k. Then (Jr)o = 2o and thus gy € K,(7s). Also §o = 2, and
wi, = (d(Gr, J) N (p(Ur)) € Kpm(Too), 50 u € Ky (T0g). -

Lemma 7.3. [In the notation of 7.2, x — K, .(x) is a Baire class 1
function on X and thus so is v — L(x).

Proof. It is enough to show that if # C R™*™ is closed,
{reX: K,m(z)NF #0}

is closed. So let z; € X,z; — zo be such that K, ,.(z;) N F # 0. We
have to show that K, ,.(z.) N F # 0. Fix u; € K, n(z) N F;, say u; =
(d(yr,ye)) (p(yr)), with 0 < kf < m — 1,2 = Yo,Y1,---Ym—1 € Ku(z;).
Then for large enough 7, x;,y1,...,Ym-1 € Kut1(2s) and so {u;} belongs in
some compact set, therefore has a converging subsequence u,,, — u. Clearly
w € Thm Ky, () N F C Kym(2ao) N F, by Lemma 7.2. =

Lemma 7.4. Let (X,dx),(Y,dy) be pseudo-connected locally compact
separable metric spaces. If v; € X,i € N, and x; — o and if L(X,z;) —
L(Y,y) for somey €Y, then L(X,z) = L(Y,y).

Proof. We have to show that K, ,,(y) = Ky m(2s) for all n,m. Now

Kom(2oo) 2 Tlim; K, (24)
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and
K, p(zi) = Ku(y),

SO

Kom(y) = Thm Ky (7)) C Ky (200).
So it is enough to show that
I(n,m(xoo) g [(n,m(y)-

Let u € K, ,n(2), so that

u = (dx (v, ve) J (px (vk)),

V0 = Tooy Uly- vy Um € Kp(Too). Let v = 2,07, ..., up T = vy be such that
dx (v}, vh4,) < #px(vi). Then for : large enough

0 __ 1.2 n+l
'Uk — $i7vk7vk7 .. Uk — Uk

witnesses that vy € K,41(x;), so that the sequence

(1) T, (Uﬁ)ogzgnﬂ,gkgm

isin K41 (z;) and thus the “(d( )J'(p())” of that sequenceis in Ky 41 m(ng1)41(2:)-
Then we can find '
(2) Y, ((U(Z))i)OSZSn—I—LISkgm

in K,4+1(y) so that the “(d( )f(p( ))” of (2) is within

S dH([(n—}—l,m(n—}—l)—}—l (CL’), I(n—}—l,m(n—l—l)—}—l (y))

from the “(d( )Y (p( ))” of (1), where dg denotes the Hausdorff distance.

As K,11(y) is compact, we can assume (by going to a subsequence) that
(v@)e — of, with & € K,41(y). Since

di(Kns1 mnt1)+1 () Kot mng)+1(y)) = 0

it follows that ' '
|dy (vD)g, (vD)}) — dx (vg, vg)| — 0,
0

so since dx(v),v}) = dX(.Too,l") — 0, it follows that dy(( )k (U ) ) —

dy (2,9}) = 0,50 8 = &}. By asimilar argument, dy (¢}, o:T") = dx (vE,vi™),
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1 ~n+1

py (0%) = px(vi). This shows that the sequence (89 =) of, 0%, ..., 01" wit-
nesses that o, = 977" € K,(y). But also the “((d( ))f(p( ))” of the se-
quence Y, V1, ..., 0n (bemg the limit of the “(d( )f(p( ))” of the sequence
y, (v (U(l));"'l) is equal to the “(d( )Y (p(

Vly. vy Um, 1€, 18 equal to u, thus u € K, . (y). =

))” of the sequence .,

Below we will denote by I the Polish space

I=J[K®™*m)

n,m

and we will fix a countable open basis U = {U,,} for I.

Lemma 7.5. Let X be as in 7.2. Fiz x € X,0 < e < p(x),0 >0. Then
there is U € U containing L(x) such thal for any 1 € B.(x) with L(z,) € U,
there is x9 € Bs(x) with L(x1) = L(xg) (i.e., (X,21) = (X, 22)).

Proof. If this fails, then fix a decreasing sequence U,, € U with {L(z)} =
M, Un and find z,, € B.(z) with L(z,) € U,, so that

Vu € Bs(x)(L(u) # L(zn)). (%)
Since € < p(x) we can assume that z, — z.. Also clearly L(z,) — L(z),
so by Lemma 7.4, L(zs) = L(z), so (X,z) =, (X, 2), say via the isometry
. Then for large enough n, d(z,,1.) < 9§, so d(p(z,), p(rs)) < 4, so
o(z,) € Bs(x) and L(p(x,)) = L(z,), contradicting (*). 4

For fixed U € U,e € QF, let Xy, = {x € X : L(z) € U, p(z) > 2¢}.
Define then the following equivalence relation on X :

tRy.y < Jxg =z, 21,...,2, =y with z; € Xy, and d(z;, z,41) < €.

Let Ox(z,U, €) be the Ry .-equivalence class of x € Xy .. Clearly each Ox is
open in Xy, so there are only countably many Ox(x, U, €), as x varies over

X, U over U, and € over Q7.
Put

Tx(z,Ue) & Uel,ecQt ze Xy, Vo, € Bo(z){L(z,) €U
= Jdxy € B.(x)[L(x1) = L(x2)]}.

Thus, by Lemma 7.5,
Ve e X3U, e Tx(x,U,€).
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Now notice that if Tx(z,U, €¢) and u € Ox(z, U, €), then there is v € B,(z)
such that L(u) = L(v). Indeed, using the definition of Tx, we see that if
To=T,xq,...,T, = u are in Xy, and d(zy,2;41) < €, then, by induction on
k, we have that there is &) such that &, € B.(z) and L(&;) = L(x). Put
V= I,.

We use this to show

Lemma 7.6. Let X, Y be pseudo-connected locally compact Polish metric
spaces, U,V € U,e,§ € QF and z € X,y € Y be such that they satisfy
Tx(z,Uy€), Ty(y,V,8). Then if L(Ox(z,U,€)) = L(Oy(y,V,d)), we have
X =Y. (Here L(Ox(z,U,¢)) = {L(X,u) :u € Ox(z,U,¢€)}.).

Proof. We have L(y) € L(Ox(z,U,¢€)), so find &, € Ox(x,U,€) with
L(z,) — L(y). Then, by the preceding remarks, there is z, € B.(x) so
that L(z,) = L(&,). Since B.(z) has compact closure, we can assume that
Tp — Too, 50 by Lemma 7.4, L(z.) = L(y), thus (X, 2+) = (Y,y) and, in
particular, X =; Y. =

Now put
T((F,z),Uje) e F € Fplc(U),:L‘ € Core(F), Toore(ry(, U, €).

Then T is co-analytic (in EP¢(U) x U x U x Q%), since isometry orbits
in Core(F') are closed in Core(F'), thus o-compact in U. So, by Number
Uniformization, we can find Borel functions U(F,z),e(F,z) such that for

F € FP(U), 2 € Core(F),
T(F,z),U(F,z),eF,z)).

Finally, fix a Borel function G : FPZC(U) — U with G(F) € Core(F), let
Q) = F(I) = the space of closed subsets of I, and define .J : F?'(U) — Q by

J(F) = L(Ocore(r) (G(F), U(F, G(F)), e(F, G(F))).
First, it is clear that
JH{H : HZ; F}]

is countable, and, from Lemma 7.6, we see that if J[{H : H =, Fi}|NJ[{H :
H =; Fy}] # 0, then F} =; F,. Since it is easy to calculate, using 7.3 and
the remarks preceding 7.6, that .J is Borel, our proof is complete. =
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Remark. A similar argument also shows that isometry on locally com-
pact Polish metric spaces with only finitely many pseudo-components is Borel

bireducible with F ..

The preceding result combined with 6.9 has an implication concerning the
classification of the isometry equivalence relation on general locally compact
Polish metric spaces. We will omit the proof which heavily uses the theory
of turbulence as developed in Hjorth [2000], in combination with 6.9.

Theorem 7.7. (Hjorth) The equivalence relation of isometry on locally
compact Polish melric spaces is reducible by a provably Ay function to graph
isomorphism (and thus it is bireducible by such functions to graph isomor-
phism).

Finally, we conclude with the observation that isometry on the class of
almost locally compact Polish metric spaces is Borel bireducible with isom-
etry on the class of locally compact Polish metric spaces. This follows easily
using the argument establishing "G4 C G2” in the proof of 6.3.

8 Some analogies with the model theory of
countable structures

In Lemma 2.3, we characterized every closed subgroup of Iso(X), where X is
a Polish metric space, by an infinite sequence of closed subsets of X”(n > 2).
This is analogous to the result for closed subgroups of S, see, e.g., Becker-
Kechris [1996], 1.5. In fact, if we endow the space N with the trivial metric
(ie., d(z,y) = 1, if z # y), then S, is exactly Iso(N), and Lemma 2.3 is
indeed a generalization of the results about S.

Similarly, our Lemma 2.4 can be viewed as an analogous result to Becker-
Kechris [1996], Theorem 2.7.3, with the Urysohn space U replacing N.

More explicitly, one can view a structure of the form (X, R,)nen, where
(R,) is a sequence of closed relations on X of various arities, as an analog
of a structure of the form (N, S, ),en, where (5,) is a sequence of relations
on N of various arities, and where the notion of an isomorphism between
structures of the form (X, R,)nen, which are actually isometries, replaces
the notion of isomorphism between structures of the form (N, S, ),en.

These analogies suggest that actions by groups of isometries might in
many ways resemble the logic actions. Nevertheless, there are also notice-
able differences between actions of Iso(U) and those of S,,. For example, our
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Corollary 2.8 established that the action of Iso(U) on F(U) induces a univer-
sal equivalence relation for all other orbit equivalence relations (in particular,
for those induced by Iso(U) actions). However, the action of S, on F(N)
can be easily seen to induce a concretely classifiable equivalence relation,
therefore it is not universal for orbit equivalence relations induced by S,
actions.

In the rest of this section we prove a generalization of our Lemma 2.4 and
Theorem 2.7.3 of Becker-Kechris [1996]. As a corollary we give a universal
action of U(H ), the unitary group of an infinite dimensional complex Hilbert
space H.

Let G be a Polish group acting continuously on a Polish space X. The
action of G on X induces a Borel action of G on the product space [, F/(X").
We are going to give a sufficient condition for the product space to be a
universal Borel G-space, i.e., to have the property that for any Borel G-
space Y there is a Borel G-embedding f of Y into [], F/(X"), that is, f is a
Borel embedding such that, for any g € G and y € Y,

flg-y) =9 ()

Note that the orbit equivalence relation for a universal Borel G-space is
necessarily universal among all orbit equivalence relations induced by Borel
G-actions.

To give the sufficient condition we need some notation first. For n €
N, 7 = (z1,2q,... ,2,) € X" and 0 = (O1,04,...,0,) an n-tuple of open
sets in X, we let

Vg(f,é):{QEG:Q-J%EOZ’,\V/lSZ’Sn}.

Val(Z, 6) is an open subset of GG. Let D C X be a countable dense subset of
X and A a countable basis for the topology of X.
Let
Ba(D, A) = {Vg(7,0): i€ D*,0 € A*,n € N}.

Then the topology of GG generated by Bg(D, A) is smaller (coarser) than the
original topology on G.

Theorem 8.1. Let GG be a Polish group acting continuously on a Polish
space X. If for some countable dense subset D of X and countable open
basis A of X the set Bo(D, A) is an open basis for G, then [ F(X") is a

universal Borel G-space.
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Proof. For any # € X", let |Z| = n. Let

Y= ] Fx™)

feD<N

Since D<M is countable, Y is Borel isomorphic to HneN(F(X”)N) as a Borel
G-space, and Y is Borel isomorphic to Y as a Borel G-space. It is easy
to see that Y is Borel isomorphic to a Borel subspace of [], .y F'(X") as a
Borel G-space. Hence by the proof of Becker-Kechris [1996], Theorem 2.6.1,
it suffices to show that there is a Borel G-embedding of F(() into Y.

We define such an embedding ¢ as follows. Fix C' € F((). For each
£ e DN et

U =| {01 x ... x 0, : Va(3,0)n C = 0}
Note that US is an open subset of X% Then let
9‘9(0) = <X|f| \ Ug)56D<N€ Y.

We claim that ¢ is as required.
To see that ¢ is an embedding, let Cy,Cy € F(G) and assume Cy # Cs.
Since Bg(D, A) is an open basis for (7, we may assume that there are 7 € D<

and O € A such that
Va(Z,0) N Cy = 0 but Va(Z,0) N Cy # 0.

Then, by the definition in the preceding paragraph, we have that Oy x ... x
Oz C Ufcl. To see that ¢(Cy) # ¢(Cy), it suffices to verify that O x

x O € Ufcz’. Assume not. Let g € Vg(Z, 6) Then there is W with
Val(Z, _)) NCy=0and g-z;, € W;,Vi < |Z]. Thus g € V5(7, W) and hence
g ¢ Cy. The argument shows that V(7,0) N Cy = (), contradicting our
assumption.

It is straightforward to verify that ¢ is a G-map. The only point to check
here is that for any g € G, %, and O,

g- VG(fa 6) = VG(fag : 6)

It remains to show that ¢ is Borel. For this it suffices to show that for any
7€ DN and V oopen in Xl the set {C' € F(G): (C)zNV # 0} is Borel
in F(G). Furthermore, it is enough to check this for V.= 0; x ... X Ojg, a
basic open set, where O € A7, The following claim establishes this.

Claim. ¢(C)z N (01 x ... x Oz) £ 0 & C N Vg(Z,0) # 0.
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(=) Suppose p(C)zN(O1%...x0z) # 0. We then have that Oy x...xOz €
US. Therefore, Va(7, 6) N C # 0, by the definition of U

(<) Suppose Va(Z,0) N C # 0. Then (O x ... X Oiz) € UZ by the same
argument as for the injectivity of ¢. Therefore, p(C)z N (O x ... X
Opn) # 0.

This completes the proof of the claim, hence the theorem. a

Corollary 8.2. Let X be a Polish metric space and G a closed subgroup
of Iso(X). Then the Borel G-space [[, F'(X™), with the evaluation action, is

a universal Borel G-space.

Proof. It is enough to verify the condition of Theorem 8.1 for GG. First
of all, it is obvious that the evaluation action of G on X is continuous. Now
let D be an arbitrary countable dense subset of X and A an arbitrary open
basis for X. Let § be the metric on X. Assume § < 1. Enumerate D as
dy,dsy, . ... Since the topology on (i is the pointwise convergence topology, a
compatible metric for G is

| —

do(f,9) =Y 5:0(f(d), 9(dy)),

=1

[SW]

for any f,g € G.
To see that Bg(D, A) is an open basis for (, it suffices to show that for

any f € GG and € > 0, there are £ € D< and O € A such that
feVa(z,0)C{geG: dalf,g) <€}

For this let N € N be such that >, v o < 5. Let @ = (dy,... ,dy) and

O = (04,...,0n) € AN be such that f(d;) € O;,Vi < N, and diam(0;) < 5
It is then easy to check that this choice of ¥ and O works. =

This corollary is obviously a generalization of our Lemma 2.4. It is also
a generalization of the Becker-Kechris [1996] theorem about universal S,-
actions since we can again take X = N.

Another example in which Theorem 8.1 applies is to the action on the in-
terval [0,1] C R by its group of homeomorphisms denoted by H([0,1]). This
is an example where the action is not by isometries on the underlying space.
Furthermore, notice that for the action of H([0,1]?) on [0,1]* the condition

79



of Theorem 8.1 fails. Thus we do not know if the space [], F([0,1]*") is a
universal Borel H([0,1]?)-space.

Finally notice that Corollary 8.2 applies to the unitary group and the
orthogonal group.

Corollary 8.3. Let H be a separable infinite-dimensional complex Hilbert
space and U(H) be the group of unitary operators on H. Then the space
[I, F(H"™), with the evaluation action by U(H), is a universal Borel U(H)-
space. Similarly, let R be a separable infinite-dimensional real Hilbert space
and O(R) be the group of orthogonal operators on R. Then the space [, F(R"),
with the evaluation action by O(R), is a universal Borel O(R)-space.

Proof. Simply note that the strong operator topology on U(H) or O(R)
coincides with the pointwise convergence topology. This makes U(H) (resp.,
O(R)) a closed subgroup of Iso(H) (resp., Iso(R)), as required by Corollary
8.2. a

9 Open Problems

In this final section, we discuss some open problems and directions for further
research.

As mentioned in the introduction, there are two open problems about
locally compact Polish metric spaces and 0-dimensional Polish metric spaces.

Problem 9.1. Determine the exact complexity (in the hierarchy of Borel
reducibility) of the isometry of locally compact Polish metric spaces.

As explained earlier, the conjecture here is that it is Borel bireducible to
graph isomorphism.

We also do not know the complexity of isometry in another subclass,
namely homogeneous locally compact Polish metric spaces. We do not even
know if it is concretely classifiable.

Problem 9.2. Determine the exact complexity of the isometry of 0-
dimensional Polish metric spaces.

An analogous problem is the classification of compact metric spaces up
to homeomorphism. Hjorth [1999] has shown that this equivalence relation
is strictly above graph isomorphism. Also it is known (Kechris-Solecki) that
homeomorphism of compact metric spaces is Borel reducible to an equiv-
alence relation induced by a Borel action of a Polish group. In fact, the
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Banach-Stone Theorem (see, e.g., Semadeni [1971], 7.8.4) implies that, for
compact metric spaces X and Y,

X and Y are homeomorphic
& C(X) and C(Y) are isometric Banach spaces
& C(X) and C(Y) are isometric as Polish spaces,

where C'(X') denotes the space of all continuous functions from X into R with
the supnorm (metric). It is easy to see that the map X — C(X) is Borel.
Thus by 2D, we have an alternative proof of the fact that homeomorphism
of compact metric spaces is Borel reducible to an orbit equivalence relation
induced by a Borel action of a Polish group. We also see that linear isometry
of Banach spacs is above homeomorphism of compact metric spaces. This
leads to the following problems.

Problem 9.3. Determine the exact complexity of homeomorphism of
compact metric spaces.

Problem 9.4. Determine the exact complexity of isomorphism of sepa-
rable Banach spaces.

Problem 9.5. Determine the exact complexity of linear isometry of
separable Banach spaces.

On this last problem the study of the Gurarii space might be relevant.

It might be worth pointing out here that Problem 9.3 bears deeper analo-
gies to the isometry of Polish metric spaces than we have mentioned above.
Just as the Urysohn space is an isometrically universal Polish space, the
Hilbert cube is a universal Polish space with respect to homeomorphic em-
beddings (see Kechris [1995]). Compared with the fact that Iso(U) is a
universal Polish group, the group of homeomorphisms of the Hilbert cube is
a universal Polish group as well. Also, by results of Megrelishvili [1996] and
Becker-Kechris [1996, 2.6.6], every orbit equivalence relation induced by a
Borel action of a Polish group is Borel reducible to the orbit equivalence rela-
tion of the evaluation action of some closed subgroup of the homeomorphism
group of the Hilbert cube on the Hilbert cube. Analogously, the techniques
in our section 2E yield the following result for actions by isometries.

Proposition 9.6. Let X be a Polish melric space and G a closed subgroup
of Iso(X). There is a closed subgroup H of Iso(U) such that EX <p EY,

where the actions are evaluations.
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Proof. In the notation of 2E, just take H = G*. —
It is then natural to ask the following question, which seems to be open.

Problem 9.7. Is there a Polish metric space X and a closed subgroup
G of Iso(X) such that EX is a universal equivalence relation induced by a
Borel action of a Polish group?

One can also ask the (seemingly) weaker question of whether it is possible
to have a Borel action of a Polish group G by isometries on a Polish metric
space X, so that £ is a universal equivalence relation induced by a Borel
action of a Polish group.

On classifying isometries, we have the following question about the group

Iso(U).

Problem 9.8. Determine the exact complexity of the equivalence rela-
tion induced by the conjugacy action of Iso(U) on itself. Is it universal for
equivalence relations induced by a Borel action of a Polish group?

In connection with this problem, we will compute the complexity of con-
jugacy in Iso(N), where A is the Baire space N'' endowed with the usual
ultrametric

d(z,y) = 277" where n is the least number such that z(n) # y(n).

Then N is an ultrametric Polish space. An isometry of A is usually called
a Lipschitz automorphism of the Baire space. Here, to be consistent with
the other notation employed in this paper, we continue to use Iso(N) to
denote the group of all Lipschitz automorphisms of N and address them as
isomelries of N.

Each isometry of NV is characterized by a coherent sequence of permuta-
tions. To be precise, let N* denote the set of sequences of natural numbers
of length n. Given permutations 7, p of N*, N™_ respectively with n < m, we
write m < p if

p(s)ln = m(s|n),
forany s € N, If my < my < m3 <..., where m, is a permutation of N, then
[+ NV — NY given by f(z) = |J, ma(z|n) is an isometry of M. Conversely,
for any isometry f of N, there is a unique sequence m; < 7y < m3..., where
T, is a permutation of N* such that f(z) = {J, m.(z|n). In fact, for s € N,
let

m(s) = f(s"y)In,
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for an arbitrary y € NY. Then 7, has the aforementioned property. We
should of course make sure that 7, is well defined: let y;,y, € N be arbitrary.
Then d(s"yy,s"y2) < 27", from which it follows that d(f(s"y1), f(s"y2)) <
27", and hence f(s"y1)|n = f(s"y2)|n.

Two isometries f, g of N are conjugale to each other, denoted by [ ~. g,
if there is h € Iso(N') such that

foh=hog

Being conjugate is an equivalence relation. Moreover, ~. is the orbit equiva-
lence relation of the action of Iso(N') on itself by conjugacy. It is well known
(and also follows from the argument in Theorem 4.3 of this paper) that
Iso(N) is isomorphic to a closed subgroup of S.,. Therefore ~. is in particu-
lar Borel reducible to graph isomorphism. We will show below that ~, is in
fact Borel bireducible to graph isomorphism, thus completely characterizing
the complexity of this equivalence relation.

Before proceeding to the proof of this result, we recall some relevant back-
ground material related to Lipschitz automorphisms. In Dougherty-Jackson-
Kechris [1994] Lipschitz automorphisms of 2% were considered. Since 2V is
a compact space, the group of Lipschitz automorphisms is a compact Pol-
ish group. Thus the conjugacy classification problem is an orbit equivalence
relation induced by an action of a compact Polish group and is therefore
concretely classifiable. However, in Dougherty-Jackson-Kechris [1994] the
authors considered a different classification problem, that is, the classifica-
tion of Lipschitz automorphisms of 2 up to conjugacy by Borel automor-
phisms. Their results essentially say that this latter equivalence relation is
also concretely classifiable. The classification of conjugacy of Borel auto-
morphisms (of some standard Borel space) was also investigated. Clemens
(unpublished) showed that it is a 3)-complete equivalence relation and hence
is very complicated and beyond the scope of orbit equivalence relations.

Now we are ready to establish our result for Lipschitz automorphisms of
N,

Theorem 9.9. The conjugacy equivalence relation on Iso(N) is Borel
bireducible with graph isomorphism.

Proof. As we remarked earlier it is enough to show that graph isomor-
phism is <g (~.).

In our proof we will use, instead of graphs, the following class of trees on
2N, whose isomorphism relation we showed in the proof of Theorem 4.4 to
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be bireducible to graph isomorphism.

Let T be the class of all trees on 2N which are nonempty and splitting,
i.e., for any T € T and s € T', there are at least two t1,12,1; # t3 such that
length(t;) = length(ty) = length(s) + 1 and s C ¢y, s C 15.

Given T € T, we will define an isometry fr of ANV by constructing its
finite approximations 77 < 7% < 74 < ..., where each 7% is a permutation
of N”.

For this we fix a bijection from Nx {0, 1} onto N and denote it by (m, 1)
(m,1). For any s € N, let p(s) € N® be the unique tuple (my,...,m,) such
that for some (iy,...,4,) € 2",

s=((m1,i1), ..y (Mp,yin)).

Now we are ready to define 7. We do this by induction on n. For
notational simplicity we start from n = 0 and let 7%.(0)) = 0. By induction,
suppose 77 is defined. For s € N* k € N| let

T;—H(SA]C) _ {W%(S)A<m,1 — 1), if k= (m,1) for p(s)'m €T,

mh(s)"k, otherwise.

It is clear that 74 < m7*! for all n > 1. Thus we can let fr(z) =], 73 (z|n).
Then fr is an isometry of A" and the assignment 7'+ fr is a Borel function.

It is clear from the construction that p(s) = p(7f(s)), for any s € N*. It
remains to check that if 77,7, € T, then

Tl g T2 <:> fT1 ~ec fT2

First suppose that ¢ is an isomorphism from 7} onto 75. We construct
an isometry g of N by its finite approximations p; < py < p3 < ...
each p, is a permutation of N, such that

, where

7, = puo - p7,
for all n > 1. This guarantees that fr, = go fr, o g7'.

Let po(#) = . By induction, suppose p, is defined with the inductive
assumption that, for any s € N*, if p(s) € T, then ¢(p(s)) = p(pn(s)) € Ty,
and if p(pn(s)) € T2, then p(s) € T1, and ¢(p(s)) = p(pn(s)).

Let s € N* and k € N. If p(s) € Ty, then define p,11(s"k) = pn(s)'k.
Otherwise, p(s) € Ty. If p(s"k) € Ty, then for some m € 2N, p(s'k) =

84



p(s) (m,1),1 € {0,1}, and since ¢(p(s'k)) € Ty, we have some m’ € 2N such

that
p(p(s"k)) = @(p(s))m’.
Let pny1(s"k) = pu(s)"(m’,1). We verify the inductive assumption:
p(p(s"k)) = @(p(s))'m" = plpn(s))'m" = plpn(s)(m',i))
= p(pn-H (SAk))'
If p(s"k) & T4, note that both sets
{k e N:p(s'k) €T} and {k € N:o(p(s))k & Tz}

are infinite. There is then a bijection v between the two sets. We define

prt1(s'k) = pn(s) (k).
It is clear from the definitions that p, < pn,y1. We need to see that

n+1 n+1 -1

Let s € N” andkEN If p(s) ¢ T}, then
T 0 prs (5°K) = 75 on(5)°K) = 8, 0 puls) k.
Since p o 3, 0 pa(s) = po p, o7y (s) € Ty implies p(77,(s)) = p(s) €
Tl, and Pril 7T5L~+1(SA]{?) pn1 (77, (8)'k) = pn o mp (s)'k, we have that
T 0 g1 (8°k) = popr o T (87E).
If p(s) € Ty and p(s k) € Ty, then
Ty P (k) = T (pa(s) (m', i)
(for o(p(s™k) = o(p(s))'m’ and k = (m. )
=77, (pn(s))"(m', 1 =)
= pnomy (s)(m',1 —1)
= puss (7 (5)K)
(where ' = (m,1 —1)))
= pup1 0yt (s7K).
Finally, if p(s) € T1, but p(s'k) € Ti, then

Ty 0 pasa(5°k) = 7 (pa(s) (K))
gl

=77, (pn(s))" (k)
= pn o7y, (s) (k)
= Pn-H(TrTl( )Ak)

= Pn+1© 7TT1(3 k)
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Now we assume that ¢ is an isometry of N such that fr, = go fr, 0 g7 .

Let py < p2 < p3 < ... be the finite approximations of g, where each p, is a
permutation of N*. Then it follows that 77, = p, o 7%, 0 p;'. We construct
an isomorphism ¢ from Ty onto T by induction on the length of s € Tj.

Let o(0) = 0. Suppose ¢ is already defined from 77 N (2N)<" onto Ty N
(2N)S" in such a way that for any s € Ty N (2N)" and ¢ € N* with p(t) =
s, () = p(pa(l)).

Let s’k € Ty N (2N)**! and ¢ € N* with p(¢) = s. Then W%I‘H(f<k,()>) =
mp (1) (k,1) and ﬁ?l"'l(tA<k, 1)) = mp (1) (k,0). Since 7T5L~2+1 = Png1 O W,}L{H o
pri1, we have that, for some m and m/, if we let p,11(¢'(k,0)) = p,(t)"'m and
et (10, 1) = pu (£, then 75 (o, (£)'m) = po (1)1’ and w5 (1) ') =
pn(t)'m and m # m’. It follows from the definition of 7T;L«2+1 that p(p,(t)'m) €
Ty and that there is &' such that m = (k’,0) and m' = (k’, 1) and

plpa(t)'m) = plpa(1))k = (s)'k" € Ty,

We then just let p(s°k) = ¢(s)°k" € Ty. It is then clear that ¢ is an isomor-
phism from 7T} onto T5. -

Finally, there are some interesting questions about isometry groups.

Problem 9.10. Characterize the isometry groups of connected (or Heine-
Borel or pseudo-connected) locally compact Polish metric spaces. Similarly
characterize the isometry groups of ultrametric Polish spaces.

The last question is a special case of an old problem of Krasner (see
Lemin-Smirnov [1984]) from the 1950’s.
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