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Abstract

The Collapsible Rib�Tensioned Surface �CRTS� re�ector is a new concept for multipur�

pose deployable membrane re�ectors that is being developed by the European Space

Agency� It is based on the inherent geometrical stability of a doubly�curved membrane

with high in�plane sti�ness� maintained in a state of tension by a series of �exible ribs�

The shape of a CRTS re�ector is not uniquely determined� It results from a compromise

between the best possible approximation to a paraboloidal surface and a nearly�uniform

bi�axial state of prestress of the membrane surface� to avoid the formation of wrinkles�

This report investigates the shape and stress distribution of CRTS re�ectors� both

analytically and experimentally� The analytical part of the study establishes a method�

ology for the preliminary design of symmetric re�ectors of given aperture� focal length�

and target rms error� The concepts of a reference surface and of an equilibrium surface
are introduced� and algorithms are developed to compute these surfaces and their asso�

ciated rms error� Then� the cutting pattern for making the membrane is computed and

the rms error of the actual surface is predicted� Estimates are made of the rms error of

CRTS re�ectors with apertures of �� �� 	� and �
 m� with �� ��� and � ribs�

The experimental part of the study compares the measurements of prestress and

shape in a one�sixth sector of a � m diameter re�ector with � ribs� with predictions

obtained from the computational study�
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Chapter �

Introduction

��� CRTS Re�ectors

Large deployable re�ectors are being used increasingly for satellite communication� ra�
dioastronomy and radar surveillance� The requirement for large apertures that can be
compactly packaged for launch and reliably deployed in orbit� to achieve their intended
con�guration precisely� has spurred extensive new research worldwide�

A new concept for multipurpose deployable membrane re�ector is being developed
by the European Space Agency �ESA �		
� Rits �		�� This new concept is known
as the Collapsible Rib�Tensioned Surface �CRTS� re�ector� It is based on the inherent
geometrical stability of a doubly�curved membrane with high in�plane sti�ness� which
is maintained in a state of tension by a series of �exible ribs�

A CRTS re�ector consists of three main parts� A central expandable hub� a series of
thin�walled foldable ribs connected radially to the hub� and a precision shaped membrane
that is supported and tensioned by the ribs� A schematic diagram of the re�ector is
shown in Fig� ����

��
��

Figure ���� Schematic view of CRTS re�ector with �� ribs�

During deployment the radius of the hub is at its minimum� so that the ribs can

�



deploy the membrane without having to prestress it at the same time� Once the mem�
brane has been fully deployed� the hub is expanded� thus pushing the ribs outwards�
This has the e�ect of applying a state of prestress to the membrane� thus setting it
into its intended shape� In the case of a symmetric re�ector� the membrane consists
of identical� �at gores bonded together along their curved edges� When the re�ector is
deployed� each gore takes approximately the shape of a singly�curved� cylindrical sur�
face� Therefore� the overall shape of the re�ector is not an exact paraboloid� but only
an approximation to it whose accuracy improves as the number of gores is increased�

The membrane is fully attached to the ribs only at the outer edge� Elsewhere�
a small relative motion between them is allowed� this is particularly important if a
uniform distribution of prestress is to be achieved� In a small scale model of a CRTS
re�ector made in our laboratory a few years ago �You and Pellegrino 	

��� each rib was
mounted inside a sleeve formed by looping the membrane above the seam between two
adjacent gores� with the convex side facing towards the focus of the re�ector� However�
a better shape accuracy can be achieved if the ribs are mounted behind the re�ective
surface�

Each rib consists of a thin� slender metal blade with curved cross�section� A key
feature of this structural element is that it is continuous� i�e� it contains no mechanical
hinges or other folding devices� and yet it can be folded elastically in many di�erent
ways� For example� it can be rolled up into a coil with a radius approximately equal to
the transverse radius of curvature of the cross�section� or it can be folded by forming a
series of up�and�down� discrete elastic folds� The deployment behaviour of this type of
rib structure has already been investigated extensively� see Fischer �	

�� for a detailed
study of the moment�rotation response of straight ribs� and Se�en and Pellegrino �	


�
for models of their deployment dynamics� The behaviour of curved ribs� which is also
being investigated as a part of this project� is described in a separate report �Se�en�
You and Pellegrino 	

��

A previous investigation of possible packaging schemes for CRTS re�ectors �You and
Pellegrino 	

�� has identi�ed three alternatives� �i� inward rolling of the ribs with
radial folding of the membrane� �ii� zig�zag folding of the ribs with radial folding of the
membrane� �iii� wrapping of ribs and membrane around the hub� Figure 	�� shows the
second scheme� which emerged as the preferred option at the end of that preliminary
study�

��� Reference Surface

In a paraboloidal surface the principal curvatures �� and �� have equal signs� and hence
the gaussian curvature is positive everywhere

���� � �

However� the gores of a CRTS re�ector have negative gaussian curvature �this will
be shown in the next section� and hence it is inherent in this concept that the re�ective
surface can never form a perfect paraboloid�

A preliminary estimate of the rms error of a CRTS re�ector� from which the antenna
gain can be estimated as shown in Appendix A� can be obtained from simple geometric
considerations� as follows�

�



(a) (b)

(c) (d)

Figure ���� A possible packaging scheme�

It will be assumed that each gore has the shape of a cylindrical surface� Fig� ���a�

and hence it is a developable surface with �� � 	� whose intersections with the radial

planes that bound that gore coincide with the parabolas obtained by intersecting the

desired paraboloid with the same planes� Fig� ���b� The outer edge of the gore is a

straight line� This surface is not practically achievable� but it provides a convenient

geometric reference� and will be called the reference surface�

The rms errors of the reference surface of CRTS re
ectors with F�D � 	���� but
dierent values of D and dierent numbers of ribs� n� were computed using ��	 � �		

target points per gore� Their values are listed in Table ���� where the two columns

correspond to the least squares solution of Eq� A�� �without considering the surface

area associated with each target point� and a more re�ned solution using weighted least

squares� It can be seen that the area weighting makes little dierence� as the targets

were fairly evenly distributed�

Figure ���a shows a contour plot of the z�error between the reference surface and

the best �t paraboloid for a gore of a re
ector with F � 	��� m� D � � m and n � ��

Figure ���b shows a contour plot of the z�error between the equilibrium surface� see

Section ���� and the best �t paraboloid� for the same re
ector�

Finally� it should be noticed that the rms error of the reference surface is always an

underestimate of the rms error that is achievable if biaxial prestress of the membrane is

required� For the range of con�gurations that have been considered in this study� the

achievable rms error is typically �	� worse than the values given in Table ���� as will

be shown in Section ����

�
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�

(b)

(a)

360 / n

�

(c)

360 / n

Figure ���� Reference surface �a� complete view� �b� one gore only� �c� one gore	 
at�
tened�

D �m� n rms error �mm� weighted rms error �mm�
� � ��� ��

�� �� ��
�� �� ��

� � ��� ���
�� ��� ���
�� �� ��

� � ���� ����
�� ��� ���
�� ��� ���

� � ���� ����
�� ��� ���
�� ��� ���

Table ���� Reference surface	 rms error of CRTS re
ectors with F�D�����

�



Figure ���� Error of reference surface of re�ector with D��� F�	�
�� and n�� mm��

��� Equilibrium Surface

The shape of a CRTS re�ector is not uniquely determined� It results from a compromise
between two con�icting requirements� First� obtaining the best possible approximation
to a paraboloidal surface� second� being able to apply a uniform bi�axial state of pre�
stress� which makes it possible to avoid the formation of wrinkles in the membrane�
�A third� practical requirement that will be considered in the next chapter is that it
should be possible to make each gore from only a small number of developable elements�
possibly only one� as this is the form in which the membrane material is manufactured��

We de�ne the equilibrium surface of a CRTS re�ector as the shape that achieves the
best rms error together with an acceptable prestress distribution�

Figure ��� shows a small element of gore� � and � are the principal directions of
curvature� and R� � ����� R� � ���� the corresponding principal radii� For generality�
in the �gure it has been assumed that the prestress distribution involves both normal
stress components ���� ���� and shear stress components ���� ���� Note that �ii � 	
denotes a tensile stress� The existence of shear stress indicates that the state of prestress
is not uniform�

Equilibrium in the n�direction requires �Flugge ��
�� p� �	����

���

R�

�
���
R�

� 	 �����

Depending on the shape of the gore� Eq� ��� will impose di�erent conditions on the
distribution of prestress� as follows�
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� If R� � R� � � ��at gore� Eq� ��� is satis�ed by any values of ��� and ���	 and
hence no condition is imposed�

� If R� �� �cylindrical gore� Eq� ��� is satis�ed by any value of ���	 provided that

��� � 


� If R� � 
	 R� � 
 �gore of positive gaussian curvature� for any given value of ���	
say	 Eq� ��� determines ��� uniquely

��� � �
R�

R�

��� �����

Since R��R� � 
	 ��� and ��� have opposite signs� Hence	 a gore with positive

gaussian curvature cannot be in equilibrium under a state of biaxial tension�

� If R� � 
	 R� � 
 �or viceversa� �gore of negative gaussian curvature� there is
again a onetoone link between the values of ��� and ���	 through Eq� ���	 but this
time R��R� � 
 and hence both ��� and ��� can be positive� Hence	 a gore with

negative gaussian curvature can be in equilibrium under a state of biaxial tension�

Thus	 it has been shown that the equilibrium surface of a CRTS re�ector has negative
gaussian curvature� It has also been shown that cylindrical gores can be subjected to
uniaxial tension only	 which corresponds to ������� ��� Hence	 a cylindrical gore can
be seen as the extreme compromise between shape and prestress�

R1
R2

σ11 σ12

σ21

σ22

1 2

n

Figure ���� Shell element�
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��� Design Methodology

This report investigates the possible shapes of the gores of some particular CRTS re�
�ector con�gurations� both numerically and experimentally� As it is intended that the
computational and experimental tools presented in this report will be used for the de�
sign of large scale CRTS re�ectors� it is useful to begin with a brief review of the whole
design sequence�

The following requirements are assigned at the start of the design process� aperture
diameterD� focal length F � and target rms error �� It is also assumed that the maximum
permissible ratio between the highest and lowest principal stress that can be tolerated
without wrinkling by the membrane material has been determined experimentally�

Given this information� the key stages of the design process are as follows�

�� Determination of the required number of ribs n� by determining the rms error of
the reference surface of CRTS re�ectors with di	erent values of n� and with the
given F and D�


� Computation of the equilibrium surface� i�e� a surface whose rms error is equal to
or better than �� and such that the membrane is everywhere in biaxial tension�
with an acceptable ratio between the higher and lower principal stress�

�� Computation of the cutting pattern to make a prestressed membrane whose shape
approximates to the equilibrium surface� from �at membrane elements�

�� Veri�cation that the shape and distribution of prestress in a membrane made
according to �� satis�es all the stated requirements�

�� Computation of the unstressed pro�le of the ribs that are required to prestress the
membrane and thus achieve its predicted prestressed shape�

��� Layout of this Report

This report consists of two parts� one computational �Chapters 
 and �� and one
experimental �Chapters � and �� followed by a discussion�

Chapter 
 presents the computational method through which the design process out�
lined in Section ��� can be executed� A series of programs� written in Matlab Mathworks
����� implement this design process� The theory behind these programs is presented�

Chapter � presents a series of predictions for CRTS re�ectors of di	erent size and
with di	erent number of ribs� Detailed predictions are presented for a re�ector with
D � � m and n � �� a section of which has been designed and tested to validate the
results from the program�

Chapter � describes the design of the experimental model and the material tests
that were carried out� Chapter � describes the experiments that were carried out on
the model� including the initial setup� the procedure for adjusting the pre�stress of the
membrane until it becomes close to the predicted values� and the shape measurements�
The results from the experiment are presented and compared to the initial predictions
obtained from the program�

Chapter � discusses the results that have been obtained�
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Chapter �

Computational Method

��� Background

The determination of the equilibrium shape of a prestressed structure is called form�

�nding� In its simplest form� this problem can be dated back to Lagrange who es�
tablished the equation for the equilibrium state of minimum area surfaces� Eq� ����
Analytical solutions of this equation are available only for simple boundary conditions
�Isenberg ����	� Modern computational methods that have been developed to handle
more complex shapes can be divided into two main categories� as follows�

Non�linear �nite element solutions determine the large�displacement response
of a membrane of pre�assigned shape� to boundary displacements and loads� An iterative
solution of the membrane equations is required� due to the geometric non�linearity and
the material non�linearity associated with the formation of wrinkles �see� for example�
Tabarrok and Qin ����	� Outcomes of this calculation include the complete history of
the prestressing process� as well as the 
nal shape of the membrane� However� as the
unstressed shape of the membrane is itself unknown in the present study� an additional
level of iteration would be required�

Equilibriummethodswere proposed and developed in connection with prestressed
membrane roofs� The idea is to assign the state of prestress and to determine the corre�
sponding shape of the surface required for equilibrium� Then� the prestress distribution
can be adjusted in order to modify the shape of the equilibrium surface and� once this
is acceptable� this abstract surface is materialised� i�e� the shape of the membrane from
which the equilibrium surface can be realised is computed�

The two di�erent methods that are normally used to solve the non�linear equilib�
rium equations associated with this method are dynamic relaxation and the force density
method� In dynamic relaxation � Wake
eld ���� Barnes ����� Lewis and Gosling ����	
form�
nding is modelled as a pseudo�dynamic problem� where the out�of�balance forces
induced by the prestress assigned in the initial con
guration result in accelerations and
hence motion of 
ctitious masses located at the nodes� Thus� the prestressed structure
oscillates about its 
nal position of equilibrium and the amplitude of this oscillation
is gradually reduced by carefully selected numerical damping� It is again an iterative
process� and algorithms have been suggested to accelerate the rate of convergence� A
simpler and more direct method is the force density method �Schek ����	 where the
internal force density� i�e� the ratio between the internal force and length of each ele�
ment� is prescribed instead of the actual stress� The equilibrium con
guration of the
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prestressed structure can be found� without iteration� by solving a linear system of equa�
tions� Note� though� that whereas the prescribed force density distribution is achieved
without iteration� this is not the case for the actual stress� due to length changes associ�
ated with the change from the initial to the �nal con�guration� Typically� only a small
number of iterations are required to achieve the particular stress distributions that are
of interest in the present study�

��� Approach

Our procedure consists of four main steps� First� computation of the equilibrium surface�
initially assuming that the ribs behave as rigid boundaries� In this computation the mesh
of membrane elements is transformed into a virtual cable network� since the force density
method cannot be applied directly to continuum elements� Thus� an equilibrium surface
with the required accuracy is obtained by altering the stress within each element� by a
process of trial and error� Second� the cutting pattern is computed� using a least�squares
�tting of the doubly�curved equilibrium surface onto �at membrane elements� Third�
an elastic analysis of this membrane is carried out� to determine its shape when it is
prestressed� Finally� the unstressed pro�le of the ribs� which are �exible in real life� is
obtained by determining the initial shape of a rib that� when subject to a distribution
of forces equal and opposite to the edge reactions required for the equilibrium of the
membrane� takes the shape that was initially assumed for the �rigid� boundary�

A Matlab program has been written to carry out these computations� and a series of
predictions obtained from this program will be presented in this report� The program
is divided into �ve sections�

	� Input the data �le that contains the initial con�guration of the mesh� i�e� node
coordinates� boundary conditions� etc�


� Computation of an acceptable equilibrium surface� by trial and error�

�� Computation of cutting pattern� i�e� the pro�le of a �at membrane with curved
edges to form approximately the required doubly�curved shape�

�� Elastic analysis of the membrane de�ned in ��� to ensure that its shape satis�es
the accuracy requirement�

�� Beam analysis� to calculate the required rib pro�le�

��� Mesh and Boundary Conditions

The initial input shape for our antenna re�ector is a paraboloid of revolution� described
by the function

Z � X� � Y ����F 
�	�

where F is the focal length� and the Z�axis is an axis of rotational symmetry� In a
symmetric CRTS re�ector with n ribs it is su�cient to analyse a sector bounded by
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two adjacent ribs� In fact� the size of the computation could be further reduced by

considering only half of a sector� but this will not be done here� because it is intended

to extend the present analysis to o�set re�ectors�

Two types of elements are de�ned� the membrane elements representing the surface

and the cable elements representing the cable along the top edge of the membrane�

A typical mesh is shown in Fig� ��� in plan view� The membrane mesh is de�ned by

two numbers� i�e� the sub	divisions along the hub attachment and along the rib
 in

Fig� ��� these numbers are respectively � and ��� The X�Y coordinates of each node

are de�ned such that the projection of the mesh onto the X	Y plane is a uniform grid


the Z	coordinate is calculated from Eq� ���� The numbering of the nodes goes from the

bottom left to the top right corner� Along the top edge of the membrane a series of

cable elements are de�ned� forming a tensioned edge for the gore�
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Figure ���� Initial mesh� plan view�

The following boundary conditions are applied� The bottom nodes of the membrane�

i�e� nodes � to  in Fig� ���� connect the membrane to the rigid hub� and hence are fully

constrained� The tip nodes� ��� and ���� are also fully constrained� as the membrane

is fully connected to the ribs at these points� All other nodes on the side edges are free

to slide in a direction tangent to the parabola de�ned by the intersection of Eq� ���

with the two radial planes that bound the sector� but are otherwise constrained� This

is equivalent to saying that the membrane can slide over the two edge ribs� which have

been assumed to be in�nitely rigid� All other nodes are unconstrained�
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��� Computation of Equilibrium Surface

The force density method� originally developed for cable network structures �Schek
������ is used to calculate the shape of the equilibrium surface	 Consider node i of the
cable network shown in Fig	 
	
a	 It is connected to nodes j� k� etc	 by cables of lengths
Lij� Lik� etc and is subjected to an external force pi	 Denoting by Fij� etc	 the axial
forces in the cable elements� the equilibrium equations for node i can be written in terms
of the nodal coordinates Xi� Yi� Zi� etc	 as follows

Fij

Xj �Xi

Lij

� Fik

Xk �Xi

Lik

� � � � � piX

Fij

Yj � Yi

Lij

� Fik

Yk � Yi

Lik

� � � � � piY �
	
�

Fij

Zj � Zi

Lij

� Fik

Zk � Zi

Lik

� � � � � piZ

j

k

i

p w

(a) (b)

X
Y

Z

Figure 
	
 �a� Cable network and �b� network equivalent to a given membrane surface	

Introducing for each cable element a force density� i	e	 the ratio between the force
in the cable and its length� we have

fij �
Fij

Lij

� etc	 �
	��

In this method the force density in each cable of the network is assigned at the
beginning of the form��nding computation	 Then� Eq	 
	
 can be re�written as

��



fij�Xj �Xi��fik�Xk �Xi�� � � � � piX

fij�Yj � Yi� �fik�Yk � Yi� � � � � � piY �����

fij�Zj � Zi� �fik�Zk � Zi�� � � � � piZ

Similar equilibrium equations can be written for all unconstrained nodes of the cable
network� whereas a reduced set of equations is written at partially constrained nodes� A
system of linear equations is thus obtained� and the nodal coordinates can be obtained
by solving this system�

Then� the length of each cable element can be computed from the nodal coordinates�
and hence the actual force in the element is

Fij � fij

q
�Xj �Xi�� � �Yj � Yi�� � �Zj � Zi�� ���	�

This technique is very e
cient because there is no iteration involved and it can be
extended to membrane structures with some simple modi�cations�

Some types of membranes consist of two�way �bres� woven together without any
additional binding material� In such membranes the deformation in one �bre direction
does not aect the other direction� and there is no shear stress hence a width w of
membrane can be modelled as a cable� see Fig� ���b �Grundig and Moncrie ������ The
force density method is directly applicable to membranes of this type� The membrane
is divided into a grid of virtual cable elements� and each cable force is given by the
product of stress by thickness by width of membrane� see the shaded area in Fig� ���b�

This approach� though� is not valid for CRTS re�ectors because the membrane ma�
terial� Kapton or Kevlar�reinforced Kapton foil� is able to carry shear stress� In this
case� the membrane needs to be simulated by a dierent kind of virtual cable network�
which allows for biaxial stress coupling� This is achieved by means of a triangulated
grid�

A link will now be established between the stresses in the membrane and the cable
forces in a virtual triangulated network� using a �nite element formulation� In the
standard formulation of the constant strain triangular element �Cook etal� ������ shown
in Fig� ���a� the following relationship is established between the nodal forces and the
stress components

p � �hBT s �����

where

� � element area

h � element thickness

p �
�
p�x p�y p�x p�y p�x p�y

�T

s �
�
�xx �yy �xy

�T

B �
�

��

�
�
b� � b� � b� �
� c� � c� � c�
c� b� c� b� c� b�

�
�

��



and

b� � y� � y�� b� � y� � y�� b� � y� � y��
c� � x� � x�� c� � x� � x�� c� � x� � x��

Note the use of a local coordinate system� where x� y are coplanar with the element�
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Figure ���� �a	 Standard� constant stress triangular element
 �b	 same element with
nodal force components in the directions of the edges�

Next� following an approach in Przemieniecki ����	� the cartesian nodal force com�
ponents are transformed into a skew system parallel to the edges of the element� as
shown in Fig� ���b� For example� considering node ��

�
p�x
p�y

�
�

�
�c��L�� c��L��

b��L�� �b��L��

� �
T��

T��

�
����	

De�ning

t�� � T���L��

t�� � T���L�� ����	

Note that Eq� ���

�
p�x
p�y

�
�

�
�c� c�
b� �b�

� �
t��
t��

�
����	

Inverting this equation gives

�
t��
t��

�
�

�

c�b� � c�b�

�
b� c�
b� c�

� �
p�x
p�y

�
�����	

Proceeding in the same way for the other two nodes of the element� and noting that

��� � c�b� � c�b� � c�b� � c�b� � c�b� � c�b� �����	

the following transformation equation is obtained
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�
�������

t��
t��
t��
t��
t��
t��

�
�������
� �

�

��

�
�������

b� c� � � � �
b� c� � � � �
� � b� c� � �
� � b� c� � �
� � � � b� c�
� � � � b� c�

�
�������
p ������

Substituting Eq� ��� for p	 simplifying and carrying out the required matrix multiplica

tion gives

�
�������

t��
t��
t��
t��
t��
t��

�
�������
� �

h

��

�
�������

b�b� c�c� b�c� � b�c�
b�b� c�c� b�c� � b�c�
b�b� c�c� b�c� � b�c�
b�b� c�c� b�c� � b�c�
b�b� c�c� b�c� � b�c�
b�b� c�c� b�c� � b�c�

�
�������

�
�
�xx

�yy

�xy

�
� �����

However	 noting that tij � tji	 only three of the above equations are independent	 which
leaves

�
�
t��
t��
t��

�
� � �

h

��

�
�
b�b� c�c� b�c� � b�c�
b�b� c�c� b�c� � b�c�
b�b� c�c� b�c� � b�c�

�
�
�
�
�xx

�yy

�xy

�
� ������

De�ning

t �
�
t�� t�� t��

�T

Equation ���� becomes

t � �
h

��

�
�
b�b� c�c� b�c� � b�c�
b�b� c�c� b�c� � b�c�
b�b� c�c� b�c� � b�c�

�
� s ������

Note that t�h can be interpreted as the three shear stresses along the sides of the
triangular element�

Equation ���� de�nes the three force densities for a constant stress triangular ele

ment� For a given stress distribution over a membrane that has been divided up into
small triangles	 Eq� ���� can be used to calculate �for each triangle� the three force
densities for the virtual cable network� Note that	 as each triangular element is replaced
by three cables	 this procedure yields two overlapping cables along the common interface
between two triangles�

The shape of this virtual cable network can then be determined by solving a system
of linear equilibrium equations analogous to Eq� ���� No iteration is required to solve
this system but	 unlike the solution obtained for a real cable net	 this time the solution is
approximate� This is because the area	�	 of the triangular elements	 used in Eq� ���� for
the conversion of stress into force densities	 cannot be calculated exactly before knowing
the �nal shape� Therefore	 an iterative re�nement of the solution is required�
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����� Procedure

The procedure for determining the equilibrium surface for a gore of the CRTS re�ector
is� therefore� as follows�

�� Divide the gore into a set of small triangular elements�

�� Assume a stress distribution� i�e� prescribe the values of the stress components in
local coordinates �xx� �yy and �xy in each triangle�

�� Replace each triangle with three cables and compute the force densities in these
cables using Eq� ���	�

	� Assemble the equilibrium equations for the virtual cable net�


� Solve the equilibrium equations to �nd the nodal coordinates�

�� Calculate the stress components in each membrane element� using the newly ob
tained nodal coordinates� by solving Eq� ���	 with the updated value of ��

Check the accuracy of the solution� If it is not satis�ed� return to step ��� and
repeat�

�� Determine the rms error of the current equilibrium surface� see Appendix A�

If the rms error is not acceptable� modify the stress distribution in step ��� and
repeat�

�� Check that in all elements the current principal stresses are both positive� or
greater than a speci�ed minimum value�

��� Computation of Cutting Pattern

In the case of a cable network� the determination of the �cutting pattern�� i�e� of
the unstressed lengths of the cable segments� is straightforward� and the prestressed
equilibrium shape can be practically realised without introducing any approximations�
If a cable segment has a stressed length of L when it is subject to the stress �� its
unstressed length L� is

L� �
L

� � ��E
������

In the case of a doublycurved equilibrium surface� determining the cutting pattern
consists in computing the edge of the pieces of �at membrane from which the surface can
be formed� When these pieces are joined together along their edges and are prestressed�
the shape of the membrane needs to approximate closely to the equilibrium surface�
The cutting pattern is computed in two separate steps� First� elastic de�stressing of the
equilibrium surface� using a �nite element analysis and� second� geometric projection

using leastsquares�

�




The de�stressing step is required because the equilibrium surface is a prestressed
shape� whereas the cutting operation can only be carried out on an unstressed mem�
brane� The de�stressing is done by reversing the stress distribution of the prestressed
membrane� The nodal forces induced by the reversed stresses are computed using Eq� ���
and the corresponding nodal displacements are determined by a standard� linear�elastic
�nite element analysis� The sti�ness matrix for each element is

K 	 �hBT
DB 
����

where� assuming the membrane to be isotropic the material elasticity matrix has the
expression

D 	
E

�� ��

�
�
� � �
� � �
� � ���

�

�
� 
����

The �xed boundaries are removed during this process� and hence the structure that
is being analysed is capable of rigid�body motions�

The shape obtained thus is usually doubly�curved� and hence not developable� and
needs to be projected onto a �at surface to determine the cutting pattern� The error
associated with this projection can be reduced by dividing the doubly�curved shape into
two or more parts before projecting each one of them� The most commonly used and
simplest method for doing this is known as elemental unfolding 
Grundig and Bahndorf
����� The idea is to determine by �nite�element analysis the stress distribution required
to �atten each part of the membrane� If the required stresses are too large� the membrane
is divided into smaller parts and the stress distribution in each part is computed� This
method is good mainly for applications where the stress distribution is more important
than the surface shape that is obtained� A comparison of various available techniques
has been recently published 
Galasko et al� �����

To achieve high geometrical precision� a least squares projection will be adopted�
The projection method is based on the principle that the distance between any two
points on a curved surface should be as close as possible to the distance of the same two
points after projection onto a plane� Ideally� the distance between the two points on the
curved surface should be measured along a geodetic line but� because the elements used
in the shape �nding analysis are very small� it is accurate enough to take the arc�length
to be approximately equal to the length of a straight segment between the two points�
Thus� the distance between the two points can be calculated� see Fig� ���� from

p

�x� � �x�� � 
�y� � �y�� 	

p

X� �X�� � 
Y� � Y�� � 
Z� � Z�� 
����

which is equivalent to


�x� � �x�
� � 
�y� � �y�

� 	 
X� �X�
� � 
Y� � Y�

� � 
Z� � Z�
� 
����

Here� �x�� �y�� �x� and �y� are unknowns but� assuming that the X�Y nodal coordinates of
any node do not change by very much during the projection� we write
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�x� � X� � d�x�� �y� � Y� � d�y�� etc� ������

where d�x�� d�y� etc� are small in comparison with X�� Y� etc� Substituting Eq� ���� into
Eq� ���	 and re
arranging yields

�X� �X��
� � ��X� �X���d�x� � d�x�� � �d�x� � d�x��

� � � � �

� �X� �X��
� � �Y� � Y��

� � �Z� � Z��
� ������

Simplifying and neglecting higher�order terms

��X� �X���d�x� � d�x�� � ��Y� � Y���d�y� � d�y�� � �Z� � Z��
� ����	�

This is a linear equation in d�x�� d�y�
 etc� An equation of this type can be written for
each side of a triangular element
 but it is written only once for a side that is common to
two elements� Consider
 for example
 the simple gore discretisation shown in Fig� ����
By applying Eq� ���	 to each triangle side
 we obtain a system of 	� equations in
�� �� 	 � 		 unknowns� This is an over�determinate system which is solved by least�
squares� The three unknowns that have been subtracted from this count correspond
to the three rigid�body motions of the whole cutting pattern
 in the plane� One may
assume
 for example
 d�x� � d�y� � d�y� � ��

In general
 this solution will be asymmetric
 which may be undesirable� In the
case of symmetric re�ectors
 this asymmetry can be eliminated by averaging the values
on either side of the centre line of each gore� If a non�symmetric cutting pattern is
being produced
 it is important to ensure that the boundary lengths of adjacent gores
maintain exactly their correct length
 to avoid any mismatch when these adjacent gores
are bonded together� Therefore
 a weighting factor is introduced into the least squares
projection
 to increase the accuracy of the boundary lengths�

��� Elastic Analysis

An elastic analysis is carried out to determine the prestressed shape of a re�ector made
from the �at gores computed in Section ���� The most e�cient way of doing this is to
take the equilibrium surface as a reference
 and to formulate the elastic analysis in terms
of a small variation from this shape� This has the advantage that the displacements that
have to be computed are quite small
 and hence only one or two iterations are required�
However
 the approach required is quite subtle
 and needs to be explained carefully�

We begin by considering what would happen to a general triangular element �	 that
forms the equilibrium surface computed in Section ��� if it was made of elastic material

and prestressed exactly in the way that we have computed
 in the position that we have
computed� Let Fig� ���a be a schematic view of this elastic element� Note that
 since
the element is being considered on its own
 for it to be in equilibrium under the required
prestress s
 nodal forces p�x� p�y
 etc� have to be applied at the corners�

Next
 consider the element �	 after de�stressing� It will be a little bit smaller
 as
shown in Fig� ���b
 and the nodal forces will be zero� The elastic deformation that occurs
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Figure ���� Surface projection�

in going from con�guration �a� to �b� is the e	ect of applying the loads �p�x��p�y
 etc�
to the element� Finally
 consider the same element after the whole mesh has been
projected onto a �at gore
 Fig� ���c� Note that the element is no longer unstressed
 as
the approximations involved in the cutting pattern calculation amount to applying a
certain level of strain to the element� Let ds be the current stress� Also note that
 for
the element to be in equilibrium
 nodal forces dp�x� dp�y
 etc� have to be applied�

Since the nodal coordinates in con�gurations �a� and �c� are known
 we can compute
the side lengths of the element from

e�g� L�� 
p
�X� �X��� � �Y� � Y��� � �Z� � Z����

l�� 
p
��x� � �x��� � ��y� � �y���� etc�

and hence the linear strains along the direction of the sides are

��� 
l��� L��

L��

� etc� ������

To convert these linear strains into �xx� �yy� �xy we will use the standard strain trans�
formation �Gere and Timoshenko ������ Hence
 we need to determine the direction
cosines of sides �� and �� with respect to the x� y coordinate system �note that side ��
coincides with the x�axis�� We can do this either for con�guration �a� or �c�� since the
strains involved are small
 either con�guration is acceptable and we will choose �c� for
simplicity�

De�ne unit vectors i� j
 parallel to x� y
 and u��u� parallel to ��
 ��
 as follows
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i �

�
�x� � �x� �y� � �y�

�T
p
��x� � �x��� � ��y� � �y���

������

j �

�
�y� � �y� �x� � �x�

�T
p
��x� � �x��� � ��y� � �y���

����	�

u� �

�
�x� � �x� �y� � �y�

�T
p
��x� � �x��� � ��y� � �y���

����
�

u� �

�
�x� � �x� �y� � �y�

�T
p
��x� � �x��� � ��y� � �y���

������

The relationship between �xx� �yy� �xy and ���� ���� ��� is given by

�
�

�  
�u� � i�

� �u� � j�
� �u� � i��u� � j�

�u� � i�
� �u� � j�

� �u� � i��u� � j�

�
�
�
�
�xx
�yy
�xy

�
� �

�
�
���
���
���

�
� ������

An equivalent relationship was derived by Lewis and Gosling ������� Equation ����
can be solved for

e� de �
�
�xx �yy �xy

�T
�����

The corresponding stress components are

s� ds � D�e� de� ������

and� substituting s� ds into Eq� ��	

p� dp � �hBD�e� de� ������

In the elastic analysis only the nodal forces dp will be considered� because it is
already known from Section ��� that p is in equilibrium with the prestress s� Therefore�
instead of using Eq� ���� we compute

dp � �p � dp�� p � �hB �D�e� de�� s� ������

After computing the nodal forces dp for each element� we set up the sti�ness matrix
for the complete mesh of triangular elements in con�guration �a�� i�e� the equilibrium
con�guration� and apply the nodal forces dp onto it� in order to determine the deviations
from the equilibrium con�guration� It has been found that often dp is su�ciently small
that this calculation can be done in a single step�

Note that the sti�ness matrix that is considered at this stage consists of Eq� ���

plus the geometric sti�ness matrix� which accounts for the geometric sti�ness resulting
from the stress s�

�



��� Rib Pro�le

In the foregoing analysis the ribs have been modelled as a rigid boundary but� in practice�

they are realised by means of thin�walled� �exible elements� Their shape changes under

the forces applied by the membrane need to be taken into account when determining

the shape in which they should be manufactured� Due to symmetry� this shape is the

same for all ribs�

A rib is modelled as a cantilever� Fig� ���� consisting of beam elements linking the

edge nodes of the membrane� The coordinates of these nodes are the same that were

computed in Section ���� and the nodal load components are the edge reactions on the

membrane� also computed in Section ����

Note that these applied forces are opposite to those applied by the membrane to the

rib� Due to these forces� the rib de�ects back to the initial pro�le in which it should

be made� When a rib of this shape is subject to the membrane edge forces� it will take

the shape of the 	rigid
 boundary that was assumed throughout the shape and stress

analysis�

Z
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Z

X

Y

Hub

N

NN Y
X

Figure ���� Force components on a rib�
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Chapter �

Computational Results

��� Introduction

This chapter makes use of the Matlab programs that implement the procedure developed
in Chapter � to carry out the following�

� A detailed design of a � m diameter symmetric re�ector with � ribs� a physical
model of which will be used to verify the computational analysis� in Chapter ��

� A series of computations of the rms error of re�ectors of di	erent apertures 
D � ��
� m� and di	erent numbers of ribs 
n � ������ but with the same F�D � ����

��� Analysis of � m Re�ector with � Ribs

A symmetric re�ector with D � � m aperture and n � � ribs was chosen to carry out a
comparison between the computational method developed in Chapter � and experimen�
tal measurements� These particular values of D and n were chosen to minimise gravity
e	ects� hence D had to be small� while avoiding membrane gores that are too narrow�
and hence more sensitive to errors in the cutting pattern�

Following Eq� ���� the target shape of the re�ector model was chosen to be

Z �
X� � Y �

�� ���
� ���
X� � Y �� 
����

which gives Z
max

� �� m at the edge� i�e� for
p
X� � Y � � �� m� The focal distance

of a re�ector with this shape is ��� m� and hence F�D � ����
Figure ��� shows the initial mesh� both in side and plan views� consisting of ���

nodes� ��� membrane elements� and �� cable elements� The initial coordinates of the
nodes were de�ned as explained in Section ����

����� Equilibrium surface

The computation of the equilibrium surface was started by assigning a uniform prestress
distribution in all elements� as follows

��



sh � h
�
�xx �yy �xy

�T
�

�
��� ��� �

�T
N�m

Note that these stress components are de�ned in the local coordinate system for each
triangular element� where the x�axis is parallel to the X�axis� and the y�axis is parallel
to the Y Z plane	 The cable force along the outer edge of the gore was assumed to be

� N	

Figure �	� shows the equilibrium surface obtained after completing the computation
described in Section �		�	 After about twenty trial�and�error iterations the selected
shape had an rms error of �	� mm	 The side view of this equilibrium surface shows
that the membrane is doubly curved to a small extent	 The transverse curvature could
be reduced� thus approaching the reference surface whose rms error is �	� mm� by
increasing the transverse stress� but this would be at the expense of a less desirable
stress distribution	
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Figure �	�� Initial mesh	

The stress distribution that corresponds to the equilibrium surface is shown in
Fig	 �	� in terms of the x� y stress components	 Note that the stress distribution appears
fairly uniform� i	e	 the ratio �xx � �yy is close to �� although signi�cantly di�erent from
the initially assumed magnitude of ��� N�m	 This plot will be useful when planning
the location for the strain gauges that will be used to measure the stress �eld� as the
direction of these gauges is roughly the same as the local element axes	

The stress �eld is also shown in Fig	 �	� in terms of principal stress components�
where ��� � ���	 The three plots in Fig	 �	 show that the highest value of ���h is
�
� N�m� at the top corners of the membrane	 Here� ���h is at its lowest� ��� N�mm�
and hence the maximum stress ratio is �	 The highest value of ���h is ��
 N�m at the
centre of the membrane	 Here� the stress ratio is about one	

Achieving an even� biaxial stress distribution is desirable to avoid wrinkling� and
Fig	 �	 shows that the stress distribution in the equilibrium surface satis�es the condi�
tion ������� � ��� almost everywhere	
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A di�erent type of plot of the stress distribution is shown in Fig� ���� This plot shows
both the direction and magnitude of the principal stresses� and thus makes it possible
to identify the stress trajectories in the membrane� The plot shows that the principal
stress directions vary along the surface and� close to the side edges� rotate by as much
as ���� Depending on what type of membrane is chosen for the CRTS re�ector� whether
	bre
reinforced or not� this results indicates that if the 	bre directions do not coincide
with the principal stress directions� the elasticity matrix for an isotropic material used
in Eq� ��� might have to be replaced with the appropriate orthotropic elasticity matrix�

Figure ���� Equilibrium surface� direction and magnitude of principal stresses�

����� Membrane cutting pattern and elastic analysis

For simplicity� it was decided to use a single gore to make a complete one
sixth sector�
Because the gore has a central axis of symmetry� the algorithm described in Section ���
was used to determine only half of the cutting pattern� The elastic properties of the
membrane were set equal to the average values� given in Table ���� Thus� the elasticity
matrix� Eq� ���� has the following expression

D � ���

�
�
���� ��� �
��� ���� �
� � ���

�
�N�m� �����

The shape of the cutting pattern is shown in Fig� ���� Note that the edge of the
pattern looks almost straight� its very small out
of
straightness is the key to achieving
the expected shape� Thus� great accuracy is required when the gores are cut and bonded�

After determining the cutting pattern� the elastic analysis of Section ��� was carried
out� The predicted rms error of the actual re�ector turned out to be ��� mm� almost
unchanged from the rms error of the equilibrium surface� A contour plot of the error of
the actual surface is shown in Fig� ����
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A check on the stress distribution in the membrane� however� showed an unexpected
problem� Because of the high in�plane sti�ness of the Kevlar�reinforced membrane� this
membrane requires very high stresses to take up a doubly�curved shape� Hence� the
stress distribution that is found at the end of the elastic analysis� shown in Figure ����
is vastly di�erent � and with peak value of up to 	
� N�m � from the distribution in
the equilibrium surface� see Fig ��
�

It is interesting to examine the stress distribution that is obtained for a much more
exible membrane� If the Kevlar�reinforced Kapton membrane is replaced with a thin
Kapton foil the elastic stress distribution� shown in Figure ���� is almost identical to the
distribution in the equilibrium surface�

Figure ���� Stress distribution in actual surface �Kevlar�reinforced membrane��

Figure ���� Stress distribution in actual surface ����� mm thick Kapton membrane��

��



����� Rib pro�le

The unstressed pro�le of the ribs can be computed once the edge reactions on the
membrane are known� see Section ���� In the present case� the �� reaction components
have the values listed in Table ����

The rib is divided into �� beam elements� whose nodes are co	located with the edge
nodes of the membrane� whose coordinates were determined at the end of the elastic
analysis� The de
ection of this beam� due to the nodal forces in Table ��� was computed
and the de
ected shape� shown in Fig� ����� coincides with the required unstressed pro�le
of the rib� The values shown are for ��� mm thick ribs with radius of �� mm� subtending
an angle of �����

Node �NX � NY � NZ �N�
� �	����� ���� ����
� �	����� ���� ����
� �	����� ���� ����
� �	����� ���� ����
� �	����� ���� ����
� �	����� ���� ����
� �	����� ���� ����
� �	����� ���� ����
� �	����� ���� ����
�� �	����� ���� ����
�� �	����� ���� ����
�� �	����� ���� ����
�� �	����� ���� ����
�� �	����� ���� ����
�� �	����� ���� ����
�� �	����� ���� ����
�� �	������� ���� 	�����

Table ���� Nodal loads on a rib�

��� Analysis of Larger Re�ectors

CRTS re
ectors of four di�erent apertures and with di�erent numbers of ribs have been
analysed in the same way as the � m re
ector with � ribs of Section ���� The number of
nodes and elements used to model a single gore of each re
ector is shown in Table ����
The accuracy of the computation is limited by the accuracy with which the mesh of 
at
elements approximates to a smooth paraboloid� but it would be pointless to aim for an
unrealistically high accuracy� by increasing the number of nodes and elements�together
with the computational time� excessively� Table ��� compares the rms modelling errors
of the meshes used� The worst rms error is less than ���� mm� in the � m diameter model
with n � �� way below the target rms errors of this study�

For each re
ector con�guration that has been analysed� the unweighted and area	
weighted rms errors of the reference surface� the equilibrium surface� and the actual

��
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D �m� no� of nodes no� of elements
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Table ���� Number of nodes and elements in each mesh�

D �m� n rms error �mm�
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	 � ���� � ����

�� ���� � ����

�� ���� � ����

�� � ���� � ����

�� ��� � ����
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Table ���� Modelling error�
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surface are shown in Table ��� and Table ���� respectively� The tables show that the
error di�erence between the equilibriumand the actual surface is generally small� despite
the fact that in all cases a single gore has been used for each sector�

The rms error decreases when the number of ribs is increased� because the refer�
ence surface� and hence also the equilibrium and actual surfaces� become closer to the
paraboloid� The error increases when the aperture of the re�ector is increased�

The rms error of the 	 m diameter with 
 ribs symmetric re�ector model is ��� mm�
which is quite a large value� It may be possible to �nd a better pre�stress distribution
that would lead to a smaller error� A 	 m diameter re�ector with �� ribs� which
is perhaps more typical of an actual con�guration that might be used for practical
applications� is predicted to have an rms error of ��	 mm�

D n Reference Equilibrium Actual
�m� surface surface surface
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��
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 �	�	 ��� ���
	� ��� 	��� 	���
�� ��� ��� ��	

Table ���� Unweighted rms errors of re�ectors with F�D � ��� �mm��

��



D n Reference Equilibrium Actual
�m� surface surface surface
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Table ���� Areaweighted rms errors of re�ectors with F�D � �����
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Chapter �

Experiment Preparation

��� Test Article

Figure ��� shows a schematic view of the experiment that was set up to compare mea�

surements of prestress and shape for a sector of a small�scale model re�ector with the

corresponding values predicted by the computational analysis�

rib sleeve

rib

end plate

hub rib position adjustment

sliding block

side plate

base plate

strain gauge
target

cable adjustment

rim cable 
sleeve

y

x

Figure ���� Schematic top view of test article�

The model structure is supported by a central hub� 	xed to a base plate which sup�

ports two side plates that provide two edge supports for the membrane� The membrane

consists of a full gore connected to two half gores along the edges� The ribs are ac�

commodated inside membrane pockets lying along the seam between adjacent gores� A

series of short cables connect the edge of each half gore to the side plates� By adjusting

the tension and the position of these cables� the prestress in the main gore can be ad�

justed� These side cables simulate the interaction between this gore and its neighbours�


�



The hub contains two slots in which sliding blocks supporting the ribs can be moved to
adjust the level of prestress�

Next� the design and manufacture of the three major components of the experimental
model� including the membrane� ribs� and centre hub� will be discussed� Then� the
connection details will be explained� Detailed drawings of most components can be
found in Appendix B�

����� Membrane

At an early stage it was decided that it would be desirable to use for the membrane
the Kevlar�reinforced Kapton foil previously developed by ESTEC and Contraves in
connection with the in�atable� space�rigidised technology� Of course� in the present
application the foil would not be impregnated with a self�curing resin� Since Contraves
were able to provide for the present study a su�cient amount of the laminate with the
smallest amount of �bre reinforcement �LAM	
� this foil was used for all experiments�
Standard properties for this foil are given in Table ����

Thickness ��mm
Density �� g�m�

Young�s Modulus ����� �� N�m�

Poisson�s ratio ��

Table ���� Standard properties of Kevlar�reinforced Kapton foil �see also Section �����
�

As the membrane needs to be cut very precisely� two templates were made from � mm
thick Al�alloy plate� using a CNC machine� according to the cutting pattern computed
in Section ������ The membrane was laid �at on a soft rubber pad and the templates
were clamped on the membrane using G�clamps� The edge pro�le was cut by hand�
using a sharp blade� A magnifying glass was used to ensure precision cutting�

In order to accurately join the main gore to the two half�gores� a plywood mould
was made� see Fig� ���� The mould is shaped according to the reference surface� and
therefore the edges of each gore lie in vertical planes when the gore is laid on this mould�
Thus� adjacent gores butt end�to�end when laid on this mould� and can be bonded very
accurately� A polyimide adhesive tape was used to bond the gores� Before bonding it
to the gores� the tape was peeled o� the roll� cut to the required length� and left on a
table for several hours to remove all residual strain�

Straight sleeves made from the same membrane were bonded to the gores� with the
same tape� along the seam between adjacent gores� The function of these sleeves is to
contain the ribs�

����� Ribs

Copper�beryllium �Cu�Be
 and spring steel are two of the materials from which the
ribs of a CRTS re�ector could be made� Because CuBe can be heat�treated at lower
temperature than steel� and also because it had already been used extensively in our
laboratory� it was initially planned to make longitudinally curved CuBe ribs for this
study� However� the manufacture of the required mould took longer than expected� and
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Figure ���� Mould on which the gores are bonded�

so it was decided to use straight ribs instead� The idea was to elastically deform these
ribs� by lifting them at the tip with spacers� until they reached the required curvature�

It was found that the ribs made by heat�treatment of CuBe sheet using the same
mould that had been made for a previous study of CRTS re�ectors 	You and Pellegrino

���� were not suitable for this experiment� as they buckle before the required curvature
has been reached� It was also found that standard Stanley Galaxie tape measure� whose
cross�section subtends a smaller angle than the CuBe ribs see Fig� ��� can be bent
to a much larger curvature without buckling� The properties of both the heat treated
Cu�Be rib and the steel tape�measure are compared in Table ����

Figure ���� produced by �nite element analysis 	Se�en and Pellegrino 
����� shows
that the Cu�Be rib buckles at around ���� rad� which is lower than the required end
rotation� ���� rad� On the other hand� the tape�measure buckles at an end rotation of
���� rad which leaves plenty of room for adjusting the con�guration of the membrane
without buckling the rib�

����� Hub

The hub was machined from a solid block of mild steel� Two slots at an angle of ����
which is the angle substended by a one�sixth sector of the full re�ector� were machined
to allow the blocks supporting the ribs to move back and forth�

An adjustment block� also made of mild steel� slots into the hub behind the ribs and
is attached to the hub by screws� Two caphead screws� coaxial with these slots� are used
to adjust the position of the rib sliding blocks�
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Material Copper�Beryllium Steel tape measure

Density ���� 	
� kgm�� ���� 	
� kgm��

Young�s Modulus 	�	 � 	
� Nm�� �	
 � 	
� Nm��

Transverse radius 		 mm 	�� mm

Subtended angle 	��� ��

Thickness 
�	 mm 
�	� mm

Length ��
 mm ��
 mm

Sti�ness EI 	��� Nm� 
��	 Nm�

Table ���� Rib properties�
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����� Connections

The root of each rib was glued into an Al�alloy sliding block� Fig� ���� The tip of the rib

was �xed to a ��� mm thick shim steel plate� which was connected to the rib by a screw�

through a steel washer with a curved upper surface� Slots on either side of the plate

permit a small adjustment of the cable connectors� to adjust the length of the Kevlar �	

edge cable� Fig� ��
� The attachments are made with specially made hollow screws that

accommodate the cables inside� see Fig� ���� Note that the cable can be tensioned by

turning the connector� but does not twist�
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Figure ���� Cross�section of rib sliding block�
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Figure ��
� End plate�

The six cables that connect the two side gores� through strips of shim steel� to vertical

slots in the side plates� contain turn�buckles similar to the cable connectors in Fig� ����

The outer edge of each gore is tensioned by a cable contained within a sleeve formed

by folding the membrane on itself and taping it with adhesive tape�
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Figure ���� Edge cable connector�

��� Measurement Methods

The strain in the membrane was measured by means of strain gauges directly glued to
the Kapton foil� The shape of the membrane was determined by measuring the three�
dimensional coordinates of small targets glued on the membrane� with an industrial
measurement system consisting of three electronic theodolities�

����� Strain measurements

It is often argued that measuring strain in a thin membrane by means of strain gauges
is not accurate because �i	 the glue used to stick the strain gauges onto the membrane
sti
ens the membrane locally� and �ii	 the thermal strain induced by the strain gauge
signi�cantly distorts the readings� However� since it would have been di�cult to obtain
accurate measurements of strain in the reector membrane with any other method�
at a reasonable cost� it was decided to make a more careful study of the viability of
using strain gauges� It was found that quite accurate and stable measurements can be
made if large strain gauges �approximately �� mm long	 are used in a thermally stable

environment�
Ten strain gauges were glued to the membrane� at the locations shown in Fig� ����

note the additional gauge for thermal compensation� The coordinates of the centre of
each gauge are listed in Table ����

All the strain gauges were connected to a data acquisition system �Microlink ����	�
which has similar functions to a normal data logger� and the system was connected to
a personal computer running Labview� a program for experimental data analysis� The
advantage of using this system is that the strains can be monitored and plotted on line
while carrying out an experiment� so that any anomalies can be easily spotted� A disad�
vantage of this system is that it energises the strain gauges continuously� thus heating
the membrane� However� it was found that the readings are reasonably stable if the
system is left on for several hours before doing an experiment� so that the tempera�
ture of all the strain gauges remains constant� and if the experiment is carried out in a
constant�temperature room� Also� a Perspex cover box was made around the membrane
surface� to reduce the air ow around it�
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Strain gauge �X�Y� �m�

� ��	�	
� 	���
� ��	�	
� 	��

� ��	�	
� 	���
� �	�		� 	���
� �	�		� 	���
� �	�		� 	���

 �	�		� 	��

� �	�	
�	���
� �	�	
� 	��

�	 �	�	
� 	���

Table ���� Position of strain gauges in the coordinate system of Fig� ����
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Due to thermal drift� it is impossible to measure the strains in the membrane to an
accuracy greater that ��� micro�strain� Hence an experimental error of � �� can be
expected�

����� Shape measurements

Once the correct stress	strain distribution had been achieved in the membrane� its
shape was measured using three Zeiss ETh
 electronic theodolites� These theodolities
are connected to a personal computer which analyses the angular readings from the
theodolites and determines the �D coordinates of any points within a triangular region
whose vertices coincide with the theodolities �Kwan and You ����

The theodolities are labelled �� 
 and � in an anti�clockwise direction� The reference
coordinate system is de�ned so that the origin of the coordinate system is at the centre
of Theodolite �� the Z�axis is the vertical axis� and Theodolite 
 is in the X�Z plane�
All three theodolities must be initialised and calibrated before taking any measurement�
although it is possible to measure coordinates of a point which is visible only from two
theodolities�

The measurement of the coordinates of a point involves three unknowns� but there
are normally six angular readings� if three theodolities are used� hence six independent
equations are available� This is an over�determinate situation� An iterative least�squares
calculation is carried out to give the �best� set of coordinates to satisfy all six equations�
Average coordinates of the observed point� calculated by simple triangulations� serve
as both initial values for the iteration and a check that the three theodolities are all
pointing roughly towards the same point�

Kwan and You ���� have shown that an accuracy of the order of ���� mm can be
obtained with this measurement system�

��� Material Properties

To verify that the material properties assumed in the design of the experiment were
su�ciently close to their actual values� and also to validate the technique for measuring
strains in the membrane using strain gauges� tension tests were carried out on the
membrane� on the tape�measure� and on two pieces of membrane connected by polyimide
tape�

����� Membrane

Kevlar�reinforced Kapton foil is not an isotropic material� as the �bres are woven in two
perpendicular directions� Its elastic properties have been characterised by Oerlikon�
Contraves ���� using a photogrammetric technique� Their values are given in Ta�
ble ���� where x and y denote the �bre directions�

Despite the considerable e�orts made to achieve accurate results� the authors of this
report concluded that �the application of the transverse load precludes the determination
of the Poisson�s ratio for LAM
� and calls into question the validity of the results
obtained for LAM��� It should be noted that the measured Poisson�s ratios values are
higher than would be expected in a two�dimensional lamina reinforced by straight �bres
and� furthermore� the measured values do not satisfy the reciprocity relationship
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�xy

Ex

�
�yx

Ey

�����

Finally� the full characterisation of an orthotropic lamina requires four independent
elastic constants �Gibson ������ but the value of Gxy was not measured�

Loading N	m Exh 
MN	m� Eyh 
MN	m� �xy �yx
��� ��� � ���� ��� � ���� ���� ����
��� ��� � ���� ���� � ���� ���� ����

Table ���� Elastic moduli of Kevlar�reinforced Kapton foil �Oerlikon�Contraves ������

Using the known elastic constants� the following relationships can be set up between
force per unit width� �xx� etc� predicted by our computational analysis� and the linear
strain components in the membrane� which are measured by the strain gauges

�xx �
�xxh

Exh
� �yx

�yyh

Eyh

�yy � ��xy
�xxh

Exh
�

�yyh

Eyh
�����

To obtain independent estimates of Ex� Ey �and thus validate our technique for
measuring strains in the membrane� a series of tension tests were carried out on three
��� mm long membrane strips� cut at angles of ��� ��� and ��� from a single piece of foil�
A dead�weight loading arrangement was used� to eliminate friction and uncontrolled
loads on the membrane� see Fig� ���� Because the prestress level in the experiment
is around ��� N	m� the maximum loading applied was ��� N	m� Both loading and
unloading were carried during these tests�

Sample results from these tests are shown in Fig� ����� The Young�s Moduli estimated
from the present test are compared to the results obtained by Oerlikon�Contraves ������
in Table ���� Our results are within the experimental error of the previous values� This
shows that our simple approach for measuring the strains in the membrane re�ector�
by means of strain gauges� is acceptable� Our experiments have also shown that the
response of the membrane is almost linear�

Figure ����c suggests that Kevlar�reinforced Kapton foil has a rather low shear
modulus� whose value will need to be measured by repeating this test with an additional
strain gauge� at ��� to the direction of loading�

Present experiment Oerlikon�Contraves

Loading N	m Exh MN	m Eyh MN	m Exh MN	m Eyh MN	m
��� ���� ���� ��� � ���� ��� � ����
��� ���� ���� ��� � ���� ���� � ����

Table ���� Elastic moduli of membrane�
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strain gauge

gravity 

Figure ���� Schematic layout of tension test on membrane strip�
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Figure ����� Tension tests on membrane strips�
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����� Ribs

A tension test was done on a ��� mm length of Stanley Galaxie tape measure� using a
Houns�eld Tensometer� The strain in the tape was measured with a strain gauge glued
to its surface� The Young�s Modulus was measured to be ��� � ���N�m��

����� Adhesive tape

The strength of the connection between two gores bonded with this tape was measured
by carrying out several tension tests with the layout of Fig� 	�
� It was found that the
connection fails under a load of ���� N�m� which is about seven times the intended
loading of the membrane during the experiment� Also� the connection tends to creep if
loads are left on for a few hours� Therefore� it was decided that the model should not
be left prestressed overnight�
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Chapter �

Experimental Results

��� Prestress Adjustment

The initial plan was to carry out a preliminary adjustment of the prestress in the mem�
brane that would take the measured strains as close as possible to the values that
correspond to a uniform biaxial prestress of sh������ ���� �	 N
m� i�e� e���� ���� �	�
Then� a relationship would be set up between the adjustments and the strains� by mea�
suring the strain changes after each adjustment had been turned by one unit� i�e� ����
For example� when the adjustment screw �� q�� is turned through ���� the changes of
strain in the gauges are a�

�
� a�

�
� � � � � a�

��
� and so on� Thus� setting up an adjustment

matrix

�
����

a�
�

a�
�

� � � a��
�

a�
�

a�
�

� � � a��
�

���
���

���
a�
��

a�
��

� � � a��
��

�
����

�
����

q�
q�
���

q��

�
���� �

�
����

de�
de�
���

de��

�
���� �����

De�ning an adjustment vector� q� and a strain change vector� de� equal to the di�erence
between the desired strain levels and the current measured strains� Eq� ��� can be written
as

Aq � de �����

Note that Eq� ��� is over�determinate� and hence has to be solved by least squares�
Following this plan� several calibration experiments were carried out to �nd the

relationship between adjustments and strain changes� For each adjustment� a graph of
the strain changes against the number of turns in the screw was plotted� It showed that
the relationship was never exactly linear� but a straight line was �tted to the measured
values� and the gradient of this line provided one of the entries of the matrixA� Once the
complete matrix had been obtained� it was used to compute the required adjustments
for the strain corrections� but it was found that the strains at gauges � �� � and ��� see
Fig� ���� never became even close to the expected values� Therefore� it was decided to
exclude from the experiment the readings from gauges � �� � and ���
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It was also found that the adjustment matrix is not exactly the same in di�erent
experiments because the prestress level is di�erent� but an example of a measured ad�
justment matrix is given here

A �

�
BBBBBB�

q� q� q� q� q� q� q� q� q	 q�
 q��

d�� ��� ���� ��� ��� ��� 	�� ��
 ��	 ���� ���� �����
d�� ���� ��
 ���
 ���� ��� ��� ��� 	��
 	��
 ���� �����
d�� ��
 
�� ���
 ��� 	�� ��
 ���� ��� �	�� 	� ����
d�� ����� ����� ��� ���� 	�� ���� �
�	 �	�� 	��� 		�� �	�	�
d�� ��� ��� ��� ��� ��� ��� ��� ��� ���� ���� ���
d�	 ���� ���� ��� ���
 ��� ���
 �
�� ��
 ��
 	��� �����

�
CCCCCCA

��	�

Note that the most e�ective adjustments are �� �� and ��� where a full turn changes
the average strain by about �� micro�strain� but the side adjustments tend to be much
less e�ective	

Table 
	� shows a set of initial measurements that were taken	 To achieve the required
corrections� Eq	 
	� predicts the following adjustments

q �
�
��� ��� ���� ���� �� ��� ��� ���� ��� ���� ���
 ���

�T

The largest adjustment� q�� should be turned �� times� but this cannot be done because
the membrane would lose tension	

It has been found that this is a general problem with this approach	 Because Eq	 
	�
assumes that the membrane can carry both tension and compression� it often produces
an �exact� answer which physically cannot be realised	 Another problem is that sev�
eral times during our experiments� the ribs have suddenly buckled in the middle of an
adjustment sequence� so that the experiment had to be re�started	

Strain Expected Current

Gauge strain strain

� �� �

 ��� ���

� � ���

� ��� ��

� �� ��
� ��� ��

Table 
	�� Strain measurements �micro�strains�	

To resolve these di�culties� it was decided to use the matrix A only as a guideline�
instead of using directly the adjustments that it predicts	 Thus� by a trial and error
approach� a series of iterative adjustments were carried out until the strains reached
the values listed in Table 
		 In this particular experiment the average error decreased
from ��� to �	

��



Strain Expected Initial Error After �rst � � � Final Error

Gauge strain strain adjustment strain

� �� �� ���	 �� � � � 
� ���	
� ��� ��� ��	 ��� � � � ��� ��	

� ��� ��� ��	 ��� � � � �
� ��	

� ��� �� 
�	 �� � � � ��� ��
	

� �� �� ��	 �� � � � �� ���	

� ��� ��� ��	 ��� � � � ��� ��	

Table ��� Strain adjustment sequence �micro�strains�

��� Shape Measurement

Once the strains had been adjusted� the shape of the surface was measured It was
decided to measure only the coordinates of the �� target points shown in Fig ��� in the
centre of the gore� because near the hub the shape accuracy is a�ected by the existence
of a gap between the hub and the membrane and near the ribs it is a�ected by the
rib�sleeve connection
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Figure ��� Target points on the surface model

The measured coordinates of each target point are given in Table �� These coordi�
nates are relative to the coordinate system de�ned by the theodolites� see Section ���

The equation of the best��t paraboloid� computed from Eq A�� is
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Target Point �X�Y�Z� �m�
� ���	
��� ���	�� ���
����
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���
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�
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�� ���	�	�� ������� ���

���
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�� ���
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���
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���
�
 ���	�	�� ���
�� ���

���

Table ���� Coordinates of target points�
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Z � �������X� � Y
�� � ����	�X � ����
�Y � ������ �
��

and the corresponding unweighted rms error is �� mm This value is much smaller
than the error of �
 mm that was given in Table �� However� these two values cannot
be compared because one refers to about half of a gore� while the other refers to the
complete gore A new theoretical estimate was made for approximately the same region
covered by the targets and the unweighted rms error was found to be �� mm This
value is closer to the experimental value� which at �rst may seem a rather pleasing result
However� it should be noted that this is a much �atter paraboloid than that aimed for�
cf Equation ��
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Chapter �

Conclusion

��� Discussion

The shape and stress analysis of a CRTS re�ector have been investigated� both analyt�

ically and experimentally�

The analytical part of the study has established a methodology for the preliminary

design of this type re�ectors� as follows� Given the aperture diameter� focal length� and

target rms error� as well as the maximum permissible ratio between the highest and

lowest principal stress in the membrane� the key stages of the design process are as

follows�

� Determination of the required number of ribs n using the concept of a reference

surface�

� Computation of the equilibrium surface� i�e� a surface whose rms error is better

than the prescribed limit� and which is in equilibrium under an acceptable state

of prestress�

� Computation of the cutting pattern�

� Veri�cation that the shape and distribution of prestress in a membrane made

according to the computed pattern satisfy all the stated requirements�

� Computation of the unstressed pro�le of the ribs�

Estimates have been made of the rms error of re�ectors with apertures of �� �� 	� and

�
 m� with �� ��� and � ribs� It has been found that the error that can be expected in

a re�ector is typically 	
� greater than the error in the reference surface for the same

re�ector� This provides a simple way of making preliminary estimates�

The experimental part of the study has compared the measurements of prestress

and shape in a one�sixth sector of a � m diameter re�ector with � ribs� with predictions

obtained from the computational study�

The initial aim of the experiments had been to investigate the feasibility of setting

up a biaxially prestressed surface that approximates closely to a paraboloid of a given

equation� This was unsuccessful� as it might have been expected by noticing that the

high in�plane sti�ness of Kevlar�reinforced Kapton is so high that the only con�guration

of the membrane in which a biaxial state of prestress can be in equilibrium is one in
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which the membrane is �at� Hence� at the end of the experiments it was realised that
the prestress adjustment sequence had gradually achieved a locally �at con�guration of
the membrane�

It was thus realised that� since an initially curved membrane was not available� the
only possible option was to aim for a nearly unidirectional stress distribution along the
membrane surface�

The following speci�c conclusions can be drawn from the present study�

� The computational modelling of the re�ector by using force�density method works
well�

� The most e�ective way of adjusting the stress distribution in a gore is to move the
supporting ribs and to vary the length of the cable running along the outer edge�

� The simplemethod of measuring the stress in the membrane by using strain gauges
provides acceptable accuracy� provided that large strain gauges are used and that
the measurements are conducted in a thermally stable environment�

��� Recommendations

It is recommended that the following aspects be further considered and	or investigated�

� Larger experimental models should be used in future experiments�

� Curved ribs should be used�

� The behaviour of the membrane material under non�uniform biaxial stress needs
to be investigated�

� The use of nearly�isotropic foils should be considered� such as Kapton reinforced
with a triaxial weave of Kevlar�
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Appendix A

Computation of rms error

The surface accuracy of a re�ector antenna is an important parameter to estimate its
electro�magnetic performance� because surface distortion causes undesirable phase shifts
of the microwave radiation� thus reducing the gain of the re�ector� Here� the relevant
measure of surface accuracy is the root mean square �rms� of half the di�erence between
the path lengths of microwave beams travelling from the deformed surface to the focus�
and the corresponding path lengths for a perfect paraboloid� This error is denoted by
��

Note that it is not the absolute distortion of the surface that a�ects the performance
of the antenna� but its relative distortion� For example� a 	distortion
 pattern consisting
of a rigid�body displacement of the whole re�ector leaves the performance una�ected�
provided that the antenna feed is also displaced� Therefore� the rms surface error is
not computed with respect to the design paraboloid� but with respect to the best �t

paraboloid� i�e� that special paraboloid which produces the minimum rms error�
According to the standard theory by Ruze ���� the gain reduction� expressed as

the ratio between the actual gain of an antenna and the gain of a similar� but undistorted
antenna� is related to the radiation wavelength� �� by

�s � e��������
�

�A���

From this expression it can been seen that the antenna gain sharply decreases as �
increases�

For non�shallow re�ectors� that is re�ectors with small values of F�D �F � focal
length and D � aperture diameter�� the e�ective rms surface error � that is used in
Eq� A�� is related to �z� the rms error measured in the axial direction� by �Ruze ���

� �
�z

� � �D��F ��
�A���

For a re�ector surface that is represented by a discrete set of target points� such as
the nodes of a �nite�element of the surface �Levy ����� the computation of the rms
error is carried out as follows� Let �X�� Y�� Z��� � � � � �Xn� Yn� Zn� be the coordinates of n
target points that are equally spaced on the surface� With respect to its own coordinate
system� see Fig� A��� the equation of the best��t paraboloid is of the type

��



z � a�x� � y�� �A���

Converting to the coordinate system in which the measurements were taken

x � X �X�

y � Y � Y�

z � Z � Z�

and� substituting into Eq� A��

Z � a�X� � Y ��� �aX�X � �aY�Y �X�

�
� Y �

�
� Z� �A�	�

this equation contains four unknown parameters� a�X�� Y�� and Z�� De
ning a more
convenient set of unknowns� it can be written in the form

Z � a�X� � Y �� � bX � cY � d �A���

Figure A�� Position of best�
t paraboloid with respect to theodolite coordinate system�

Substituting the n sets of target coordinates into Eq� A�� we set up the following over�
determinate system of linear equations� containing n equations but only four unknowns

�
���
�X�

�
� Y �

�
� X� Y� �

�X�

�
� Y �

�
� X� Y� �

� � � � � �

�X�

n
� Y �

n
� X

n
Y
n

�

�
���

�
���
a

b

c

d

�
��� �

�
���
Z�

Z�

� � �

Z
n

�
��� �A���

�	



which can be written as

A� � � �A���

The least squares solution of Eq� A�� �Strang ��	
� is given by

b� � �ATA���AT� �A�	�

where b� contains the coe�cients of the best �t paraboloid� Then having noted that
Ab� is the vector that contains the Z�coordinates of the points on the best��t paraboloid
that approximate the original target points the rms error in the axial direction is given
by

�Z �

s
s
P

� bZi � Zi��

S
�
kAb�� �kp

n
�A���

where S is the total surface area of the re�ector and s � S�n is the surface area
associated with each node� Equation A�� can be readily modi�ed if di�erent surface
areas si are associated with di�erent nodes and this can also be taken into account by
introducing weights si�S in Eq� A���
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Appendix B

Manufacturing Drawings

Figure B��� Hub element� dimensions in millimetres�

��



Figure B��� Plywood base plate� dimensions in millimetres�

Figure B��� Plywood side plate� dimensions in millimetres�

��



Figure B��� Rib stop� dimensions in millimetres�

Figure B��� End plate� dimensions in millimetres�
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